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Preface

Layer potentials constitute one of the most powerful tools in the treatment of
boundary value problems associated with (elliptic and parabolic) partial differential
equations (PDEs). They have been traditionally employed in the context of second-
order PDE, and one of the main goals of this monograph is to systematically develop
a multilayer theory applicable to the higher-order setting. This extension of the
classical theory is carried out in the context of arbitrary Lipschitz domains and
includes mapping properties of such multilayers associated with complex, matrix-
valued, constant coefficient, homogeneous elliptic systems, in function spaces
suitably adapted to the higher-regularity case (of Besov and Triebel-Lizorkin
type), Carleson measure estimates, non-tangential maximal function estimates,
jump-relations, etc., which turn out to be just as versatile and effective as their
second-order counterparts. In particular, this theory applies to such basic differential
operators like the Laplacian, the bi-Laplacian, the polyharmonic operator, and the
Lamé system of elasticity, though the gist of the present work is constructing, for
the first time, a comprehensive theory (of Calderén—Zygmund type) for singular
integral operators of multilayer type associated with generic higher-order PDEs and
to discuss some of the implications of this multilayer theory to the well-posedness of
boundary value problems for higher-order PDEs. As such, one of the main purposes
of this monograph s to address an obvious gap/discrepancy/imbalance in the present
literature between the second- and higher-order case.

The intended audience consists of any mathematically trained scientist with an
interest in boundary value problems and partial differential equations. While this
is an original research monograph, significant effort has been put in to make the
material as reasonably accessible as possible. In particular, this monograph should
also be useful to junior scientists working in the area of PDE.

Philadelphia, PA Irina Mitrea
Columbia, MO Marius Mitrea
June 2012
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Chapter 1
Introduction

One of the main goals of the present monograph is to develop the framework of a
theory for the multiple layer (or multi-layer, for short) potential operators arising in
the treatment of boundary value problems associated with a higher-order, matrix-
valued (complex) constant coefficient, elliptic differential operator

Lu= Z 3 Agp 3P u (1.1)

lo|=|pl=m

(where m € N) in a Lipschitz domain §2 C R". As such, our work falls within the
scope of the program outlined by A.P. Calderén in his 1978 ICM plenary address
in which he advocates the use of layer potentials for much more general elliptic
systems [than the Laplacian]—see p.90 in [19].

Recall that the classical harmonic double layer potential operator in a Lipschitz
domain £2 C R”, along with its principal-value version on 52, are, respectively,
defined as

(Daf)(X) = f(Y)do(Y), X eR"\ 952, (1.2)

I (Y)Y — X)
Wn—1 /a:z [X —Y|

Y)Y - X
(Kaf)(X) = lim [ B2 mdom). xesn s
e—01 Wp—1 |X - Yln
Yeoin
| X—=Y|>e
where v = (V;)i<j<, is the outward unit normal defined a.e. with respect to

the surface measure o on 052, and w,_; denotes the surface area of the unit
sphere in R”. The modern study of these operators originates with [18, 20, 27],
and the fundamental role they play in the treatment of boundary value problems

1. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes 1
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0_1,
© Springer-Verlag Berlin Heidelberg 2013



2 1 Introduction

for the Laplacian in C! domains has been brought to prominence in the celebrated
1979 Acta Mathematica paper by E. Fabes et al. [40]. There, these authors have
established many basic properties such as the existence of the principal-value
singular integrals, non-tangential maximal function estimates, boundedness, jump
relations, etc. At the core of their approach for proving well-posedness results for
the Laplacian is the fact that, for bounded C! domains, the operator

Ka: LP(32) — LP(382) (1.4)

is compact, for each p € (1,00). Although many other striking advances (an
excellent account of which may be found in [68]) have been made since its
publication, the paper [40] continues to serve as a blue-print in the study of many
other types of elliptic differential operators of second order (including systems).

Here we take the next natural step and explore the extent to which a parallel
theory can be developed for multi-layer potentials associated with constant coeffi-
cient, elliptic, higher-order differential operators, defined as in (1.1), in Lipschitz
and C! domains. This multi-layer potential theory should have the same trademark
features as the one corresponding to second-order operators—indeed, the latter
should eventually become a particular case of the former.

In this process, one is confronted with a number of significant issues from
the very outset, as several traditional concepts need to be changed or adapted in
order to accommodate operators of higher order. In this regard, one of the first
tasks is to identify the correct analogues of such classical spaces as L7 (0£2)
(Lebesgue), Lf(a.Q) (Sobolev), H{’(asz) (Hardy—Sobolev), B{(3£2) (Besov),
C%(082) (the class of Holder spaces), F/?(3$2) (Triebel-Lizorkin), BMO(052)
(John—Nirenberg), VMO(0£2) (Sarason), etc., which are relevant in the treatment
of the higher-order Dirichlet problem formulated for a differential operator L
as in (1.1) in a Lipschitz domain 2. The question of determining the correct
function spaces on which singular integral operators (of potential type) associated
with L are well-defined and bounded, was asked by A.P.Calderén on page 95 of
[19]. In Problem 7 on page xvii in [106], N.M. Riviere also raises the issue of
“prescribing classes of boundary data which give existence and uniqueness [for
boundary problems for A% on C! domains].”

Inspired by the classical work of [3, 131], as well as the more recent consider-
ations in [103, 127], we shall employ Whitney arrays adapted to various types of
scales on which the smoothness of scalar-valued functions on Lipschitz surfaces
is traditionally measured. To define these, we shall use the same basic recipe,
irrespective of the nature of the original template space. Namely, given a Lipschitz
domain £2 C R" with outward unit normal v = (v;)<; <, and surface measure o,

along with a number m € N and a space of scalar functions X(9£2) < L/ (352),

we let X,,_1(3£2) be the space of all families f = { fa}la|<m—1, indexed by multi-
indices a € Njj of length < m — 1, satisfying the following properties:
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Table 1.1 Function spaces of Whitney arrays

X(38) X—1(302) Introduced by
L7(082) L',CI_LO(B.Q) Cohen—Gosselin [25]if m =n = 2
LY (092) LY, (382) Verchota [127]
Bl (382) B,’;'Lys(ag) Maz’ya et al. [76] when p = g > 1
C¥(082) c'm,l_c,(a:z) Agmon [3] whenn = 2
H(092) Hy_,,(09) Pipher—Verchota [103]ifn = 3, m = 2
BMO(0£2) BMO,,—(0£2) Pipher—Verchota [103]if n =3, m = 2
Jo € X(02) VaeNj with |o| <m —1, and (1.5)

/ (ijot+ek _kaa+e‘/)(pdo =/ fa BTijpdcr,
282 982 (1.6)

VaeN! :jal<m—2, 1<jk=<n VgeCPR.

Here No := N U {0}, ¢; := (§;0)1<t<n» 1 < j =< n, and 9, is the tangential
derivative operator on 0£2 given by v;0; — vid;, for each j .k € {1,...,n}.
Whenever X (952) is equipped with a quasi-norm, we shall endow its associated
Whitney array space with the quasi-norm

1A, oo = 2. Ifulxozy Y/ ={folzn1 € Xn1(382). (1.7)

o] <m—1

Table 1.1 illustrates what this procedure, associating to a given space of scalar-
valued functions X(3£2) a Whitney array space X,,_;(3£2), yields in a number
of cases which have been previously considered in the literature. Succinctly put,
one of the goals of this monograph is to systematically develop a theory for such
function spaces. This includes various characterizations, density results, as well as
interpolation formulas, such as

(En 002). L5, 02)) = Bl (02) (1.8)

m—1,s
S.q

forl < p<o00,0<g <o00,0<s <1 (established in Theorem 3.39), and

~

([2001009) . L2, ,02)],. [L0210(02) L,’;_M(am];)w

= BP9 (382) (1.9)

m—1.s
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whenever

6,6 € (0,1) with 6 #8, po, pr, o, P1 € (1,00),

1 1-6 6 1-6 0
pe(l,00) with — = LA Sl A (1.10)
p  po  p Do D

ne(0,1), ge (0,00, and s=(1—n)b + 78,

(established in Corollary 3.46).

Having identified and studied the natural function spaces of higher-order smooth-
ness on Lipschitz surfaces, the next order of business is to find the correct concept
of multi-layer associated with an elliptic, constant coefficient differential operator
L asin (1.1). If E denotes a (matrix-valued) fundamental solution for the operator
L, we define the action of the double multi-layer potential operator % on a Whitney
array f = { fs}5|<m—1 on 082 by setting, for each X € R" \ 952,

) f < al(m —k)l(k —1)!
2fX0==2.0 2 ( m')|((3| g (1.11)
la|=m k=1 |§|=m—k yeo:
[Bl=m lyl=k—1
y+éte;=a

x/(u,»(Y)Aaﬁ(aﬁﬂE)(X —Y), f5(Y))da(Y).
902

In the same context, we define the principal-value multiple layer K by the formula

Kf = {(Kf) } (1.12)

V) ylsm—1

where, for each multi-index y € Njj of length < m — 1, and 0-a.e. point X € 052,
we have set

Iyl
a8 0|y 0] w|!
(KN),X0=23.2, > 2 S |y 0wl

la|l=m =1 +ntep=a 0+w+(/ y
|Bl=m 8]= 15 lln\ m—L|9|=t—1|o|=|y|—¢
< tim [ {Agpin, | @ ENX = 1)) fon () do ()

yeie
|X—Y|>e
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SRV T 12

la|=m [=‘)/H—1 §+ntep=a
|Bl=m |8|=£—1,|n|=m—t

x lim, / (uk(Y)Aa,s(a“ﬂE)(X—Y),fm(Y))do(Y).
IXY—E)?A\ZS

In spite of their seemingly intricate nature, definitions (1.11)—(1.13) are most
natural. For example, they reduce precisely to (1.2)—(1.3) when L = A, and they
also contain as particular cases the multi-layer potentials introduced by S. Agmon in
[3]. In fact, all double layer potential operators historically considered in connection
with basic PDE’s in mathematical physics, such as the Lamé system of elastostatics
and the Stokes system of hydrodynamics, fall under scope of formulas (1.11)—(1.13).
Most importantly, these operators satisfy properties similar to those proved by
E.Fabes, M. Jodeit Jr. and N.M. Riviere in [40] for the classical harmonic layer
potentials (1.2)—(1.3) and this opens the door for extending the applicability of the
classical boundary layer method for higher-order PDE’s (a point we shall return to
later).

Formulas (1.11)-(1.13) are new and, as is already apparent from these defini-
tions, the case of higher-order operators is algebraically much more sophisticated
than the case of second-order operators, which has been studied at length in the
literature. Remarkably, the Calder6n—Zygmund-type theory for such multi-layer
potentials developed in this monograph is virtually analogous (in power and scope)
to its more traditional counterpart pertaining to singular integral operators associated
with second-order PDE’s. For the purpose of this introduction, let us highlight some
of these analogies by quoting several basic theorems established here, which extend
well-known results from the second-order case.

Theorem 1.1 (Non-tangential maximal function estimates). Ler §2 be a bounded
Lipschitz domain in R" and let L be a homogeneous, matrix-valued constant
(complex) coefficient, elliptic differential operator of order 2m as in (1.1). Consider
the double multi-layer potential operator 9 associated with L and §2 as in (1.11).
Then for each p € (1, 00) there exists C = C(S2, p, L) > 0, a finite constant, such
that if s € {0, 1},

|7 " D oy = CI S i

m—1.s

02)° (1.14)
for every Whitney array f = { fa}lal<m—1 € L,’;_LS(B.Q).

Above, ./ is the non-tangential maximal operator (cf. (2.13)), and V¥ is the
collection all partial derivatives of order k. Moving on, given an arbitrary function
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3.{2) \a\sm—l,

where the restriction to the boundary is taken in the non-tangential limit sense.

m—1
u in §2, let us define its higher-order boundary trace u‘m = (8"u

Theorem 1.2 (Principal-value integral operators and jump relatlons) Retain
the same setting as in Theorem 1.1. For each Whitney array f € Lm 1.0(082),

1 < p < oo, the expression Kf(X) in (1.12)—(1.13) is meaningful for o-almost
every point X € 052. Also, for each p € (1,00) and s € {0, 1}, the singular integral
operator

K:L?

h 1, (02) — LI | (092). (1.15)

m—1.s

is well-defined, linear and bounded, and (with I denoting the identity operator) the
following jump-relation holds:

Qf :l:z_lz (%I + K)f v f € L;I;—l,o(ag)- (1.16)

The formulation of the theorem below makes use of the notion of Carleson
measure (defined in (2.43)).

Theorem 1.3 (BMO-to-Carleson mapping property). Consider an elliptic
homogeneous differential operator L of order 2m with matrix-valued (complex)
constant coefficients. Let §2 be a bounded Lipschitz domain in R" and let 9 be the
double multi-layer potential operator associated with L and §2 as in (1.11). Then
for each f € BMO,,_1(32),

|V’"@f (X)|)? dist (X, 082) dX is a Carleson measure in $2 (1.17)

and, for some finite geometric constant C > 0, the following naturally accompany-
ing estimate holds:

1/2
1 . . .
el . )|V"’@f(X)|2dlst(X,8.Q)dX < Cllf lsyio,_ o). (118)
r>0 NB(Y,r
Ye€a

To state our next result, recall that given a bounded Lipschitz domain £2 in R”,
the restriction to the boundary map, Tru := ”ia o- originally defined for functions

u € C°(R2), extends to a bounded linear operator

Tr: B, (2) — BI(082), (1.19)

if =1 < p < 00,0 < g < oo, and max {0, (n — 1)(1 — 1)} < s < 1. In addition,
- . P
the operator in (1.19) is onto and

{u € BP(§2): Tru = O} is the closure of C*(£2) in B! (2). (1.20)

€+1/

Finally, similar results are valid for Triebel-Lizorkin spaces.
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When 1 < p,g < oo, these claims have been proved in [58, 62]. The above,
more general, version of these results has been obtained in [73]. For the problems
we have in mind, we are naturally led to considering traces from spaces exhibiting
a larger amount of smoothness than the above results could handle. Thus, the very
nature of such trace results changes in the higher smoothness setting. For now, given
m € N, we define the higher-order trace operator by setting

s (1) := {Tr 9 u]}‘ (1.21)

9
al<m—1

whenever meaningful.

Theorem 1.4 (Mapping properties of multi-layers on Besov and Triebel-
Lizorkin spaces). Let §2 be a bounded Lipschitz domain in R", L an elliptic
differential operator of order 2m as in (1.1), and consider the double multi-
layer potential operator defined in (1.11). Then, if the indexes p,q,s satisfy
2=l < p <00,0< g < oo, max {0, (n — 1)(% —1)} <s <1, the operator

7B, (02) — By L L, (2) (1.22)

is well-defined, linear and bounded. Furthermore,

tty—102 =1+ K in Bl (39). (1.23)

m—1,s

Finally, analogous results are valid for Triebel-Lizorkin spaces in 2.

Let us momentarily digress in order to explain a remarkable application of the
above result to the trace theory for higher-order smoothness spaces in Lipschitz
domains. Part of our motivation stems from the observation that the higher-order
trace operator tr,,—; plays a key role in the context of Theorem 1.4. Specifically, we
shall prove the following result.

Theorem 1.5 (Multi-trace theory). Letr 2 C R" be a bounded Lipschitz domain
and assume that 0 < p,q < 00, max {O, (n — 1)(% — 1)} < s < 1. Also, fix
m € N. Then the higher-order trace operator (1.21) induces a well-defined, linear
and bounded mapping

(2) — B, (082). (1.24)

m—1.s

. ppa
-1 B2

Moreover; this operator is onto, in fact it has a bounded linear right-inverse

Em—r 2 B (02) — BN L (92), (1.25)

and its null-space, i.e.,

{e I 1y (2) 1 ) = 0}, (1.26)
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may be described in the case when max {p,q} < 0o as

the closure of CX°(82) in B£f1+s+l/p(.§2). (1.27)

Finally, similar results are valid on the Triebel-Lizorkin scale.

Theorem 1.5 is proved in § 3.2. Here we would only like to comment on the role
played by our multi-layer potentials in the construction of a linear, bounded, right-
inverse for the operator (1.24). Concretely, let % be the versions of the double
layer potential associated with the polyharmonic operator L := A™ in the Lipschitz
domains 24 = £ and 2_ := R" \ £2, respectively (assuming that the exterior
version of the double multi-layer is suitably truncated at infinity). Also, set Zq__ for
the operators restricting distributions in R" to §24, and let Eg__ stand for Rychkov’s
universal extension operator for the Besov and Triebel-Lizorkin scales (extending
distributions in £2+ to R" with preservation of smoothness; cf. [108]). If we now set

Enet =9 —Ra, 0Eq 09~ (1.28)

it can be verified, based on (1.22)—(1.23), written for both domains §2+ and £2_, that

the operator &,,—; maps B,ﬁfl,s(ag) boundedly into the space B:Z’EH_S_H/I] (£2) and

tty—10&n—1 = 31 +K)— (=31 + K) =T on B} (082), as desired. Compared
with other, more traditional methods, used in the study of the trace operator, this
is a conceptually new approach, which highlights the important role played by the
multi-layer theory developed in this monograph.

Returning to the main topic of discussion, it should be noted that, given a
differential operator L of order 2m, there are infinitely many ways of expressing it as
in (1.1), corresponding to various choices of the coefficient tensor A := (Aaﬂ)a 5
In turn, each such choice of the coefficient tensor A leads to (typically) different
operators ¥ = 9, and K = K 4 (associated with A as in (1.11) and (1.12)~(1.13)).

Hence, schematically,

a given differential infinitely many writings of infinitely many
== (1.29)

elliptic operator L the operator L as in (1.1) multi-layers.

Remarkably, these distinctions play no role in the broad picture of the Calderén—
Zygmund-type theory developed here, in the sense that all the theorems stated so far
are valid for any multiple layer potential, corresponding to any choice of a tensor
coefficient in the writing of the differential operator L.

In contrast to the case of the double multi-layer potential operators discussed
so far, the so-called single multi-layer operator associated with a
homogeneous, elliptic, matrix-valued (complex) constant coefficient, higher-order
system L in a bounded Lipschitz domain £2 C R”, i.e.,
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(L A)(X) = <A(~), {af'[E(X - .)])m}aﬁm_l>, X e, (1.30)

is uniquely determined by the differential operator L itself, and not by the choice
of the coefficient tensor used to represent L as in (1.1). For this genre of integral
operator, we shall prove several basic mapping properties such as

. o *
y:(B,ﬁ_’qm_s(ag)) — BPYL(Q), (1.31)
. . v * .
$i=thr07 (B, (02) — BIY,,092). (132)
boundedly, whenever I < p,g < 00,0 <s < 1, % + # = é + % = 1. The reader

is referred to the discussion in § 5 for a more detailed analysis and further results.

The second major aim of this monograph is to explore the extent to which multi-
layer singular integral operators, of potential type, are useful in the treatment of
boundary value problems for a homogeneous elliptic operator L of higher order
(say 2m, where m € N), with constant, matrix-valued, coefficients in a Lipschitz
domain £2 C R”. For the sake of the present discussion, let us formulate several
basic problems of this nature. For example, consider

Lu=0 in £2,

N (V=i y) € LP(0R), jefo 1} (1.33)

m—1 . .
_ p
ul = felf 09,

which reduces to the Dirichlet problem when j = 0 and to the so-called Regularity
problem when j = 1. The strategy for proving that these problems are well-posed
is to search for a solution represented in the form

w(X) = 92[(%1 + K)_lf](X), XeQ. (1.34)

As such, the crux of the matter becomes inverting the operator %I + K on the
Whitney-Lebesgue space LII;_LO(E).Q), in the case when j = 0, and the Whitney—
Sobolev space L'II;_M(B.Q), in the case when j = 1. Granted this, our earlier
estimates for multi-layer potentials then ensure that the function u is indeed a
solution to (1.33) which satisfies

1A (V" )| roe) < C(82, L, p)IIfIIL;_W(m). (1.35)

Variants of (1.33), involving boundary data from Whitney—Besov spaces, include
the inhomogeneous Dirichlet problem in which the solution is sought in a higher-
order Besov space in 2, i.e.,
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Lu=we Bf;;{—1+s+1/p(9)7
ue B 1, (92), (1.36)

try_u= f € B? (382),

m—1,s

where
n—1 1
o <p<oo, 0<gq<oo, (n—l)max{;—1,0}<s<l, (1.37)

and the inhomogeneous Dirichlet problem in which the solution is sought in a
higher-order Triebel-Lizorkin space in §2, i.e.,

Lu=we F—p;z—1+s+1/p(9)’
we EL (@), (1.38)

y—1u = f € 32215(89)7
with p, q, s as before. Here, the crucial aspects are the boundedness and invertibility
of the multi-layers on Besov and Triebel-Lizorkin spaces.
Other basic types of boundary problems involve boundary conditions of Neu-
mann type. One example from this category which we shall be concerned with reads
as follows:

Lu=0 in$2,
ue B)Z’—pl+s+l/p(9)’ (1.39)

RV *
o= e (BIE _02) .
where | < p,p’ <oo,1/p+1/p'=1,0<s < 1and d,, denotes the so-called
conormal derivative for the operator L (written as in (1.1)). A precise definition is
given in § 5.4 and here we want to mention that the distinguishing feature of 94u is
the property that for any reasonable null-solution u of L in §2 one has

Bu,v) = / (04u, tr,,—1v) do, Vve CXMRY, (1.40)
90

where 2 is a bilinear form naturally associated to the differential operator L. For
the purpose of this introduction we shall illustrate this concept by briefly discussing
the case m = 2 (i.e., when L a fourth-order operator). First, consider the biharmonic
operator in a bounded Lipschitz domain §2 C R" and consider the family of bilinear
forms Ay associated to A? (and indexed by § € R) given by
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1

Bo.v) = 15097 X

(1.41)

x Y /Q[(a,-a,- + 0 8; A)u](X)[(3:0; + 0 8; A)v](X) dX,

ij=1

where u, v are any two reasonably behaved (real-valued) functions in §2. Set

) | " 9
No(u) := Iy 2(1 + 20 + nez) i]z::l at,-j (av atij M),

(1.42)
260 + n6? 1 0%u
Au + —.
14260+ nb? 1+ 260 + nb? 9v?

M@(u) =

Then, if v € C>(R") and u is a reasonably behaved biharmonic function in £2,
identity (1.40), on the one hand, and direct integrations by parts, on the other hand,
give

/ (04, tr_1v) do = Bo(u,v) = / [M@(u)ﬁ —Ng(u)v] do.  (1.43)
92 02 v
Therefore,

L = A? for the choice of bilinear form %y = 34u := { <8fu) }
Io<j=n  (1.44)
where (afu) := —Ng(u) and (Bfu) =v;Mp(u) for 1<j <n.
0 J

More generally, consider the anisotropic plate bending operator, i.e.

2
92 0%u
Lu= ii , 1.45
" . Z= dxy 0xp (alH axiax,») ( )

in a Lipschitz domain £ C R?, where
A= (aijkg) has constant, real, entries satisfying a;jx¢ = areij. (1.46)
ijk.t

Above in (1.45) the function # models the displacement vector of the plate and, with
T := (11, 12) = (—V2, v1) denoting the unit tangent vector to 952,
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Ny(u) := Z 9 ZZ: 0%u 4 Z 2u
AW = Vi ox dijkt 55— v Aijkt7——ViTj |
ij=1 0xi k=1 xidxe kel 0y 0xy
(1.47)

My (u) : Z a Pu ()
A = ijke 5 4 ViVj,
i,jkl=1 o ax

stand, respectively, for the Kirchhoff transverse force and the normal bending
moment, respectively. Also,

Z Gijit5—— a (1.48)

i,j.kl=1
stands for the twisting moment, while

2

0%u
> aije—— (1.49)

Xy 0x
ki=1 koA

denotes the symmetric bending moment. In particular,

; 1.50
Z Gkt g e 8x 8x4 ( )

is the transverse shear force. The operators N4, M 4 play a similar role in the current
case as the operators Ny, My did in the case of the biharmonic operator. Indeed, for
any reasonably behaved null-solution u of the anisotropic plate bending operator L
in £2, a direct calculation gives

Ba(u,v) = Z / (aijked;idju, 9dev)dX (1.51)
i,j.kl=1

_ /m [MA(M)g_z - NA(u)v] do

for every v € C>°(R?), which is analogous to (1.43). Furthermore, when special-
ized to

1

——————>|6ikd; 26 + 26%)8;; 8xe |- 1.52
1+20+202[8k8ﬂ+(9+ 02)81 61 (1.52)

Aijke =
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the operators N4, M, in (1.47) become, respectively, Ng and My in (1.42)
corresponding to the case n = 2. To conclude, the definition of the conormal
derivative operator for the anisotropic plate bending operator (1.45) corresponding
to the bilinear form %, in (1.51) is

0%u = {=Na(u), viMa(u), v2M4(u)} . (1.53)

Moving on, another version of the Dirichlet problem for the higher-order
differential operator L, is the limiting case p = oo and j = 0 of (1.33), i.e.,

Lu=0 in £2,

1
sup  — |V u(Y)|* dist (Y, 92) dY < +o0, (1.54)
0<r<k.xed2 " JenBx.r) .

1 . .
— f € BMO,_1(382),

u
a2
(for some sufficiently small k = «(£2) > 0) with the naturally accompanying
estimate
1/2
1 . .
sup — IV"u(Y) P dist (Y. 82)dY | < Cl|fllgyio,_ ) (1.55)
;Zgé r NB(X,r)

Once again, a reasonable approach is to look for a solution represented as in (1.34).
In this approach, the estimates advertised in Theorem 1.3 play a basic role.

Finally, we wish to record the formulation of the Dirichlet problem for a higher-
order differential operator L with boundary data from the Whitney—Hardy—Sobolev
space Hyfl'_ai ,(082). Specifically, this reads

Lu=0 in £2,

N (V™Mu) € LP(382), (1.56)

m—1 . - pat
oo, = feH, " (082),
where p € (”n;1 1].

In order to put matters into a broader perspective, let us now review some
important relevant earlier work, pertaining to the various problems formulated so
far. As alluded to earlier, the case of (1.33) corresponding to L = A and §2
a bounded C! domain in R” has been dealt with by E.Fabes, M. Jodeit Jr. and
N.Riviere in [40]. The fact that (1.33) has at least one solution when L = A?
and £2 is a bounded C' domain in R?, has first been established by J. Cohen and
J. Gosselin in [25]. A few years later, B. Dahlberg, C. Kenig and G. Verchota [30]
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were able to solve (1.33) for L = A% when p = 2, when 2 C R” is an arbitrary
Lipschitz domain. LP-versions, 1 < p < oo, of these results in C' domains in
R" have been subsequently obtained by G. Verchota in [126]. In turn, the results
in [126] have been extended to the polyharmonic operator in [127] in Lipschitz
domains in R” for2 — ¢ < p < 2 + ¢, for some ¢ > 0 which depends on £2, p
and L. Let us also mention here that, using a different approach, R. Selvaggi and
I. Sisto [111] have dealt with the case of L”-Dirichlet problem for the biharmonic
operator, in the domain above the graph of a function with small Lipschitz constant.
Employing Rellich type inequalities, boundary Garding inequalities and dilation
invariant estimates for solutions to (1.33), J. Pipher and G. Verchota established in
[104] the well-posedness of (1.33) when L is as in (1.1) with real, scalar coefficients,
2—& < p <2+ e, and §2 is a bounded Lipschitz domain in R”. See also [128],
where G. Verchota has extended these results to the case of higher-order systems.
The parabolic version of the main results in [104] have been worked out by R. Brown
and W. Hu in [14]. In [115-117], Z. Shen developed a new approach for establishing
well-posedness results for (1.33) in the case j = 0, L = A”™ or a second-order
system with real coefficients, and §2 a bounded Lipschitz domain in R"”, n > 4, in
therange2 —¢ < p < % + ¢ for some ¢ = ¢(£2, L, p) > 0. A related well-
posedness result for (1.33) with j = 1 in the case when L = A? may be found in
[69]. The problem (1.33) for j = 0 has also been studied using Mellin transform
techniques. For example, in [37], L. Diomeda and B.Lisena have considered the
case L = A% and 2 is a square in R2. In [38], the same authors have treated the
case when L = A? and 2 is the first quadrant in R2. See also [105] where R. Pisani
and M. Tucci have dealt with (1.33) for L = A™, m € N, m > 2, and §2 the first
quadrant in R2. The reader is also referred to [70] for a wealth of related results.

Let us also mention that the version of (1.33) formally corresponding to p = oo
has been studied by J. Pipher and G. Verchota in [102, 103], when L = A™,
m > 2, and §2 a bounded Lipschitz domain in R" if n = 2,3, 0ora C I domain
in R" if n > 2. In this setting, these authors establish the following weak maximum
modulus principle. If A”u = 0in 2, V"! € L>®(3£2) and A (V" u) €
L?(082), then

“im

IV ul oo () < C(02) V" | Lo (92). (1.57)

In particular, the above estimate implies the solvability of (1.33) when j = 0,
L=A" meNm=>22—¢ < p < 0o, and §2 bounded Lipschitz domain
in R3. Other related L*-estimates are as follows. When specialized to the case
of the bi-Laplacian, Theorem 3.3 on p.329 of J. Necas’ book [98] yields that if
£ C R3 satisfies a uniform exterior ball condition then, with G denoting the Green
operator for the bi-Laplacian with homogeneous Dirichlet boundary conditions (i.e.,
the solution operator w > u for the problem A%y = win £ and u = d,u = 0 on
0£2), one has

VG : W (2) — L*°(£2) boundedly. (1.58)
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See also J. Seo’s paper [113] for related estimates. More recently, S. Mayboroda and
V.Maz’ya have proved in [75] that if 2 C R? is an arbitrary bounded open set then

VG: L1 (2) — L®(Q). (1.59)

where L” f (£2) consists of first order derivatives of functions from the Lorentz
space L79(§2). Moreover, as pointed out in [75], it is not generally the case that
the function VGu is continuous on £2 for each u € Li/lz ’1([2) if the open set §2
lacks any smoothness.

Concerning the Dirichlet boundary value problem stated in (1.56), J. Pipher and
G. Verchota have shown in [102, 103] that (1.56) is well-posed when L = A™,
meN,m>2, p=1and £ is a bounded Lipschitz domain in R3.

As regards the problem (1.54), a well-posedness result when L = A and 2 is
a bounded C'! domain in R”, has first been established by E. Fabes and C. Kenig in
[42]. On the other hand, the version of the above result corresponding to L = A?
and §2 abounded C' domain in R?, has been proved by J. Cohen in [24]. The BMO-
Carleson measure estimate (1.55) for the solution of (1.54) has been obtained by
J. Pipher and G. Verchota in [103] in the case when L = A? and £2 is a bounded
Lipschitz domain in R3.

Let us now comment on the inhomogeneous Dirichlet problems with boundary
data from Besov spaces (cf. (1.36) and (1.38)). From the classical work of S. Agmon,
N. Douglis and L. Nirenberg [5] such problems are well-understood in the case of
smooth domains. See also Theorem 14 on p.145 in [44] (as well as the discussion on
p- 134 in [107]) for an extension to the entire scale of Besov and Triebel-Lizorkin
spaces in C* domains. Following the successful treatment by D.Jerison and
C. Kenig [58] of the inhomogeneous Dirichlet problem for L = A with Sobolev-
Besov data on Lipschitz domains, V. Adolfsson and J. Pipher in [2] have extended
the scope of this theory as to include the case of the biharmonic operator in the
three-dimensional setting. The work in [2] has been further extended by 1. Mitrea,
M. Mitrea, and M. Wright in [88], where a larger, sharp, range of indices for the
spaces involved was considered for Lipschitz domains in R*. A very general result
of this type has been proved in [76] by V. Maz’ya, M. Mitrea and T. Shaposhnikova
for Lipschitz domains whose unit normal has small oscillations, in the higher
dimensional setting, for systems with (complex) bounded measurable coefficients
sufficiently close to VMO, in the case when 1 < p = ¢ < oo and the solution
belongs to a weighted Sobolev space. The particular case when p = ¢ = o0
deserves special mention, since Holder spaces occur on the Besov scale precisely
for this end-point. This corresponds to the boundary value problem

Lu=0 in £2,

ue Cm—l+s(§)7 (1.60)

o,
o, = f € Cp_15(082),
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where s € (0,1). Theorem 14.2 on p.238 in Agmon’s paper [3] proves that the
problem (1.60) is well-posed in the case when the domain §2 is assumed to be of
class C'*" for some r € (%, 1). The reader may also consult [54] for a very general
uniqueness statement for (1.38) correspondingto p = ¢ = 1/s = 2and L = A",
formulated in arbitrary bounded open subsets in R”.

Our last set of comments pertains to the Neumann problem for the bi-
Laplacian, i.e.,

A2 =0 ing2,
N (VVu) € LP(R2).

Mo(w) = f € LP(3Q), (565
7 *
No(u) = A € (Lf (3:2)) ,
where 0 € R, 1 < p,p’ <oo,1/p+1/p’ = 1,and My, Ny are as in (1.42). This
has been solved by G. Verchota in [129] in the case when £2 C R”, n > 2, bounded
Lipschitz domain, for 2 — ¢ < p < 2 4 ¢. Shortly thereafter, Z. Shen has proved
in [118] L? versions of Verchota’s results when 2 is a bounded Lipschitz domain
inR", n >4, and 251"_:11) — & < p < 2. Another recent development is the work in
[89], where I. Mitrea and G. Verchota have employed Mellin transform techniques
to study spectral properties of the 2 x 2 matrix of singular integral operators with
entries of the type (1.42) when £2 is an infinite sector in R? of arbitrary aperture.
This is relevant in the context of the Neumann problem (1.61) for the biharmonic
operator on curvilinear polygons.

Here we continue this line of work and establish several new well-posedness
results. The main tools are the multi-trace theory in arbitrary Lipschitz domains and
the Calderén—Zygmund theory for multi-layer operators of potential type associated
with higher-order operators, developed here. For the purpose of this introduction
we wish to quote two such results pertaining to the bi-Laplacian. The first result
deals with the inhomogeneous Dirichlet problem in Lipschitz domains in R" with
boundary data from Whitney—-Besov spaces and may be regarded as a higher
dimensional version (as well as a refinement) of the work of V. Adolfsson and
J. Pipher in [2] for Lipschitz domains in R3.

Theorem 1.6 (The inhomogeneous Dirichlet problem). Assume that 2 C R”,
n > 2, is a bounded Lipschitz domain with connected boundary. Then there exists
& > 0 such that the inhomogeneous Dirichlet problem

Pq

ue Bs+%+l(9)’

ANu=we Bpfl 3(.Q), (1.62)
s ;—

(Tru, Tr(Vu)) = f € B! (052).
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is well-posed whenever 0 < q < oo while p € (1,00) and s € (0, 1) satisfy

#<%_s<% when n > 4, (1.63)
0 < %_ (I—ES)S < % when n € {2,3}. (1.64)

In the class of Lipschitz domains, this well-posedness result is sharp if n € {4,5}.
Moreover, if w = 0 then the unique solution u of (1.62) admits an integral
representation of the form (1.34) for a suitable choice of double multi-layer for
the bi-Laplacian.

Furthermore, given any exponents p € (1,00), q € (0,00], and s € (0, 1), there
exists € > 0, depending only on p,q, s, and the Lipschitz character of §2, with the
property that if the outward unit normal v to §2 satisfies

limsup% sup][ ][ |v(Y)—v(Z)|d0(Y)do(Z) <e (1.65)
r—ot (xeieJ Bx.nneed Bx.nnie

then the problem (1.62) is well-posed. As a consequence, the problem (1.62) is well-
posed for any p € (1,00), ¢ € (0,00], and s € (0,1) if

v € vmo(0d42), (1.66)
hence, in particular, if 2 is a C' domain.

Finally, similar results are valid for the inhomogeneous Dirichlet problem on
Triebel-Lizorkin spaces, i.e., for

pa

ue Fs+§+1(9)’

Au=we FTI ,(92), (1.67)
s ;—

(Tru, Te(Vu)) = f € Bl (092).

It should be also noted that Theorem 1.6 is of the same flavor as the well-
posedness results obtained by D. Jerison and C. Kenig in [58] for the inhomogeneous
Dirichlet problem for the Laplacian in Lipschitz domains in R”, formulated on
Sobolev spaces and diagonal Besov spaces BY” with 1 < p < oco. Although
the methods employed by D.Jerison and C.Kenig in [58] yield sharp results in
this case, they rely in an essential fashion on the maximum principle and, as such,
do not readily adapt to other types of problems, such as higher-order PDE’s, or
boundary conditions of Neumann type. In fact, the latter issue was singled out
as open problem #3.2.21 in Kenig’s book [68]. In the case of the Laplacian this
has been subsequently solved by E.Fabes, O.Mendez and M. Mitrea in [41] via
an approach which relies on a systematic use of singular integral operators. The
reader is also referred to the work of M.Mitrea and M. Taylor in [91] for an
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extension to variable coefficient differential operators of second order, and to the
work of S. Mayboroda and M. Mitrea in [73] for a refinement (having to do with
the consideration of Besov spaces with p < 1) which, in particular, has led to
a solution of a conjecture formulated by D.-C.Chang, S.Krantz and E. Stein in
[22,23], regarding the regularity of the harmonic Green potentials on Hardy spaces
in Lipschitz domains.

The second well-posedness result we wish to quote here pertains to the inhomo-
geneous Neumann problem for the bi-Laplacian in Lipschitz domains in R” with
boundary data from duals of Whitney—Besov spaces.

Theorem 1.7 (The inhomogeneous Neumann problem). Assume that 2 C R”,

n > 2, is a bounded Lipschitz domain with connected boundary and outward

unit normal v = (v;)1<j<n. For each real parameter 6 > —% consider the

inhomogeneous Neumann problem for the biharmonic operator formulated as
follows:

/o * A *
Given w € (Bf_’gﬂ/p,(ﬂ)) and A € (Bfl’zs (89)) satisfying the compati-
bility condition

(A, (P, VP)) = (w, P) for each polynomial P of degree < 1, (1.68)
(with (-, -} natural duality brackets) find a function u satisfying
u e B{'_fs+l/p([2), A%u = w as distributions in 2, (1.69)

and the boundary condition (written using the summation convention over repeated
indices)

Oz [V(V,'a/‘agu] 20 2 V00
—0, Ay — Zulr 0 v ved; e _
( O Au— =g (1+29+n92 vrAu + l+20+n02)1<r<n = 4. (170)

Then there exists ¢ > O with the property that the inhomogeneous boundary
value problem (1.68)—(1.70) is well-posed, with uniqueness understood modulo
polynomials of degree < 1, whenever the exponents p, p',q,q" € (1,00), s € (0,1)
satisfy 1/p+1/p' =1/q + 1/q" = 1 as well as

—n-;l—s < _% +s5< —_”‘;HS when n > 4, (1.71)

—13 < —5 4+ (155)s <0 when n € {2,3}. (1.72)
Moreover, if w = 0 then the problem (1.68)—(1.70) admits a solution of the form
*

u= 94, for a suitable Ae (B{’;Z'Y(asz)) (1.73)

where . is the single multi-layer associated with the operator L = A? as in (1.30).
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Furthermore, given any exponents p,q € (1,00) and s € (0, 1), there exists
e > 0, depending only on p, q, s, and the Lipschitz character of §2, with the property
that if the outward unit normal v to §2 satisfies (1.65) then the problem (1.68)—(1.70)
is well-posed. As a consequence the boundary value problem (1.68)—(1.70) is well-
posed for any exponents p,q € (1,00) and s € (0,1) if v € vmo(952) (hence, in
particular, if 2 is a C' domain).

Finally, similar results hold for the inhomogeneous Neumann problem formu-
lated in Triebel-Lizorkin spaces.

The reader is referred to the discussion in § 6 for other theorems of similar nature,
including well-posedness results boundary value problems in which the size of the
solution is measured in terms of the non-tangential maximal function.

Acknowledgements The first named author was supported in part by the US NSF Grant DMS
1201736.



Chapter 2
Smoothness Scales and Calder6n—Zygmund
Theory in the Scalar-Valued Case

While one of the main goals of this monograph is the systematic development
of a Calder6n—Zygmund theory for multi-layer type operators associated with
higher-order operators with matrix-valued coefficients, the starting point is the
consideration of the scalar-valued case. As such, the aim of this introductory chapter
is to present an account of those aspects of the scalar theory which are most relevant
for the current work.

2.1 Lipschitz Domains and Non-tangential Maximal
Function

We start by recalling that, given a metric space (2, d), a function f : 2~ — Ris
called Lipschitz provided there exists some finite constant M € [0, co) such that
|f(x)— f(y)| < Md(x,y) forall x,y € 2. By an unbounded Lipschitz
domain §2inR" we shall simply understand the upper-graph region for a Lipschitz
function ¢ : R SR, ie.,

Q={X=("x) e R xR: ¢(x') < x,}. 2.1)

Below, and elsewhere, Ny := N U {0}.

Definition 2.1. A nonempty, open, bounded subset §2 of R" is called a bounded
Lipschitz domain (respectively, bounded domain of class C‘T for
some £ € Ny, @ € [0, 1)) if for any X, € 952 there exist r, & > 0 and a coordinate
system (x1,...,x,) = (x/, x,) in R" which is isometric to the canonical one and has
origin at Xy, along with a function ¢ : R"~! — R which is Lipschitz (respectively,
of class C*T) and for which the following property holds. If € (r, h) denotes the
open cylinder

1. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes 21
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0_2,
© Springer-Verlag Berlin Heidelberg 2013
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(X =(\x)eR'xR: [x|<rand —h<x, <h}CR", (22
then

RNE(rh) ={X =" x,) e R xR: [x'| <r and p(x') < x, < h}.
2.3)

An atlas for 052 is a finite collection of cylinders {6% (rx, hr)}1<k<n (With
associated Lipschitz maps {¢x }1<k<n) covering d£2. Having fixed such an atlas, the
Lipschitz character of §2 is defined as the quartet consisting of numbers
N, max{[|[Vgi|poo@—1) : 1 <k < N}, min{rg : 1 <k < N}, and min {4 :
1<k <N}

In the context of the above definition, it turns out that condition (2.3) further
entails

02 =022, (2.4)
as well as
IRNE(rh)={X =" x) e R xR: |x'| <randx, = p(x")} (2.5)
and

R'\N2)NE(r.h)={X=(x".x,) eR""xR: |[x|<rand —h <x, <p(x)}.
2.6)

Throughout, by a Lipschitz domain we shall understand an open set which
is either a bounded Lipschitz domain or an unbounded Lipschitz domain, in the
sense previously defined. As is well-known, for a Lipschitz domain §2, the surface
measure o is well-defined on 952 and may be described as

o="""08, 2.7

where /"~ stands for the (n — 1)-dimensional Hausdorff measure in R”. For each
index p € (0, oo] we shall denote by L?(952) the Lebesgue space of o-measurable,
p-th power integrable functions on 92 (with respect to o). In addition, we shall
denote by Lfom,,(a.Q) the subspace of L?(d£2) consisting of functions which vanish
outside of a compact subset of 32, and by L! (352) the space of locally p-th power
integrable functions on 92.

As a consequence of the classical Rademacher theorem, the outward pointing
normal vector v = (vy,---,V,) to a given Lipschitz domain £2 C R” exists at
o-almost every point on d52. In fact, in the case when £2 C R” is the domain lying
above the graph of a real-valued Lipschitz function ¢ defined in R"~!, we have
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(Vo(x),—1)
X) = —F——== d do(X)= 1+ |Ve()dx',
’ V1t [V e e (2.8)

for X = (x',¢(x")) € 052.

Given a Lipschitz domain £2 C R”, by a surface ball S,(X) (or A(X,r))
we shall understand a set of the form B,(X) N 3082, with X € 02 and 0 < r <
diam (0£2). When the center is already specified, or is of no particular importance,
we simplify the notation by writing S,. When equipped with the surface measure
and the Euclidean distance, 052 becomes a space of homogeneous type (in the sense
of Coifman and Weiss [28]). Hence, the associated Hardy-Littlewood maximal
operator

M f(X) = sup

1
_— Y)|do(Y), X €052, 2.9
» ) /w)m ) do(¥) e 2.9)

is bounded on L7 (0£2) for each p € (1, co]. Furthermore, there exists some constant
C = C(0£2) € (0, 00) such that

o(1X €02 M f(X) > 2}) = €27 f ey, (2.10)

forevery f € L'(952) and A > 0.
Given a Lipschitz domain §2, we shall set

R,:=2 and £2_:=R"\LR. (2.11)

Then, for a fixed parameter k > 0 define the non-tangential approach
regions with vertex at X € 92 (corresponding to £24) as

REX):={Y € Qx: |X —Y| < (1 +x)dist(Y,d2)}, (2.12)

and, further, the non-tangential maximal operator of a given function
uin 2+ by

AE@)(X) = sup{lu(Y)| 1 ¥ € RE(X)}. (2.13)

When unambiguous, we agree to drop the superscripts . As we shall see
momentarily, the dependence of RKjE and J’{{i on k plays only an auxiliary role (and
will be eventually dropped as well). We elaborate on this issue in the case when
§£2 C R”" is the domain lying above the graph of a real-valued Lipschitz function ¢
defined in R" 71, i.e.,

2:={X =" x,) €eR": x, > p(x')}, where
(2.14)
¢ R — R has M := ||V poogi-1) < 00,
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as the case of a bounded Lipschitz domain requires only minor alterations. To this
end, it is convenient to also introduce the following variant of (2.12)—(2.13):

7V9(u)(X) = sup{|u(Y)| Y eX+ Fe}, 0e0,1/M), (2.15)
where
Iy ={Z=({,z0) eR": || <0z,} (2.16)

is a circular, upright cone, with vertex at the origin in R”", of aperture arctan 6.
Elementary geometrical considerations show that for every 6 € (0,1/M) there
exists k = k(6, M) > 0 such that

X + Iy C R(X) forevery X € 052. (2.17)

Conversely, if « is sufficiently large (e.g., k > —1 4+ /1 + M? will do) then there
exists 0 = O(x) € (0,1/M) such that (2.17) holds. After these preparations, we are
ready to prove the following result.

Proposition 2.2. Let §2 be an unbounded Lipschitz domain as in (2.14). Then for
everyk,k' >0,0,0" € (0,1/M), and p € (0, c0), one has

| AcullLroo) ~ |Aeullroe) ~ | A oullLr@e) ~ |4 oullLro2), (2.18)

uniformly in the real-valued function u defined in 2.

Proof. Pick an arbitrary 6 € (0,1/M) and fix some ¥ > 0 such that (2.17) holds.
Our immediate goal is to prove that there exists C = C(M,n, 8, «) > 0 such that

[ AcullLr@e) < C||7V0M||Lp(ag), (2.19)

for any real-valued function u defined in 2. To this end, we shall adapt a point-of-
density argument of Fefferman and Stein [43]. Specifically, fix A > 0 and consider
the open subsets of d§2 given by

O, = {X € Mu(X) > A}, Oy = {X €92 Fou(X) > A}. (2.20)
In particular,
A:=02\ O (2.21)

is closed. For each y € (0, 1), let A; be the collection of points of (global) y-density
for the set A4, i.e.,

A7 :={X €092 : 0(ANAX,r)) = yo(A(X.r)), Yr >0},  (2.22)

where A(X,r) := B(X,r) N 052.
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We now claim that there exists y € (0, 1) such that
O, Co2\ A*. (2.23)

To justify this inclusion, fix an arbitrary point X € &,. Then X € 92 and there
exists Y = (), y») € R¢(X) such that |u(Y)| > A. Fix next 0 < 6, < 0 and let the
point W = (W', p(w')) € 082 be such that Y € W + I}5,. We claim that there exists
t =t(M,0) > 0 such that

ZeAW Y —W|) =Y € Z+T}. (2.24)

Indeed, let Z = (7, ¢(')) € 052 be such that |Z — W| < ¢|Y — W/|, with ¢ to be
specified below. Since Y € W + I, it follows that |y’ — w/| < 6,(y, — @(W)).

0°

Hence,
' =2l < Iy =wl+ W =2 <6,(yn — o)) + W =2
= 0o (yn — 9() + Oo(9(Z) — (W) + W = 7|
= Op(yn — (@) + (1 + 0, M) W' = 2. (2.25)
On the other hand,

|7 =W+ (20— W) < ]Y — W] = z2(|y’ — WP+ (yn — w(W’))Z) (2.26)
<221+ 02)(yn — p('))?
< 202(1+ 0D (yn — @(@))* + 202 M*(1 + 02)|Z — W%,

which further yields

;o 212(1 + 6?2 ,
|z —w = \/1 —21251/12(1 Jz ) (yn -9z )) (227

granted that 0 < t < M~'[2(1 + 62)]7"/2. Assuming that this is the case, a
combination of (2.25) and (2.27) gives

;o 2t2(1 + 62 ,
Y < (eo+(1 +90M>\/ e L )(yn—go(z)). 2.28)

This implies
Iy =2 < 00 — (@), (2.29)

ie.,Y € Z 4 Iy, provided ¢ is small enough. This finishes the proof of (2.24).
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Our next claim is that, with X, Y, W, ¢, as before,
AW )Y = W) C AX, 2+t +x)|Y —W). (2.30)
To see this, we note that if Z € 982 and |Z — W| < t|Y — W| then
X —Z| <[ X =Y+ Y -W|+|W-Z|
< (1 4«)dist(Y,002) + (1 +1)|Y — W]
=Q2+r+0)Y Wl (2.31)
In concert, (2.24), (2.30) and the fact that |u(Y)| > A yield
AW LY =W|) S Og N A(X, 2+ 1 +1)]Y — W), (2.32)
so that

o(g’gﬂA(X,Q—i—t—i-/c)lY—Wl)) a(A(W,tlY—WI))

J(A(X, Q+1+x)|Y — W|)) - a(A(X, Q+146)Y — W|))

n—1
t
> ¢ (—) , (2.33)
2+1t+«

where ¢ € (0, 1) is a constant which depends only on £2 and n. In particular, if we
setr :=(2+1t+«k)|Y — W], then

cr(A N A(X,r)) . n—1
— . <1l-c (—) . (2.34)
G(A(X,r)) 24+1t+«k
Thus, if we select y such that
n—1
l—cl——m 1, 2.35
C(Z +1+ I() <vs ( )

then (2.34) entails X ¢ A;‘. This proves the claim (2.23).
Moving on, let .# be the Hardy-Littlewood maximal operator as in (2.9). Then,
based on (2.23) and (2.10), we may write

0(0,) = 002\ A7) = o ({X €92 : M (1ye\)(X) > 1= 7})

< &0(3.{2 \ A) = C(y, M)o(0p). (2.36)
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Hence,
o(O) < Ck,0, M)a(0y), (2.37)

and (2.19) readily follows from this. Thanks to (2.17), the opposite inequality
in (2.19) holds as well so, all in all,

VO e (0,1/M)3k =0, M) >0 sothat | AullLrao) ~ | oullLroe).
(2.38)

Since whenever 0 < k| < k2 < 0o, we have R, (X) C R, (X), for each
X € 082, a slight variant of the above reasoning shows that

A ullr@e) = |AoullLroe)- (2.39)

Now (2.18) follows easily from (2.38) and (2.39). O

Remark. Proposition 2.2 continues to hold for a bounded Lipschitz domain §2, with
only minor alterations. In the latter setting, the definition of the non-tangential
approach regions remains unchanged and, indeed,

| Acullroe) ~ |- ullLroe) (2.40)

for every k,x” > 0 and 0 < p < oo. As for the concept of non-tangential cone,
we continue to assume that their (common) aperture, encoded by the parameter
0, is not too large (we shall refer to such value of 6 as admissible). Besides this
requirement, we will, nonetheless, incorporate a couple of genuinely new features.
First, the cones need to be uniformly truncated, at a sufficiently small height as
to ensure their containment in §2. Second, the axis of the cone is taken along the
vertical direction relative to the coordinate system used to describe 952 locally as a
piece of a Lipschitz graph. We are going to denote such a family of non-tangential
cones {Iy(X)}xeaqn, with 6 the parameter describing the uniform aperture of the
cones. If .47y is now defined much as before, relative to this family of cones then,
for every p € (0, 00) and any admissible 6, 6’, we also have

1V sullLr@ay < ClIlA eullLr@n) + C sup [u(X)], (2.41)
Yeo

for some finite constant C > 0 and some relatively compact subset & of £2,
independent of the function u. Similar estimates also hold for A4 gu and A u. W

In the sequel, it is going to be useful to derive global integrability properties
for a function u in £2, based on the integrability properties of .4 u on d§2. While
Proposition 2.3 below, which addresses this issue, has been first proved in [36], we
choose to present an alternative argument, discovered during some discussions with
S. Hofmann.



28 2 Smoothness Scales and Calderon—Zygmund Theory in the Scalar-Valued Case

Proposition 2.3. Let §2 be a Lipschitz domain in R" and assume that the measur-
able function u, taking finite values at almost every point in §2, satisfies Nu €
L?(082) for some p € (0,00). Then

Il 22, ) = €. DA ullLrs. 242)

Let us first dispense with a number of prerequisites. Given a Lipschitz domain
§£2 C R", a Borelian measure p on §2 is called a Carleson measure provided

Iellcar i= sup{Rl_”u(B(X, R)N2): X €32, 0 <R < diam (asz)} (2.43)

is finite. In the sequel, we shall refer to ||i||c.r as the Carleson constant
of 1. Two properties of Carleson measures are going to be of importance for us at
this stage. First,

W :=|f|dX is a Carleson measure on §2
fel' ()= (2.44)
and the estimate ||t||car < C|| f||7(s2) holds.

This can be readily verified from definitions. Second, if p is a Carleson measure in
§2, then there exists C = C(£2) > 0 such that

[ Fau| < Clilea ¥ Fllia 2.45)

When £ = R’ this is well-known (see, e.g., [21]). Here we present an argument
well-suited to the setting of Lipschitz domains. To begin with, it suffices to show
that, for each A > 0,

p(X € 2 [F(X)[>A}) = Cllpllcar o({Q € 92 2 A F(Q) > 1)) (2.46)

To prove this, for an arbitrary open subset & of 952 define the associated “tent”
region

T0)=2\| | R«P)]

Ped2\O
= {X e Q2:dist(X,0) < (14+«) "dist(X,02\ 0)}, (2.47)
and observe that

(X €Q:|F(X)|> A CT({0 €32 : NF(Q)> A}). (2.48)
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Another property of the tent regions which is going to be of importance for us here
is as follows. Decompose a given open subset & of 952 into a finite-overlap family
of Whitney surface balls {Sj};. Next, for each surface ball A := Br(Q) N 052,
0 €0£2,0 < R < diam £2 and each fixed ¢ > 0, consider the Carleson region

1 (A) := Bir(Q) N £2. (2.49)

Then choosing ¢ large enough ensures

T.(0) ¢ (€ (S0 (2.50)
k

Using (2.48) and (2.50) with & := {X € 052 : A F(X) > A} we may now write
pEX € 2: [F(X)| > A}) = w(Te({X € 982 : A F(X) > A}))

< WUk (S) < Y w(%(Sk)
k

= C”H”Car ZU(Sk)

k
= Cllpllcar o({X € 082 0 N F(X) > A}). (2.51)

This finishes the proof of (2.45).
After this preamble, we are ready to present the

Proof of Proposition 2.3. By homogeneity, the general case is easily reduced to the
case when p = 1, which we shall assume from now on. Let us prove (2.42) under
the additional assumption that u € L™/~ (£2). This implies (cf. (2.44)) that

W= |u|ﬁ dX is a Carleson measure on §2 and ||| car < C||u||L”%[(Q).
(2.52)
Based on (2.45) and (2.52) we may therefore write
[l ax = [ uldi = el ullias)
2 2
., 1
< Cl N ullsgey ([ 17 ax)". 253
Q

Thus, if f_Q lu|71 dX < o0, (2.42) follows from (2.53).
There remains to explain how to a posteriori eliminate the assumption that the
function u € L71(82). Let {ﬁ i }j <y be anested family of open, relatively compact

subsets of £2, such that U; &; = §2. Also, for each j € N, set

E;=={XeQ: |[uX) <} (2.54)
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Then u; := yg, xg,u € L*(£2) has compact support and, by the argument in the
first part of the proof, there exists C > 0 independent of j such that

||Mj||L,,"TI(Q) < CllAujllpipe) < CllANullp o). (2.55)
Then the desired conclusion follows from Lebesgue’s Monotone Convergence
Theorem, by letting j — oo in (2.55). O

We wish to briefly elaborate on a related concept. Given a Lipschitz domain §2 C
R", a Borelian measure y on £2 is called a vanishing Carleson measure
provided it is a Carleson measure and

lim (sup {rl_”u(B(X, NNR): X €dR, 0<r < R}) —0. (256)
R—0t

Assume that §2 is a bounded Lipschitz domain in R” and set
p(X) = dist (X, 082), X e R". (2.57)

Then, for any real-valued, measurable function f in £2, it is elementary to check
that

P | f1dX is a vanishing
|f| < Cp” forsome 6 > —1/n = (2.58)
Carleson measure on 2.

Going further, let us define the non-tangential boundary traceofa
function u defined in 24 as

uLm(X) = lim w(¥), X eo2 (2.59)
YeRE(X)

whenever meaningful.
We shall frequently use the Divergence Theorem in the context of Lipschitz
domains. A version well-suited for our purposes reads as follows.

Proposition 2.4. Let §2 be a Lipschitz domain in R" and assume that U =
(u1, ..., u,) is a vector field with components in L} (£2) and such that divU =

loc
n
> d;u; € LY$2) (with the divergence operator considered in the sense of
j=1
ciistributions). If, in addition, /U € L'(382) and ULm exists at o-a.e. point,
then

/ V'(ULBQ)dUZ/ divU dX, (2.60)
0£2 2

where v and o denote, respectively, the outward unit normal and surface measure
on 052.
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Furthermore, if §2 is a bounded Lipschitz domain then the same type of result
holds in R" \ §2 under the additional decay assumption

[UX)| = o(X|""119), for some ¢ >0, as|X|—o0. (2.61)

This is a particular case of a result valid for a much more general class of domains
established in [84].

2.2 Sobolev Spaces on Lipschitz Boundaries

Assume that 2 C R” is a Lipschitz domain and consider the first-order tangential
derivative operators d., acting on a compactly supported function ¥ of class C Uin
a neighborhood of 052 by

Doty 1= u,-(akl/f)‘m—uk(ajw)‘m, jk=1,....n (2.62)

Lemma 2.5. Suppose that 2 C R" is a Lipschitz domain and ¢, € C}(R").
Then for every j, k € {1,...,n},

| v = [ @,0vdo 2.63)
a2 a2

Proof. Assuming first that ¢, ¥ € C>°(R"), we use successive integration by parts
in order to write

/m@(a,jkw)da - —/mqo (ukajw - u,akw) do
=/Q(3j(<ﬂ3k1#)—3k(<ﬂ3ﬂ/f)) dX
= [ (v s -0, 0ig)) ax

= / (3, 9) ¥ do. (2.64)
082

Finally, the more general case when ¢, ¥ € C!(IR") is easily reduced to the previous
situation using a standard mollifying and limiting argument. O

We shall now make use of (2.63) in order to prove that, if ¥ € C!(R"), then
d:,, ¥ actually depends only on ¥|3c. More specifically, we have:

Lemma 2.6. Assume that 2 C R" is a Lipschitz domain and that € C}(R")
satisfies Y = 0 on 982. Then 3., ¥ = 0 on 352 for every j, k € {1,...,n}.
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Proof. If ¥ is as above and ¢ € C!(IR") is arbitrary, (2.63) gives that

/ ¢ (0, ¥)do = 0. (2.65)
a2

Then the density result below finishes the proof of the lemma. O

Lemma 2.7. If 2 C R" is a Lipschitz domain then the inclusion
{plag : ¢ € CX(R")} — LP(3082) has dense range (2.66)

forevery p € [1,00).

Proof. Denote by Lip,(0£2) the space of Lipschitz functions with compact support
on d0£2. In this regard, two properties are going to be important for us. First,
Lip,(0§2) < L?(982) densely (see [56] for a proof of this elementary result).
Second, any function f € Lip,(9§2) may be extended to a compactly supported
Lipschitz function F in R” with control of the Lipschitz constant. See, e.g., [6] for a
proof in the more general context of quasi-metric spaces (as well as other pertinent
references on this topic). Next, mollify F in order to produce a sequence { F; }¢~¢ of
C*° smooth functions, supported in a fixed compact subset of R”, which converges
uniformly to F'. Clearly, this can be used to conclude that the embedding (2.66) has
dense range. O

Inspired by (2.63), for every f € L} (d2) we next define the functional o, f
by setting

Oe, [ CIR) 3¢ /3 . f (3, %) do. (2.67)

Indeed, when f € L} (3£2) has 0y, f € L} (3$2), the following integration by

loc loc
parts formula holds:

/ f (@, ¥)do = / (3=, f) ¥ do, Yy e CHRM). (2.68)
a2 a2

Let us also point out that the “distributional” version of d,, from (2.67) agrees with
the “point-wise” definition considered in (2.62).

Moving on, for each p € [1, oo] we then define the L”-based Sobolev type space
of order one on 052 as

L7(0R) = {f € LP(392): 0y f € LP(0R), jk=1,. n} (2.69)

which becomes a Banach space when equipped with the natural norm

n
||f||L{’(aQ) =S Nrree) + Z 192, f | Lra22)- (2.70)

Jk=1
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Finally, given p € [1, oo], we shall denote by L‘ID Joc (082) the space of all measurable

functions f : 92 — R with the property that £f € LY (352) for every £ € C}(R").
Proposition 2.8. Assume that 2 C R" is a Lipschitz domain and that 1 < p,
p’ < oo satisfy % + # = 1. Then

L?(382) = {f € LP(082) : there exists a constantc > 0 such that if o € C!(R")

then

/mf(az,k@)do <cllelly g for jk=1,....n¢.

2.71)

Proof. Fix a function f belonging to the right-hand side of (2.71) and note that
the functional A : {plae : ¢ € CX(R")} — R, given by Aji(¢lie) =
Loo f dr;, ¢ do, is well-defined (by Lemma 2.6), linear and bounded (by assump-
tions). Based on this, (2.66) and Riesz’s Representation Theorem we may then
conclude that f € L7(0£2). This proves the right-to-left inclusion in (2.71).
Since the opposite inclusion is clear from (2.67)—(2.69), the proof of the lemma is
finished. O

We continue our discussion of the Sobolev space L‘ID (052) by presenting the
following pull-back result.

Proposition 2.9. Let 2 C R" be the domain lying above the graph of a Lipschitz
function ¢ : R"~' — R. Then, for each p € (1, c0),

fell(2) < f(.¢()) e LR, (2.72)

with equivalence of norms.

Proof. As a preamble, we shall establish two auxiliary results. Let p’ be the Holder
conjugate exponent of p. We first claim that given ¥ € C2°(R"™!) then

3G, e C®MR") sothat G.(.¢()) — ¥ in L' R"™) as &— 0%,
(2.73)

To justify this claim, fix ¢ € C>°(R"~") and consider ¥ € Lip,(R") given by
W(x' xn) 1= Y (x)O(xn — p(x)), (2.74)

where 6 € C>*(R) is such that 6 = 1 near zero. If P is a standard mollifier in
R”, we set P.(x) := Si,,P(x/s) fore > 0,and G, := ¥ % P, € C>(R"). Then,
using (2.74), we obtain

G 9 =y () = [ [#(' 4 = ¥) = W' g P .
(2.75)
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A straightforward application of the mean value theorem in (2.75) readily gives that
1Ge(.¢() = ¥l ooty < Cel|[V¥ | oo@ny — 0 as & — 07, (2.76)

which further implies
Go(¢() =y in LY@®R'Y, as e— 0%, (2.77)

Next,let 1 < j <n—1landY = (¥, y,) € B:(0). Since 6 = 1 near zero, it
follows that

0;[Ge(x", ¢ (x)) — ¥ (x")] = /Rn @) =) = @) P(Y)dY, (2.78)

if & > 0 is small enough. Thus, much as before ||9;[G: (-, ¢ (-)) — V]|l Loo g1y — O
as ¢ — 07 and, ultimately,

3, [GC.p(N] = d;¥ in LY®R), as e—0F. (2.79)

Now (2.73) follows from (2.77) and (2.79).
The second claim is that, if the functions f € L{(3£2) and G € C2°(R") then
forany 1 < j <n — 1 we have

‘/}R”—l f(-x/s ¢()C/))a] [G(x/, ¢(x/))] dx/
< L3, S Nr a2 IGC SO gy (280)

To prove (2.80), set g := G‘ag € Lf/(a.Q) and recall that, for each j € {I1,...,
n—1},

a,,ng=v,»(anc;)‘w—un(a,»c;)‘aQ on 2. 2.81)

Hence, using (2.8) and integration by parts, we may write
/ 07, f(X)g(X)do(X) = —/ SX)(©;0,G —v,0;G)(X) do(X)
a2 a2
—- [ 10,00 dox)
a2
== [ 1@ s [0,60)@0) ()
+ (8jG)(x/,¢(x/))]dx/

= _/Rn_l F(¥,¢()); [G(' ¢ (x')] dx’.
(2.82)
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Consequently, (2.80) follows from (2.82) and the Holder inequality.

With (2.73) and (2.80) in hand, we are ready to prove the left-to-right implication
in (2.72). Concretely, fix f € L{(082), y € CZ(R""), and consider G, €
C>X([R"), e > 0, as in (2.73). Employing (2.73) and (2.80) we may then conclude
thatforeach1 < j <n —1,

VRH S ()0 ¥ (x') dx!

lim ‘ /R . S (")) [Ge (X', p(x))] dx

e—0T

Cll0c;, fllLr s SEI;LF [G:(-, () ”Lf'(Rn*l)

IA

=C ||3z,~nf||Lp(a:2)|W||Lf’(Rn,1)- (2.83)

This shows that f(-,¢(-)) € LY (R"™!), as desired.

Turning our attention to the right-to-left implication in (2.72), let f : 02 — R
be such that f(-,¢(-)) € L7(R"!). Then, there exists C > 0 such that, for each
¥ € C®(R"1), we have

| /R SN Y ) Y| = CIIC SO g [V oy 239)

Since functions in Lip,(R"~") can be arbitrarily well approximated, in the norm
of LY (R"~1), by functions in C2°(R"™'), it follows that (2.84) holds, in fact, for
each ¥ € Lip,(R"™!). Next, pick an arbitrary function G € C}(R") and set g :=

G‘BQ. In particular, g € Lip,.(3£2) and g(-, ¢(-)) € Lip,(R""). Using the last three
identities in (2.82) then invoking (2.84) yields, foreach 1 < j <n —1,

[ 1008,800) do ()] < CUF SO ugr s lelrge, 259

This proves that 9., f € LP(082)if 1 < j <n—1landk =n.
We aim to prove the same conclusion in the case when the indices j,k € N
satisfy 1 < j,k < n — 1. To this end, retaining the same setting as above we write

that atjkg = vj(BkG))aQ — vk(a,»G))m for1 < j,k <n —1.Based on (2.8) we

have

/ S(X)de,g(X) do(X) = / SN0, UG (]| dx’
a2 R
(2.86)

- /R ACE ¢(x/))[8k¢>(X’)8 G, ¢(x/))]] dx’.
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Consider next H, € C2®(R"™"), ¢ > 0, such that H, — G(-,¢(-)) as e — 0" in
L7 (R"") and supp H, is contained in a fixed compact set in R"~!. Then (2.86)
gives

/ F(X)d,,g(X)do(X) = lim / P (B, () He (Y]
" B (2.87)

— lim /RH & p(x))0klp (x)0; He(x")] dx’.

e—0t
Note that for each ¢ > 0 and each j € {l,...,n — 1} we have that the function

#()0; H(-) € Lip.(R"™"). Consequently, (2.84) and (2.87) further imply that there
exists C = C(0£2) > 0 such that

[ 7008,800 4o 00| = € 1FCHO g, Tim 1l o
082 e—0T1
= C ISP |G DO g
= CUFCEOD @ lglros.  C89)

Now (2.88) gives that 3., f € LP(d§2), 1 < j,k < n — 1, and this completes the
proof of the fact that f € L7 (3£2). O

Corollary 2.10. Let $2 be a bounded Lipschitz domain in R". Then,
Lip(32) < L{(382) and C*™(R") ' < L{(082) densely (2.89)

whenever 1 < p < oo.
Proof. Since Lip, (R"™!) < L7(R"~") densely, the first part of (2.89) follows from
Proposition 2.9. With this in hand, for the second part of (2.89) it suffices to show
thatany f € Lip(952) can be approximated in LY (3£2) by functions in C *°(R")

2
To see this, fix f and, as in the past, construct F' € Lip.(R") such that F ‘89 = f.
Then a standard mollification argument yields the desired conclusion.

Going further, we set

Vinf = (}; wi, f) . Y eL{O9). (2.90)

Jj=<n
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Proposition 2.11. Consider a Lipschitz domain §2 in R" with surface measure o
and outward unit normal v = (vy, ..., v,). Then for each function f € L{(352),

al"/‘kf = Vj(vmnf)k - Vk(vmnf)js j,k =1,...,n, (291)

o-a.e. on 052.

Proof. By Corollary 2.10, it suffices to establish (2.91) in the case in which f :=
F oo for some F € C!(R"). Assuming that this is the case, (2.62) gives

Oy f = v (akF)’m — (@) F)’m. (2.92)
Consequently, for each j, k € {1,...,n}, we have
V; (anf)k - Vk(vranf)j =Vj Z véatgkf — V¢ Z vrarrjf (293)
=1 r=1

n

= (Z V%)(akF))aQ - VjWC(Xn: W(BZF)‘E)Q)
=1

(=1

n

(L)), + (L w00, )

r=1 r=

where the first equality follows from (2.90) and the second equality is a direct
consequence of (2.62). Using that |v| = 1, then (2.93) and (2.62) further imply

Vi Vian )k = vk Vian f)j = v (0 F) o v (95 F) o = O [ (2.94)

Therefore the identity (2.91) holds as stated. O

Among the consequences of (2.90), we note here that for each p € (1, 00),

[Vin f| ~ Z |0.;, f],  pointwise 0-a.e. on 952, (2.95)
k=1
n n—1
Vi f ILragy & D 190, fllroey = Y 10, fllrag).  (2.96)
jk=1 j=1
I/ 1lr @) ~ 1f lLree) + 1 Vian fllLroo). (2.97)

uniformly in f € L7 (3£2).
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Corollary 2.12. Let §2 be a bounded Lipschitz domain in R", with surface measure
o, and assume that 1 < p,p’ < oo satisfy 1/p + 1/p’ = 1 and that j, k €
{1,...,n}. Then

/ (0 f) gdo = / f 3y, 8) do (2.98)
082 02

forevery f € LY(082) and g € Lf/(a.Q).

Proof. By Corollary 2.10, it can be assumed that g € C(R") 00’ in which
case (2.98) follows from (2.68). O

For each 1 < p < oo, L¥(d2) is a Banach space, densely embedded into
L?(052) (cf. (2.89)). Furthermore, since the mapping

(n—1)n
2

J L0 02) — [L702)] oI = (F O Pizikzn ) 2.99)

is bounded both from above and below, its image is closed. Now, Lf (082) is
isomorphic to the latter space and, hence, is reflexive. Thus, if foreach 1 < p < oo,
we set

L7, 09) = (L{”(a:z))*, p+1/p =1, (2.100)
it follows that
(Lfl(asz))* —1702). 1p+1/p =1 2.101)
Corollary 2.13. Let §2 be a bounded Lipschitz domain in R", 1 < p < oo and fix
two indices j,k € {1,...,n}. Then the operator
ey 1 L7 (082) — LP(352) (2.102)

extends in a (unique) compatible fashion to a bounded, linear mapping
ey 2 LP(082) — L”,(382). (2.103)

Proof. Forevery f € L?(052), set
(e, f.8) = /m foy,gdo,  Vgell (392), (2.104)

where 1/p + 1/p’ = 1. Then the desired conclusion follows from Corollary 2.12.
O
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Corollary 2.14. Let §2 be a bounded Lipschitz domain in R" and fix p € (1, 00).
Then for every f € L (052) there exist go.gjx € L?(382), 1 < j.k < n (not
necessarily unique) with the property that

n
f=g+ Y dgix in L7,(09). (2.105)
jk=1
Furthermore,
n
11l o) & inf[||go||m(ag) + Z ”gjk”Ll’(BQ):Iv (2.106)
jk=1

where the infimum is taken over all representations of f as in (2.105).

Proof. Let p’ € (1,00) be such that 1/p + 1/p’ = 1.If f € L” (352) is regarded

as a functional f : Lf/ (02) — R, then f o J™! : ImJ — R is well-defined,
linear and bounded (where J is as in (2.99) with p’ in place of p). At this stage, the
Hahn-Banach Theorem in conjunction with Riesz’s Representation Theorem ensure
the existence of g¢, gjx € L?(352) such that (2.105)-(2.106) hold. O

Proposition 2.15. Let 2 C R” be a bounded Lipschitz domain and assume that
the function u € C'(82) is such that N (Vu) € L?(052) for some p € (1,00). Then
u has a non-tangential limit at almost every boundary point on 952,

ML)QE LY©02) and Y |0c, (ulse)lroe) < CIIA (Vi)|Lroa). (2.107)
jde=1

Furthermore,

I[.

If, in addition, each d;u, 1 < j < n, also has a non-tangential limit at almost
every boundary point on 952, then

< Cl|A (Vwllrroe) + CllA ullLroo)- (2.108)

LY(382)

0z (ulog) = Vj(aku)t - Vk(aj”)t

, Vi kell,...,n}. (2.109
oo o Jik et ny.  ( )

Proof. Assume that 4, (Vu) € L?(052) for some « > 0. We first aim to show
that (2.59) exists for a.e. X € d£2. By Proposition 2.2 and the remark following it,
there is no loss of generality in assuming that « is sufficiently large. In particular,
we can assume that there exists 6 > 0 with the property that I5(X) C R, (X) for
every X € 0£2. Since

lu(P) — u(Q)| < ¥ o(Vu)(X) |P — Q|

= S (Vu)(X) [P -Q|, VPO elX), (2110)
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it follows that u is Lipschitz in each cone I'y(X) provided A (Vu)(X) < oo. Now,
Ne(Vu) € LP(952) ensures that the latter condition is satisfied for o-a.e. X € 0§2
(where, as usual, o denotes the surface measure on 952). Hence,

u(X):= lim wu(Y) existsforo-ae. X € 982. (2.111)
Yer,x)

In order to prove a similar result with R, (X) in place of I'y(X), we shall avail
ourselves of a remark made on p.93 in [59] which entails the following. Given
e>0,X e€0dRand P € R,(X) N B(X,¢), there exists Q € Ih(X) N B(X, ¢) and
a rectifiable path y joining P and Q such that y C R,/(X) for some ¥’ > 0 and
length (y) < Ce. We may then write

[u(P) —u(X)| < [u(P) —u(Q)] + [u(Q) — u(X)]
= Ce Mo (Vu)(X) + [u(Q) — u(X)|. (2.112)

Now, A (Vu) € LP(952) forces A (Vu)(X) < oo for g-ae. X € 952.
Also, (2.111) implies that |u(Q) — u(X)| can be made as small as desired by taking
¢ to be small. Consequently, |u(P)—u(X)| can be made arbitrarily small provided &

is small enough. This proves that # has a non-tangential limit at a.e. boundary point.
The fact that u| g€ L?(0§2) and

lul s2llLr@e) < ClIA (Vu)llLroo) + CllA ullLr o) (2.113)

are simple consequences of (2.110) and (2.111). For further use, let us also point
out here that (2.110) implies that 4 u € L?(052).

Consider next a sequence of domains §2;, j € N, enjoying the following
properties:

(i) Each £2; is a C* domain, £2; C 2,4+, C §2 forevery j and £2 = U;en$2;;
(ii) There exist k > 0 and bi-Lipschitz homeomorphism A; : 02 — 382;, j € N,
such that A;(X) € R(X) forall X € 02 and A;(X) — X as j — oo;

@iii) If v/ = (v{,...,v) is the outward unit normal vector and o; is the surface
measure on 92;, then v/ (A;(-)) — v as j — oo pointwise o-a.e. on 92;

(iv) There exists a sequence (J;); of non-negative, measurable functions on 052,
bounded away from zero and infinity uniformly in j, satistying J; (X) — 1 as
j — oo for o-a.e. X € 042, and for which the following change of variable

formula

/ F(X) doy(X) = / FA; XN (X)do(X),  (2.114)
02, 92

holds for any f € L'(382;).
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For the construction of a sequence of domains (§2;);en satisfying properties
(i)—(iv), we refer the reader to [86, 125]. In the sequel, we shall write £2;  §2 in
order to indicate that the family {§2;} ;e satisfies the properties (i)-(iv) above. One
can also construct a family of smooth, bounded domains approximating a given
§2 from the exterior (i.e., with the inclusions in (i) reversed). We abbreviate by
£2; "\ £2 the fact that (£2;) ey is such a family.

Going further, if £2; /' §2,foreach 1 < k,£ <nand j € N we set

9 ;=] —v] . (2.115)

Tkl

Also, we fix 1 < k,{ < n along with g € C2°(R"). On the one hand, (2.114), the
properties of u and Lebesgue’s’ Dominated Convergence Theorem allow us to write

/ u(d,,8)do = 'lim/ u(d_; g)doj. (2.116)
90 Jj—>00 391/- kt

On the other hand, for each j we have ulyq; € Lip (0£2;), so integrating by parts
on 052;, then changing variables back to 952, yields

‘/39‘, u(BT,{Zg) de‘ = ‘/3:2, g(at&u) daj‘ (2.117)
= )/{;g V({(Aj(X))(aku)(Aj(X))g(Aj(X))Jj(X) do(X)

- /3 LA O @A (XA, (O (X) do(X).

= C||%(V“)||LP(BQ)||g||Lp’(aQ)’
where 1/p + 1/p’ = 1. This implies that 9, ,u € L?(382) forall k, £ € {1,...,n}
and the estimate in (2.107) holds. Thus, u|yo € Lf(a.Q) and (2.108) holds.

Finally, for two arbitrary indices j,k € {1,...,n} and ¥ € C!(R") we may
invoke the Divergence Theorem twice in order to write

/ u(atkjw)d(f:/ u(vd; ¥ —v;0ry) do
a2 a2
:/(akua,»w—ajuakw)dx
2

=/ (vj(aku)bg—vk(a,»u)bg)wda. (2.118)
02

That the hypotheses of Proposition 2.4 are verified, is ensured by the properties of u
and Proposition 2.3. Since ¥ is arbitrary, (2.118) proves (2.109). O
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Corollary 2.16. Let 2 C R" be a bounded Lipschitz domain with surface
measure o. If the functions u,v € C'(2) are such that N (Vu) € L?(382) and
N (Vv) € LP'(382) with p, p' € (1, 00) conjugate exponents, then

/ u(atjkv)doz/ (04, u) vdo. (2.119)
902 00

Proof. This is a direct consequence of Proposition 2.15 and Corollary 2.13. O

2.3 Brief Review of Smoothness Spaces in R"

Recall that, for each p € (1,00) and s € R, the Bessel potential space
LY (R") is defined by

LIR") = {(I - 2)"Pg: g e L'R)

- {9‘—1(1 FIER) T g g€ L”(R”)} (2.120)
and is equipped with the norm

1N @ny = 177 A+ EPY2F f Lo, (2.121)

where % denotes the Fourier transform in R”. As is well-known, when the
smoothness index is a natural number, say s = k € N, this can be identified with
the classical Sobolev space

wkr(R") = {f € LP(RY) : [ f llwrr@ny := Z 107 fllLr @y < OO}’ (2.122)
lvI<k

i.e.,
LI(R") = WhP(R"), keNy, 1<p<oo. (2.123)

For further reference, we define here the Holder space C*(R"), s > 0, s ¢ N,
consisting of functions f for which

0 £ (x) = 0 f(»)]
|x — yls=Hl

I/ les@n = > 18 f oo + Y sup

ol <Is] o =[s] 7

< 00, (2.124)

Here [-] stands for the integer-part function.
Next we turn our attention to Hardy-type spaces in R”. Fix a function i in
CX(R") with suppy C {X € R": |X| < 1} and [, ¥(X)dX = 1, and set

Y (X):=t7"¥(X/t) foreach t >0 and X € R". (2.125)
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Given a tempered distribution u € S’(R") we define its radial maximal function and
its truncated version, respectively, by setting

utt = sup |y, *ul, ut = sup |y, *ul. (2.126)

0<t<o0o O<t<l1

For p € (0, 00), the classical homogeneous Hardy space H”(R"), andits local
version, 77 (R"), introduced in [52], are then defined as

HPR") :={ue S'R"): [ullpr@n) = lu" @y < oo},  (2.127)

]’lp(R") = {M S S/(Rn) : ||M||hp(]Rn) = ||Lt+||LP(Rn) < OO} (2.128)

Different choices of the function ¥ yield equivalent quasi-norms so (2.127), (2.128)
viewed as topological spaces, are intrinsically defined. Also,

HP(R") = h?(R") = L’(R"), 1< p < oo. (2.129)

In analogy with (2.122), Hardy-based Sobolev spaces h,f(R"), with
0 < p < oo and k € Ny, are then defined as

hl(R") :={ue S'R"): ueh?(R"), Yy e Njwith |[y| <k}, (2.130)

and are equipped with the quasi-norm ||u||h£(Rn) = Zlylsk |0” u||p (mrny. For each
0 < p <ocandk € N we also set

R (R) = {u eS'R):u= Y &uy,. where
lyl<k

u, € h"(R") ¥y € N! with |y| < k} (2.131)

which we equip with the natural quasi-norm ”””h’ik(ﬂv) = inf 30 < Ny llne ey,
where the infimum is taken over all representations of u.
Going further, a function f € L2 _(R") s said to belong to the space BMO(R") if

loc

| 1/2
1 lssoqen = sup (— / |f(X>—fQ|2dx) oo (@132)
o \UQ0|Jo

where the supremum is taken over all cubes in R” and fp := @ /, 0 f(X)dX. As

is well-known, (H'(R"))* = BMO(R") (see [43]). The local version of BMO(R")
is defined as follows. A function f € L2 (IR") belongs to bmo(R") if the quantity

loc
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| 1/2
1/ lomogzey = sup | sup (— / |f<X)—fQ|2dX) ,
o:10)<1 \ Q1] Jo

(2.133)

1 1/2
— X 2dX)

is finite. Then (k' (R"))* = bmo(R") (see [52]).

We now briefly review the classical Besov and Triebel-Lizorkin scales in R”.
Recall that Ny = N U {0}. By Njj we shall then denote the collection of all multi-
indices @ = (a1, ...,a,) with components in Ny. As is customary, we let |«| :=
Z'J’ —, @;. One convenient point of view is offered by the classical Littlewood—Paley
theory (cf., e.g., [107,124] ). More specifically, let = be the collection of all systems
{£j}52y C S with the properties

(a) There exist positive constants A, B, C such that

supp (o) C{X : |X]| < 4},

A A (2.134)
supp(¢;) C{X : B2~ <|X|<C2/*} ifj =1,2,3....
(b) For every multi-index o there exists a positive number ¢, such that
sup sup 2/1%1[39¢; (x)] < ¢4 (2.135)
x€R" jeN
(©)
o0
Z {j(x) =1 forevery x € R". (2.136)
j=0

Lets € Rand 0 < g < oo and fix some family {{; }?":0 € &. Also, let & denote
the Fourier transform in R”. If 0 < p < oo then the Triebel-Lizorkin spaces are
defined as

FPIR") 1= { f e SR : (2.137)
> : 1/q
1/ Nepaen = | (22”%‘@,-3‘7”@) e <
If 0 < p < oo then the Besov spaces are defined as
BPI(R") 1= { fe SR : (2.138)

o . 1/q
1 apan = (3129 F 7 G F Nl pan) < o0

=0
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A different choice of the system {; ?O=0 € E yields the same spaces (2.137)-
(2.138), albeit equipped with equivalent norms. Furthermore, the class of Schwartz
functions in R” is dense in both B/ (R") and F;/*?(R") provided the index s € R
and 0 < p,q < oo.

It has long been known that many classical smoothness spaces are encompassed
by the Besov and Triebel-Lizorkin scales. For example,

C°'(R") = B®®[R"), 0<s¢Z (2.139)
L”(R") = F/”(R"), 1< p<oo, (2.140)
LP(R") = FP2(R"), 1< p<oo, s € R, (2.141)
WEPR") = FP2(RY), 1<p<oo, keN, (2.142)
hP(R") = F/P(R"), 0<p<I, (2.143)
bmo(R") = F2(R"), (2.144)
BMO(R") = F°?(R"). (2.145)

For a more detailed discussion of the Besov and Triebel-Lizorkin scales of
spaces in R”, including the definition and properties of their homogeneous counter-
parts, Bsp 4 (R") and Fsp “4(R™), the interested reader is referred to [46,47, 107, 124],
and the references therein.

A useful lifting result reads as follows

FP@R") = (I — A)"/zEyﬁ’fiL(R“), V p,g€(0,00] and Vs, u €R.
(2.146)

Also, for any k € N,
FPAR"Y ={f eS'R"): 0*f € FPI(R"), Vo with |a| <k} (2.147)
={feFM®R"):"f e F [R"), Ya with || =k}
and

LA N rpagn ~ Y 10 f 1l p2g, oy (2.148)

lo|<k

~ ||f||FSp:2(R”) + Z ”aaf”FSp:;c(R”)

la|=k
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In particular, for every a € N,

9" 1 FP(R") — F™1 (R") boundedly, ¥V p,q € (0,00], s € R. (2.149)

s—la|

Similar results are valid for the scale of Besov spaces.
Let us also record here some useful embedding results for Besov and Triebel—
Lizorkin spaces in R”.

Theorem 2.17. For indices 0 < py < p; < 00, 50,851 € R, 0 < gy < g1 < o0

satisfying so — % =5 — %, the inclusion
BIO(R") — B (R") (2.150)

S0
is continuous with dense range. In addition, the same holds for the inclusion
FPo®R") — FPHY(R"), (2.151)
if either 0 < pg < p1 < 00,0 < qo,q1 < ocandsy— + =s; — %, or0 < py=

Po
p1 <00,0<qo<q) <o0andsy=s;.
Moreover, whenever 0 < p < oo ands € R, one has

APDOR") — API(R") whenever 0 < gy < ¢ < 00, (2.152)
APC(R") < APY(R") whenever so > s1. (2.153)

S0

where A € {F, B}. Finally,

va,miﬂ{%’{} (Rn) c pr’q (Rn) c Bg?,max{p,q} (Rn)

for 0 < p,g <oo, s e R".

(2.154)

See, e.g., [107]. Later on, we shall also need the following useful membership
criterion for certain types of singular functions to Besov and Triebel-Lizorkin
spaces. To state our next result recall that (a)+ := max {a, 0}, for every a € R.

Lemma 2.18. Assume thata > 0,0 < p,q < o0, s > n(l/p — )4, and fix a
Sunction y € CX(R") with y = 1 on B(0, 1). Then the following equivalences are
true:

Y(X)|X|* € BP(R") < eithers < % +a, or s = % +a and q = oo,
(2.155)
and

Y(X)|X|" € FP9R") <=5 < +a. (2.156)

Proof. This is a consequence of Lemma 1 on p.44 in [107].
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In the last part of this section we review some useful mapping properties of
pseudodifferential operators acting on Besov and Triebel-Lizorkin scales. To set
the stage, given 0 < 6, p < 1 and m € R, let S'; be the class of symbols consisting
of all functions p € C*°(R" xR") such that for each pair of multi-indices 8,y € Nj
there exists a finite constant Cg, > 0 such that

000 p(X. )] < Cpp (1 + [ FIAHHEN, (2.157)

uniformly for (X, &) € R” x R". For p € S’” we define the pseudodifferential
operator p(X, D) by (with % denoting the Fourler transform in R")

MKDU@%=@mﬂAf“@mK@9ﬂ8&,fFSﬁﬂ (2.158)

and write p(x, D) € OPS’" The following is a consequence of [124, Theo-
rem 6.2.2, p.258] (cf. also [124 Remark. 3, p. 257]).

Theorem 2.19. Letm € R,0 <6 < landfixa € R, 0 < g < oo, arbitrary. Then
any T € OPS/'s induces a bounded, linear operator

T:FPM@R") — FP(R") (2.159)
whenever 0 < p < co. Moreover,
T:BlMR")Y — B4 (R") (2.160)

boundedly, whenever 0 < p < oo.

We now record two consequences of the above result, which are particularly
useful for treating operators akin to the harmonic Newtonian potential operator. The
first of these reads as follows (see also [64] for more details).

Corollary 2.20. Let a € S'(R") be a tempered distribution for which there exists
some R > 0 such that a is smooth for |&| > R and satisfies

[(7a)()] < Cy "M, & >R, yeN; 2.161)

for some m € R such that m > —n, and set T := a(D), i.e.

TF(X):= (2n)™" /R ) X8 q(6).F f(§) dE, VY feSM®RYH. (2162

Finally, fix0 < g < 0o, € Rand ¢,y € C°(R") (viewed below as multiplication
operators). Then

¢TV - FP49(R") —> FP4 (R") (2.163)
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is a bounded operator whenever 0 < p < oo. In fact, so is
¢Ty : BII(R") — B4 (R") (2.164)

if0 < p <oo.

To state the second corollary alluded to above, assume that

L= )" A, (2.165)

lyl=2m

is a homogeneous, (complex, matrix-valued) constant-coefficient, differential oper-
ator of order 2m (with m € N) in R”, which is elliptic, in the sense that there exists
a constant ¢ > 0 such that

(=D"Re > A& =g, VEeR". (2.166)

lyl=2m

As a consequence of Theorem 2.19 (cf. also [64] for more details) we then have:

Corollary 2.21. If L is a homogeneous, constant coefficient, elliptic operator of
order m and ¢, ¢ € CX(R"), then ¢L~' has mapping properties similar
to (2.159)-(2.160).

2.4 Smoothness Spaces in Lipschitz Domains

Given an arbitrary open subset §2 of R”, denote by f|o the restriction of a
distribution f in R” to £2. For 0 < p,q < oo and s € R then set

AP(82) := { f distributionin £ : Ig € APY(R") such that glp = f}.
(2.167)
equipped with the quasi-norm given by

1f Lapscgy = inf{lglupsen : € € APIR, gla = f}. f € AZI(),
(2.168)
where A € {B, F}. From the corresponding density result in R”, it follows that for
any bounded Lipschitz domain £2 and any p,q € (0,00), s € R,

C®(R2) — BI(Q) and C®°(2) — F’(2) densely. (2.169)
Hardy, Sobolev (or Bessel potential), Holder and bmo spaces are defined

analogously, namely (recall that 2’(£2) stands for the space of distributions in the
open set £2)
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LI(R2):={fe?'(2):3ge LY(R") suchthat glop = f}, 1<p<oo, seR,
W (2):={fe2'(2): 3g € h’(R") suchthat glp = f}, 0<p<1 (2.170)
bmo(2) 1= {f € L2 () : g € bmo(R") such that g|lo = f},

loc

equipped, in each case, with the natural, infimum-type, (quasi-)norms. By (2.139)—
(2.144), it follows that

C*(2) = B®®(2), 0<s¢Z, (2.171)
L7(2) = F*(2), 1< p<oo, (2.172)
LP(2) = F/3(2), 1<p<oo, s € R, (2.173)
hP(2) = F*(2), 0<p<l, (2.174)
bmo(2) = F(R2), (2.175)

where C*(§2) and LP(S2) are, respectively, the standard Holder and Lebesgue
spaces in 2.

We shall now record a useful characterization of the local Hardy space h”(2).
First, we need some notation. Fix a function v € C2°(B(0, 1)) with the property
that fB(O,l) Y(X)dX = 1 and set ¥, (X) = t™"¢¥(X/t) for each t > 0 and
X € R". Then the radial maximal function of a distribution u in 2 is
defined as

ut(X):=  sup (W xu)(X)], X € Q. (2.176)
0<r<dist(X,062)

Foru € 2'(2), k € Ny and X € R” introduce

up o(X) = sup {[{u, ¥)| : ¥ € ¥y} 2.177)

where the class Wy consists of all functions ¥ € C>°(R") with the property that
there exists r = ry > 0 with suppy C B(X,r) N £2 and [[0" /|| poorr) < rnlvl
foreachy € Ni, |y| < k. For a proof of the following theorem, the reader is referred
to [79,80].

Theorem 2.22. Let §2 be a bounded Lipschitz domain in R". Fix v as above and
define the radial maximal function as in (2.176). Then, for any 0 < p < 1 and any
ue 9'(2)

ueh?(Q) < ut e L (), (2.178)

. . , . "
with equivalence of quasi-norms. Furthermore, if k € N and % <P =1 then

g ollLr@ny ~ lut L) (2.179)
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In particular, a different choice of the function V¥ affects the size of ut in L?(§2)
only up to a fixed multiplicative constant. Finally, similar results are valid in the
range 1 < p < oo provided h? (§2) is replaced by L?(£2).

In analogy with the Hardy-based Sobolev spaces in R” introduced in (2.130)-
(2.131), for an open set 2 C R", k e Nyand 0 < p < 1, we set
h,f(.Q) ={ue 2'(2): uech?(2), Vy e Nj with |y| <k}, (2.180)

equipped with the quasi-norm [lull, ) := 2 ty= 107 ullnr (), and

R, () = {u €7 (R2): u= Y ¥uy, where
lyl<k

u, € h"(2). Yy € N with |y| < k} (2.181)

equipped with [|uf|,» (o) := inf > 1yi<k luyllnr (o), where the infimum is taken over
all representations of u. Then the following higher-order smoothness version of the
identification in (2.174) holds. A proof is found in [64].

Theorem 2.23. Let §2 be a bounded Lipschitz domain in R". Assume that 0 < p <
1 and that k € Z is either < 0, or else satisfiesk > n(1/p —1). Then
W (2) = FI(2). (2.182)

We continue by recording a couple of useful lifting results on Besov and Triebel—
Lizorkin spaces on bounded Lipschitz domains. The following has been proved in
[83].

Proposition 2.24. Let 1 < p,g < oo, k € Nand s € R. Then for any distribution
u in the bounded Lipschitz domain §2 C R", the following implication holds:

0“u € AP9(82) forevery a € Nj with |la| =k = ue Affk([?), (2.183)

where, as usual, A € {B, F}.

This should be compared to the following result, proven on p. 173 in [58].
Proposition 2.25. Let 2 be a bounded Lipschitz domain in R". Suppose that « > 0
and1 < p < oo. Then

ue Bf_’l_pa(ﬂ) & uecL?(2) and Vue Bl'P(£2). (2.184)

As an application of Proposition 2.27 (discussed later) and Proposition 2.25 we
record here the following.



2.4  Smoothness Spaces in Lipschitz Domains 51

Proposition 2.26. Let §2 be a bounded Lipschitz domain in R", k € Ny, and
assume that 0 < s < 1. Then

B (R2) = CF (), (2.185)
where
(@) :={u e ck): lull cr+s () < 00, where (2.186)
k
~ |0%u(X) — 0%u(Y)|
lullcits @y = D IV ull ooy + sup ————————— .
cr @ 2 L@ ‘Q‘X::k X#YeR X =Y }

Proof. Fix an integer k € Ny and some s € (0, 1). It is well known (see e.g., [107])
that BYS°(R") = CKH(R") and, consequently, BJ3>°(22) € C¥*5(£2). A key
observation in showing the opposite inclusion is that

B (2) = C*(2). (2.187)

This can be seen from the intrinsic characterization of the space BJ**°(£2) given
by Proposition 2.27 in which we take M = 1. Then, the inclusion C¥*5(2) €

Bkoj_fo (£2), and consequently (2.185), follows from Proposition 2.25. O
Moving on, recall that, in general, (a¢)4+ := max{a,0} for each a € R.

An intrinsic characterization of the spaces BY(£2) with 0 < p,g < oo and
n(% - 1)+ < s is given in [39] on p. 30 where the following is proved.

Proposition 2.27. Let §2 be a bounded Lipschitz domain in R". Assume that indices
p.q,s satisfy 0 < p,q < oo, n(% — 1)+ < s and suppose that M € N is such that
M > s. Then

we BM(R) = | flr@ + | sup I14) uliray|

|h|<t

a(.1).4) =
(2.188)
with naturally accompanying quasi-norm estimates, where, ifu : 2 — C, M € N
and h € R",
M
AMy(x) = Z(];l)(—l)M_ju(X + jh) (2.189)
j=0

X, X+h,....X+Mhe S, andAfluu(X) := 0 otherwise.

Another, related, intrinsic characterization of the space BL? (£2) for the case
whenn/(n + 1) < p < oo and n(% — 1)+ < a < 1is presented in the proposition
below.

Proposition 2.28. Assume that §2 is an arbitrary nonempty open subset in R" and
suppose thatn/(n + 1) < p < ocoandn(l/p — 1)y < o < 1. Also, fix k € Ny.
Then there exists a finite constant C > 0 such that
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5 i+ ([ [ ST )

ly|<k ly|=k

= Cllullgrs, 2)- (2.190)

Moreover, in the case when 2 is a bounded Lipschitz domain in R" and k = 0,
the converse inequality also holds. Consequently, in the situation when S2 is a
bounded Lipschitz domain in R" and under the assumption thatn/(n+1) < p < 00
andn(1/p —1); < a < 1, one has

|u(X) —u(¥)|” Vp
||u||B01;»p(_Q) ~ ||M||LP(Q) + (/Q o W dX dY) s (2191)

uniformly in u.
Finally, if 2 is a bounded Lipschitz domain in R", p € (1,00), « € (0,1) and
k € Ny then

||”||B§;fk(9) ~ Z 107 ullLr(2) (2.192)
lyl<k
[(0"u)(X) — (3"w)(Y)|? 1/p
+ / axdy ,
Iylz=:k @Ja X —Yrrer )

uniformly in u.

Proof. Assume thatu € B.'l (£2). Then there exists a functionw € BJ'l, (R") with
the property that w|Q = u and such that ||w|| BIT, (®Y) < 2|ul| BT ()" In concert with
a well-known characterization of the Besov quasi-norm in the entire Euclidean space
(cf.,, e.g., [107]) this allows us to estimate

/ (@) (X) — (@) (Y)|”
2J82

X e XY

lyl=k

B L
2J2

ot |X_Y|n+ap
y|=

S|y|2=:k/”/" |X — Y |r+er dXdy

k
<C|V W||§§,p(Rn) = C“W”I;pl{_’k(Rn)
o

< Clul; (2.193)

By (2)

From this, (2.190) readily follows.
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Consider now the opposite inequality in (2.190), under the assumptions that §2
is a bounded Lipschitz domain in R"” and k& = 0. In such a scenario, we invoke
Corollary 1 from [110] (with m = 1 and r = 1) which gives

P <cC =1 X)—u)Pay) =2 | ax + ju?
el ) < a0 —wnPay) S L ax ]

Xen |X—Y|<t
Yes

o dt
SC/ / ”(X)_”(Y)p(/ —)deX—i— ull?
XeQ Ye.Ql | X_y| (T el @)

u(X) —u(Y)|?
/ / ||§() Y|n(+o3]|7 dxdy + ”“”fn(g)- (2.194)

In concert with the result from the first part of the proof, this justifies (2.191).
As regards (2.192), assume that u is a function for which

Z 10" ullr(2) + Z (/ [(07u)(X) — (3"u)(Y)|? dXdY)l/p -

Iyl yl=k 208 X =y
(2.195)
Relying on (2.191), we then deduce that 3"u € BJ”(£2) for every y € Nj
with |y| = k. Having established this membership, the lifting result from

Proposition 2.24 applies (assuming that 1 < p < oo) and gives thatu € B, p ’ «(82).
This establishes the right-pointing inequality in (2.192). Together with (2. 190) this
yields (2.192), thus completing the proof of the proposition. O

The existence of an universal extension operator for Besov and Triebel-Lizorkin
spaces in an arbitrary Lipschitz domain £2 C R" has been established by V. Rychkov
in [108]. To state this result, let Zg denote the operator of restriction to §2, which
maps distributions from R” into distributions in 2,

Ro(u) = u o’ u distribution in R”. (2.196)

Theorem 2.29 ([108]). Let 2 C R” be either a bounded Lipschitz domain, the
exterior of a bounded Lipschitz domain, or an unbounded Lipschitz domain. Then
there exists a linear, continuous operator Eg, mapping distributions in §2 into
tempered distributions in R", and such that whenever 0 < p,q < oo, s € R”",

Eq : Al (2) — AP (R") boundedly,

(2.197)
satisfying Zo(Eq f) = f. Y f € AP1(R2),

for A = B or A = F, in the latter case assuming p < oQ.



54 2 Smoothness Scales and Calderon—Zygmund Theory in the Scalar-Valued Case

Assume that 1 < p < oo and k € Nj. Then the standard L”-based Sobolev
space of order k in an open set £2 C R” is defined as

Wk (2) 1= {f eLP(2): 9 feLP(R), VyeN! with |y| < k}, (2.198)
and is equipped with the norm

L lwenay = Y 18 flleece) (2.199)

lyl<k
In view of Theorem 2.29, for any Lipschitz domain §2 we have
Whr(@) = Fl?(2), 1<p<oo, keN. (2.200)
It is also useful to define Sobolev spaces of negative smoothness. Specifically, given

an open set £2 C R”, k € N and p € (1,00), let us set (with 2’(£2) denoting the
space of distributions in £2)

W—k,p(g) = {M c @’(Q) U= Z Byuy, where

ly|<k
u, € LP(2) Yy e N} with |y| < k} (2.201)
equipped with the natural norm [[ul (@) = inf 37 lluy [ r(2), where the

infimum is taken over all representations of u as in the right-hand side of (2.201).

Proposition 2.30. Let §2 be a Lipschitz domain in R". Then for every k € N and
p € (1, 00) there holds

WP (Q) = FP2(9), (2.202)

with equivalent norms.

Proof. Fix k € N and p € (1,00). From (2.146), (2.200), and (2.201) it follows
that
FrR@) ={

cue FPRRMY) = {

ulg : tue (I = AN FPRY)

ul,
={I - A v:vewWrr (@)} — w*rQ). (2.203)
Since 0" : LP(£2) = Fop’z(.Q) — Ff]’cz(.Q) is bounded for every y € Njj with

ly| < k (cf.(2.149)), it follows from (2.201) that every distribution u € W =57 (£2)
actually belongs to Ff]’cz(.Q). Hence, W57 (2) — Ff]’cz(.Q) and (2.202) follows.



2.4  Smoothness Spaces in Lipschitz Domains 55

Going further, for 0 < p,q < 00, s € R, we set
Aig(.Q) = {f € APY(R") : supp f gﬁ},

va (2.204)
I/ ||Af’_i;1(9) =\f ||A§,”"’(Rn)7 S e Agy(£2),
where, as usual, either A = F and p < oo or A = B. Thus, B‘f(’)q (£2), Fféq (£2) are
closed subspaces of B‘f J(R") and F, f J(R"), respectively. In the same vein, we also
define

LIy(2):={feLlR"):suppf €2}, l<p<oo seR, (2205

with the norms inherited from L? (R"). Given £2 C R” and a function f : 2 — R,
define
~ f(X) if X € 2,
f(X):= (2.206)
0 if X e R"\ £,

It follows that if §2 is a bounded Lipschitz domain in R” and 0 < p,q < oo,
s € R, then

CO(R) <> AP{(2) densely, (2.207)
C®(R) = AP4(£2) densely, (2.208)

where, as above, tilde denotes the extension by zero outside 2, and A stands for
either B or F. Indeed, the same proof as in the Remark 2.7 on p. 170 of [58]
gives (2.207) and a minor variation of it justifies (2.208) as well.

Next, for 0 < p,q < oo and s € R, we introduce the space

AP1(82) == {f distributionin 2 : 3g € Aﬁg(ﬂ) with gl = f} (2.209)

equipped with the quasi-norm

1/ agsy = nf {lglapsen © € € AZE(R). gla = f. f € ALI(S),
(2.210)
where, as before, A = F and p < oo or A = B. In this regard, we wish to note
that if £2 C R” is a bounded Lipschitz domain and 0 < p,q < oo, s € R, then for
A € {B, F} there holds

C2(2) — AP4(£2) densely. (2.211)
This is a consequence of (2.207) and the fact that Z, maps Aﬁ J(£2) continuously

onto AY¥(£2). In keeping with earlier conventions, if 1 < p < oo and s € R, let us
also consider
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LY (£2):= FS{’Z’Z(Q) = {f €9'(2):Ag € LgO(Q) with g|p = f}, (2.212)

where, as before, by 2’(§2) we have denoted the set of distributions on £2.
For further use, we make the simple yet important observation that the operator of
restriction to §2 induces linear, bounded and onto mappings in the following settings

Ro i APIR") —> APU(2) and Rg : ATLR") — APU(2)  (2213)

for0 < p,qg < o0,s € R.

Proposition 2.31 ([123]). Assume that 2 is a bounded Lipschitz domain in R", and
suppose that

1 1
0<p.qg<oo and s>max{;—l,n(;—l)}. (2.214)

Then extension by zero defined in (2.200) induces a linear and bounded operator
from BIA(82) to leféq (2) and, if p < oo, from FL1(£2) to FS{'(’)q (£2). Furthermore,
if

0< p,g<oo and max{%—l,n(%—l)}<s<%, (2.215)
this operator also maps the space B (R2) to Bg(’)q (£2), and the space F{(2) to
FI{(8) if min{p.1} < q.

Ifl <p,g<ooandl/p+1/p'=1/q+1/q" =1, then

* ’ 7
(Aé’f(f?)) = API(Q) if s> —141, (2.216)

* s
(Af"f (9)) =A74 (@) if s <1, (2.217)
Furthermore, for each s € Rand 1 < p,q < oo, the spaces A7 (£2) and Aﬁ’g (£2)
are reflexive.

There is yet another type of smoothness space which will play a significant role
in this work. Specifically, for 2 C R" Lipschitz domain, we set

,jlf'q(.Q) := the closure of CX°(£2) in A?1(2), 0< p,qg <00, s €R,
(2.218)
where, as usual, A = F or A = B.Forevery 0 < p,q < oo and s € R, we then
have

API(2) <> AP9(2) < AP9(R2),  continuously. (2.219)

The second inclusion is trivial from (2.218), whereas the first can be justified as
follows. If f € A{7(£2) then there exists u € A} (£2) such that Zo(u) = f.
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By (2.207), there exists a sequence {u; } jey S C°(§2) with the property thatu; —
uin AP?(R") as j — oo, which then implies u; = Zo@;) — Zo(u) = f

in A??(£2) j — oo. This proves that f € AP (£2), and the desired conclusion
follows easily from this.
Going further, Proposition 3.1 in [123] ensures that

Zf,q(g) = API(Q) = API(2), A €{F, B}, (2.220)

if the indices p, g, s satisfy 0 < p,g < oo, max{l/p— L,n(l/p— 1)} <s<1/p,
and min{p,1} < g < oo in the case A = F. Other cases of interest will be
considered later, in Proposition 3.15.

Recall that (-,-)g, and [-, -] denote, respectively, the interpolation brackets for
the real and complex method of interpolation. As regards the latter, special care
must be taken when dealing with spaces which are not Banach (which is the
setting in which this method has been originally developed by A.P.Calderén in
[17]) but merely quasi-Banach. Throughout the monograph, the complex method is
understood in the sense described in [63,64] where Calderén’s complex method has
been extended to the class of analytically convex quasi-Banach spaces. The reader
is referred to [63,64] for more details.

A proof of the following result can be found in [64].

Theorem 2.32. Suppose 2 is a bounded Lipschitz domain in R". Let oy, 1 € R,
ag # ay,0<qo,q1,9g <00,0< 0 <1,a=(1-0)ay+ Oaj. Then

(FL90(2), FL9(2))ay = BPU(2), 0< p < oo, (2.221)

(B3 (82), B, " (£2))pq = BJ(£2), 0 < p <oo. (2.222)

Furthermore, if oy, 1 € R, 0 < pg, p1 < o0 and 0 < qo,q1 < oo are such that

either max{po,qo} <00, or max{pi,q} < oo, (2.223)
then
[Fofo0 9(£2), F”"’“(.Q)]o = F[(82), (2.224)
_1=6 | 6 1 _1-6 , 6
where0<9<1oz—(1—9)oc0+9a1, =+ yand ;= =+ -

On the other hand, if ap, o1 € R, 0 < po P1,40,q1 < 0o are such that
min{qo, ¢} < 00, (2.225)
then also
[Blf[? 7(£2), Blfl"’“(.Q)]@ = Bl(£2), (2.226)

where 0, ., p, q are as above.
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Finally, the same interpolation results are valid if the spaces B (2), FJ(£2)
are replaced by Big (£2) and Foqu (£2), respectively.

Let us also register here a well-known, elementary sufficient condition for
membership to the Holder scale. Specifically, if §2 is a bounded Lipschitz domain
and s € (0, 1) then

ue L®(R2)NC'Y(2) with p'*|Vu| € L®(Q) = uec C*(2), (2.227)

plus a natural estimate (where p is as in (2.57)).

We continue our discussion concerning interpolation of function spaces in
Lipschitz domains by recording a result which essentially asserts that the property
of being a null-solution for a fixed elliptic differential operator is preserved under
(complex and real) interpolation on Besov and Triebel-Lizorkin scales.

Theorem 2.33. Consider an elliptic, homogeneous, constant coefficient differential
operator L and fix a bounded Lipschitz domain §2 in R". Define

KerL:={ue L, (2): Lu=0 in 2}. (2.228)

In addition, assume that 0 < qo,q1,q < 00, ®g, @1 € R, a9 # 01, 0 < 0 < 1, and
suppose that o« = (1 — 0)ag + Oay. Then, if 0 < p < oo,

(Faf)"f"(ﬂ) NKerL, F/7(2)N KerL)o = BM(Q2)NKerL,  (2.229)
4

and if 0 < p < oo,

(Bg(;'m (2)NKerL, B2 (£2) N Ker L)O =BP9(Q)NKerL.  (2.230)
q

Let 0 < py, p1 < 00,0 <¢qp,q1 <00, ap,01 ER0<0<1,aa=(1—-0)ay+

1 _1-6 , 6 1_1-0 6
Oou, » = topandy w T g Then

[FPMO(Q) NKerL, F/(2)N KerL]9 = FPU2)NKerL.  (2.231)

oo

Finally, if g, 01 € Rand 0 < py, p1,40,q1 < 0o are such that min{qo, ¢} <
00, then

[B(2) NKerL, B (@) NKerL] = BJ(@)NKerL,  (2232)
where 0 < 0 < 1,a=(1—9)a0+9a1,%zﬂ—l-iandé: =640

70 i
See [64, Theorem 1.5].
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We conclude this section with a technical result, pertaining to the membership to
Besov spaces (which is going to play a significant role later), whose proof makes
essential use of tools from interpolation theory.

Lemma 2.34. Let §2 be a bounded Lipschitz domain in R" and assume that
0 e(,1), pe(l,00), and q € [p,0). (2.233)
Also, having fixed a large geometric constant C > 1, for each r > 0 define
O, :={X € 2 : dist(X,02) <r/C}. (2.234)
Finally, pick an atlas (cf. Definition 2.1) with associated Lipschitz maps {¢; }1<i<n

(whose graphs therefore cover 052), and fix some r, > 0 which is sufficiently small
relative to the quantitative characteristics of this atlas.

Then for each r € (0,r,) there exists a finite constant C = C(§2,r, p,q,0) > 0
with the property that for every function v € C'(0},) one has

"V"Bg*q(gr) = Cllvv”t[{p(ﬁzr\ﬁl/z) + C"f/VV”(]ip(a_Q) (2235)

rexl],

(ignoring the effect of various systems of coordinates in which the graphs of the ¢;’s
are considered).

/ /
/ \(Vv)(x ‘Pr(x)"‘T)‘q 4= 0+1/p)— L s )F qu’r P

X |<r

Proof. As in [58], the proof relies on the so-called trace method of interpolation,
which we shall briefly recall. Specifically, given a compatible couple of Banach
spaces Ag, Ajand 1 < g < 00,0 € (0, 1), set (Ao, A1)g,4 for the intermediate space
obtained via the standard real interpolation method (cf., e.g., [8, Chap. 3]). Then, if
1 < qo,q1 < oo are such that 1/qg = (1 —0)/qo + 0/q1, we have

Wl 9. 4116, (2.236)

< {([ 1 rons )"+ (o)™

uniformly for w € (Ao, A1)g,4, where the infimum is taken over all functions
f:(0,00) — Ao + 44 (2.237)

with the property that f is locally Ag-integrable, f’ (taken in the sense of
distributions) is locally A;-integrable, and such that lim f(z) = win Ay + A;.

=0t
See Theorem 3.12.2 on p. 73 in [8].
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To proceed in earnest, fix r > 0 sufficiently small relative to the atlas with
associated Lipschitz maps {¢;}1<i<ny. In particular, we may assume that &, is a
Lipschitz domain (cf. [86] for a proof). Assuming that this is the case, for every
p € (1,00),q € (0,00],and 8 € (0, 1) we have (cf. (2.200) and (2.221))

By(0) = (WH(@)). L7(0)) (2:238)

1—6,q °

Pick an arbitrary function v € C'(&},). We aim to show that the infimum of

% 1=t q di =0 1y nd dt
T Oyt ) TS Oy 2239

taken over all functions f : (0,00) — LP(0,) + W'P(0,) with the property

that f is locally W7 (&, )-integrable, f’ (taken in the sense of distributions) is

locally L?(0,)-integrable, and satisfying lim+ f@t) = vin LP(0,) + WP (0,),
t—0

may be controlled by the right-hand side of (2.235). Note that since v belongs to
WP (%) for any relatively compact open subset %/ of §2, we only need to prove the
corresponding estimate for a small, fixed neighborhood of a point on the boundary.
Since the domain 2 is Lipschitz, it suffices to do so in the case when the boundary
point is the origin and when B, (0) N 952 is part of the graph of a Lipschitz function
¢ with ¢(0) = 0 (where ¢ is one of the ¢;’s considered earlier). In addition, we may
assume that

dist ((x',x,),082) =~ x, —(x'), VX = (x',x,) € B,(0).  (2.240)
Next, choose

ne CX(B,(0), |nl <1, £ Cx((=rr)). [E] =1,
and

(2.241)
n(X) =1 for [X| <r/2, £(t) =1 for |t| <r/2.
If we now consider the function f such that
(fO)X) = n(X)v(x', xy + DE@) if X = (x, xn), (2.242)

then clearly the function f is locally W' (0,)-integrable, f’ is locally L?(0,)-
integrable, and we have lim+ f(t) = nv. Thus, it is enough to bound (2.239) for
t—0

this choice of f by the right-hand side of (2.235). To this end, first we note that
since ¢(1 —0) — 1 > —1 (and £2 has finite measure),

" / / WP (1—g)—1
= ( v(x’, xp)|” dx dxn) iz dt
0 B (0N

= C||V||i,,(9) = C”v”(zpn/(n—l)(g) = C“‘/V(V)”%P(B_Q)v (2.243)
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where the last step uses (2.42). Given the goal we have in mind, the estimate just
derived suits our purposes. Second, we have

1= /Ooo(/ﬁ (In(x/,xn)lwv(x’,xn+r)||§(z)|r1—9)”dx’dx,,)q/”ﬂ

)q/p ﬂ

IA

C / sz“—‘”( / [Vv(x', o(x') + )| dx' ds
0 |x/|<r Jt

r r /
c / ( / h(s)ds)q " ra0=0-1 g (2.244)
0 t

where we have set

h(s) := / [Vyv(x", p(x") + $)|7 dx'. (2.245)
|x"|<r

To continue, recall Hardy’s inequality (cf. [119, p.272])

(/Ow(/too g(s) ‘l’s)ﬂfo‘_l df)l/ﬂ < g(/ooo(sg(s))ﬂs‘)‘—l ds)l/ﬂ, (2.246)

which holds for g > 0 measurable, 8 > 1 and @ > 0. When applied with g :=
hxp.s, o :=q(1 —0)and B := g/ p, in the case when g > p this inequality gives

r r /
/ ( / h(s)ds)q P paa=0-1 4,
0 t

o0 /
= [ (shn)" st ds
0

=C / h(s)4/Ps17" ds (2.247)
0

q/p

r /
< C[/ (/ IVo(x', o(x") + s)|9s90-0+1/P)=1 ds)p q dx/] |
Ix'|<r *Jo

where the last step in (2.247) uses Minkowski’s inequality, which once again
requires that ¢ > p. Since the format of the last term above suits our goals, this
completes the proof of the lemma. O

2.5 Weighted Sobolev Spaces in Lipschitz Domains

Fix a nonempty, open, proper subset §2 of R” and, as in (2.57), denote by p the
distance function to the boundary of §2. For each p € [1,00],a € (—1/p,1—1/p),
and k € Ny, then set
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Wf’]’([?) = {u 1 £2 — R : ulocally integrable, and (2.248)

Iy = X ([ peacorocorr ax)” < oo

o] <k

Let us assume that £2 C R" is a bounded Lipschitz domain. Then it is not difficult
to check that there exists some open, relatively compact set & C §2 for which

1/p
iy~ 3 ([ uC0r o002 ax)" 4 iy 2299
al=k

In relation to the standard Besov scale in R”, we would like to point out that, thanks
to Theorem 4.1 in [58] on the one hand, and Theorems 1.4.2.4 and 1.4.4.4 in [53]
on the other, for each p € (1,00),s € (0,1) and k € Ny we have:

k, R
a=1-5s—2€(0,1-1/p)= W, (R2) = B, ),
(2.250)
a=1-5—1e@1/p0)= B, . (@)= W)

Of course, Wf’p (£2) is just the classical Sobolev space W57 (£2) (cf. (2.198)) when
a=0.

Next, let L be a homogeneous, elliptic differential operator of even order with
(possibly matrix-valued) constant coefficients, say

L= > "Agp 0P, (2.251)

lo|=|pl=m

and fix an open set £2 C R”". Denote by Ker L the space of locally integrable
functions u satisfying Lu = 0 in £2. Also, recall that given j € Ny, V/ stands for
the vector of all mixed-order partial derivatives of order j. Then, for 0 < p < oo
and s € R, denote by HY (£2; L) the space of functions u € Ker L subject to the
size/smoothness condition

(s)—1
Tt > IV ull g < o (2.252)
j=0

N RO
lalziasny 2= |1V,

Here and elsewhere, given s € R we set

sif s € Ny,
(s) =3 [s]+1if s>0, s¢N, (2.253)
0if s <0,
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where [-] is the integer-part function. That is, (s) is the smallest nonnegative integer
greater than or equal to s.

The above weighted Sobolev spaces behave reasonably well under real and
complex interpolation. Specifically, with (:,+)g , and [-, -]y standing, respectively,
for the real and the complex method of interpolation, we have:

Theorem 2.35. Let L be a homogeneous, constant-coefficient, elliptic differential
operator and suppose that §2 is a bounded Lipschitz domain in R", 59,51 € R,
0<p<o0,0<8O<lands = (1—0)sy+ 0s1. Then the following interpolation
formulas hold with equivalent norms:

(B2 (2: 1) HY (2:1)) . = HI($2: L), (2.254)
P

[HQ(Q PL), HY (Q;L)] , = HI(2:L). (2.255)

When the Lipschitz domain in question is star-like this result has been established
in [64] and the slightly more general case recorded above follows from that.

For further reference, let us now record a well-known interior estimate and
a reverse Holder inequality (cf., e.g., [122]). To state this result, we make the
convention that a barred integral indicates averaging. One instance, frequently used
throughout the paper, is as follows. For a given measurable set S C 92 we define

][ f(X)do(X) := L/f(X)do(X), where |S|:=0(S). (2.256)
s IS Js

Lemma 2.36. Let L be an elliptic differential operator as in (2.251) and assume
that §2 is an arbitrary nonempty open set in R". Then for each function u € Ker L,
0<p<oo,Ae(0,1),keNy X €82, and0 <r < p(X),

c 1/
sup  |VFu(Z)| < —k(][ u(Y)|? dY) " (2.257)
ZeB(X.Ar) r B(X.r)

where C = C(L, p,k,A,n) > 0 is a finite constant.
Moreover, for any number q € (0,00) there exists a finite constant C =
C(L, p,q,r,n) > 0such that, with p, A, X, r as before, one has

(][B(X Ar)lu(Y)|‘1 dY)é =C (][B(X r)Iu(Y)|1’ dY)%, (2.258)

for everyu € Ker L.

These local estimates should be contrasted with the following global weighted
interior estimates and reverse interior estimates, which are going to be relevant
shortly (more general results of this type have been obtained in [85]).
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Lemma 2.37. Assume that L is a constant coefficient elliptic differential operator
as in (2.251) and that §2 is a bounded Lipschitz domain in R". Also, fix k € Ny,
0 < p <oo,ands € Rwithsp > —1. Then there exists a relatively compact subset
O of 2 and C > 0 such that

( / uoreyax) " < c[( / IVEu(x) 7o ()07 ax )
2 2

+ sup |u(X)|], (2.259)
Xeo

uniformly for u € Ker L.

Lemma 2.38. Let §2 be a Lipschitz domain in R" and assume that L is a constant
coefficient elliptic differential operator as in (2.251). Also, fix0 < p < 00, s € R,
and k € Ny. Then for any u € Ker L,

( / VR p(x) e ax) " < o / wOlPpxy 7 ax)”. @260
2 2

where C = C(L, $2, p, s, k) > 0 is a finite constant.
In particular, the above lemmas are useful in establishing the following result.

Corollary 2.39. Let §2 be a bounded Lipschitz domain in R" and assume that L
is a constant coefficient elliptic differential operator as in (2.251). Also, fix s € R
along with p € (0,00). Then there exists an open, relatively compact set O in §2
with the following property. If r € Ny is such that

s—1 <r<(s) (2.261)
then, with p as in (2.57), there holds
||’4||H§’(_Q;L) ~ Hpr_s |Vru|||Lp(Q) + llullLr o). (2.262)

uniformly for u € Ker L.

Proof. The equivalence in (2.262) follows from (2.252), Lemmas 2.37, and 2.38.
O

A related result is contained in the proposition below.

Proposition 2.40. Suppose that §2 is a bounded Lipschitz domain in R" and let L
be a constant coefficient elliptic differential operator as in (2.251). Then, for each
l<p=<ooae(=1/p,1-1/p)andk €N,

WP (2) NKer L = Hy_ (2: L). (2.263)
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Proof. Consider first the case when 1 < p < 00,a € (—1/p,1—1/p) and k € Ny.
Then the identity (2.263) is a consequence of Corollary 2.39 with r = k and s =
k — a, in which case (2.261) holds. When p = o0, (2.263) follows directly from
definitions. O

The relationship between the spaces HY(£2:L) and the classical Triebel—
Lizorkin scale is clarified in the theorem below. This extends earlier work in [58]
where the authors have dealt with the case p,q € [1,00], s > 0,and L = A, and in
[2] where the case p,q € [1,00], s > 0, and L = A? has been treated. The present
version further builds on, and completes work in, [64].

Theorem 2.41. Let L be a constant coefficient elliptic differential operator as
in (2.251) and let §2 be a bounded Lipschitz domain in R". Then for each s € R and

p-9q € (0,00),
HP(§2; L) = F9($2) N Ker L. (2.264)

As a corollary,
FPi(2) NKer L = BP7(§2) NKer L (2.265)

whenever s € R and p,q € (0, 00).
Proof. We divide the proof into a number of steps, starting with the following claim.

Step 1. Foreach function u which satisfies Lu = 0 in §2, one has
ue LP(2) <= uc h?(2), vV pe(0,1]. (2.266)

Let us deal with the left-to-right implication in (2.266). Since membership to 77 (£2)
is a local property, it suffices to check that every X, € 052 has an open neighborhood
¢ C R" such that u € h?(0 N §2). To see this, identify X, with the origin in R”
and consider a Lipschitz function ¢ : R"~! — R such that ¢(0) = 0 and for which
there exist M, R > 0 with

Yro={(x o)) : X' eR" |X| < R} C 382, (2.267)
Dry ={X +te,: xe€Xp, 0<t <2M} C £2.

As pointed out before, it suffices to check that u € h”(Dg p). To this end, note
that there exists a vertical, circular, truncated cone I" with vertex at 0 € R” such
that the cone I'(X) := X + I' is contained in 2 whenever X € Dg . We fix
Y € CX(B(0,1)) such that fB(O,l) Y(X)dX = 1 and set ¢, (X) := t7"Y(X/1)
for each t > 0 and each X € R”". Furthermore, we shall assume that supp s C
B(0,1) N (—=I"). Then, for each X € Dpy and 0 < ¢t < dist(X,dDg ), we
may write



66 2 Smoothness Scales and Calderon—Zygmund Theory in the Scalar-Valued Case
s 0(01 = | [ w0 = vy ar|
2

< ||u||L°°(F(X)nDR_M)/|¢r(Y)|dY < Au(X), (2.268)

where .4 is a version of the non-tangential maximal operator defined by the formula
(Au)(X) := |ulleorxy. X € Dru. (2.269)
Consequently,
ut(X) < Vu(X) forevery X € Dpy, (2.270)
where, in the present context,

ut(X) = sup [(W: * u)(X)], X € Droy. (2.271)
0<t<dist(X,0Dg.pr)

Next, we propose to show that
A ullLoppay < CllullLe). (2.272)
In the proof of (2.272) we shall adapt an argument from [120]. Begin by considering
the Whitney decomposition of §2, i.e. a countable family of balls { B; } ; which cover

£2, whose concentric doubles have finite overlap, and such that for each j there
holds diam B; ~ dist(B;, d§2) (cf. [119]). Then Fatou’s lemma implies

[ rumeax e ¥ [ vogneodx. e
R.M J R.M

where y; denotes the characteristic function of the ball B;. Next, we set
B;:={X € Dry : ['(X)N B, # 0} (2.274)

and note that A4 (x;|u|?) = 0 on Dga \ §j and that || A7 (x;|u|?)||
”””foowj)' Also, |B;| < C|B;|. Consequently,

~ <
LOO(Bj) =

N lulP)(X) dX < C|B;| sup [u(X)|? < C / u(X)|? dX,
Dgr.m XeB; 2B;

(2.275)

where the last inequality follows from interior estimates for u (cf. Lemma 2.36;
here we make use of the fact that Lu = 0 in £2). Recalling that no point of
£2 is contained in more than a fixed number of the balls 2B;, (2.272) follows
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from (2.273) and (2.275). Now, (2.270) and (2.272) give that u* € LP(Dg ) so
that u € h? (D g ar), as desired. This proves the left-to-right implication in (2.266).

To see the converse implication, assume that u € h”(£2) is arbitrary. Fix a
function ¥ € C2°(B(0, 1)) such that IB(OJ) Y(X)dX = 1 and write

u(X)| = lim_|(u* ) (X)| = ut(X), ae X e, (2.276)
t—0

by Lebesgue’s Differentiation Theorem applied to the locally integrable function u.
Since u™ € LP(2), this forces u € L?(£2), as wanted.

Step 2. We claim that for every p € (0,00) and s € R there holds

H?(22; L) = F*(£2) N Ker L. (2.277)

Fix p € (0,00). The plan is to check that (2.277) holds whenever s € Z with
|s| sufficiently large. Then the fact that (2.277) holds for the larger range s € R
follows by interpolation, based on Theorem 2.35 and Theorem 2.33. To begin with,
we observe that

Ker L N LP(2) < h?(£2), 0<p<oo. (2.278)

This is, of course, trivial if 1 < p < oo and it follows from Step 1 if 0 < p < 1.
Consider first the case when s € N satisfies s > n(% — 1) 4 Now, the fact that
the function u € HY (£2; L) entails u, V’u € L?(£2) N Ker L so u, V’u € h?(£2)
by (2.278). Thus, u € hf(2) = FSP’Z(Q) by Theorem 2.23 (cf. also its proof in
[64]) and this justifies the embedding (2.277) in the case we are considering.

Next, we propose to prove (2.277) when s € Z is negative. For the sake of
clarity, let us deal with the situation when s := —1 and then indicate the alterations
necessary to treat the general case. Thus, fix u € Hfl(.Q; L) sothat Lu = 0in £2
and u, p-u € LP(§2) (with p as in (2.57)). Our goal is to show that u € F_p’lz(.Q).
Retaining the notation introduced in the discussion in Step 1, it suffices to prove a
local version of this claim, i.e., that u € F” ’12(D r.m)- To this end, for each given
function w defined in Dg js we set

M
Wl(X) = —/ W(X + te,,) dt, X € DR,M/Zs (2.279)
0

and, inductively, w41 = (wg); for each k € N. Note that in the case when
w € Ker L it follows that Lwy = 0 in Dpg py2 for every k € N. Returning to
the mainstream discussion, observe that

anul(X) =u(X)—u(X + Me,), X e DR,M/Z‘ (2.280)
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In particular, granted the current assumptions on the function #, we may conclude
that, on the one hand, p 9,u; € L?(Dg a/2). On the other hand, Lemma 2.37 (with
s := 0) yields

/ luy (X)|? dX < C/ p(X)?10,u1 (X)|? dX + Lot < oo, (2.281)
DR my2

DR m/2

where “l.o.t.”” (lower order terms) are expressions which can be dominated in terms
of the supremum of |u| on compact subsets of £2. As such, v € L?(Dg )
and, consequently, u; € h”(Dg p/2) by Step 1. As a result, d,u; € hfl(DR,M/z)
which further implies that u € hfl(DR,M/z) as well. Thus, u € F_piz(DR,M/z) by
Theorem 2.23, as desired.

When s = —k, k = 2,3, ..., we work with the function u; which satisfies the
identity 3,’juk = u + l.o.t. in Dg s and, instead of (2.281), we have

/ lup (X)|P dX < C / (X)) 105 (X)|P dX + Lot < oo, (2.282)
Dgr.mj Dr.yms

which serves our purposes well. This finishes the proof of (2.277) when s € R and
0< p<oo.

Step 3. Weclaimthatif p € (0,00) and s € N satisfiess > n(1/p—1)+ then
FP?(2) N Ker L < HP(2; L). (2.283)

In the case we are currently considering we have F) ’2(.(2) = h?(£2), thanks to
Theorem 2.23. Consider now an arbitrary u € hf (£2)NKer L. Thenu, 3*u € L?($2)
by Step 1 and, ultimately, u € H(2; L), given that s € N. Hence, (2.283) follows.

Step 4. We claim that (2.283) holds whenever p € (0,00) and s € Z \ Ny. In
this scenario, fix £ € C®(R") such that £ = 1 in a neighborhood of £2, and select
some N € N sufficiently large so that s + 2Nm > n(1/p — 1)+ where m is as
in (2.251). In order to continue, let I1; be the Newtonian potential operator defined
as in (2.162) with a(§) := L(—i§)~!. Also, let Eq denote Rychkov’s extension
operator from Theorem 2.29. Then, given an arbitrary u € F/ ’2(.{2) N KerL, it
follows that (with & viewed as a multiplication operator)

vi= [0 (Eaw)]| (2.284)

— ve FP (@) NKer LV s WP, (25 LVTY,

where the inclusion is a consequence of our assumptions on N and Step 3. From
the implication in (2.284) we further deduce that v € HY, ,\ (£2; LN*") which,
in turn, entails VS1t2V"y ¢ L7(£2). In concert with Lemma 2.38, this allows us to
conclude that p=V*V™y € L7 (£2). Since L¥v = uand L" is a constant coefficient
differential operator of order 2N m, this ultimately yields p™u € L?(£2). With this



2.5 Weighted Sobolev Spaces in Lipschitz Domains 69

in hand, the conclusion that u € HY (£2; L) readily follows from the definition of
HZ (£2; L) and this finishes the proof of (2.283) in the case when p € (0, c0) and
sel \ N().

Step 5. The inclusion (2.283) holds whenever p € (0,00) and s € R. Indeed,
this is a consequence of Step 3, Step 4, Theorem 2.33, and Theorem 2.35.

Step 6. 1If p € (0,00)and s € R then
HP(2;L) = F"*(2) N Ker L, (2.285)
HP(§2; L) = F/P(2) NKer L. (2.286)
Formula (2.285) is an immediate consequence of the inclusions proved in Step 2

and Step 5. Formula (2.286) then follows from (2.285), formula (2.254) in Theo-
rem 2.35, and formula (2.229) (with p = q).

Step 7. We claim that if
keNy, 0<p<oo, 0<gq<oo, n(m—l)+—k<a<l(2.287)

andif u € L} (82) satisfies Lu = 0 in 2 as well as

loc
o VAT | 4 u) € LP(2), (2.288)

then necessarilyu € F ffk (£2), and a naturally accompanying estimate holds.

The starting point is the observation that, as a consequence of [110, Corollary 1
p.398], if

0< p < oo, 0<gq < oo, S>"(m‘1)+ (2.289)

and if N is an integer such that N > s then

%P(') N—1 q dt 14
”“”E\vp“’(.@) ~ lullLr@) + /0 [osc (u, -,t)] e , (2.290)
LP(£2)

where, generally speaking, for a locally integrable function u in £2, each integer
M € Ny, each point X € £2, and each scale 0 < ¢ < dist (X, 9§2), the M -th order
oscillation of u is defined by

osc" (u, X, 1) ;= inf ][ lu(Y)— P(Y)|dY, (2.291)
Pezv J B(x)

where &), stands for the space of all polynomials of degree < M in R”.
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In order to estimate the (N — 1)-th order oscillation of u, we shall employ a
higher-order Poincaré-type inequality, proved in [35, Theorem 3.4, p. 18] to the
effect that there exists C = C(n,N) > 0 such that for any ball Bg and any
u € WN1(Bg) one can find P € Zy_; with the property that

/ u(¥) = P(Y)|dY <CRV / 107 u(Y)| dY. (2.292)
Br Br

lyl=N

In concert with Lemma 2.36, forany X € 2 and0 < ¢ < %p(X), this entails

oscV T lu, X, 1) < CtN][ IVNu(Y)|dY
B(X.1)

<C tN( sup |VNu|) <C tN( sup |VNu|)
B(X.1) B(X.p(X)/2)

1/q
< t u . .
ctV IVNu(Y)|?dY (2.293)
B(X.,7p(X)/8)

Given p,q,a, k as in the setup to Step 7, choose N := k + 1, s := k + «. Based
on (2.290), (2.293), we may then write

300) k q di v
L [ose D] Sy
LP(R)
| 1/q
L) dt
<c / [][ IV"“M(Y)quY}ﬁ
0 B(X.7p(X)/8) e

1/q
< ¢ | pex)= ( ][ |V"+1u(Y>|qu)
B(X.7p(X)/8)

By the reverse Holder estimate (2.258), the last expression above may be further
dominated by

1/p
p(X) ( ][ [V u(r) P dY)
B(X.8p(X)/9)

1/p
<C (/Q/Qp(x)p<1—a>—n|vk+1u(Y)|p A1x—¥|<8p(x)/9 dXdY) '

LY (2)

(2.294)

L ()

C (2.295)

L ()
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Next, let X € §2 be arbitrary and pick X* € 982 such that | X* — X| = p(X). Then,
foreach Y € £2 with | X — Y| < 8p(X)/9, we have

o(Y) = dist(Y,02) < |Y — X*| < |X = Y|+ |X — X*|
< 8p(X)/9+ p(X) = 17p(X)/9. (2.296)

On the other hand, if given ¥ € 2 with |X — Y| < 8p(X)/9 we pick Y* € 082
such that p(Y) = |Y — Y*| we then have

p(Y) =Y =Y*| = |X —Y*|—|X Y[ = p(X)—8p(X)/9 = p(X)/9. (2.297)

Thus, altogether, | X — Y| < 8p(X)/9 = 9p(Y)/17 < p(X) < 9p(Y). Availing
ourselves of this equivalence back in (2.295) yields

1/p
(/;2 /:2 PP |Vk+l"‘(Y)|p XIX=Y|<8p(X)/9 dXdY)
1/p
=¢ (/9 /9 p(Y)PImOTIVE U Y x—yi<8p0) dXdY)

1/p
<C (/ p(Y)PU=0) |7k +1 vy P dY) . (2.298)
2

Collectively, (2.290), (2.294), (2.295), and (2.298) imply that
lull gra. @) =< C o' IVl o) + Cllullre)- (2.299)

This finishes the proof of the claim made in Step 7.

Step 8.Weclaimthatif0<p<oo,0<q§oo,anda>n(m_1) ,
’ +
then

HZ(2:L) € FP4(2) NKer L. (2.300)

When, additionally, @ ¢ N, this is just a rephrasing of the result proved in Step 7.
The larger range described above follows from this, Theorem 2.35, Theorem 2.33,
and complex interpolation.

Step 9.If0 < p <00,0 <q <ooanda € R then (2.300) holds true. To see
this, first recall that (2.300) holds if the indices are as in Step 8. The extension to o €
R can then be obtained by interpolating via the complex method (cf. Theorems 2.33
and 2.35) between HZ, (2: L) € FL*(2) NKerL for 0 < p < oo, a; € R
and (2.300) with o > n(ﬁm} — 1)+ and 0 < p, g < oco. When g = oo, use

the monotonicity of the Triebel-Lizorkin scale in the second integrability exponent
(cf. (2.152)).
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Step 10. We claim that

FP2 (@) NKerL = F2(2) N Ker L,
(2.301)
if0<p<oo, 0<g=<2, and @ € R.

Indeed, the right-to-left inclusion in (2.301) follows from the monotonicity of the
Triebel-Lizorkin scale in the second integrability exyonent, whereas the opposite
inclusion follows from Step 9 and the fact that F/"(£2) N Ker L = HE(£2: L),
by (2.285) in Step 6.

Step 11. We claim that

F/*(2) NKerL = F/9(Q2) NKerL,
(2.302)
whenever 0 < p,q < oo and « € R.

To prove this claim, observe first that, as a consequence of (2.285)—(2.286) we have

FD{”Z(Q) NKerL = F'P(2) NKerL forany p € (0,00) and o € R.

(2.303)

Then (2.302) follows by interpolating between (2.303) and (2.301), while making
use of formula (2.231) in Theorem 2.33.

At this stage, formula (2.264) follows by combining (2.285) in Step 6
with (2.302) in Step 11, while (2.265) follows from this by writing

FPi(2)yNKerL = HP(2;L) = FPP(2) NKer L = BPP(2) N Ker L,

(2.304)
for every p,q € (0,00) and s € R. This finishes the proof of the theorem. O

Corresponding to p = oo, we also have the following result.

Proposition 2.42. [f L is a constant coefficient elliptic differential operator as
in (2.251) and if §2 is a bounded Lipschitz domain in R", then

H,,(2; L) = BE®(2) NKer L (2.305)

foreachk € Nyand s € (0, 1).

Proof. This formula is a consequence of definitions, standard interior estimates and
Proposition 2.26. O

We conclude this section by singling out a useful consequence of Theorem 2.41.

Corollary 2.43. Assume that §2 is a bounded Lipschitz domain in R" and that L
is a constant coefficient elliptic differential operator as in (2.251). Then, whenever
l<p<ooae(=1/p,1-1/p), q € (0,00), and k € N,

Wak'P(.Q) NKerL = kafi{(ﬂ) NKerL = B,f’f; (£2)NKerL. (2.306)

Proof. This is a direct consequence of Proposition 2.40 and Theorem 2.41. O
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2.6 Stein’s Extension Operator on Weighted Sobolev Spaces
in Lipschitz Domains

Extension results from a domain £2 € R” to the entire Euclidean space play a
fundamental role in analysis. In the class of Lipschitz domains, two results which
have historically influenced much of the development of the theory on this topic are
Calderdn’s and Stein’s extension theorems (see [16,119] ).

Other pertinent references and a broader perspective may be found in the
excellent monographs [119] by E.M. Stein, [74] by V.G.Maz’ya, and [62] by
A.Jonsson and H. Wallin, and in the informative survey by V.Burenkov in [15],
among many others. The interested reader may also consult the influential work of
P.Jones [61], V. Rychkov [108], and D. Jerison and C. Kenig [58].

Two attractive features of the extension operator constructed by E. Stein are:
(1) its universality (i.e., its format does not change as the amount of smoothness
considered increases), and (2) its apparent simplicity. The latter makes it tempting to
consider the possibility that the same operator continues to work for other classes of
smoothness spaces than originally intended (i.e., classical Sobolev spaces). A case
in point is the article [66] where the author shows that Stein’s extension operator
preserves smoothness measured on the Triebel-Lizorkin scales.

In this section, the goal is to further explore this issue and study the action of
Stein’s extension operator on the weighted Sobolev spaces in Lipschitz domains
considered in the previous section. Our main result in this regard (cf. Theorem 2.46)
shows that Stein’s extension operator continues to preserve smoothness measured
in this weighted fashion. The presentation in this section follows that from [13].

To get started, let ¥ : [1, 00) — R be the function given by

(h) = % S e A S (2.307)
b4
Then according to [119, Lemma 1, p.182], this function enjoys the following
properties:

Y € C([1.00)), (2.308)

/oo v(A)dr =1, (2.309)
1

/oo Ay da =o, VkeN, (2.310)
1

v(A) = oA™N), VN eN as A — oo. (2.311)

In particular, (2.311) guarantees that || decays at infinity faster than the reciprocal
of any polynomial. Parenthetically, we wish to point out that a function satisfying
similar conditions to (2.308)—(2.311) has been constructed in [22, Lemma 3.4,
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p- 309]. The function in question has compact support though one needs to specify
a priori the number of vanishing moments.

On a different topic, recall from [119, Theorem 2, p. 171] that for any closed set
F C R” there exists a function p, : R” — [0, +00) such that

Preg € CPR\ F),  preg ~ dist(-. F) on R", (2.312)
and, with Ny := N U {0},
109 0reg (X)] < Cu[dist(X, F)]' ™™ Vo eNy and VX e R"\ F.  (2313)

To proceed, let £2 be an unbounded Lipschitz domain in R" and denote by
C;°(£2) the vector space of restrictions to 2 of functions from C>°(R"). Also,
if py, stands for the regularized distance function associated with 2, we set

§ = Cpyeg. (2.314)

where C > 0 is a fixed constant chosen large enough so that
8(Z — sep) > 2s, VZ e€df2 and Vs >0, (2.315)

where the family {e;}1<;<, denotes the standard orthonormal basis in R" (hence,
in particular, e, := (0,...,0,1) € R"). The above normalization condition on §
ensures that

X +218(X)e, € £2, VXeR'\2 and VA > 1. (2.316)

Let us also note that in the current case (i.e., when F := £ where £ is an
unbounded Lipschitz domain in R"), there holds'

§ € Lip (R"), (2.317)

where Lip (R") stands for the set of Lipschitz functions in R”. Indeed, given that
2 is a Lipschitz domain, for any two points X,Y € R” \ £ it is possible to find a
rectifiable curve yx y : [0, L X,y] — R"\ 2, parametrized by arc-length, joining X
in Y and whose length Ly y satisfies

Lyy <C|X - Y| (2.318)

'A quick inspection reveals that the same result and proof are valid in the more general case of
domains whose complement is regular in the sense of Whitney (in the terminology of [57, p.52];
cf. also [101, p. 1372] where the notion of quasi-Euclideanity is employed), i.e., subsets of R” with
the property that any two points X, Y in the complement may be joined with a rectifiable curve
yx.y disjoint from the set in question and which satisfies (2.318).
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for some finite constant C = C(£2) > 0. Using the fact that p,, € C®(R" \ 2)
(cf. (2.312)) we may estimate, keeping in mind (2.313) and the fact that |y| = 1

Lxy g
[ 0reg (X) = preg(Y)| = ‘/0 %[preg(y(s))] ds‘

Lyy
< /0 IV (1 (5)) - 7(5)] dis

< CLyy, VX, Y eR"\ Q2. (2.319)
From (2.318), (2.319) we deduce that there exists a finite constant C > 0 such that
|Preg(X) = preg(Y)| < C|X =Y, (2.320)

whenever X,Y € R” \_ﬁ In fact, (2.312) shows that (2.320) continues to hold in
the case when X,Y € 2. When X € 2 and Y € R" \ £2, pick Yy € 052 such that
dist (Y, 082) = |Y — Y|, and note that this forces |Y — Y«| < |X — Y|. Then,

|preg(X) - preg(Y)l = preg(Y) = |preg(Y*) - preg(Y)l

<ClY - Y| <C|X -Y]|, (2.321)

where the first inequality above follows from reasoning as in (2.320). Finally, the
case when X € R" \ 2 and y € £ is treated similarly. Hence, Preg € Lip (R")
which immediately yields (2.317).

On a different topic, given m € N, we shall let <7, stand for the collection
of all ordered m-tuples A = (aV, ..., a"™) consisting of nonzero multi-indices
al, . a™ e NI\ {(0,...,0)}. For each such m-tuple A = (V... ,a™) €
o, define

m
#A:=m and |A|:= Z|a<f>|. (2.322)

i=1

Corresponding to the case when m =
singleton, namely the null multi-index 0 :
#0 := |0| := 0. Finally, set

0 we shall take the set 2% to be a
= (0,...,0) € Njj. We also agree that

o = U . (2.323)

meNy

Next, for each A € ﬁ% and each k € N we introduce the operator Hr.4 acting
on functions f € C°(§2) ateach X € R" \ §2 according to
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(Bra f)(X) = 1‘[(3“"’8)0()

i=1

/ - F(X +A8(X)en) Ay () dA, (2.324)

assuming the o!)’s are the components of A, and with the convention that the
product is omitted if A = 0.

The main role of the family {% 4}k .4 is to facilitate the understanding of the
operator

E := %o (2.325)

which is the main object of interest. This is because E f, which naturally extends to
R" by considering

(Ef)(X) = /loo F(X 4+ A8(X)e,)y () dA, VX eR", (2326)

is precisely Stein’s extension operator (cf. [119, (24), p. 182]) acting on the function
J € C2°(£2). Incidentally, the fact that

Ef €Lip(R") and (Ef))g: f. YV feCcX®R). (2.327)

is a direct consequence of (2.317), (2.326) and (2.309).
In relation to the family {Z%) 4}k 4, we note that

Fyaf € CRPMR"\ 2) foreach f e CP(R). (2.328)
To proceed, we claim that

Py 4 f vanishes of infinite order on 052,

_ (2.329)
foreach f € C°(£2),eachk € N, andeach A € &7,

i.e., for each N € N one can find a finite constant C = C(N, ¥, k, A, f) > 0 such
that
|(Zx.4 [)(X)| < C dist(X, 2)", VX eR'\ QR (2.330)

(of course, this is not the case when k = 0). To justify this claim we first note that,
for each number N € N, Taylor’s formula gives

f(X 4+ 18(X)e,) = Zw

j=0

@] /)(X 4+ 8(X)en) (2.331)

1 M0
+—/ (AS(X) =V @Y £)(X + te,) .
N1 Jscx)
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foreach X € R”\ 2 and each A € [1, o). Using this in concert with (2.313) and the
fact that [ A¥(X — 1)/ (1) dA = O forany j € Ny and any k € N, we therefore
obtain

|4 O] = CNE) N e ( /1 (A= D2y () )

< C(N, ¥k, A, f)dist (X, )" M+N v x e R\ 2.
(2.332)

Since N € N has been arbitrarily chosen, (2.329) follows.

To formulate the next claim about the operators introduced in (2.324), fix some
arbitrary k € Ny along with A € &/ and @ € N{. Then there exists a family of
finitely many nonzero constant coefficients {Cy g g }¢,5,3 With the property that for
every function f € C°(£2) we have

o]

O (Faf) = Ta@ f)+ )Y CoppFsen@f) in R\ 2, (2333)
(=0 B.B

where the second sum is performed over 8 € Njj and B € &/ such that
|Bl < |e| and |B|—#B + |B| = |A| —#A + |c]. (2.334)

Furthermore,

if A = 0 then the first sum in the
(2.335)
right-hand side of (2.333) starts from £ = 1.

This follows by a routine induction argument once we observe that for every
A€,k eNy, je{l,...,n}, andevery function f € C°(§2) we have

#A

0j(Baf)=Fa@; )+ Y Fn, [+ Furra@nf) in R'\ 2, (2.336)

i=1

(with the natural convention that the sum in the right-hand side of (2.336) is

discarded if #4 = 0, i.e., if A = 0), where, if m := #4 and 4 = («V, ..., ™)
then ‘ ' ‘

Agj = (W, ..o o) 4 e, U tD o am), (2.337)

A= @M, 2" ;) if A#0, and A7 :=(e;) if A=0. (2.338)

The key features of the newly assigned tuples A§j, A’]f € o/ to each given A € &/
are

#Aj — Al =#A—|A|—1 and #A)—|AY|=#4—|4].  (2.339)
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Indeed, it is (2.339) which allows us to iterate (2.336) (while keeping proper count
of how the various indices change) and obtain (2.333).
Going further, combining (2.333) with (2.329) gives

0%(%x 4 f )vanishes of infinite order on 052,

- (2.340)
foreach f € C(£2), eachk € N, eacha € Nj andeach 4 € &/,
Hence, if foreach k € N, o € Nj}, and A € &/, we now introduce
~ 74 in R\ £2,
Fiaf = kaf \ (2.341)

0 in £2,

it follows from (2.340) and the fact that £2 is a Lipschitz domain (cf. [119, p. 186]
for more details) that

g?k, 4:C° (2) — C>°(R") is a well-defined, linear operator 5340
(2.342)
foreachk € N, and each 4 € «.

Specializing (2.333) to the case when A := 0 and k = 0 yields, on account
of (2.325) and (2.335), that for every function f € C;>°(§2) and every a € N,

0"(Ef) = E“f) (2.343)

lor|

+3 Y CupsRs@f) in RN\

=1 |B|<]|e| BE o so that
|B|—#B=|a|—|Bl

In turn, (2.343), (2.329), and (2.327), allow us to conclude (compare with (2.342))
that

E : CP(2) — C2(R") is a well-defined, linear operator, (2.344)

and that

o]

I(Ef)=E@*f)+> Y. Y CippZes@f) in R,

=1 |B|<|e| BE o so that
| B|—#B=|a|—|B]

(2.345)
for every function f € C>° (£2) and every multi-index o € Ng.
We shall work with the weighted Sobolev spaces W,"”(£2) which have been
considered in the previous section. In addition, we make the following definition.

Definition 2.44. If p € [1,00],a € (—1/p,1 —1/p) and m € Ny are given and £2
is a nonempty, proper, open subset of R”, consider the weighted Sobolev space
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WP (R") := {u el (R": PuelL) (R") for @] <m, and  (2.346)

. 4 1/p
ey == 3 (/R 1(0%u) (X)|? dist (X, 982) de) < oo}.

la]<m

We wish to stress that W, (R") is not W,"'” (£2) corresponding to £2 = R” (which,
incidentally, is not a permissible choice since £2 is assumed to be a proper subset of
R™). Instead, the named space should always be understood in the sense of (2.340).

Moving on, fix an unbounded Lipschitz domain §2 C R" and assume that p €
[1,00] and a € (—1/p, o0). We claim that for each k¥ € N and each A € &/ there
exists a finite constant C = C(£2,k, A, a, p) > 0 with the property that

%4 f ||Lp(Rn\§, dist (-.02)” dX)

=C Z 10% £l Lr (2. dist (-02)% dx)s (2.347)
lal=|A|—#A

for every function f € C° (£2). To justify (2.347), select a positive integer N
and a real number M > 1. Then, by arguing as in (2.332) we deduce that there
exists a finite constant C = C(N, M, k, A,¥) > 0 with the property that for each
f e Cg’o(ﬁ) we have

A8(X)

|(Fea f)(X)| < CCR)HAMIEN /1 (/8 0} X+ te]d) T

(X)

= C§(X)AAIFN=I /5;: 1Y £)(X + ze,,)l(/too dl)dr

ss00) AM

o0
~ CS(x)#A—|A‘+N+M—2/ I(a}]lvf)(X + ten)|t1f/li_t—l’ (2348)
8(X)

at each point X € R" \ £2. Above, the first inequality is derived much as in (2.332),
the subsequent equality is based on Fubini’s Theorem, while the last step utilizes
M > 1. Moreover, a direct argument based on (2.324) and the decay condition for
Y, shows that the estimate

dt

|(Zia f)(X)| < CE(X)FATIAFN M= /8 :) @) X +ten)| =y (2.349)

at each point X € R\ £2, is also valid in the case when N = 0. Having established
this, for each fixed Z € 952 and any p € [1,00], a € (—1/p, 00) we may estimate,
forany k € No, N € Ny, and M > 1,
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(/\(@k,Af)(Z - se,,)|p dist (Z — se,,, 0§2)°? ds)l/p
0

. C(f(s#A_|A+N+M_2 f 21 6= 900 )7 )
0

- tM—l
§(Z—sepn)
T/ TGN NZ +ren)| | \ 1p
< C(/(S#A |[A|4+N+M—2 / n n dr) §ap ds)
- (r +s)M-1
0 §(Z—sep)—s

o0 3]
N y
< C(/(S#A—IA\+N+M—2 (9, f)(MZ_Il— rey)| dr)ps“P ds) P 2350)
r
0

s

where the last inequality above makes use of (2.315). In turn, Hardy’s inequality (cf.,
e.g., [119, p.272]) together with the version of the estimate (2.350) corresponding
to the choices N := |A| —#A4 and M := 2, permits us to estimate (for each k € Nj
and A € &)

1/p

(/oo [(Zraf)(Z — Sen)|p dist (Z — sey,, 082)* ds)
0

o0 1/p
<cC ( / QA £)(Z + se) s ds) 2.351)
0

00 1/p
~C (/ |14 £)(Z + se,)|? dist (Z + se,. 02)% ds) ,
0

where C > 0 is a finite constant independent of f € C}j’o(ﬁ) and Z € d£2. Let us
now recall two useful estimates to the effect that, given p € (0, 0o] along with two
measurable functions F' : R" \ 2 — Rand G : 2 — R, we have

1/p 00 1/p
(/ | FX)|? dX) o~ (/ / |F(Z — sey)|? ds da(Z)) (2.352)
R\ a2 Jo

and
1/p o) 1/p
(/ |G(X)|? dX) ~ (/ / |G(Z + se,)|” ds dcr(Z)) . (2.353)
Q 2 Jo
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Based on (2.351)—(2.353), we then deduce that, given p € [1, 0o,
1/p
( / | Zraf)(X)| dist (X, 952)° dX)
R\ §2

1/p
<C ( / |(@A17#4 £)(X)|P dist (X, 952)%P dX) ,(2.354)
2

where C > 0 is a finite constant independent of f € C;* (£2). This finishes the
proof of (2.347).

Letk e Ng,Ae o/, N e Ny, p e[l,00],anda € (—1/p, 0o) be given. Having
dispensed with (2.347), we may then proceed to estimate for any f € C;* (2)

Z ” F(Hr.af) H LP(R\S2, dist (-02)PdX)

lo|<N
= Z | %% 1) ”LP(R”\ﬁ,dist(~,8Q)“PdX) (2.355)
la|<N
]
+ Z Z Z Cep.n H%"Jr‘fﬁ(aﬂf)“ LP(Rr\S2, dist (-02)aPdX )’
le|<N (=0 B.B
and thus
Z H (A f) ”LP(R”\§, dist (-.02)47 dX)
lo|<N

=C Z Z ||ayfHLP(Q,disl(-,BQ)‘WdX)

| <N |y|=|A|—#A+|e|

+C Z Z Z HatfHLP(Q,dist(~,3Q)“PdX)

le|<N B.B [r|=|B|—#B+|p|

=C Z H 9 f H L2 (2. dist (-,02)PdX)’ (2.356)
ly|<|A|—#A+N

thanks to (2.333), (2.347) and (2.334). In summary, the analysis so far shows that

forany k € No, A € &/, N € Ny, p € [1,00] and a € (—1/p, 00) there exists a
finite constant C = C(k, A, N, a, p, £2) > 0 with the property that

|Zxaf| whr@ng) < CIL Iy a-satns g V f € CSR(). (2.357)

We are now prepared to formally state the following result.



82 2 Smoothness Scales and Calderon—Zygmund Theory in the Scalar-Valued Case

Proposition 2.45. Let §2 be an unbounded Lipschitz domain in R" and
recall (2.341) and (2.326). Then foranyk € N, A € o/, N € Ny, p € [1,00], and
any a € (—1/p,00), there exists a finite constant C = C(k, A, N,a, p,$2) > 0
such that

|%xaf| wrren < CUflyia—sains gV f € CP(8R). (2.358)

Moreover, for every N € Ny, p € [1,00] and a € (—1/p, 00) there exists a finite
constant C = C(N, a, p, §2) > 0 for which

lE7] Wb < CIf o g Y f e CR(R). (2.359)

Proof. We deduce from (2.357) that (2.358) holds, thanks to (2.342) and (2.341).
Finally, (2.359) follows from (2.345), (2.358), (2.352, (2.344), as well as the fact
that Ef coincides with f on £2, for every f € C°(£2). O

Further elaboration on the theme of Proposition 2.45 requires some density
results. In this vein, first recall from [1, Theorem 3.22, p. 68] that, since the Lipschitz
domain 2 satisfies the so-called segment condition, the inclusion operator

Cb°°(§) < WNP(2) has dense range, if p €[l,00), N € Ny. (2.360)

On the other hand, in the weighted case, given any Lipschitz domain £2,

C2(R2) < W,"P(2) has dense range,

(2.361)
if pe(l,00), N €Ny, and a € (—1/p,1—1/p).

This is proved much as in (2.360), the new key technical ingredient being the fact
that, given any Lipschitz domain £2 € R”,

dist (-, 0£2)*? is a Muckenhoupt A4 ,-weight in R” (2362)
whenever p € (1,00) and a € (—1/p,1—1/p). '

See [93] for more details on this. For the convenience of the reader, let us recall that,
if 1 < p < 0o, ameasurable, a.e. positive function w defined in R" is said to belong
to the Muckenhoupt class A, provided

—1
[Wla, := sup ( ][ wdx) ( ][ w1/ (=D dX)p < +4oo.  (2.363)
Brain R? B B
In fact, (2.362) also permits us to show that
C®(R") — WN?(R") has dense range.
SR R") g (2364)
if pe(l,00), NeNy, and a e (—1/p,1—1/p).

We now arrive at the main result in this section.
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Theorem 2.46. Let S2 be a Lipschitz domain in R". Then for any keN Ae .,
and N € Ny, the operator Xy 4 initially considered as in (2.342) extends to a
bounded mapping

Rpoq s WHAHEND (@) 5 L e WNP(R") : suppu CR"\ 2}, (2.365)
provided

either p € (1,00)anda € (—1/p,1—1 ,
p € (1,00) (=1/p /p) (2.366)
orp=1landa =0.

Moreover, for each N € Ny and a, p as in (2.360), the operator E initially defined
as in (2.344) may be extended to a bounded mapping

E: %N,P(Q) —> WMN,P(RH) such that (Ef)}g: f. Vfe WuN’p(Q)'
(2.367)

Proof. Consider first the case when §2 is an unbounded Lipschitz domain. Then the
first claim in the statement of the theorem follows by combining (2.360)-(2.361)
with (2.358), while the second claim is proved in a similar fashion, this time making
use of (2.360)—(2.361) and (2.359).

The above results continue to hold in the case when §2 is an arbitrary bounded
Lipschitz domain. One way to see this is to glue together results proved for various
unbounded Lipschitz domains via arguments very similar to those in [119, § 3.3,
p. 189-192]. As far as the extension operator is concerned, another, perhaps more
elegant argument, is to change formula (2.326) to

(Ef)(X) = /loo F(X +A8(X)h(X))y(A)dA, VX eR", (2.368)

where h € C2(R",R") is a suitably chosen vector field. In particular, it is assumed
that / is transversal to 952 in a uniform fashion, i.e., that for some constant x > 0
there holds

v-h>Kk o-ae.on 052, (2.369)

where v is the outward unit normal to £2. The vector field % is a replacement of
e, and this permits us to avoid considering a multitude of special local systems of
coordinates. O

A noteworthy consequence of the above theorem is the following corollary.

Corollary 2.47. Let §2 be a Lipschitz domain in R". Given k € N, A € &, s €
[0, 00), and p € (1, 00), the operator

= gD PR\ 2
%k,A . L\Al—#A-H'(Q) - LS,O(R \ Q) (2370)

is well-defined, linear and bounded.
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Also, the operator

E : LY(22) — LI (R") is well-defined, linear, bounded,

(2.371)
and satisfies (Ef) o= fo YV feLi).
Proof. This is obtained from Theorem 2.46 (used with a := 0) via interpolation.
Specifically, for each p € (1,00), 0 € (0,1) and N € Ny, we have
[WNP(2), L7 (2)], = LY, (£2). (2.372)
This completes the proof of the corollary. O

In the last part of this section we shall show that our earlier estimates in weighted
Sobolev spaces for Stein’s extension operator on an unbounded Lipschitz domain
continue to hold in the range 0 < p < 1 with a suitable interpretation of the
weighted Sobolev spaces involved. We begin by clarifying the latter issue.

Definition 2.48. Assume that §2 is an unbounded Lipschitz domain in R” and
consider three numbers, p € (0,1), a € (=1/p,00), and m € Ny. Given any
u: 2 — R, define its associated radial maximal function u* : 2 — [0, co] by the
formula

w*(X) == sup |u(X + nen)|, VXeR. (2.373)
n>0

Also, for any u € Cb°°(§) set

1/
lull oy = (Z /9 |(3°‘u)*(X)|”dist(X,B.Q)‘”’dX) " (2.374)

| <m

Then the space W,"”(£2) is defined as the completion of Cpr (£2) in the quasi-
norm (2.374).

Finally, with £2, p,a,m as above, the space W,"?(R") is defined as the
completion of C>°(R") with respect to the quasi-norm

" . u 1/p
il oy = (Z /R @0 (X)1? dist (X, 92) PdX) (2.375)

|oe|<m

where, this time, the understanding is that for any u : R"” \ 92 — R the radial
maximal function u* : R" \ 92 — [0, oo] is defined as

W (Z +tey) = sup [u(Z + (t + ney)|, VZedandV1>0. (2.376)
n>0

Our next result is the following companion to Theorem 2.46.
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Theorem 2.49. Let §2 be an unbounded Lipschitz domain in R" and assume that
N € Ny, p € (0,1), anda € (—1/p,00). Then for any A € o/ and k € N, the
operator Xy 4 initially considered as in (2.342) extends to a bounded mapping

Rrn : WHATATND () s WP (R, (2.377)

Moreover, the operator E initially defined as in (2.344) may be extended to a
bounded mapping

E : WNP(Q2) — WNP(R). (2.378)

Proof. Fix A € o/, k € N, and let f € Cg’o(ﬁ) be arbitrary. Writing the
estimate (2.348) for N and M := 2 at the point X := Z — (s + n)e, for some
fixed Z € 082 and s, n > 0 yields

o

d
(% a fINZ—(s+m)ey)| < C / |@) FIZ+ 1= (s+m)en)| TZ (2.379)
8(Z—(s+n)en)

Changing variables in the right-hand side of (2.348), we let t := ¢ — (s + 27) and
obtain

| NIZ = s+ e (2.3%0)
i d
sc [ lonNE+ e S

8(Z—(s+n)en)—(s+2n)

However, thanks to (2.315) there holds
8(Z —(s+n)ey)—(s+2n) >2(s+1n) — (s +2n) =s. (2.381)

In particular T > §(Z — (s + n)e,) — (s + 2n) guarantees that T > 0. Since s, > 0
this further implies that 1/(z 4 (s + 217)) < 1/7 whenever

T>68(Z — (s + n)ey) — (s +2n). (2.382)

Combining this with (2.381) and (2.380) yields

(a2 = +nen| =€ [T|OYNE + @+ e T 2389

<c /Oo<a,’,vf)*<z e 2T,
s T
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where the last inequality follows from the definition of the maximal operator
from (2.376). Taking supremum in (2.383) over n > 0 and using again (2.376)
gives

Fea /) (Z = sen) o= supl o a )(Z~ s+ men)| 2384
n>

< c/oo(a,f,vf)*(z +ren)$.

Now, based on (2.384), we may write

1/p

( / oo((%k,A ) (Z = sey))’ dist (Z — se,, 12)™ ds) (2.385)
0

<C (/w(/m@ivf)*(z + ren)?)”s“f’ ds)l/p.
0 s

Having established (2.385), we shall utilize that Hardy’s inequality continues to
hold even when p € (0, 1) provided that the function in question is nonincreasing
(which is the case for r > (Y f)*(Z +re,)). Keeping this in mind and proceeding
as in the case of (2.347) we arrive at the conclusion that there exists a finite constant
C =C(82,k,A,a, p) > 0 with the property that

(k. f)* Lo @ dist 02) ax) (2.386)

=C Z 100% £)* |Lr (2. dist a2y ax)»

loe|=]A]—#A

for every f € Cboo(ﬁ). At this stage, from (2.333)-(2.334), (2.386), and (2.341)-
(2.342) we deduce that

1Zka f ooy < U Iypaimsasnn g Y f €CRE@). (2387)

From this and Definition 2.48, the claim about the operator (2.377) follows. Finally,
the claim about the operator (2.378) is handled similarly, and this completes the
proof of the theorem. O

In our last result in this section we take up the issue of proving that the weighted
Sobolev scale is stable under complex interpolation. Specifically, we shall prove the
following theorem.

Theorem 2.50. Let §2 be a Lipschitz domain in R" and assume that 1 < p; < oo
and —1/p; < a; < 1—=1/p; fori € {0,1}. Fix 6 € (0,1) and suppose that p €
(0,00) anda € Rare suchthat1/p = (1—-0)/po+0/p1 anda = (1—0)ap+0a,.
Then for each m € Ny there holds



2.6 Stein’s Extension Operator on Weighted Sobolev Spaces in Lipschitz Domains 87

(W (2), WiPH(2)], = WP (). (2.388)

where [+, -|g denotes the usual complex interpolation bracket.

Proof. The proof is organized into a number of steps. Throughout, £2 is a fixed
Lipschitz domain in R".

Step I. There holds
[L”O(R”, dist(-, 02)“°P d X)), LP'(R", dist(-, 0§2)“' 7! dX)]0 (2.389)
= LP”(R", dist(-, 02)* dX),

granted that the indices involved are as in the statement of the theorem. This formula
follows from well-known interpolation results for Lebesgue spaces with change of
measure (cf. [8, Theorem 5.5.3, p. 120]).

Step II. Foreach o > 0, let G, stand for the Bessel kernel of order o in R".
That is, G, € T°(R" \ {0}) is the (positive, radial, decreasing) function whose
Fourier transform is given by

Go(§) = (1 + €)™ forall & € R". (2.390)

Also, for each p € (1,00) and any Muckenhoupt weight w € A,(R"), define the
weighted Sobolev spaces of order m € N in R" as

WP R wdX) = | f € L (R") : || f lwmoqenwax) < +00f,

(2.391)
where (with derivatives taken in the sense of distributions),
1/p
1f Nwmo@rwaxy = 3 ( / |an|Pde) . (2:392)
yl<m 7 F
Then
LP(R", wdX)> f Gy *x f e W"P(R", wdX) (2.393)

is a well-defined, linear, bounded isomorphism. Indeed, this is [81, Theorem 3.3].

Step III. Assume that Xo, X and Yy, Y, are two compatible pairs of Banach
spaces such that {Yy, Y1} is a retract of {Xo, X1} (as above, the “extension” and
“restriction” operators are denoted by E and R, respectively). Then for each
parameter 0 € (0, 1) one has

[Yo, Y1lo = R([X07X1]9)- (2.394)

This is a folklore interpolation result.
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Step VI. Proofof (2.388). From (2.362) and Steps I-II we obtain that

[Wa’g’”0 R"), w7 (R")]0 = W"P(R"), (2.395)
provided the indices involved are as in the statement of the theorem. With this in
hand, (2.388) follows from (2.367) in Theorem 2.46 and the abstract retract-type
result from Step III.

2.7 Other Smoothness Spaces on Lipschitz Boundaries

Recall that for each a € R we have set (a)4+ := max{a,0}. Consider three
parameters p, ¢, s subject to

0 < p.g < oo, (n—l)(%—l)+<s<1. (2.396)

Assume first that 2 C R” is the upper-graph of a Lipschitz function ¢ : R"~! — R,
We then define B/ (352) as the space of locally integrable functions f on 92 for
which the assignment R"™' 3 x > f(x, ¢(x)) belongs to B (R"™") (cf. §2.3).
This space is equipped with the natural quasi-norm

£ gragey == 1FC.oO)l gragn—ry- (2.397)

As far as Besov spaces with a negative amount of smoothness are concerned, in the
same context as above we set

f € Bl(0R) <= f(.o()V1+|Ve())> € BIA®R'™),  (2.398)

1 e ) = 1oV VRO gra oy (2399)

As is well-known, the case when p = ¢ = oo corresponds to the usual (non-
homogeneous) Holder spaces C*(0£2), defined by the requirement that

X)— f(Y
1 £ leom = 1f ey + sup LI =IOy (3 400)
X#Y |X - Y|
X.Yeo

All the above definitions then readily extend to the case of (bounded) Lipschitz
domains in R” via a standard partition of unity argument.

We now recall several properties of the Besov scales just introduced above which
are going to be of importance for us later on.
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Proposition 2.51. Let §2 be a Lipschitz domain in R". For (n — 1)/n < p < o0
and (n —1)(1/p — 1)+ < s < 1, one then has

X)— f)P 1/p
17 st~ W evaey + ([ VLR doaam)
(2.401)

uniformly for f € L} (382).

The equivalence (2.401) is well-known when 952 is flat and the more general case
considered here may be derived from this by (locally) making a suitable bi-Lipschitz
change of variables. In this vein, let us also point out that, for each fixed k > 0,
another quasi-norm equivalent to the expression in the right-hand side of (2.401) is

loc

1/p
X)— f(Y)|?
lan+ | [ 2R EE detodom | caoy
(X.Y)€02x0R
| X—Y|<«k

Also, if

o= [[ - rordemnaem) s edo)

(X.Y)€IR2 xR
| X—Y|<t

is the L”-modulus of continuity of £, then for indices p, s satisfying the conditions
n—1)/n<p<ooand(n—1)(1/p—1);+ <s < 1 wealso have

o0
w,(fit)? 1/p
I/ 527 a2y ||f||Lp(am+</0 mdf)

1 - 1)P 1
~ ||f||m(ag)+</0 Malz) " (2.404)

th—1+sp
To state our next result, given 0 < p < oo, set
L. ifl < p<oo
p=l1 ’

p=10c0 if0<p<l, (2.405)

1 ifp=oco.

for the conjugate exponent of p.

Proposition 2.52. Let §2 be a Lipschitz domain in R" and assume that 0 < p,q <
oo and (n — 1)(% — 1)y <s < 1. Then
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1y * P4
(B4 (0%2))" = Bl—s+(n—1)(§—1)+ (942),
(2.406)
ra * p/’q/
(B (092))" = B_s+<n_1><§—1>+(39)’

where the pairing between f in a Besov space and g in its dual is a natural extension

of the bilinear form (f, g) — faQ fgdo.

Proof. This may be proved by reducing matters (via localization using a smooth
partition of unity and flattening the boundary via a bi-Lipschitz map) to classical
duality results in the entire Euclidean space (cf., e.g., [107] for the latter setting).

O

The following theorem has been proved in [73].

Theorem 2.53. Let §2 be a Lipschitz domain in R" and assume that the indices p, s
satisfy "n;l < p<ooand(n— 1)(% — 1)+ < s < 1. Then the following hold:

(i) The restriction to the boundary extends to a linear, bounded operator

Tr: BQ_”% (2) — BP(032) for 0<gq <oo. (2.407)

Moreover, for this range of indices, Tr is onto and has a bounded right inverse

Ex: BI(3R2) — B, (). (2.408)
P

(ii) Similar considerations hold for

Tr: F74 (2) — BP7(92) (2.409)
r

with the convention that ¢ = oo if p = 0o. More specifically, Tr in (2.409) is a
linear, bounded, operator which has a linear, bounded right inverse

Ex: B/'7(32) — F1%, (2). (2.410)
P

Remark. (i) Assume that £2 is a bounded Lipschitz domain in R”. Then a
pointwise description of the trace operator from part (i) of Theorem 2.53 is

(Tru) (X) = lim wY)dy, (2.411)
r—0t J Bx.rne

where the limit exists at o-a.e. X € 052.
(ii) Let £2 be a bounded Lipschitz domain in R” and fix p, g, s as in the statement
of Theorem 2.53. Also, assume that u € Fs‘jﬂ (£2) N C°() is such that
P

u| 32, the non-tangential restriction to the boundary, exists almost everywhere
on 952. Then
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Tr (u) = MLBQ almost everywhere on  0£2. (2.412)

Since the statement (2.412) is local, using a suitable partition of unity matters
can be reduced to the case in which §2 is a bounded Lipschitz domain, star-like

with respect to the origin. In this case, for each ¢ > 0 we set u.(X) = u(i),

I+e
X € 2.1t follows that u, € FSTl (£2) N C°(£2) and
P

u;| — uL pointwise on 952, as & — 0T,
a0 a0

(2.413)
and u, — u in FS‘TL(Q), as ¢ = 0T,
P

Employing Theorem 2.53, the second convergence in (2.413) implies that
Tr (u;) —> Tr(u) in BPP(3R2) < L'(32) as e —» 0. (2.414)

Now, the claim formulated in (2.412) becomes a consequence of (2.414) and
the first convergence in (2.413).
|

We now proceed to discuss Triebel-Lizorkin spaces defined on the boundary of
a Lipschitz domain £2 C R”, denoted in the sequel by F/*?(3£2). Compared with
the Besov scale, the most important novel aspect here is the possibility of allowing
the endpoint case s = 1 as part of the general discussion if ¢ = 2. To discuss this
in more detail, assume that either

1
0<p<oo, 0<q<oo, (n—l)(m—1)+<s<1, (2.415)

or

n—1

<p<oo, q=2, se{0,1}. (2.416)

In this scenario, the Triebel-Lizorkin scale in R” ! is invariant under pointwise mul-

tiplication by Lipschitz maps as well as composition by Lipschitz diffeomorphisms.
When £2 is a Lipschitz domain as in (2.14), we may therefore define the space

F7(3$2) as the collection of all locally integrable functions f on 92 such that

fCe0) € FP@®R™™, (2417)

endowed with the quasi-norm

1f | graagy == 1 FCo@O) pragn—1)- (2.418)
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Also, F1(32) is defined (for the same range of indices p,q,s as in (2.415)-
(2.416)) as the collection of all functionals f* € (Lip, (9£2))’ such that

FEpOIVI+[V()I? € FIIR'™, (2.419)

and we equip this space with the quasi-norm

”f”ﬁpj 0R) = IfCo()v1+ |V(P(')|2||EV”_~‘7I(RH71)- (2.420)

Finally, when 2 C R” is a bounded Lipschitz domain and (s, p,q) are as
in (2.415)-(2.416), we define F,?(3£2) and F‘p_({ (0£2) via localization (using a
smooth, finite partition of unity) and pull-back to R”~! (in the manner described
above, for graph-Lipschitz domains). When equipped with the natural quasi-
norms, the Triebel-Lizorkin spaces just introduced are quasi-Banach, and different
partitions of unity yield equivalent quasi-norms. Two basic identities, relating
Triebel-Lizorkin spaces to Sobolev spaces on 952 read as follows:

Fl2(02) = LP(32), FP?(02) = L'02), Vpe(l,00),  (2421)
The above formulas have natural counterparts for values of p < 1, more specifically

FP?(09Q) = hiy02). F?(02) = h/ (02). " <ps<l. (2422

where h%,(3£2) is the inhomogeneous Hardy space and hi’,p (0£2) is the inhomoge-
neous Hardy-based Sobolev space of order one on 952, considered in greater detail
further below. For now, we wish to note that introducing

hh(0R2) if =1 < p <1,
h?(082) :=
LP(082) if 1 < p < oo,
1 (2.423)
he! (082) if =4 < p < 1,
hY(02)

L7(3R2) if 1 < p < oo,
allows us to combine (2.421)—(2.422) into

FP(32) = h?(922) and  FP?(02) = h1(32), L < p < oo. (2.424)
Since these identifications involve working with a multitude of Hardy-type spaces,
we shall devote the next few pages to reviewing them, and to discussing their basic
properties.

In a first stage, we shall assume that §2 is as in (2.14), i.e., the unbounded domain
in R" lying above the graph of the Lipschitz function ¢ : R"~! — R. For the case
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when ”n;l < p < 1, the homogeneous Hardy space is then defined by

HY(09) = {f =" ja;: a;(p. po)-atom, (), € eﬂ}, (2.425)
J

where the series converges in (Lipc(a.Q))/, the dual of Lip,(d52), and equip the
space in (2.425) with the usual infimum quasi-norm. Here, 1 < p, < oo is a fixed
parameter and a measurable function a : 2 — R is called a (p, p,)-atom if there
exists a surface ball S, C 952 such that

1 1

suppa € S, |lallLro@pe) < F==0(5-5)  and / ado =0. (2.426)
a2

Corresponding to one unit more on the smoothness scale we have Hal,”7 (082),
defined for "n;l < p <1 as the £”-span of ‘regular’ atoms. More specifically, if £2
is as in (2.14) and [ ] denotes the class of f modulo constants, define

loc

H;;P(arz) = {[f] : felLl (082)and 3 (A;); € €7 and a; regular(p, p,)-atoms

o0
with ., f = Y A;idr,,a; whenever | < j <n — 1}, (2.427)

i=1

where the series converges in (Lip (3!2))/. Here,if(n —1)/n < p <1< p, < o0,
afunctiona € L1”(32) is called a regular (p, p,)- atom if there exists a surface
ball S, so that

1 1

n—1){ ——-—
suppa < Sy, ||ana||Lﬂo(3S2)§r( )(”" ”). (2.428)

Also, set
1/
1A e =t (o l?) 7 1fle Hi? @), (2.429)
ieN

where the infimum is taken over all possible representations of the tangential
derivatives of f as in the definition of Hal,;p (0£2). It can be shown that

[f] € Hi" 02) <= [/ (o)) € F @™, (2.430)
the homogeneous Triebel-Lizorkin space in R"~!. In particular, this shows that

different choices of the parameter p, in (2.428) yield the same vector space and
topology on Hal,”7 (0£2). An alternative characterization of this space is
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HYP(092) = {[f] fell (02)andd,, f € H,(3RQ), 1<j <n— 1},

(2.431)
and, in fact,
n—1
N ooy = D 19, S o), (2.432)
j=1

whenever ”n;l <p<l
The space Hal,;p (0£2) in (2.427) is defined modulo constants. A realization of this

as a space of genuine functions is as follows. If "n;l < p < land p* € (1,00) is
such that
11 1
we set
o0
A (002) = {f eLP(@2): f = Aja;in L7 (3Q). (2.434)
j=1

(Aj); €£?, a; regular(p, p,)-atom }

and equip it with the natural infimum quasi-norm. It can then be checked that, for
each p € (”T_l, 1], the application

HYP02)s f>[fl:=f +Re H.(02) (2.435)

is an isomorphism. As a consequence, the definition of H é’tp (0£2) is independent of
the particular choice of p, € (1, o0]. Let us also point out here that, when used in
concert with (2.432), the fact that (2.435) is an isomorphism further entails

" ~ n—1
171777 0ay = M M atr o) = 2= 100, f g o) (2.436)

uniformly for f € H.7(3R).

A distinctive feature of H ‘l;,p (0£2) is that this space is local, in the sense that if £2 is
asin (2.14) and p € (=21, 1] then

feHYOQ2) = yfeHY09), (2.437)

plus a naturally accompanying estimate, for every ¥ € Lip, (352).

The spaces H?,(32) and Hal,’p (0£2) have inhomogeneous counterparts, denoted
by h1,(3£2) and h}l}p (0£2), respectively. To be precise, fix a graph Lipschitz domain
2 C R" asin (2.14) and assume that ”n;l <p=<1<p, <o0.Also, fix a threshold
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n > 0. Call a function ¢ € L} (d£2) an inhomogeneous (p, p,)-atom if for
some surface ball S, C 952

1 _ 1
suppa € Sy, |lallzre @) < r(n_l)(f’o f’), and

(2.438)

either r = 7, 0rr<nand/ ado =0.
90

We then define /%, (3£2) as the £”-span of inhomogeneous ( p, p,)-atoms, and equip
it with the natural infimum-type quasi-norm. One can check that this is a “local”
quasi-Banach space, in the sense that

h?,(052) is a module over C%(952) for any o > (n — 1)(% — 1). (2.439)

Different choices of the parameters p,, 1 lead to equivalent quasi-norms and

* _n(i_
(hfjt(am) _ "G g0, (2.440)
It is also useful to note that

Hy(02) = h(92), L%, (092) Chl,(322), if =L <p<1, ¢g>1.
(2.441)
Furthermore, for each p € (”n;l, 1],

[ e @2) <= foOWVT+IVe()P € F2 R, (2.442)
[ € HL02) < fCoO)WT+IVe()P € B2 R, (2.443)

These characterizations show that as far as the spaces h%,(382), HL (052) are
concerned, the particular value of the parameter p, (used in the normalization of
atoms) is immaterial.

Let us briefly digress for the purpose of recalling the local BMO space. As before,
we make the convention that a barred integral indicates averaging. Now, for some
fixed 0 < n < diam (942), the local BMO space alluded to above is introduced as

def
f € bmo (082) <:f> f e L*0£2) and sup ][ |f — fs,|do < o0
Sy

Sy surface ball
with r<pn

(2.444)
where f5, = f s,/ do, and is equipped with the natural norm

1 f oo = I F L2 + | sup ][S f = fsldo |. (2445

Sy surface ball
with r<pn
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Then (cf. [28]),

(h;,(asz))*zbmo(asz) and h;,(ag)z(vmo(asz)) (2.446)

where Sarason’s space vimo (942) of functions of vanishing mean oscillation on 92
is defined by the requirement that f € vmo (9£2) if and only if

f €bmo(9§2) and lim sup ][ |f — fs,|do | =0. (2.447)
R=0\ s, surface ball / S,
with r<R

Let us point out that, for each s € (0, 1), an alternative characterization of the latter
space is

vmo (3§2) = the closure of C;(9£2) in bmo (952). (2.448)

Also,
(4 (52))" = bmo_ (32). (2.449)

where

n
bmo_, (982) = {g* + 3 88 ge € L' (32) and
jk=1

gjk € bmo(dR) for 1< j.k < n}. (2.450)

n
Above, the term g + > 01,8k should be understood in the following sense.
k=1

Given f € h)'(9£2) we have

n

(Font 2 dgugu)i=(frgd+ X @nufigu). 45D

Jk=1 Jk=1

where the first pairing (-,-) in the right hand-side of (2.451) is understood in the
sense of the duality between L%(B.Q) < hb1(32) and L"~1(9£2) while the
second denotes the duality pairing between /. (3£2) and bmo(9£2).

Moving on, with £2, p, p, as before, fix an arbitrary small n > 0 then define

hi?(082) == {f € (Lip,(02))' : f =Y Aja;. (A;); €’ andV j (2.452)
J

a; regular(p, p,)-atom supported in a surface ball of radius < n},
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where the series converges in (Lipc (8{2))/, and equip it with the natural infimum
quasi-norm. Next, if p* is as in (2.433) then, by Poincaré’s inequality,

a regular (p, p,)-atom — ||a||Lp*(aQ) < C(982, p, p,), (2.453)

a regular (p, p,)-atom supported
, , = llallLroe) < C(082.7. p. po)-
in a surface ball of radius < n

(2.454)
& 1
Thus,if / = Y A;a; is the atomic decompositionof f € h,}” (3£2), it follows that
Jj=1

o0
the series ) Aja; converges both in LP"(352) and L?(3£2). As a consequence,
j=1

hLP(92) < LP(02) N L (02) (2.455)
and, hence,
hy? (02) — HYP(02) — L”" (982) (2.456)

boundedly, for each p € (”n;l, 1]. Let us also record here the fact that, if ”n;l <p<
1, we have

fenl@2) < f.o() € FIR'™. (2.457)

In particular, various choices of the parameter p, in (2.452) yield the same vector
space and topology on h}l’,p (02). The equivalence (2.457) also shows that the space
hiP(382), p € (=1, 1], is local, in the sense that

fehiP@92) = vf ehll (%), (2.458)

plus a natural estimate, for every function ¥ € Lip, (952). The fact that
FPARY) = {f e LP®RHN SR (2.459)
e FPP@ ) s <p=t.
yields another alternative characterization of h}l’,p (0£2), namely

loc

b 09) = {f € 1L,,09): f € L7(32) and (2.460)

0, f € HL(OR), 1<) Sn—l}
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and, moreover,

n—1

1t ~ 1 lraey + 3 18e,, £ e o). (2.461)
j=1

We shall now review the definitions and some of the most basic properties of
Hardy—Sobolev spaces in the setting of bounded Lipschitz domains. For a bounded

Lipschitz domain and p € (”n;1 1], the spaces H/,(352), ﬁi’,"(ag), h?.(082) and
hi’,p (0£2) can be defined as before. Thus, when 2 C R” is a bounded Lipschitz
domain and ”n;l < p <1, we have:

h?.(02) = HL(02) + R = HL(02) + L9(d82) foreach g > 1,
LI(0R2) < hiP(02) = H,"(02) < L?" (02). foreach ¢ > 1, (2.462)
h?.(082), h.P(9£2) are modules over Lip (352).

Let £2 be Lipschitz domain (bounded or unbounded) in R”. Also, fix a function
Y € Lip, (0£2) and assume that ”n;l < p <1< p, <oo.ltis then trivial to check
that, for a fixed 0 < < diam 92, there exists C = C(d$2, V¥, n, p, po) > 0 such
that

A regular (p, p,)-atom supported in a surface ball of radius < 5 463
(2.463)
= C~ 'y Ais aregular (p, p,)-atom on 352.

A slightly more refined version of this result (allowing for atoms supported in
surface balls of arbitrary radii) is as follows.

Lemma 2.54. Let §2 be Lipschitz domain (bounded or unbounded) in R" and
assume that ”n;l < p <landp* < p, < q < oo, where p* is as in (2.433). If
Y € Lip, (052) then r A is, up to a fixed multiplicative constant, a regular (p, p,)-
atom on 052 whenever A is a regular (p, q)-atom on 952.

Proof. To fix ideas, let us assume that supp ¢ C S, a surface ball of radius 1, and
that ||| Lo @2) + | Vien¥llLe32) < 1. Fix a regular (p, g)-atom A on 952, i.e. a
function A € L{(52) satisfying supp A C S,, for some r > 0, and such that the

(i1 . . )
inequality || Vi Al ea2) < r n(3-3) holds. In particular, Poincaré’s inequality
gives

lAllzev2) < Crl|VianAllLapa) < C rl+(n_l)($_%)- (2.464)

Next, introduce 7 := min {r, 1} > 0 and note that supp (¥ A) < S;. Going further,
write Vi, (W A) = ¢ Vign A + (Vian¥)A =: I 4 11, and use Holder’s inequality in
order to estimate
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(L1
1 e ) < 19 ll2o @) | Vian All Lrosp) < CF v(s; ‘1)||VtanA||L"(39)
< C;n 1)(E—5) (n— 1)( p) < Cfn D(E_%) (2.465)

and

~(n— 1 _ 1
1100 02) < IVian¥llzoo o) | All Lo sy < CF 0(7 4)||A||Lq(as2)
< C;(”‘l)(i‘i)r““‘”(i‘%) < i~ (- ;1))‘ (2.466)

It is only in the last step above that p, > p* is needed (when r is large). Altogether,

the estimates (2.465)—(2.466) give Vi (¥ A)|rro@ay < CF" (%-5), so
C~ 'y Ais aregular (p, p,)-atom. O

Let £2 C R” be a bounded Lipschitz domain and assume that ”T_l <p <l
Let ¥ C R” be the graph of a real-valued Lipschitz function, suitably rotated and
translated as to agree with d£2 for an non-empty, open subset of d2. Finally, let
& € Lip.(X N 052). Then there exists C > 0 such that

”Sf”;lll’(ag) C”f” 11’(;)3 (2.467)
IIi-‘fIIhl ra2) S ClS N 5y (2.468)
& sy < CUEF s, = ClLE Dyt (2.469)

where tilde denotes the extension by zero outside the support (naturally interpreted
in each case). Indeed, (2.467) is implied by Lemma 2.54, whereas (2.468) is a direct
consequence of (2.463), and (2.469) follows from (2.456) and (2.463). In turn, the
estimates (2.467)—(2.469) permit to prove that many of the properties established for
the scale h}l’,p (0£2) when £2 is a graph Lipschitz domain have natural counterparts
in the setting of bounded Lipschitz domains.

Proposition 2.55. Let §2 be a bounded Lipschitz domain in R". Then the
embedding
hP(082) = L7 (02) (2.470)

is well-defined and bounded for each ”n;l < p <1, where p* is as in (2.433).
Proof. First, let a be (p, ool)-atom in h,(3£2), i.e., a function satisfying suppa C
Sy and ||al|zo@e) < r~ 7 for some r > 0. In addition, if 0 < r < n, it is also
required that ado = 0. Thus, if r € (0, n), then for each f € L(f* (0£2) with
1/p*+1/g* iﬂl we have
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[Lardo|=|[ a(r~f rao)ao|<r5 [~ f rao]ao

<o / Vi, (2.471)
s,

where the last estimate follows from applying Poincaré’s inequality. Going fur-
ther, (2.471) and Holder’s inequality give

==Ly —1(1—L%
‘/agaf d()') <Cr CERAL 4 )”anf”m*(ag) =< C”Vranf”u*(ag)-

(2.472)
Hence, any (p, oo)-atom a with small support satisfies

ael” (32) and |a <C =C0R2,p)<oco. (2473)

LﬁT [€I7)

Consider next the case in which the atom a is supported in S, with r > 7. In this
scenario, we write

_n—1 _ C
)/mafdo‘fr 7 /S|f|d(f§Cr 1||f||Lq*(m)§;||f||m*(m), (2.474)

where the second estimate follows from Holder’s inequality and the fact that p* and
q* are conjugate exponents. Hence, once again, (2.473) holds.

Now, for each f = Zj Aja; € hl(082), with {A;}; € €” and each a; a
(p, co)-atom, we set

Ap LT 02) >R, Ap(g) =) A /agajgdcr. (2.475)
J

Our goal is to show that the mapping (2.475) is well-defined (i.e., it does not
depend on the atomic representation of f), linear and bounded. Concerning the
well-definiteness of (2.475) it suffices to show that

S Aja; =0 in W (02) = E:A,/ ajgdo =0 YgelL! (09).
X " 082
J J

(2.476)
where {A;}; € {7 and a;, j € N, are as before. With this goal in mind, fix a

function g € L(f* (0£2) and let v, € Lip(d$2) be such that ¥, — g in L(f* (0£2) as
a — oo. Since Zj Aja; = 0inhl,(3§2) we have that, for each ,

N
tim | (; Aa j)wa do = 0. (2.477)

N—o00

Fix for the moment @ € N. Using the triangle inequality we have
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IA

N N N
‘;M/majgda‘ ’;kj/maj%da‘+;|Aj|‘/agaj(g—1//a)da

T+ 11. (2.478)

Invoking (2.472) and (2.474) we may write

N
1= Clig = Vall 4* ) > 141
j=1

= ClliA,; - * 0 : 2.479
= ClA 3 llerllg Woc”L:l, oo 0 asa@—>o ( )

Then, by passing to the limit as « — oo and N — oo in (2.478), using (2.477)
and (2.479) we finally obtain (2.476). The boundedness of the mapping Ay

in (2.475) readily follows from (2.472) and (2.474). This finally gives f € Lf* (082)
and the desired estimate and completes the proof of Proposition 2.55. O

We continue by recording the analogue of (2.460) in the case when £2 C R" is a
bounded Lipschitz domain.

Proposition 2.56. Assume that 2 C R”" is a bounded Lipschitz domain, fix some
exponent p € (”T_l, 1] and suppose that p* is as in (2.433). Then

WP (2) = {f € L7 (3Q): e, f € HLORQ), 1< jik < n}
_ {f €L (02): 0., f €W (3RQ), 1< jk < n} (2.480)

and, in addition,

1 r gy = I Lo o) + Z 102, f I Hr@2) (2.481)
jk=1

n
~ A ooy + D 190 f Ihra)-

jk=1
Proof. To get started, we claim that for each j,k € {1,...,n} the tangential
derivative operator
ey ol (02) — HL(392) (2.482)

is well-defined, linear and bounded. To prove this, fix | < p, < oo and observe that
dr;,a is a (p, p,)-atom whenever a is a regular (p, p,)-atom. It is therefore natural
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to try to define the operator in (2.482) as

ijkf = Zkiﬁfjka,- whenever f = Zkiai in hi;ﬂ(ag). (2.483)

Nonetheless, due to the redundancy in the atomic representations of functions in
hi’,p (0£2) the above observation alone does not guarantee that this operator is well-
defined. See, e.g., the discussion in [11]. In order to overcome this difficulty, it
suffices to show thatif {A;}; € £” and a;, j € Nare (p, p,)-regular atoms, then

Y hia; =0 in b7 (32) = Aide,a; = 0in b, (052). (2.484)

This, however, is a consequence of (2.455), Proposition 2.55 and (2.103). Hence,
the operator (2.482) is well-defined and bounded.

Turning to the identity (2.480), let us note that, thanks to (2.462), (2.482),
the three spaces are listed in increasing order. Hence, it suffices to show that if
f € LY (32) has 3, f € hl,(382) for 1 < j.k < n, then f € h,/(382).
Using a smooth partition of unity, matters can be reduced to the case when 052
is replaced by X' C R”, the graph of a real-valued Lipschitz function, defined in
R"~!, and f is compactly supported on X. By further flattening X to R”~! using a
bi-Lipschitz change of variables, we arrive at the following question. Prove that if

f e Lf;n,,(R”_l) < hl,(R" 'Y has 9; f € h},(R""!) forevery j = 1,...,n—1,
then f € Flp’z(R”_l). However, since hZ, (R"™!) = FOP’Z(R”_I) for =1 < p <1,
this latter claim follows from well-known lifting results for Triebel-Lizorkin spaces.
Finally, the equivalences in (2.481) are implicit in the above reasoning. O

As already mentioned, the Besov and Triebel-Lizorkin spaces have been defined
in such a way that a number of basic properties from the Euclidean setting carry
over to spaces defined on 942 in a rather direct fashion. We continue by recording an
interpolation result which is going to be very useful for us here. To state it, recall that
(-, -)o,4 and [+, -]¢ stand, respectively, for the real and complex interpolation brackets.

Proposition 2.57. Suppose that $2 is a bounded Lipschitz domain in R". Also,
assume that 0 < p,q, qo,q1 < oo and that

either (n — 1)(% — 1)+ <so# s <1,
(2.485)
or —1+(n—1)(%—1)+ < 50751 <0.
Then, with0 < 6 < 1,5 = (1 — 0)so + 0sy,

s1

(BL©(0R2), BL (092)),,, = BI(92). (2.486)
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Furthermore, if so # 51 and 0 < p;,q; < oo, i = 0, 1, satisfy min {qo,q:} < oo as
well as either of the following two conditions

cither (n—1)(%—1) <si<1,i=0,1,
* (2.487)
or —1+(n—1)(l_—1) <5 <0, i =0,1,
pl +

then
[Bsf)"’q" (082), Bsﬁl"“ (8!2)]0 = Bl1(02), (2.488)

— (1 — 1._ 160 6 1._1=6_, 6
where 0 < 6 < 1, s:=(1—0)s+ sy, 5= ot and L= o
Next, consider

o ::{(p,q,s) € (0,00) x (0,00] x [0, 1] : either (n—1)( <s<l,

1
mtpar ~ V+
or =L < p g=2and s €10, 1}}. (2.489)

Then given any (p, qo, So) and (p, q1,s1) in O along with 8 € (0, 1) it follows that

(Fy®(082), FI"(082)),, , = B(382),

0.9
(2.490)

(Fy21(02), 1 (02)),, = B (992),

t.q

provided sy # s1 and s = (1 — 0)sg + 0s1.

Finally, with O as in (2.489), assume that (p;,q;,s;) € O0,i = 0,1, and fix a
number 0 € (0, 1). Also, sets := (1—0)s9+0s1, % = 1;—09-1—% andé = lq__oe"',%'
Then

(£ 02). F 4 02)], = F(0%2) 49D

provided min {qy, g} < oo.

As an application of the above proposition, we shall establish the following useful
result.

Proposition 2.58. Let 2 C R" be a bounded Lipschitz domain and fix p, q, s such
that (n —1)/n < p < 00, 0 < g < o0, and (n — 1)(% — 1) < s < 1. Then, for
each j, k € {1,...,n}, the tangential derivative operator

9., 1 BP(382) —> B (382) (2.492)

is well-defined, linear and bounded.
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Proof. Call a point in the plane, whose coordinates (s, 1/ p) satisfy (n — 1)/n <
p <ooand (n — 1)(% -1y <s <1, “good” if

3oy 0 FP202) — FP1(382) (2.493)

is well-defined, linear and bounded, for each j,k = 1,...,n. Likewise, call a
subregion of the plane “good” if all its points are so. Then Proposition 2.57 ensures
that the collection of all good points is a convex set in the plane. Also, from (2.480)
and Corollary 2.12, the (open) segments with endpoints (1,0), (1, -%;) and (0,0),
(0, 1) are good. The bottom line is that all points whose coordinates (s, 1/ p) satisfy
(n—1)/n < p <ooand(n— 1)(% — 1)+ < s < 1 are good. Having established

this, the desired conclusion about the operator (2.492) follows from (2.490). O

Proposition 2.59. Let 2 C R” be an unbounded Lipschitz domain (cf. (2.14)) and
assume that u € C'(82) is such that N (Vu) € LP(d82) for some p € ("T_l, 1].
Then u has a non-tangential limit at almost every boundary point on 952,

[“[m]eﬂii”@m and |lulsel] 1o o) < CIlAV (VW)llLraa)-
(2.494)

Proof. The pointwise existence of the non-tangential boundary trace u| y almost
everywhere on 052 is established as in the proof of Proposition 2.15. Let us show
that

1
utm e Ll (392). (2.495)

Indeed, this follows from the sequence of implications

n

e/V(VI/l) (S Lp(a.Q) — Vu e L%(Q) — e Wl’n—pl (ﬁ)

loc

— True L. (0Q) = uLm e L (382). (2.496)
Above, the first implication follows from Proposition 2.3, the second one can
be justified using Proposition 2.24, the third one is a consequence of (2.200),
Theorem 2.53, and the embedding

np_ np .
Bl”:g;p'ﬁ“ (082) — L" (982) (2.497)

where p* is as in (2.433), and the fourth one is implied by the remark following the
statement of Theorem 2.53.

Having dealt with (2.495), we now proceed to show that if the domain §2 is as
in (2.14) and 6 € (0, 1/ M) then there exists a constant C > 0 with the property that

lu(X) —u(Y)| < C|X — Y|<7V9(Vu)(X) n We(vu)(Y)), VXY €dR.
(2.498)
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To prove (2.498), fix a point X = (x',¢(x")) € 922, Y = (', ¢(y")) € 052, where
x',y" e R"™! and sett := |x’ —y’|. We now claim that there exists A = A(M, ) >
0 such that

X* =, o)+ At)eY + Ty and Y™ := (y,0(y) + At) € X + I,.
(2.499)
We shall only check the first membership in (2.499), as the second one is proved in
a very similar fashion. We need (x' — y’, (x’) — @(y’) + At) € Iy or, equivalently,
|x" = y'| < 0(p(x’) —@(y") + Ar). Since

o) — (V) + At = At — M|x' — Y| = (A — M), (2.500)

the desired conclusion follows by taking A > M + 1/6. With (2.499) in hand, we
now make repeated use of the Fundamental Theorem of Calculus and the fact that
thesets X + Iy, Y + I'y and (X + I'p) N (Y + [p) are convex, in order to estimate

(X)) — u(Y)] < [u(X) = u(X*)| + [w(X*) = u(Y*)| + [u(Y*) — u(Y)|
<X = X*| Ho(Vu)(X) + |X* = Y*| F (Vu)(X)
HY* = Y| A o(Vu)(Y). (2.501)

Since | X — X*| ~ |[X*=Y*|~ |[Y*=Y| ~r ~ |X =Y/, (2.501) implies (2.498).
Consider now the functions £, g : R"~! — R given by

F(xX) = u(x, o(x") and g(x) = N o(Vu)(x',o(x")), Yx eR'.
(2.502)
Then (2.498) can be rephrased as

lf(x) = fON = CIX' =y |(g(x) +g(y)).  Vx'.y eR'"™ (2.503)

Also, f € L} (R"™!) by (2.495), and g € L?(R""!) from assumptions. In the

loc
language of Sobolev spaces on metric spaces, (2.503) expresses the fact that g is a

generalized gradient for f. According to Theorem 1 in [71], we then have
/1€ FPP@ ) and 1/ Mgy < Cliglngy.  (2.504)

Now (2.494) readily follows from (2.504) and (2.430). O
Proposition 2.60. Let 2 C R" be a bounded Lipschitz domain and assume that
the function u € C'(2) is such that N (Vu) € L?(382) for some p € (”n;l, 1].
Then u has a non-tangential limit at almost every boundary point on 952 and, for
any q € (0, 0o,

utm € h;;”(ag) and Hul_ag ||h(11,[p(m) < Cl|A (Vu)llLroe) + CllullLee).
(2.505)
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for some relatively compact subset ' C 2. In particular,

lulocll,ir ooy < CIA (VidllLrea) + Cl A ullLr@e). (2.506)
Furthermore,
> 0e, Loz gy < CIA (Vi) Lro)- (2.507)
jk=1

Proof. First, let us point out that there exists a finite family of balls B;, j =
1,...,N,in 2 and C = C(£§2) > 0 such that (recall that a barred integral indicates
averaging)

1/
N ()< CAH(Vu)+C max (][ |u|qu) ! (2.508)
j=l.N\J g

This can be proved by starting with (2.110), raising all terms to the g-th power,
average in Q over a suitable ball, then take supremum in P and, finally, take the g-th
root of all terms involved. In particular (2.508) shows that ./"(u) € L?(052). Next,
let us consider a open cover { B(X;,7;)}i=1..m of 082 where foreach 1 <i < M
we have X; € 92 and r; > 01is small enough. Next, let ¢; € C>°(R"), be a partition
of unity subordinated to the cover. Going further, for each i € {1,..., M} we
consider D; to be a graph Lipschitz domain as in (2.14) such that D; N B(X;,r;) =

2 N B(X;,r;). Let w; := %‘D € Cl(Di), where as before, tilde denotes the
extension by zero to R”. Using (2.308) we obtain that Ap, (Vw;) € L?(dD;) and

4D, (Vwi)llLr@p,) = C(||</V(V”)”LP(BQ) + ||«/V(M)||Lﬂ(a:2)), 1<i<M.
(2.509)
Above, #p, denotes the non-tangential maximal operator for the graph Lipschitz

domain D;. T?en, employing Proposition 2.59 together with (2.509), we obtain that
[wilan;] € Hy” (3D;) and

I0wi Lopi 1Ml 71 55,y = C(lle/V(VM)lle(m) + ||=/V(M)||Lp(a:2>)- (2.510)

In particular, there exists ¢; € R such that w; [sp, + ¢; € IN-I;’,p (0D;) — Ly (0Dy),
where the last inclusion is a consequence of (2.456) with p* as in (2.433). Since
wi L ap, is compactly supported this readily gives that ¢; = 0 and hence the
membership w; |sp, € H )7 (3D;) holds. At this point, (2.467), (2.510) and (2.508)
allow us to conclude that (2.505) holds. Then (2.506) follows from this and
Proposition 2.3.

There remains to justify (2.507). To this end, pick ¢ := np/(n—1) € (1, 00) and
forc := ﬁ f P u(X) dX write, based on (2.505) for u—c and Poincaré’s inequality,
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n
> 10, Loy 2y < CIA (V)| Lrae) + ClIVull o). (2.511)
Jk=1

Employing now Proposition 2.3, applied to Vu, finishes the proof of (2.507). O

We conclude this section with a boundedness result for the trace operator
mapping into Triebel-Lizorkin spaces on the boundary of a Lipschitz domain.

Proposition 2.61. Let 2 C R" be a bounded Lipschitz domain. Then the trace
operator from Theorem 2.53 induces a bounded, linear mapping

Tr: B”!

S-‘,—l/p(Q) — F/9(382) (2.512)

whenever 1 < p <00,0<s <land2 < q < 0.

Proof. Ttis enough to show thatif 1 < p <ocoand0 < s <1 then

Tr: B”!

1yp(82) — L7(082) (2.513)

boundedly, since (2.512) is a consequence of (2.513) and standard embedding
results.

As far as (2.513) is concerned, the case s = 0, i.e., the well-definiteness and
boundedness of

Tr: B} (2) — LP(0R2), 1< p<oo, (2.514)

follows from the corresponding result proved in [45] for §2 = R’} , localization and

bi-Lipschitz changes of variables. With this in hand, for a function w € Blp 4’_11 /p (£2)
and for j, k € {1,...,n} we may write

¢, [Trw] = v; Tr [kw] — v Tr[d;w] € L7 (952). (2.515)

To justify this identity, pick a sequence {w¢}reny S C(£2) with the property that

we — win Blpjrll/p([?) as £ — oo. For every ¢ € C>°(R") we may then write

—/ (Trw)(3,;, ) do = — lim / (Trwe)(0c,.9) do
a2 =00 Jyo

= — lim we(9y;,¢) do
{—>00 IR

lim [Vj (Oxwe) — Vk(ajwll)]§0 do

{—00 I

lim [var (Oxwe) — v Tr (0 Wz):l(p do

{—00 I

- / [var(Bkw)—var(ij)](pda, (2.516)
902
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proving (2.515). It follows from identity (2.515) that 9, [Trw] € L”(952) for every
J.k € {1,...,n} so that, ultimately, Trw € L?(3£2), plus a natural estimate. This
shows that the operator (2.513) is well-defined and bounded in the case s = 1. Then
the full claim about the operator (2.513) follows from what we have proved so far
and complex interpolation. O

2.8 Calderon-Zygmund Theory in the Scalar-Valued Case

The aim in this section is to discuss those aspects of the Calderén—-Zygmund
theory of scalar-valued singular integral operators which are most relevant for our
subsequent work. We start by reviewing issues concerning the existence of principal-
value limits and the boundedness of maximal operator associated with singular
integrals considered in the entire Euclidean space. Below and elsewhere, given two
quasi-Banach spaces (2, || - [ 2) and (Z, || - ||#) we denote by £ (2" — #) the
space of linear and bounded operators from 2" into ¢/, and set

Tl () = AN N f € 27 with |fllr <1} @517

forevery T € L(2 — %).
For the proof of the following basic result the reader is referred to [78, 119].

Theorem 2.62. Let A : R" — R be a Lipschitz function with Lipschitz constant
M, and assume that F : R" — R, F € CN(]R’"), N > 5+ m, F is an odd
function. For x,y € R" with x # y set K(x,y) := \x—1y|" F (A(T)g:‘;l(y)), and for
e >0, f € Lip,.(R"), define the truncated operator

T f(x) = / K(x.y) /() dy. 2518)

|x—y[>e

Then, for each 1 < p < oo, the following assertions hold:

1. The maximal operator Ty f(x) := sup{|T:f(x)| : & > 0} is bounded from
L?(R") into L?(R"). Moreover,

I Tell2r—1r) < Cp+Cp(1+M* ™) sup{|DF(2)| : |2 < M +1, || <5+m}.
(2.519)
2. If f € LP(R") then the limit lir% T, f (x) exists for almost every x € R" and the

operator
Tf(x):= lim T.f(x) (2.520)
e—>0

is bounded from LP(R") into L? (R").
Furthermore, if B : R" — R" is a bi-Lipschitz function then
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Tf(x):= lim K(x,y)f(y)dy (2.521)
s=0% J|B(x)—B(y)|>e
forall f € LP(R") and for almost every x € R".
3. The operator (2.520) is bounded from L°°(R") into BMO(R").
4. The operator (2.520) is bounded from L' (R") into L' (R").
5. The operator (2.520) is bounded from H'(R") into L'(R").

The next result in this section deals with non-tangential maximum function
estimates, non-tangential limits, etc., for integral operators defined on Lipschitz
surfaces. As such, this is essentially due to Coifman, Mclntosh and Meyer [27].
More general results of this type may be found in [33] and [56].

Proposition 2.63. There exists a positive integer N = N (n) with the following
significance. Consider a Lipschitz domain §2 C R" and fix some function
ke CN@R"\ {0}) suchthat k(—X) = —k(X)

(2.522)
and k(AX) = A1"0""Dk(X) VA>0, VX eR"\ {0}

Next, with o denoting the surface measure on 052, define the singular integral
operator

T f(X) = / k(X =-Y)f(Y)do(Y), X €S2, (2.523)
s
as well as
T« f(X) :=sup|T: f(X)], X €082, where (2.524)
>0

T.f(X) := / k(X —Y)f(Y)do(Y), X ed2. (2.525)

|X—Y|>e

Then for each p € (1,00) there exists a finite constant C = C(352, p,n) > 0
such that

1T« fllraey < Cllklse—tllen | f llzr o) (2.526)

for each f € L?(382). Furthermore, for each parameter k > 0 there exists a finite
constant C = C(082, p,k,n,) > 0 such that

[-4c(Z OllLree) < Cllklsi—llen | fllLr@e). 1 <p <oo, (2.527)

and

AT lier@ee) < Clkls—llen | £l gz o), 5 <p<1. (2528)



110 2 Smoothness Scales and Calderon—Zygmund Theory in the Scalar-Valued Case
Finally, for each p € (1,00), f € L?(052), the limit

Tf(X):= lim T, f(X) (2.529)
e—0t
exists for o-a.e. X € 082, and the jump-formula

lim 7 f(Z) = 7= k00)f(X) + Tf(X) (2.530)
ZER(X)

is valid at 0-a.e. X € 082, where v is the outward unit normal to 052 and “hat”
stands for the Fourier transform in R".

We continue with a result about the mapping properties of integral operators
given by singular integrals from Besov spaces into weighted Sobolev spaces. This
is a particular case of a more general result found in [85].

Proposition 2.64. Let §2 be a bounded Lipschitz domain in R" with surface
measure o, and consider the integral operator

RF(X) := /mr(X, Y)f(Y)do(Y), VXeS, (2.531)

whose kernel satisfies the estimates
|VEVIFr(X, V)| <C|X —Y[702H+0 i =01, 1<k<N, (2532

for some positive integer N. Also, recall that p(X) := dist (X, d82) for every point
X € R". Then

k—1
1 )
[ TIVERAN L + IV RS sy < CU lgagey k=120 N,
j=0

(2.533)
granted that ”n;l < p<ooand(n— 1)(% -y <s<l1.

Moving on, recall that £2; £ and £2; \( £2 as j — oo indicate that the
family of domains {§2;};en approximate §2 in the manner described in the proof
of Proposition 2.15. As usual, we set 2, := 2; and 2;_ := R" \ 2, for each
j eN.

Proposition 2.65. Fix a sufficiently large N € N and assume that k is a function
as in (2.522). Also, let §2 be a bounded Lipschitz domain in R" and consider the
integral operators

TEF(X) = /m k(X —=Y)f(Y)do(Y), X € 24, (2.534)
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where 2+ are as in (2.11). Analogously, given a family of bounded Lipschitz
domains {§2;} jen, define the integral operators

TS5 f(X) = /m_ k(X —Y)f(Y)do;(Y), X e, (2535

for each j € N (where o; stands for the surface measure on 0S2;). Finally, fix an
arbitrary @ € C°(R") and some p € (1, 00).
Then, if 2; /' 2, there holds

I:‘?k_] (@|39,/):| ‘3.(2 —> [z{_(@bg)] L)Q in Lp(ag)’ as ] = o0
If, on the other hand, §2; \( §2 then (2.536)

[ (0he)] |, =[5 (2] [, 0 Lr@R) s o
(2.537)

Proof. We shall only present the proof of (2.536), as (2.537) can be justified in
a similar fashion. With this goal in mind, consider the set of all odd spherical
harmonics {W;¢ : £ € 2N+ 1, 1 <i < H;}, where

n+€—1) <n+€—3

Hy:=n, and H(IZ( ' P

) if £>3. (2.538)

In particular,
H <C(l—1)-L---n+L=2)-(n+L£—-3)<C, (""" (2.539)

and, whenever £ € 2N+ land 1 <i < Hy,

X ) = PieX) 5 s40)

Asnflllli[ = —E(n +€ —z)qjlf and qjl[(m |X|£

for some homogeneous, odd, harmonic polynomial P;; of degree £ in R”". Thus, if
we now set

ajp = / k(w)¥i(w) dw, {e2N+1, 1<i<H, (2541
Sn—l

it follows that

laie] < Call VNV k|| poo(sn—1y€ N, Ce2N+1, 1<i<H. (2542
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Also, forany X € R" \ {0} we have

k(X) = |X|1" i <|X|) Z Z l€|X|” 1 (%)

(EN+1 i=1
Hy
>0 aiki(X), (2.543)
LEN+1 i=1
where
. 1 X _ Pi(X)
kig(X) := W‘El(m) = |X|Vl——1+f (2.544)

is a kernel which satisfies (2.522) (with N = o0). Let us also point out here that,
once an even integer d > N + (n — 1)/2 has been fixed, then for each £ € 2N + 1
and1 <i < Hy,

Ikielsi—tllen < Cull(I = Agu=1)"*(kiglsn—1)ll 2¢5n-1) < Cal?,  (2.545)
thanks to (2.540), Sobolev’s Embedding Theorem, and the fact that k;; = ¥;; on
Sl

Fix p € (l1,00) and £2; /' £ as j — oo. Our claim is that in order to

prove (2.536) it suffices to show that foreach £ € 2N + 1,i € {1,..., H,}, and
@ e C>(R") we have

[@;’j(qu)] )m = [T ()] Lm in L?(92) as j — oo. (2.546)

Indeed, for each M € N, (2.543) entails

[ @he)] | = X S [Fs @he)] |, + [ @)

(=M+1i=1
Lodd
(2.547)
where
Hy
P fX):= Y Y and, ; f(X). Xe;_. (2.548)
l[zl\fi-;l i=1
0

Now, if e/Vj_ denotes the non-tangential maximal function for R” \5 ;- it follows
from (2.548), (2.545), (2.527), (2.542) and (2.539) that



2.8 Calder6n—Zygmund Theory in the Scalar-Valued Case 113

H I:%M’jf:HaQ < 1457 (%r; f)lLrog))

LP(dR2) — J

Hy
<C 3 Y aulkiclsirllen | £ llroe,)

(=M+1i=1
Lodd

Hy
<C Y Y aulkiclsi-tllen | £ llroe,)

(>M+1i=1
Lodd

=C NBOEDREN | flpeg;).  (2.549)
(052)

(>M+1
Lodd

Thus, if N is large enough, the following holds. Given ¢ > 0, the last term in (2.547)
is < Ce||®@||Loomn), provided M is sufficiently large. Since considerations similar

0 (2.547)~(2.549) also apply to [9{ (@ |ag)] Lm, we may conclude that (2.536)

holds if (2.546) holds for each fixed £ € 2N + 1 andi € {1,..., Hy}.
There remains to establish (2.546) for each fixed £ € 2N+1andi € {1, ..., H;}.
If we now let 0; denote the surface measure on 952;, then

T (Dla,)(X) = /3 KX =) [@(Y) = @(X)] doy (¥)

+O(X) /m kie(X —Y)do;(Y)

= L(X)+1;(X), Xe@_. (2.550)

Since d§2 C £2;_, an application of the Lebesgue Dominated Convergence
Theorem gives

lim 7| = (/m kie(-— Y)[®(Y) — D()] do(Y))Lm in LP(32), (2.551)

j—o0

and, therefore, in order to prove (2.546) it suffices to show that, for each £ € 2N + 1
andi € {1,..., H},

9,;[,}.(1)‘39 — ﬂkl__((l)bg in LP(38Q) as j — oo. (2.552)

At this point, we digress for the purpose of reviewing some basic facts and
terminology from Clifford analysis which we shall employ in our proof. To get
started, the Clifford algebra with n imaginary units is the minimal enlargement of
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R” to a unitary real algebra (6%,, +, ®), which is not generated (as an algebra) by
any proper subspace of R” and such that

XOX=—|X> forany X € R". (2.553)

This identity readily implies that, if {e; }’}.=1 is the standard orthonormal basis in
R”, then

ejOe;=—1 and e; Oe =—ex Oe; forany 1 < j #k <n. (2.554)

In particular, we identify the canonical basis {e;}; from R” with the n imaginary
units generating 6%, so that we have the embedding

R" < @, R'SX=(x1.....x,) = )_xje; € 6Ly, (2.555)
j=1

Also, any element u € 6%, can be uniquely represented in the form

n+1

u=>"Y"wer uer (2.556)

=0 |I|=I

Here e; stands for the product e;; ©® e;, © -+ © ¢;, it I = (i1,i2,...,1;) and we
have set ¢y := ey := 1 for the multiplicative unit. Also, Z/ indicates that the
sum is performed only over strictly increasing multi-indices, i.e. over multi-indices
I = (i1, ip,...,0)withl <ij <ip <--- <i; <n.Weendow 6%, with the natural

. . 12
Euclidean metric |u| := [Z, |u1|2] Jifu = )", ure; € 6¥,. Next, recall the
Dirac operator

D= e;d;. (2.557)
j=1

We shall use D; and D to denote the action of D ona C! function u : 2 — €%,
(where £2 is an open subset of R"”) from the left and from the right, respectively.
For any bounded Lipschitz domain §2 with outward unit normal v = (vy,...,v,)
(identified with the %%, -valued function v = Z’;:l v;e;) and surface measure o,
and for any %%, -valued function u defined in §2, the following integration by parts
formula holds:

/ (ul32)(X) © v(X) do(X) = / (Dru)(X) dX. (2.558)
902 2

granted that 4 u € L'(382), Dru € L'(£2), and u| 3 exists o-a.e. on 92. Another
simple but useful observation in this context is that, for any 1 < p < oo,

vO : LP(02) @ 61, —> L7 (082) ® 6L, is an isomorphism. (2.559)
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Indeed, by (2.553), its inverse is —v©®. More detailed accounts on these and related
matters can be found in, e.g., [12,90].

Let us now return to the mainstream discussion. The proof of (2.552), from
which (2.536) follows, proceeds by induction on £. Now, the initial step in the induc-
tion scheme (corresponding to £ = 1, when k;¢(X) € {x1/|X|",....x,/|X|"}) has
been carried out in [82]. Fix next some £ > 3 with the property that, for each
odd £ € Nwith £ < £ —2andeachi € {I,..., H}}, the convergence (2.552) is
satisfied with £ in place of £. Let []; denote the projection onto the j-th Euclidean
coordinate, i.e., [X]; = x; it X = (x1,...,x,) € R". According to a useful
result proved in [112], for each £ as above and i € {1, ..., H;}, there exist a family
P, (X), 1 < s,r < n, of harmonic, homogeneous polynomials of degree £ — 2
in R", as well as a family of odd, C* functions A, : R" \ {0} - R" — %4,
1 <s,r < n, homogeneous of degree —(n — 1), such that

kie(X) = Cyuei Y [hsr(X)], and (2.560)
sr=1
J ( Py (X)
(Drhsr)(X) = = (W) . l<sr<n (2.561)

As a consequence of (2.561) and (2.558), if we set

Py, (X)

X (2.562)

r(X) =
and denote by v/ = (vlj R v,{ ) the unit normal vector to 952, then

/ hS,(X)Qvf(X)doj(X):/ W (X)) (X)do;(X), 1<s.r<n.
J .

J 0%2;
(2.563)
In the above notation, using (2.560) we may express
Ty =Cei Y [710,00] - (2.564)

r.s=1

Hereafter, given a measure space (E, i), we shall interpret the action of generic

integral operator 7' associated with a Clifford algebra-valued kernel #(X,Y) on a

Clifford algebra-valued function f as Tf(X) = [, h(X,Y) © f(Y)du(Y).
Hence, in order to prove (2.552) it suffices to show

Ty |, — 9,;(1)[39 in LP(0Q), asj — oo,  (2.565)
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a task to which we now turn. In fact, we will prove that for each @ € C>°(R") @ €%,
we have

[9},;] (vj O} 45|3_Q‘/.)] ‘39 — [Zh_r (v ©) ®|39)] Lm in L?(082), as j — oo.
(2.566)

To see why this implies (2.565), we first note that for any ¢ > 0 there exists a
function & € C2°(R") such that

< e. (2.567)
LP(382)

= |v—¢he

lim ij — ) =
&log; Lros,)

j—>o0
Utilizing (2.566) with @ := & yields

< Ce,

(2.568)
from which the desired conclusion follows easily. Thus, it remains to estab-
lish (2.560).

With this in mind, we note that by employing an identity similar to (2.550)
matters are reduced to proving (2.566) in the particular case when @ = 1. However,
in this situation,

lim sup H[ﬂhs_r] (vj O] ¢|BQ,)] ‘39 - [%[; (V ©) ¢|39)] Lm

j—>o0

LP(382)

(500 = [, Bt 1000 a0,

-[ /a e Yl () do; 1)), . (2.569)

by (2.563). If we now pick an arbitrary ¢ > 0 and select § € C°(R") as in (2.567),
then

fim [yh:,, vj] )arz

] —>00

lim [/m] BT (- — Y)Wl (V) daj(Y)]‘m

Jj—o0

Jj—o0

— lim [/mj B (.= V)& (Y) daj(Y)]‘m+0(5)

[ /m B =VEW) doM) ]|+ 0
=| /m B =Y )u (Y ) do (V)] Lm + 0(e)

= [/m hy(-—Y) © v(Y)do(Y)]Lm + O(e)

sr

=[Ziv]|, + 0. (2.570)
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in L?(982). Above, the first equality is a consequence of (2.569), while the second
one follows from (2.567). The third identity in (2.570) (which is the crucial
step in the proof) is a consequence of the induction’s hypothesis (reviewed just
after (2.559)), given that the integral kernel 2*" has the form (2.562), with deg Py, <
£ — 2. Going further, the fourth identity once again follows from (2.567), while the
fifth one is (2.563) (written for £2 in place of §2;). Finally, the last identity uses
just the definition of ﬂh\_r Since ¢ is arbitrary, we further conclude from (2.570)
that (2.566) holds. This finishes the proof of (2.536). O

We continue our discussion by proving the following useful result.

Theorem 2.66. Let §2 be a Lipschitz domain in R" and denote by p(X) the distance
from X € £2 to the boundary 3S2. Assume that k € C>(R"\{0}) is an even function,
homogeneous of degree 2 —n and, for each j, k € {1,...,n}, consider the operator

T f(X) = /m 0, k(X —YV)f(Y)da(Y), Xe@. (2571

Then, for every j, k € {1,...,n}, the following implication holds
f ebmo(dR) = |V f|*pdX is a Carleson measure on 2
with Carleson constant < C ||f||§m0(m), (2.572)

for some C € (0, 00) independent of f.
In the proof of the above theorem, the following result is going to be useful.

Proposition 2.67. Suppose that k is a real-valued function satisfying

ke C?(R"\ {0}), k isodd, and

(2.573)
k(AX) = A"7"k(X) forall A >0, X € R"\ {0}.

Let §2 be a Lipschitz domain in R" with surface measure o and denote by p the
distance function to 052. Finally, define the integral operator 7 acting on functions

f € L*(0R2) by
T f(X) = / k(X -Y)f(Y)do(Y), VX eR"\02. (2.574)
a2
Then there exists C € (0, 00) with the property that for each f € L*(382) one has

/ (VT 1) (X)Pp(X)dX < C /mlf(X)lzdcr(X). (2.575)

R\ 282
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This is a particular case of a more general theorem from [55] (which, in turn,
extends results due to G. David and S. Semmes [34]). We are ready to present the

Proof of Theorem 2.66. Let us start by fixing a function f € bmo(dS2), a point
X, € 052 and a scale r > 0. As usual, let S,(X,) := B(X,,r) N 052 be the
surface ball of radius r centered at X,. Consider next a cutoff function n € C>*°(R")
satisfying

0<n<1, n=1onB(X,2r), n=0outside B(X,,4r),

(2.576)

109n(X)| < Cer™, VX eR" and Vo € N2,

Going further, recall (2.256) and set fs, := Sur(Xo) f do. Then,
S =0l = fs) + A =m(f = fs,) + fs,- (2.577)

Next, fix j,k € {1,...,n}. Using that Jj;1 = 0 (which immediately follows
from (2.571)), along with (2.577), yields

VTu f = Ti((f = fs.,)) + T (L= (f = fs,,))- (2.578)

Thus, if T(S,) := B(X,,r) N §2, we have

][T(Sr)’Vf%kf(X)lzp(X) dX < C][T(Sr)lv’gf"(”(f_f54r))(X)‘2P(X) AX

sef [T~ 0| e dx
=1+II (2.579)
Let us point out that (2.572) immediately follows as soon as we establish
I <Cr'f%(X,) and II <Cr 'f*X,), (2.580)

where, if Sp(X) = B(X,R) N 082 for X € 02 and R > 0, and fg,(x) :=
Fsuix)f do, we have set

0= sup(f 170 = frnPar) 2.581)
Sr(X)

R>0

This is because, due to the definition of bmo(d$2) and John—Nirenberg’s inequality,
the following holds:

f ebmo(0R) < f*e L®0R), (2.582)
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Moreover, there exists a finite geometric constant C > 0 such that

I/ *lLoe@2) < CILf lbmocae)- (2.583)

Turning our attention to the first part of (2.580), we write

C
1= 5 [V = ) eof s dx
™ Je

C C
=S [ = ssokde < 5[ = faPdo
" Jae re Js,,
< Cr_lj[ In(f = fs,)|*do < Cr7' f4(X,). (2.584)
Sar

Above, the first inequality follows from the definition of / and the fact that the

n-dimensional measure of the Carleson box 7'(S,) is &~ r”". The second inequality

follows from Proposition 2.67, the third one is a consequence of the support

properties of the function 7 introduced in (2.576), the fourth inequality is due to

the fact that o/(S4,) & r"~! and the last one is due to the definition of /¥ in (2.581).
Next, before estimating the term /7, let us make the observation that

XeT(S,) and Y e€dR\Sy = |[X-Y|~|X,—Y|. (2.585)

With this in hand, we may estimate
VT (1= = fs, DO

1
=€ /ao\sz, X, —yp V) Ssldo@)

[e.]

=cy. /S L) = fs | do(¥)

=178 +1,\85, @7r)y

1
< CZIEJ[S \f = fsuldo(Y)
<

2J+1,

00 J
1
=CY 5 [1F = Sy |+ 22 sy, = fo, 1] do
j_l 2j+1r k=2
o0
=cr'y. L+ st <o ) (2.586)
—_— 2} .] o - o). .
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Indeed, the first inequality follows from the definition of .7} ((1 —(f = fs))s
the properties of the function 1 — n where 7 is as in (2.576) and (2.585). The second
inequality is a consequence of writing the integral over 952 \ S,, as the telescopic
sum over Sy;+1, \ S»/,» j € N and the fact that whenever Y € S,;+1, \ S,/, there
holds | X, — Y| ~ 2/r. The third inequality is a result of enlarging the domain
of integration from Sy+1, \ Sy, t0 Syi+1, \ Sy, and using that o(Sy+1,) ~
(2/r)'™". The fourth inequality follows from the triangle inequality after expanding

J
f = fsy asthesum f — fg .+ > (fsysr, — fsy,). The fifth inequality is a
k=2

consequence of (2.581) from which one can easily deduce that | fszk 1, ~ fszkr <

Cf*(X,). Finally, the last inequality is a direct consequence of the fact that the
o0

series Y. 27/ (1 + j) is convergent.

j=1
Now, (2.586) immediately gives the second part of (2.580) and completes the
proof of the theorem. O

Given a,b € R, set a V b := max {a, b}. The following result (of purely real
variable nature) extends earlier work in [91, 126].

Proposition 2.68. Let 2 C R" be a bounded Lipschitz domain and assume that

ke CV@R"\{0}) suchthat k(—X) = —k(X)

(2.587)
and k(LX) = A~Dk(X) YA >0, VX eR"\ {0},

for some sufficiently large integer N = N (n). Associated with this kernel, consider
the integral operator

T f(X) = /m k(X —Y)f(Y)do(Y), VXef. (2.588)

Then for each p € (1,00) there exists a finite constant C = C(§2,k,p) > 0
such that

17 fll grrvag < Clf llLr@e)s V f e LP(082). (2.589)
By, "(82)

Proof. Assume that 0 € 92 and let ¢ : R"™! — IR be a Lipschitz function
satisfying ¢(0) = 0 and having the property that its graph coincides with 9£2 in
some surface ball S, = S,(0), with r > 0 small. Given p, g € (1, o], consider the
L9((0,r),ds/s)-valued operator T defined as the assignment

L?(S,) > f > sV(T f)(x,o(x') +5) € LP({x": |x'| <r}, LI((0.7),ds/s))
(2.590)

where 7 denotes the extension of f by zero to 952.
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The first order of business is to show that the operator 7" in (2.590) is bounded
whenever p € (1,00) and g € [2, co]. Based on well-known interpolation results for
Lebesgue spaces of vector-valued functions (cf. [8, Theorem 5.12, p. 107]) it suffices
to consider only the end-point cases ¢ = 2 and ¢ = oco. Concerning the case when
the index ¢ = 2, the idea is to use the vector-valued Calder6n—Zygmund theory
which continues to work the Hilbert space setting. To implement this, consider the
kernel

ks(xX'y) == s (VR (X' =y o(x) — (") +5). x'.y € R" " near0, (2.591)

regarded as an L4((0, ), ds/s)-valued function in the parameter s. The homogene-
ity and smoothness of the original kernel k ensures that the estimates

|(°K)(X)] < Col X', Yo e Ny with |a] <2, Y X eR"\ {0}

(2.592)
are valid. Keeping in mind that
|(x" =y o(x) —o(y) +5)| = X' = y| +, (2.593)
uniformly for x’,y’ € R"'and s > 0, '
foreach i, j € {0, 1} we may then estimate
TR s ds\1/2 o0 s ? ds "
(/ VY k()| —) < / | &
Xy ’ s - ;o n+i+j s
0 o \[Ix—=y1+s]
= C|x' — y/[T D), (2.594)

whenever x’ # y’. In turn, (2.594) ensures that the kernel of the vector-valued
integral operator 7 in (2.590) is standard when g = 2.

To prove the boundedness of the operator 7 when p = 2 (while continuing to
assume that ¢ = 2) choose an arbitrary f € L?(S,) and recall that f denotes the
extension of f by zero to d§2. Then

r - 5 1/2
I i sonago = ([ [ 9@ 00+ 9 dsa)
x'|<r

~ /
< c(/{2 dist (X, ag)w(yf)(xnzdx)l ’

< ClIflzoe) = ClIlf N, (2.595)
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The crucial step in (2.595) is the square-function estimate in the last inequality,
which follows from Proposition 2.67. At this stage, the vector-valued Calderén—
Zygmund theory (in the Hilbert space setting) applies and allows us to conclude
that

the integral operator 7 in (2.590) is bounded when ¢ = 2 and p € (1, c0).
(2.596)
Consider now the issue of establishing the boundedness of the operator 7" when
g = oo and p € (1,00). To this end, let Xo = (x{. ¢(x()) be an arbitrary point in
S, and recall the Hardy-Littlewood maximal operator .# on 952 (cf.(2.9)). Then
there exists a finite constant C = C(£2,k) > 0 with the property that if f is a
function on 0£2 supported in S, and s € (0, r) we have

SIV(T [)(xg. 9(x0) + 5)]

< / S|(VE) (3 — ' 0 — 0(7) + 5)| - | £ (2 00")| dy”

[y |<r
S
= = | SV e0N)]dy
oh / [ — '] + 5] | (Y eON)| dy
[y'l<r
= CA f(Xo), 2.597)

where we have used (2.592)—(2.593) and a well-known estimate for the convolution
of the Poisson kernel for the upper-half space R" > (x.s) m with
functions on the boundary of R’} (cf. [119, Theorem 2, pp. 62-63]). Thus, (2.597)
implies that for any f as above

‘SE)P‘) (5IV(T (x5, 9(xg) + 9)I) < CAl f(Xo), ¥ Xo = (x5, 9(x5)) € S,

(2.598)

Using this and the boundedness of .# on L?(052) (recall that 1 < p < 00), it
follows that

1/
(/ (swp [sVT N 00) +9)]) dx') " = Cllf e, @59

s€(0,r)

for every function f on 052 supported in S,. In turn, estimate (2.599) readily shows
that 7 in (2.590) is bounded when ¢ = co and p € (1, 00). In concert with (2.596)
and the interpolation result mentioned earlier, this proves that

the operator 7" in (2.590) is bounded when g € [2, 00] and p € (1,00). (2.600)
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The above result is one of the key ingredients in the proof of (2.589). Another
basic ingredient is (a special case of) the estimate stated in the conclusion of
Lemma 2.34. In fact, the latter result presents us with a clear strategy for the job
at hand. In order to be specific, pick an arbitrary function f € L?(d52), for some
fixed p € (1, 00), and set

v:=9f in £2. (2.601)

Then ||v|| Bl is controlled by several terms which we now begin to analyze.

(£2)
First, the contrlbutlon away from the boundary is easily handled given the format
of (2.588) (since the integral kernel is no longer singular in this case). Second, the
contribution near the boundary is estimated as in the right-hand side of (2.235),
used here with 6 := 1/p and ¢ := p v 2 > p. There are two types of terms to be
considered in this regard. One of these terms is

A VILree) = AT )lleree) < CllfllLres). (2.602)

where the last step uses estimate (2.527) from Proposition 2.63. This, of course, suits
our purposes. The other type of term alluded to earlier is a finite sum of expressions
which, given our choice of 0, look like (up to an inessential change in scale)

(/|X’<r/2</ (V) p(x') + 5) [ )p/q a’)c/)l/]7 where ¢ := p V2.

0
(2.603)
To handle such an expression, we write
r/ r/q 1/p
(/ (/ |s(Vn) (X', p(x) + s)|‘f ) dx’)
|x/|<r/2
r/2 r/q 1/p
_ (/ (/ S(VT ) px) + )| ) dx')
[x|<r/2 MO
< A + A, (2.604)
where, with fi := fxs,0) and f> := fxae\s, @), We have set
r/2 ds\»/ 1/
a=c([ ([ bezpeen o ) ax) L=,
|x"|<r/2 N0 S
(2.605)

Observe that

A < C /x/q / |s(V9f1)(x <p(x)+s)|q )p/q x)l/p

~ N TAllLr @ 101 <r,L9(0.9).ds)s))

= Clifilleeesy = Cllflleroo). (2.606)
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by (2.600) given that p € (1,00) andg = p V2 € [2,00). As regards A,, we first
note that for each x’, s with |x’| < r/2 and s € (0, r/2) we have the rough estimate

\Wﬂﬁmﬂwﬂ+ﬂ%ﬂémﬂJWMWwwﬁ+ﬂ—ﬂfﬂwdﬂ}

SC/'umUsaummm, (2,607
982

since the distance from (x’, ¢(x’) + s) to 92 \ S,(0) is bounded away from zero
uniformly, and 052 has finite measure. Based on this we may then readily conclude
that

Ay = C| fllras)- (2.608)

In summary, the above analysis shows that if the function v is as in (2.601), for an
arbitrary f € L?(0£2) then ||v||Bp,pvz(Q) < C||flLr@32) with C > 0 finite constant
1/p

independent of f. This finishes the proof of (2.589). O



Chapter 3
Function Spaces of Whitney Arrays

Here we discuss how to adapt the traditional ways of measuring smoothness for
scalar functions (defined on the boundary of a Lipschitz domain) to the case of
Whitney arrays.

3.1 Whitney-Lebesgue and Whitney—Sobolev Spaces

Fix a Lipschitz domain £2 C R". Given m € N, we say that a family
f={fuiaeN}, |a| <m—1} (3.1)

of functions from Li 10c(082) is a Whitney array if the components satisfy

certain compatibility conditions, henceforth abbreviated as C C. More specifically,

) A fy = Vi Sy+er — Vi fy+e; 0-ae.on 982,
felCC = (3.2)

whenever |y| <m —2and 1 < j, k <n,
where the multi-index e; := (0,...,1,...0) € Nj has the only nonzero component

on the j-th position, j € {1,...,n}.
For each p € [1, oo] we then define the Whitney--Lebesgue space

Lh_10082) = {f = fedotzn-t - (3.3)

fo e LPOQ) if || <m—1 and f € cc},

1. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes 125
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0_3,
© Springer-Verlag Berlin Heidelberg 2013
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which we equip with the norm

1A 0= D Iallwoe. (3.4)

la|<m—1
Note that, in the light of (3.2),
fe L,’;_Lo(ag) = fo € L7(3£2), whenever |a| <m —2 (3.5)

and, hence,

1 e ooy~ Do Wellpae + Do I falrge (3.6)

la|<m—2 la|=m—1

We shall also work with a more regular version of the space introduced in (3.3),
namely the Whitney-Sobolev space

Lh_,,(02) = {f = {fa}al<m—1 : (3.7)
fu € LP@82) if || <m—1and f € cc},

which, for each 1 < p < 0o, we endow with the norm

1 e woy = D Wallrag): (3.8)

|| <m—1

We next elaborate on the operation of multiplication between scalar functions
and Whitney arrays. In this regard, we make the following.

Definition 3.1. Given a Lipschitz domain £2 C R" and n € C>X(R"), a
scalar-valued function, for each family f = {fu}qj<m—1 With locally integrable
components on 942, set

: o!
— B
nf '_{ Z ,8!)/!13/[3 n])ag}\a\sm—l’ (3.9
B+y=a
It is then easy to check that
nf+Ef =+ YnEeCORY. (3.10)

Other properties of interest are summarized below.
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Proposition 3.2. Assume that 2 C R" is a Lipschitz domain. Then for eachm € N
and p € (1,00), the spaces L;_I,O(B.Q), LZ_M(B.Q) are modules over C°(R"),
with the multiplication described in Definition 3.1.

Proof. Fix f € L;_LO(E)Q) along with n € C2°(R"). It suffices to show that the
components of 1 f satisfy the compatibility conditions

e (1 f)a = vi (1 ater — k(0 e, 3.11)
whenever @ € Nj has |o| <m—2and j, k € {1,...,n}. Unraveling definitions, this
comes down to verifying that, given & € Nf, then for each k € {1,...,n} we have

ol ol 5
Z W(fﬁekaﬁ’? + ot = Z ?f)-,aﬂn. (3.12)
pry=a PV primate PV

However, more generally, one has

| | _
2. %[F(V'f‘ek,ﬂ)"'lj(%ﬂ"‘ek)]: > %F(p,ﬁ), (3.13)

Bty=a B+y=ate

for any function F:Nj x Nj — R. Indeed, by linearity, it suffices to check
that (3.13) holds in the particular case when F(6,0) = 8,06, for some fixed pair
of multi-indicesa = (ay,...,a,), b= (by,...,b,).In this scenario, (3.13) amounts
to the readily verified identity

o! o! (o + ex)!
+ = , 3.14
bl(a—ex)! (b—ex)la! bla! ( )
with the convention that the factorial of a negative number is +0c0. O

We now present a basic density result involving Whitney array spaces.

Proposition 3.3. Let §2 be a bounded Lipschitz domain in R" and fix 1 < p < 00
andm € N. Then for every f = { fo}ja|<m—1 € L;_lyl(asz) there exists a sequence
of functions F; € C(R"), j € N, such that

[0° F}] o fo in LY(082) as j — oo, VaeNj : o <m-1. (3.15)
In particular,
Lf;_m(asz) = the closure of {(8“F|39)|a|5m_1 : Fe CfO(R”)}

in LY (392) ® ---® LY (092). (3.16)
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On the other hand, for every f = {follal<m—1 € L,‘;_I,O(aﬂ) there exist
Sunctions F; € CX(R"), j € N, such that

[aaF,-]‘m—> fu in LU@3S2) as j — 0o, Yo € N with |o| <m —2,

[aaFj]‘m—> Jo in LP(082) as j — oo, if @ € Nj has |a| <m — 1.
(3.17)
Consequently,

Lf;_lyo(asz) = the closure of {(8“F|39)|a|5m_1 : Fe CfO(R”)}
in LY(02) @ --- & LV (082) & L7 (082). (3.18)

Proof. Since in all cases, both the hypotheses and the conclusions are stable under
multiplication by a smooth function with compact support as in (3.9), there is no
loss of generality in assuming that 2 = {X = (x’,x,) €e R" ' xR : x, > ¢(x')}
for some Lipschitz function ¢ : R"™! — R, and that all the functions f, have
compact support. Consider first the case when the Whitney array f = { fu }|a|<m—1
€ L'IZ_M(B.Q). In this setting, Proposition 2.9 gives

I fallLr gy = 1 fa (- @O L2 @iy YoeNy @ |af =m—1, (3.19)

and the compatibility conditions (3.2) can be written in the form

T[S 0| = e, (6 () + 8,0(X) futay (X', 0(x')
(3.20)

fora.e. x’ e R*1, VaeNj:la|<m—-2, 1<j<n-1

For further reference, let us also fix R > 0 with the property that for each multi-
index « of length < m — 1 there holds supp f,, (. ¢(-)) € {x’ € R""!: |x’| < R}.

Next, fix a nonnegative function n € C*°(R"~"), which vanishes identically for
|x’| > 1 and such that [p,—, n(x") dx" = 1. Also, for each number ¢ € (0, 1), set
n:(x") := e'™"n(x"/¢) for x’ € R"~!. Then, for each || <m — 1, ¢ > 0, and each
point X = (x’,x,) € R*! x R = R”, consider

m—1—|a|

FE = Y - e0 e Co] e | @) @an

=0

Clearly, for each multi-index «, the function F?(X) is C*°-smooth for X = (x, x,)
in R”", has compact support in the variable x’ € R"~! (more precisely, F¢(x’, x,) =
0if |x’| > R + 1), and depends polynomially on x,,.
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Now, based on the compatibility conditions (3.20), a straightforward calculation
gives that wheneverr :=m — 1 —|a| > land1 < j <n—1,

0, FL(X) = Fiy, (X)

1 LG =00 10,00 frra o0 1] )

* % [(Gon = @O fartre, G0 (D) % (000 | (). (3.22)

Thus, if r :=m — 1 — |a| > 1, after moving the derivative off of 7, in the last term
above we arrive at the recurrence formula

Fiio (X)+ 5 [((xn =99 (fatre, (',w(-)))) * 7]5] (x') if j < n.
I FE(X) = '
Fip, (X) if j=n.
(3.23)

Let us now pick ¢ € C>(R) such that ¢ (z) = 1if |t] < sup{|p(x)| : |x/| <
R + 1}, and define F*(X) := V(xa)F 0)(x’,xn) for X = (x’,x,) € R". Then,
obviously,

""" (3.24)
if |x’| <R+ 1 and x, is near ¢(x’).

Thus, an inductive argument based on the formula (3.23) shows that, for any multi-
index @ = (¢, ) € Ni7! x N of length |o’| + &, < m — 1, the difference between
0° F?(X) and FZ(X) can be expressed, when X = (x', x,) with [x’| < R and x,, is
near ¢(x’), as a finite, constant coefficient, linear combination of terms of the type

e[ (G =0 (oo ) x @ | (). (3.29)
where
l<j=n—-1. ByeN!
are suchthat e; + 8 +y = o, (3.26)
and § e Nj, [6] =m — 1.

Consequently, (3.15) will follow from Proposition 2.9 once we establish that for
every multi-index @ € Nj of length < m — 1,

Fi (o 90) = ful @) in L{R"™) as & =0, (3.27)
and that, whenever the indices are as in (3.26) and x, = ¢(x’), the expression

in (3.25), viewed as a function of x’ € R"~!, converges to zero in L{(R"™")
ase — 0.
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As regards (3.27), we begin by noting that

m—1—|a|

1 ¢
Fi o= Y & / (06) = 00N) furte, (000N 0¥’ =) dy'.
£=0 .Rnfl

(3.28)
Thus, FE(-,9(-)) — fol-,@() in LP(R""!) as ¢ — 0 (indeed, based on
the Lipschitzianity of ¢ and the fact that suppn. C{x’ € R"! : |x'| < &},
one can easily show that any term with £ >0 converges to zero in L”(R""!) as
& — 0). Consequently, (3.27) is proved as soon as we show that Vy/ [F (-, ¢(-))] —
Vol fu(.@()] in LP(R"™') as ¢ — 0. We remark that this is obviously true if
|| = m—1(cf. (3.28)), so we consider the case when || < m —2. In this situation,
foreachk € {1,...,n — 1}, we use (3.28) (in which we treat the cases £ = 0, £ = 1
and ¢ > 2 separately) to compute

axk

Do) = / %[fa(y’,fp(y’))] n( =) dy’

Rr—1

+ / O () — 50 fos en (7 0N 1 — ')y’

xa
+R(x), (3.29)

where (based on the Lipschitzianity of ¢, the fact that the function 7, satisfies
suppne C {x’ € R"71: |x'| < e} and 9k (ne) = &' (3kn).) it can be shown that the
reminder satisfies the pointwise estimate

2 = Ce Y (146 o) % (nl+[VaD: ) (), V' e R (3.30)

lyl<m—1

In particular, || Z|| ., ®n—1) goes to zero as ¢ — 0. Also, the expression in the second
line of the right-hand side of (3.29) converges to zero in L?(R"~!) as & — 0 (this is
most easily seen by naturally splitting the integrand into two pieces, before passing
to limit). As a result,

i[Fof(x’,go(x/))] = i[ fa(x’,q)(x/))] in LP(R"™Y) as ¢ >0, (3.31)
Xk Xk
finishing the proof of (3.27).

Let us now consider the expression (3.25) when o € Nj with |o| < m — 1 is
fixed and the conditions in (3.26) hold. A direct estimate (based on familiar, by
now, support considerations, etc.) shows that, when x, = ¢(x’), the L?-norm of
this quantity (as a function of the variable x’ in R"~ ') is < C&”~l?l - 0as e — 0.
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To finish the proof, take x,, = ¢(x’) in (3.25) and, for an arbitrary j € {1,...,n—1},
apply d/0dx;. Much as we just did, the L”-norm of this quantity is < C gmlal=1,
Thus, provided that |o| < m — 2, this converges to zero as ¢ — 0.

The most delicate case is when |@| = m — 1. In this situation, we write out the
terms obtained as a result of making x,, = ¢(x’) in (3.25) and then applying d/dx
for some fixed k € {1,...,n —1}. They are

e’ /R - (<p(X’) - <p(y’))rg(y’)(3”e" me(x’ =y dy', (3.32)
and
1 r—1
re’ / (@(x/) —qo(y/)) Io(x)gO)@ . (x" —y)dy,  (3.33)
Rn—1

where we have set 7 :=m — 1 —[B| —«a, and g := 9;(f5(-, ¢(-))). Above, we have
used the fact that || = m — 1 forces |y| = r — 1. Our goal is to prove that the
L7-norm of the sum between (3.33) and (3.32), viewed as functions in x’ € R"~!,
converges to zero as ¢ — 0. To this end, write p(x") —(y") = A(X', y') X' —y'| +
Vo(x') - (x' —y’), where

Ax'y') = (") — () |;/(Y?|(X/) 0 =) (3.34)

then expand

r |
()=o) = > LAWY I = Y (Vo) - (¢ — ') (3.39)
alb!
at+b=r "

r!
Do S A =y (Ve (o = )
u+b=rU€Ngfl U
lo|=b

Plugging this back into (3.32) finally yields the expression

r! o
Yo X o (Ve / A Y gy WO, )e(x' = ¥ dy',
atb=rgeNy:lo|=b Ri—1
(3.36)
where we have used the notation

O (x) := (X')7 |x'|7 (3% n)(x"), X eR"! o, reNIT! aeNy. (3.37)

Each integral above is pointwise dominated by C(||V¢|| oo gn—1))(-# g)(x") uni-
formly with respect to ¢ >0 (where .# denotes the Hardy-Littlewood maximal
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operator in R"™!), and converges to zero as ¢ — 0 whenever a >0 and x’ is
a differentiability point for the function ¢. Thus, since ¢ is almost everywhere
differentiable, by a well-known theorem of H. Rademacher, and since .# is bounded
on L?(R"!) if 1 < p < oo, Lebesgue’s Dominated Convergence Theorem gives
that all integrals in (3.36) corresponding to a > 0 converge to zero in L”(R"!)
ase — 0.

On the other hand, in the context of (3.36), a = 0 forces |o| = r = |y +ex|. Note
that in general, if ¢ = 0 and |o| = |7|, definition (3.37) and repeated integrations
by parts yield

/ O (x) dx’ = / (@)@ dx' = (=D)"0l8e.  (338)
Rr—1 Rr—1

where 8, is the Kronecker symbol. Consequently, as ¢ — 0, the portion of (3.36)
corresponding to @ = 0 and, hence, the entire expression in (3.36), converges in
L?(R") to

(=) r! (V) teg. (3.39)

The analysis of (3.33) closely parallels that of (3.32). In fact, given the close
analogy between (3.33) and (3.32), in order to compute the limit of the former in
L?(R"1) as ¢ — 0, we only need to make the following changes in (3.39): replace
y+ex by y, r by r—1 and then multiply the result by r dx ¢. The resulting expression
is precisely the opposite of (3.39). In summary, the above reasoning shows that the
sum of the expressions in (3.32)—(3.33) is convergent to zero in L” (R"™) as & — 0,
and this finishes the proof of (3.16).

The proof of (3.18) proceeds largely as before with the most notable differences
being that we will necessarily use (3.22) in place of (3.23), since this time we only
have fy+re, € LY (082) forr =m — 1 — |o|. As a result, in the present case we find
ourselves in a situation when, instead of treating residual terms as in (3.25), we need

to show that whenever y € Ng_l, r:=|y|+1land1 <k <n—1, we have
T.g — 0 in LP(R"™") as ¢ — 0, forevery g € L”(R"™), (3.40)
where

(L)) = re'™ [ () = ¢ 'hg()2()) * @ 0| (x)

+ [(00) =9 g() x @F ] o). G4

This, in turn, is proved much as we have treated (3.32)-(3.33) (the fact that
dr @ is evaluated at x’ in (3.33) as opposed to being evaluated at y’ in (3.41) is
inconsequential). This justifies (3.18) and finishes the proof of Proposition 3.3. O

Our next theorem sheds further light on the nature of the compatibility conditions
introduced in (3.2).
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Theorem 3.4. Assume that §2 is a bounded Lipschitz domain in R", and fix
two numbers p € (1,00) and m € N. Given (g, g1,...,8m—1) ELP(02) ® --- &
L7(082), a necessary and sufficient condition for the existence of a Whttney—
Lebesgue arrayh = {ho}ja|<m—1 € Lm 1.0(082) such that

k!,
gkzllzav he, O0<k<m-—1, (3.42)
o|=k

is that
fa € LY(3R2), VaeN} with o <m-2,
(3.43)
Jo € LP(082), VaeNj with |a|=m—1,

where the family { fu }|o|<m—1 is defined as follows. Set
Jo...0 == &0 (3.44)

and, inductively, if { f,}y|<c—1 have already been defined for some L€ {l,...,
m — 1}, set

o! 5! 116
fo =V0gi+— Z uﬂuvg+o(vtanfu+9)ja VaeNy : |a| =¢,

] T
£! Pivey sl ! 6!
|6]= \8\
(3.45)
where (-); is the j-th component.
Furthermore, if for some m-tuple of functions
(80,81, 8&m—1) € LP(32) & --- & L"(3R2) (3.46)

the array f = {Jfa}lalzm—1 deﬁned as in formulas (3.44)—(3.45) satisfies (3.43) then
f = {fullal=m—1 belongsto LY, ((382) and

k!,
gk=||zau fuo  0<k<m-—1. (3.47)
o|=k

Moreover, f = {falla|<m—1 is the unique array in Lm 1.0(082) which satisfies
(3.47).

Proof. Assume that g, € L?(352),0 < k < m — 1, are such that the functions f,
defined as in formulas (3.44)—(3.45) satisfy (3.43). The claim that we make is that
f= { fatlal<m—1 € LZ_LO(B.Q) and (3.47) holds. Of course, the first part of the
claim is proved as soon as we verify (3.2) which we aim to prove by reasoning by
inductionon £ := |«| € {0,...,m — 2}. Based on (3.44)—(3.45), we compute

fo, =vigi+ Y vy g Yje{l....n} (3.48)
k=1
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from which we deduce, with the help of

n
Vian £)j =D vidg, fo Vje{l.....n}, (3.49)
k=1
that
Vife; = Vjfe, = (Vkvjg1 + vkv, 0y, 80) — (Vivkgr + v;vr04, o)
= 0y,/0...0)> Vi kel{l,...,n}, (3.50)
i.e., the version of (3.2) with o = (0,...,0). To prove the induction step, assume

that (3.2) holds whenever |a| < ¢ — 1. In particular, {f,}|,<¢ € L'f,l (0£2). In
concert with the induction hypothesis, Proposition 3.3 then proves that there exists
a sequence of functions F; € C°(R"), ¢ > 0, such that

ly| <€ = [0" F] . — f, in L7(32) as ¢ — 0. (3.51)

Let us now digress in order to note an important algebraic identity. Specifically,
for any two multi-indices o, 8 € Njj of length £ 4 1 written as

a=ej +-ej, ﬂ:ekl+"'ek[+1v (3.52)
a direct calculation yields

vPae — b (3.53)

l
= § Vit = Vie—r Viemygn =" Vieg 3%_,_‘_1”_,_‘_1 Oy 0y Ok Oy
r=0

with the convention that products (of components of v, and of partial derivatives)
taken over void sets of indices are discarded. In order to be able to re-write (3.53)
in multi-index notation, it is convenient to symmetrize the right-hand side of this

identity by adding up all its versions obtained by permuting the indices j, ..., ji+i
and kq, ..., k¢4 in (3.52). In this fashion, we obtain
! |
phge —pegp = & B X (3.54)

C+ DI+

i
L=r)trt@—=nr'r! 40
XZ Z 0 31 m e—!v” 0, 01T

r=0 jts+e;=a,ls|=r
y+0+er=8.10|=r
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As a corollary, for every a € Njj of length £ + 1, from (3.54) and the fact that

!

Y Lvr=1,  VreN, (3.55)
y!

lyl=r

we obtain
£+ 1)!
3 ¢ i B wPa — vegh)
|Bl=t+1 '

18I P10 ) s +o
(e+1)' Z Z ST pr¥itag 9t (3.56)

! 1
M+b+c i=a k=1 IL )/
\5\=\9|

Returning to the mainstream discussion, for each o € Njj with |o| = £ + 1 we
now write

a! 18]1 ]t 161! L+
Jfo =V + — Y Z S e (Vian fu+e)
n b+( =a
|0]= \5\
a! 18I (]! 1011 549 140
= Vg lim o D) 5o’ (Veanl ] ,),
+ote;
M|9\ \5\
|8]! |p]! |9|'
=v"ge+1 + hn% (6 T 1)‘ Z Z ’u oot 8rk‘/<[aﬂ+0Fg]‘m>
u+é+e;=a k=1
Vo=t

. €+ 1!
o

Vg1 + 21_13% E ,
Bl=t+1

v (v ﬁ[a“F]‘

) (3.57)

in L?(0£2), thanks to (3.45), (3.51), (3.49) and (3.56).

Next, fix an arbitrary o € Njj with |a| = ¢, choose j,k € {1, ..., n}, and consider
the identity (3.57) written twice, with @ + e, and « + ¢, respectively, in place of a.
If we multiply the first such identity by v;, the second one by v, and then subtract
them from one another, we arrive at

(€ + 1)!
B

)

D,y S (3.58)

ija+ek - kaa+ej = 812)1}) Z

[Bl=L+1

V28 arjk ([aa A

= limd,,, ([aa .
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by (3.55) and (3.51). This finishes the proof of the induction step. Thus (3.2) holds

and, as a result, f { fatlal<m—1 € L _1,0(0$2), as desired.
As for (3.47), it follows from (3.57) that for each multi-index o with |a| = ¢

e

=% + Z —uﬂ WP fo = v fp). (3.59)
|Bl= 15

fo=vge+lim 37 £, P (v R, -

Hf

From this, we further deduce that

Vg =¥ Z (3.60)
= P

for each multi-index o of length £. Multiplying both sides of (3.60) by ,v and
summing over all « € Njj with |«| = £ finally yields (3.47), on account of (3 55).

There remains to prove the uniqueness claim made in the last part of the theorem.
To this end, assume that 1 = {hq }jo|<m—1, | = { fat|jal<m—1 € L'II;_LO(B.Q) are such
that (3.42) and (3.47) hold. Of course, our goal is to show that

fy=h, VyeN., |y|]<m-—1. (3.61)

In the proof of (3.61) we shall proceed by induction ont :=|a| €{0,...,m—1}.
From definitions, f...0) = g0 = h....

Assume next that (3. 61) holds whenever ly| <€—1,and ﬁx an arbitrary multi-
index « of length £. Based on (3.45) (which can be seen to hold in this case by
reverse engineering (3.57)) and the induction hypothesis, we may then write

a! )3 |8]! ]! 16]!
fa — Vagf + — F —' —_— U5+0 (V[anf;l,—F@)j
! 1 ou! 6!
pntétej=a

o|=]s|

Y o! 181! [l 1O]! 540
=v g+ — Z F F W v (Vranhu+9)j
ntétej=a

101=s]

a! IR
= p* E § +0+e
Vgl—‘f__ W_!Q_! v kafkth9
ntétej=a k=1

o|=]s|
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a! 3 |8]! ]! 16]!

n
§+0+e
TR Z v Ckhptote; = Viluto+e)

=viget 5 T
e pntétej=a 5 “ 9 k=1
|6]= \5\
=% + Z (Uﬁ he — v hﬁ). (3.62)
[Bl= f

The last step above can be justified by invoking (3.56) and a limiting argument
based on Proposition 3.3. Hence, on account of (3.62), (3.42) and (3.55),

Jfo =V + Z—v (vﬂha—v“hﬂ)

1Bl= 4
= Z vﬂhﬁ—}-h _Z,B‘ “+ﬂhﬁ
1Bl= 15 |Bl=¢
= g, (3.63)
as wanted. This justifies (3.61) and finishes the proof of the theorem. O

We continue to study the nature of the Whitney—Lebesgue and Whitney—Sobolev
spaces introduced in (3.3) and (3.7), respectively.

Proposition 3.5. Assume that 2 C R" is a Lipschitz domain, andfixm e N, m > 2,
and 1 < p < oo. Then the mapping

WLl 002) — L), (32) x L7 (382) (3.64)

defined for each {hq }|o|<m—1 € L{;_LO(B.Q) by the formula

d/({ha}\a\gm—l): ({h Nolzm—2. D (m_l)' a) (3.65)

la|=m—1

is an isomorphism.

Proof. To show that the map (3.64)—(3.65) is onto, fix
(thadiwizn—a. 8) € L0, (092) x L7 (952) (3.66)
and set

k!
gk = Z — Vehe if 0<k<m-—2, and g,—:=¢g. (3.67)
la|l=k "
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Obviously, we have (go, g1,...,8m—1) € LP(02) & --- @ L?(052) and we claim
that if the family { f; }|4|<m—1 is defined according to (3.44)-(3.45), then f, = h,
for every multi-index y of length < m — 2. This claim can be justified by reasoning
much as in the last part of the proof of Theorem 3.4. In turn, this ensures that (3.43)
holds, hence

f o= {fadlalemar € L2, 1(852) and (3.47) is valid, (3.68)

by Theorem 3.4. In turn, (3.47) and (3.61) give that lll(f) = ({hata|<m—2 » &) 1e.
¥ is onto.

There remains to show that the map (3.64)—(3.65) is one-to-one. For this it
suffices to prove that the assignment

- : k!
Li0@2) 3 f = Usduiznt = | 2 =0 fu

lo|=k

P
ok amy € L7(052). (3.69)

is one-to-one. In turn, this follows directly from the uniqueness claim made in the
last part of the statement of Theorem 3.4. O

3.2 Whitney-Besov Spaces

We shall now consider Besov spaces exhibiting higher-order smoothness by adopt-
ing a point of view similar to (3.3)-(3.7). Concretely, fix a Lipschitz domain
2 C R" and, for m € N and p,q, s as in (2.396), define the Whitney-Besov
space B}, (3£2) via the requirement

feBM (3Q) < f, € BP0R2)if o/ <m—1, and f € CC. (3.70)

m—1,s

For each f S B;Z’Zl,s (0£2) we then set

1 Ngre ooy = D Ifallsrapn. (3.71)

o] <m—1

The case 1 < p = g < oo has been studied in the literature in [2,76] (cf. also [62]
for related results).

It can then be shown that the Besov space BZ’L’S (0£2) is a module over C*°(R")
(where the multiplication is in the sense of (3.9)). When 1 < p < co, we clearly have

1 lgre ooy~ Y Wallroey + D Ifallgrrge) (3.72)

la|<m—2 la|=m—1
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Other properties of interest are summarized below. First, we record an alternative
description of the Whitney—Besov space (3.70) in the case p =¢q € (1, 00) which
has been proved in [76].

Proposition 3.6. Let 2 C R" be a Lipschitz domain with surface measure o.
Assume that m € N, 1 < p < oo, s € (0,1) and, for an arbitrary family
f = {Ja}a|<m—1 of real-valued, o-measurable functions on 052, set

Ry(X.Y):= fu(X)— Y %fwﬁm (X-Y)f, XY €3, (3.73)

|Bl<m—1—|a|

for each multi-index o of length < m — 1. Then

1 lgre oo D Ifullrag) (3.74)

|| <m—1

|Ra (X, Y)[” Vr
+ Z </[;_Q /39 |X _ Y|p(m—1+s—|a|)+n—l dU(X)dU(Y)) ’

|| <m—1

if p < oo and, corresponding to p = o0,

I/ lgeeccpey ~ D I fallioan (3.75)

|| <m—1

R, (X, Y
+ Z Sup | a(m—H-)vl—\a\ :
 x#veie | X =Y :

loe| <m—
Let us point out that, with the help of the L”-modulus of continuity

re(t) = (// | Ry (X, Y)|”dcr(X)dcr(Y))l/p, || <m—1, t >0, (3.76)

(X.Y)€02%02
| X=Y|<t

Wehave,for”n;l<p<ooand(n—1)(%—1) <s<l,
+

1/ Ware, wore Y Ifallroe

lo|<m—1

> ro(1)? 1/p
s (/0 P P ar) . eI

o] <m—1
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We further elaborate on the nature of the remainder (3.73). Given a family of
functions f = { fo}|a|<m—1 0N 082 and X € R", Y, Z € 042, set

Py(X.Y) = ’ Zl ) ﬂ'fa+ﬁ(Y)(X Y)Y, Va:la|<m-—1,
(3.78)
P(X.Y) = Pp..0(X.Y). (3.79)
Then
Ro(Y,Z) = f,(Y) — Pu(Y, Z), Vo o lo|<m-—1, (3.80)

and the following elementary identities hold for each multi-index o € Njj of length
<m-—1:

0 Pu(X,Y) = Purp(X.Y), Bl <m—1—la|, (381)

Po(X.Y) = Py(X.Z)= Y. Ruip(Y.Z)(X —Y)P.  (3.82)

1
!
|Bl<m—1—el P!
See, e.g., [119, p. 177] for the last formula.
Moving on, we now state and prove a useful density result (a topic we shall return

to later on, and prove a more general result in Corollary 3.10).

Proposition 3.7. Fix an integer m € N along with three numbers p, q, s satisfying
1 <p<oo0<g<ooands € (0,1). Also, suppose that 2 C R" lsabounded
Lipschitz domain. Then for every Whitney array f = {fatjul<m—1 € B2 (382)
there exists a sequence of functions F; € CX(R"), j € N, such that

mls

[aaF,-]‘m—> fu in LU@82) as j — 0o, Vo € NJ with |a| <m—2,

[aaFj]‘m—> fo in BP1(082) as j — oo, if @ € N} has |a| <m —1.

_— (3.83)
B14,,(92) = the closure of (" F | ,0)uizm-1 = F € C(R")|
in LY(082) & - @ L} (082) & B1(382). (3.84)
In particular,
{(a“F|ag)\a\5m_1 . Fe CC°°(R")} is dense in B4, (392), (3.85)
and, if ¢ € [1, 00),
B,Z ql ,(082) is a reflexive Banach space. (3.86)
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Proof. We largely follow the approach described in proof of Proposition 3.3. More
specifically, recall the operators (3.41). The density result we seek will follow as
soon as we show that

T.g — 0 in BP9(R"") as & — 0, forevery g € B74(R"™"), (3.87)

whenever p € (1,00),0 <g <ocand s € (0, 1). To this end we note that, in addition
to (3.40), we have sup,. || T¢|| #r—1r) < o0o. Next, we make the claim that the
family of operators (3.41) also satisfies

T.g — 0 in LY(R"™") as ¢ — 0, for every g € LY (R"™) (3.88)

and
sup | Tell o 1p— 11y < 00 (3.89)
e>0

To prove (3.88), first observe that if g € L (R"™") then T.g — 0in L?(R"") as
& — 0 by (3.40). Next, much as we have passed from (3.22) to (3.23), we have

(L)) =7 [((00) =Y G)O)) * @] &), (3.90)
so that

0 (L) () = re'™ [ (0 = () ™ @,9) (@) ()) * (@) | (x)

+e7 () = 9O @) () x @+ | ). 39D

The key observation is that the assignment sending dx g into the expression in the
right-hand side of (3.91) is of the same type as 7, in (3.41). Hence, the same type
of reasoning that led to (3.40) yields

3;(T.g) — 0 in L’(R"") as e -0, forevery g € LT(R"™"). (3.92)

This justifies (3.88). Also, the proof of (3.89) is implicit in the above reasoning.
Consequently, real interpolation with the counterpart of this result on the Lebesgue
scale yields
sulg ITe |l o gra— pray < 00, (3.93)
&e>

foreach1 < p < 00,0 < g <ooands € (0,1). Thus, if g € B/ (R"™!) is given,
along with a positive threshold €,, choose it € L{ (R"~") so that [|g — /|| gra gu—1) <
€, and estimate

||ng||B.{"”(Rn*1) <|T.(g - h)”Bf“’(]R”*l) + ”Tah“Bf‘q(R”*l)
< Clg = hll gragn—1) + C||Teh||L{’(R"—l)

<Ce¢ + C”Ta}l”yl”(w—l)s (3.94)
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for some C > 0 independent of &. Thus, lim sup,_, [ T:g || pr¢gn—1) < Cé, by (3.88).
Since ¢ is arbitrary, this finally gives (3.87).

Lastly, when ¢ € [1, 00), the claim made in (3.86) is a consequence of (3.84) and
the fact that a closed subspace of a reflexive Banach space is itself reflexive. This
finishes the proof of the proposition. O

We conclude this section with some useful embedding result for Whitney—Besov
spaces. To state it, define

0= {(p,q,s) € (0.00] x (0,00] x (0. 1)+ (n = 1)(L —1), < < 1}. (3.95)

Proposition 3.8. Let §2 be a bounded Lipschitz domain in R" and fix m € N. Also,
with O as in (3.95), consider two triplets (po, qo,S0), (p1,q1,51) € O. Then the
inclusion

BPoo (89) s BPIO1 1(89) (3.96)

m—1,s0 m—1.s

is continuous with dense range if either

Po=pi, qo=¢qi and ﬁ—,,%=%—n%‘1, (3.97)

or
Po =P, qo=q1 and Sy = si. (3.98)

Moreover, if po = p1 =: p and 5o > §| then also

B,ﬁjﬁqm(asz) < B,Zf‘lysl (082) continuously with dense range. (3.99)
Proof. This is an immediate consequence of Theorem 2.17. O

3.3 Multi-Trace Theory

Let £2 C R” be an open, nonempty, proper subset of R”, and fix some m € N. In
this context, define the higher-order trace tr,—; (relative to the given set
2 and order m) as the operator mapping C *°(£2) into Whitney arrays of length m
according to the formula

tryy F = {[aa F]‘m} (3.100)

la|<m—1

We are interested in extending the action of this operator to more general spaces.

Theorem 3.9. Assume that 2 C R" is a bounded Lipschitz domain and suppose
that
0< p.g<oo and (n—l)(%—1)+<s<l. (3.101)
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Also, fix m € N. Then the higher-order trace operator introduced above extends by
continuity to a well-defined, linear and bounded operator

ot 2 BRY gy, (2) — B, (092). (3.102)
In addition, (3.100) is onto and, in fact, has a bounded, linear right-inverse. That is,
there exists a linear, continuous operator

& B (02) — BY L 1, (82) (3.103)

such that, with Tr as in Theorem 2.53,
[ =Sl izm—r € B, (02) = Tr[0°(6 /)] = fa, Ve :laf<m—1.
(3.104)
Similar results are valid on the Triebel-Lizorkin scale. Concretely, with the
convention that ¢ = oo if p = 00, the operator
Wt Fp?s vy, (2) — BT, (092) (3.105)
is also well-defined, linear and bounded. Moreover, this operator has a linear,
bounded right inverse

& B;Zfl,s(ag) - Frffl-‘rs-l—l/p(g) (3106)

which is compatible with (3.103).

Proof. We shall first establish the well-definiteness and boundedness of the higher-
order trace operator. The extension of (3.100) in the context of (3.102) is given by

1 (F) o= {Te[0°F : Ja| < m =1}, YF e BN\ (2). (3.107)

where the traces in the right-hand side are taken in the sense of Theorem 2.53.
That for each F € B:i’z1+s+1/p (£2) the family f :={Tr[0% F]} 4 <m—1 satisfies the
compatibility conditions (3.2) is a consequence of the identity

¢, [Tru] = v; Tr[dxu] — v Tr[d;u], jok=1,.,n, (3.108)

valid for each u € Blpfsﬂ/p (£2). In turn, (3.108) is easily checked using (2.208).

Next, we turn our attention to the issue of a linear extension operator, i.e. a linear
right-inverse for the higher-order trace operator. This segment in the proof utilizes
results and notation which will be discussed later. Let 2% be a double multi-layer
associated with, say, the polyharmonic operator A™ in 24 := 2 and 2_ := R"\£2,
respectively (see § 4 for relevant definitions). Also, fix some ¢ € C>°(R") which is
identically one in a neighborhood of £2. What we need is that, whenever s satisfies



144 3 Function Spaces of Whitney Arrays
0<(n—1)(%—1)+<s<1and0<q§oo,

Y 9F B (02) — BRY Ly, (24) (3.109)

are well-defined, linear and bounded, and

1 oY DT —tty_ioy P =1 in BX? (3). (3.110)

m—1.s

These are consequences of Theorem 4.19, proved later independently of the current
considerations.

To proceed, recall that Zg, stands for the operator of restriction to 24
(cf. (2.196)), and that

Eq, : BI(£2y) — BIM(R"), 0<p,g=<oo, seR, (3.111)
stands for Rychkov’s universal extension operator (see Theorem 2.29). This satisfies
Hay o Eq, =1 on BIM(Qi). (3.112)

If we now set ) )
E=Y9PT —Ro, oEqg_ oY D~ (3.113)

then, thanks to (3.109), (3.113), (3.111), and (2.213), for p, g, s as in (3.101), the
operators

& Bl (02) — BZ’EHH#Q), (3.114)

1B 02 — FY L (@), (3.115)

are well-defined, linear and bounded. Now, generally speaking, if u € Bffl / p(R”)

where 0 < p, g < oo and (}’l_l)(%—l).l,_ <s <1,then Tr (Zqo, () = Tr (Zo_(u)),
Pq

since this obviously holds in the dense subspace of B / p(R”) consisting of
smooth, compactly supported, functions. Hence, from this, (3.112) and the iden-
tity (3.110),
try_10& = tr,—1 o 1//.Q+ —try—10%q, 0o Eq_o WQ_
= tr,_1 0 1//.Q+ —try_10 %o _oEg o WQ_
=ty oY It —tty_ 0oy I =1, (3.116)

i.e., & is a linear, bounded, right-inverse for the trace operator tr,,—; on Besov and
Triebel-Lizorkin spaces.
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This completes the proof of the portion of Theorem 3.9 dealing with Besov
spaces, and the case of (3.105) is handled similarly. O

One useful consequence of Theorem 3.9 is singled out below.

Corollary 3.10. Fix an integer m € N and assume that ”n;l <p<o0o0<g<o0

and (n — 1)(% — 1)+ < s < 1. Also, suppose that §2 C R" is a bounded Lipschitz

p4

m_1.s(082) there exists a sequence of

domain. Then for every f = {fatal<m—1 € B
functions F; € C°(R"), j € N, such that

Tr[0*F;j] — fy in BP9(082) as j o0, VaelNj:|af<m-—1.
(3.117)

Hence,

{(3“F|39)|a|5m_1 Fe CC°°(R”)} is dense in B"Y, (382). (3.118)

m—1.s

Proof. This is an immediate consequence of (2.208) and the fact that the trace
map (3.102) is bounded and onto, for the range of indices specified in the statement
of the corollary. O

The following is a companion result for Theorem 3.9 in the case in which
the smoothness inside the Lipschitz domain is measured on the scale of weighted
Sobolev spaces.

Theorem 3.11. Let 2 C R” be a bounded Lipschitz domain and suppose that
l<p<ooand 0 <s < 1. (3.119)

Also, set
a::l—s—% € (0,1), (3.120)

and fix m € N. Then the higher-order trace operator originally considered as
in (3.100) extends by continuity to a well-defined, linear and bounded operator

tr—y 1 WP(2) — BIP, (092). (3.121)

m—1,s

In addition, tr,,—, considered in the above context is onto. In fact, the operator &
defined as in (3.113) with

Eq_ : W™P(R"\ 2) — WP (R") (3.122)

denoting Stein’s extension operator from Theorem 2.46, is a bounded, linear right-
inverse for the higher-order trace operator from (3.121). That is,

& BIP, (02) — WMP(2) (3.123)

m—1.s
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is a linear, continuous operator and has the property that, if Tr is as in Theorem
2.53, then

f = {falulzm—r € BLP, (02) = Te[0°(E /)] = fo. Yo :la|<m—1.
(3.124)

Proof. The fact that the higher-order trace operator from (3.121) is well-defined,
linear and bounded has been established in [76]. In [76] the authors have also
constructed an extension operator in the context weighted Sobolev spaces which
serves as a right-inverse for (3.121). The novelty here is that our old extension
operator & from (3.113) also does the job, when E_ is now viewed as Stein’s
extension operator discussed in § 2.6. Indeed, if this is the case then Theorem 2.46
guarantees that the operator (3.122) is well-defined and bounded. Based on this,
the density result from (2.364) (which continues to hold for arbitrary Lipschitz
domains), and the fact that (with p,s as in (3.119), and any cutoff function ¢ €
C2[R")

YD BPP (092) — WP (24) (3.125)

m—1,s

are well-defined, linear and bounded operators (cf. Theorem 4.20 proved later,
independently of the current considerations), we may then conclude, much as in
the proof of Theorem 3.9, that the operator & from (3.123) is well-defined, linear,
bounded, and satisfies (3.124). O

It is significant to note that the extension operators given by (3.103) and (3.123)
are universal, i.e., they do not depend on the regularity and integrability indices used
to define the function spaces on which they act.

Moving on, the goal is to characterize the null-space of the higher-order trace
operator (3.100) acting of Besov and Triebel-Lizorkin spaces in Lipschitz domains,
as well as to prove certain basic density results for the space of test functions in this
setting.

Theorem 3.12. Let §2 be a bounded Lipschitz domain in R" and fix m € N. Also,
supposez‘hat”n;1 <p<oo,(n—1(1/p—1); <s <landmin{l, p} < g < oc.
Then

FI iy p (@) = (€ B4 (@) 5ty = 0] (3.126)
and
Co@) > fue BP0 (@) ¢ thymiu =0} densely. (3.127)

Furthermore, a similar result is valid for the scale of Besov spaces. Specifically,
ifmeN = < p<oo,(n—1)(1/p—1)4 <s < land0 < g < oo, then
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BIY iy (2) = {u € BYE Ly (2) =0} (3.128)

and

Co@) > fue B4y, (2) W= 0} densely. (3.129)

Proof. By (2.218)-(2.219),if u € Fp D s +1/p.z (£2) then u € Fp 1+s+1/p

(£2) and
there exists a sequence u; € C*°(£2), j € N, such that u; — u in Fm l+s+l/p(‘Q)

as j — oo. It follows that 0 = tr,,—1(u;) — tr,—1(u) in BY?, (0R2) as j — oo,
hence u belongs to the space in the right-hand side of (3.126). This proves the left-
to-right inclusion in (3.126).
Conversely, assume that u € Fm I+s+1/ p([?) has tr,,—; (u) = 0. Since, generally
speaking, tr,,— (Y w) = ¥ tr,—1(w) for any nice cut-off function ¥ and any
reasonable w (cf. (3.9)), it follows that the problem is local in character. Hence,
matters can be readily reduced to the case when §2 is the domain in R” lying above

the graph of a Lipschitz function and
suppu C 0 (3.130)

for some open, relatively compact set & C R". In particular, there exists an infinite,
upright circular cone I", with vertex at the origin in R” such that X + I" C £2 for
every X € 2. Also, fix ¥ € C>*(R") such thatyy = 1on 0.

In this context, we shall work with Calderén’s extension operator of order m,
which we denote by &, and whose construction we briefly review. The starting
point is the so-called Sobolev’s representation formula to the effect that if

¢ € C®(S"Y) issupportedin I"' N S~} (3.131)
and satisfies (—1ym
P(w)ydw = —— (3.132)
sn—1 (m — 1)'

then for every w € C"(I") with compact support,

w(0) = Z/ IYI |Y|n (ao‘w)(Y)dY (3.133)

Indeed, for such a function w and a fixed @ € S"~!, repeated integrations by
parts give

_ (_l)m 00 _— anmn

- (r(n_i)’ln)l > ’;i.!/ooofm_lw“(?)“W)(tw)dt. (3.134)
Clol=m
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Multiplying (3.134) by ¢(w) and integrating for @ € S"7! then readily
yields (3.133), given (3.131)—-(3.132).
Now, for every w € C™(§2) with bounded support we define

Emw)(X) = Y w(X)/Qqsa(X—Y)(aaw)(Y)dY, X eR", (3.135)

lo|=m

where, for each o € Njj with || = m, we have set

m! X X
w(X) = (=1)" —o¢|— ) —, X e R"\ {0}. 3.136
Be(X) = 0" 0(=15) Ty \ {0} (3.136)
(As is customary, X% := x‘f” seexgn if X = (x1,...,x,) € R"” where the multi-

index = (@1,...,0,) € Nj.)
Observe that, for each multi-index « of length m,

supppe C =T,  Po € CPR"\ {0}), Pue(AX) = A" "pe(X), VA €R.
_ (3.137)
It is also useful to note that, since supp [¢(Y/|Y|)] C I, the identity (3.133) yields
Z d0%¢p, = 8, Dirac’s distribution, in R”. (3.138)
la|=m

The operator (3.135) enjoys the following properties. First, (3.135) and (3.138)
entail that o
weCX(2) = &,(w) =0 inR"\ £2. (3.139)

Second,
w € C°(£2), with bounded support = &,(w) o= (Y|e)w in 2. (3.140)

Indeed, given the support condition on ¢, and since —I" C X — 2 forevery X € 2,
the change of variables Z := X — Y in the right-hand side of (3.135) yields

Eam)(X) = Y w(X)/F¢a(Z)(B“w)(X—Z)dZ, X e, (3.141)
la|=m -

Now (3.140) follows readily from (3.141) and (3.133), after changing Z +— —Z.
Third, we note that (3.141) can be rephrased as

EnW) = D Y (g * (W), (3.142)

la|=m

for every w € C%(£2) with bounded support, where tilde denotes extension of
functions defined in §2 to R” by setting them to be identically zero outside 2.
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To proceed, we remark that, as a consequence of (3.137) and Theorem 6.2.2 on
p- 258 of [124] (cf. also Remark 3 on p. 257 of [124] and the discussion in the last
part of §2.3), the convolution operators f + ¢, x f, for |¢| = m, are locally
smoothing of order m on the scale of Triebel-Lizorkin spaces in R". Consequently,
for each function w € C*°(£2) with bounded support, we may estimate

160 gz =C Y |V dar @) ,
B lo|=m Fod g R
qa
=C Z |9 W||Ff'f’+.\v+1/,,(R”)
la|=m
<C Z ||30‘W||F£»141+x+1/p(9)
la|=m
= C||W||F;:ﬁl+.v+l/p(9). (3.143)

The third inequality uses the fact that max (% -1, n(% — 1)) <—1+s+ % < %
and 0 < min{l, p} < ¢ < oo which, in turn, ensure that the extension by zero
from §2 to R” is a bounded operator with preservation of class; cf. Proposition 2.31.
Also, the last inequality in (3.143) follows from the boundedness of the differential
operator 9% : anflﬂ“/p(ﬂ) — Ffﬁ_sH/p(.Q) if |@| = m which, in turn, is a
direct consequence of (2.149). Thus, by density (cf. (2.208)),

éam : Frzi{l-i-s—f—l/p(g) — F,Zi{1+s+l/p(Rn) (3144)

is a well-defined, linear and bounded operator, whenever the indices are as in the
statement of the theorem.

Returning now to the study of the function u (considered in the second paragraph
of the proof), we pick a sequence u; € C °°(§), j €N, such that

uj — u in F£f1+s+l/p(9), as j — oo. (3.145)

Thus, on the one hand,
try—1(u;) —> tr,— () =0 in BI? (3R), as j — oo. (3.146)

m—1,s

On the other hand, from the continuity of (3.144) and (3.145) we have
Em(j) — Ep(u) in F)ﬁfl_l_s“/p(R”), as j — oo. (3.147)

As a consequence,

Ra(EW) = lim (oo E)w) = lim Yuy =yu=u  (.148)
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Formula (3.147) also implies that at almost every point X € R" \ £2 we have (with
v = (v1,...,V,) denoting the outward unit normal and o denoting the surface
measure on 052):

Em(u)(X)

Jim 6,00 = fim 37 v [ g (X = V)@ W) aY

loe|=m

= lim > Y. Chpv()

la|=m B+y+e;=a

x/ Vi (Y) (@) (X = Y) (@ u;)(Y)do(Y)
902

+ Jim > w(X)/Q(—l)m(awa)(X—Y)uj(Y)dY

loe|=m

=lim > Y Co¥(d)

le|=m B+y+e;=a
« / 0 (V)@ ) (X — V)ttr ()], (V) do (V)
92
+ lim (~1)"y (VT ()
—0. (3.149)

In the third step above, we have used repeated integrations by parts (note that there
is no singularity in the integrands since we are assuming that X ¢ £2). In the fourth
step we have used the definition of tr,,—; and formula (3.138). Finally, the last step
is a consequence of the fact that X ¢ 2 as well as (3.146) and (3.71) (in this
connection, it is useful to observe that, under the current assumptions on the indices,
there exists 7 > 1 such that BY"7(0§2) — L7 (382)).

loc
In summary, the above argument shows that &, (u) € F/

Zigt1yp(R?) s sup-
ported in £2, i.e., &, (u) € ani{l+s+l/p,0(9)' Based on this, (3.148) and (2.213) we
may therefore conclude that u € F”ffl Ny p’z(.Q). This justifies the right-to-left
inclusion in (3.126) and, hence, finishes the proof of this identity.

At this stage, (3.127) follows from (3.126) and (2.211). The case of Besov spaces

is treated analogously and this finishes the proof of the theorem. O

To state a consequence of Theorem 3.12 of functional analytic nature, we first
recall some relevant terminology. A closed subspace % of a Hausdorff topological
vector space 2 is said to be complemented in 2 provided there exists a
closed subspace & of 2~ with the property that # & 2 = 2 (where the direct
sum is both algebraic and topologic).
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Corollary 3.13. Let §2 be a bounded Lipschitz domain in R" and fix m € N. Then

Fpi{l+s+l/p,z(9) is complemented in Frr]:fl-‘rs-l—l/p(g) (3.150)

m

whenever”n;1 <p<oo,(n—1(1/p—14 <s <landmin{l, p} < q < o0,

while

BP

m’flﬂﬂ/pqz(g) is complemented in B”" (£2) (3.151)

m—1+s+1/p

whenever"n;1 <p<oo,(n—1D({/p—1y <s<land0 < g < oo.

Proof. All claims follow directly from Theorem 3.12, Theorem 3.9 and
Lemma 3.14, stated below.

Here is the abstract functional analytic result invoked above.

Lemma 3.14. Let 2, % be two quasi-Banach spaces and assume that the operator
T : 2 — % is alinear and continuous operator. Then the following two statements
are equivalent:

(i) T has a right-inverse (i.e., there exists a linear and bounded operator S : % —
A with the property that T o S = I, the identity on %),
(ii) T is surjective and its null-space, Ker T, is complemented in 2.

Proof. Assume first that 7" has a right-inverse S : " — 2. We claim that
ImS isclosedin 2" and ImS NKerT = {0}. (3.152)

To justify this claim, assume that {y;};en is a sequence in % with the property
that {Sy;} ey converges in 2~ to some vector x € Z". Given that 7" is continuous
and § is a right-inverse for 7', it follows that {y;};en = {TSYy;} en converges
in % to T'x. Hence, since S is continuous, {Sy,}en converges in 2" to S(Tx).
Consequently, x = S(Tx) € Im S since the topology on 2" is Hausdorff. Given
that the topology on 2 is also first-countable, this reasoning shows that Im §' is
closed in 2. Assume next that x € Im S N Ker 7. Then there exists y € ¢ such
that x = Sy which further implies that 0 = Tx = T(Sy) = y.Hence y = 0
which ultimately forces x = Sy to be 0 € 2. This concludes the proof of (3.152).
Granted this, in order to conclude that Ker 7' is complemented in 2" it suffices to
show that

ImS @ KerT = 2. (3.153)

To see that this is the case, observe that for each x € 2~

x = (x=8(Tx))+S(Tx) and (x—S(Tx)) €KerT, S(Tx)eImS. (3.154)
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This takes care of the algebraic aspect of (3.153). On the topological side,
the mappings 2" > x — (x = S(Tx)) € Z and 2 > x — S(Tx) € X
are continuous, since both 7 and S are continuous. Thus, (3.153) holds. Given
that the existence of a right-inverse implies ontoness, this finishes the proof of the
implication (i) = (ii).

As regards the implication (ii) = (i), assume that 7" is surjective and that there
exists a closed subspace 2 of .2 with the property that

ZYoKerT = 2. (3.155)

This makes 2 a quasi-Banach space and forces T| - the restriction of T to Zz,
to be bijective. Of course, T'|,, 1 2 — % remains continuous. As a consequence
of the Open Mapping Theorem (which is still valid in the context of quasi-Banach
spaces; see [65]),

(T ' % 5 % is continuous. (3.156)

Denote by ¢ the embedding of £ into .2 and set

)

S=(T|,) ot: ¥ — 2. (3.157)

Then S is linear and since ¢ : & — £ is continuous, it follows from (3.156)—
(3.157) that S : % — 2 is continuous. We now claim that

T oS =1, theidentityon % (3.158)

To prove this, assume that y € % is arbitrary. Since T : 2~ — % is onto, there
exists x € 4 such that Tx = y. Use now (3.155) in order to decompose x =
X1+ x; with x; € 2 and x; € Ker T. In particular, y = Tx = T'(x; + x2) = T'xy,
and thus we may conclude that x; = (T fz’)_l y. In turn, this and (3.157) imply that
Sy = xj hence, ultimately, T(Sy) = Tx; = y. Since y € % has been arbitrarily
chosen, this establishes (3.158), thus finishing the proof of the implication (ii) =

(@) i

We now extend formula (2.220) by proving the following result. Recall that,
generally speaking, {x} := x — [x] denotes the fractional part of a real number x.
Also, recall the spaces introduced in (2.218) with 4 := F.

Proposition 3.15. Let §2 be a bounded Lipschitz domain in R". Then

FP(Q) = Fla(£2) (3.159)

provided
0<p<oo, min{l,p}<qg<oo, and

3.160
s—1>—1 and {s—%}>(n—1)(§—1)+. (3.160)
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Furthermore,
BY(82) = B{M(£2) (3.161)

whenever

0<pg<oo. s—L>-1 and {s—%}>(n—l)(%—l)+. (3.162)

Proof. Both in the context of (3.160) and (3.162), the conditions on the smoothness
parameter s amount to

there exists m € Ny such that max (% -1, n(% — 1)) <s—m < % (3.163)
Indeed, m := [s — %] + 1 will do. For the remainder of the proof m will retain this
significance.

To begin in earnest, observe first that, since by (2.207) C>°(£2) is dense in
FS’f 1(£2), and since the operator of restriction to £2 maps the latter space boundedly
onto F;?(£2), it follows that

FPA(2) — FP9(R), 0<pg<oo, seR. (3.164)

The opposite inclusion is contained in (2.220) when m = 0 so it suffices to work
under the assumption that m € N. Also, there is no loss of generality in assuming
that §2 is the domain in R” lying above the graph of a Lipschitz function. Our goal

is to show that if u € I;f’q (£2) then u € F[;?(£2), plus a natural estimate. For the
rest of the proof we will follow largely the approach in the proof of Theorem 3.12,
and we retain the notation introduced in that setting. In particular, it can be assumed
that u satisfies (3.130).

Recall Calderén’s extension operator &, introduced in (3.135). This satis-
fies (3.139), (3.140), and (3.142). In particular, the latter formula and a similar string
of inequalities as in (3.143) yield

”gmf”Ef"”(]Rn) = C”f”p\,“‘i(g), (3.165)
so that, analogously to (3.144),
én: FP1(2) — FPYR") (3.166)

is a bounded operator whenever the indices are as in (3.160). Next, (3.139)-(3.140)
entail
weCX(R2) = &(w) =y w inR". (3.167)

Consequently, we also have

Em I?f’q(.Q) — F/1(2),  p.q.sasin (3.160). (3.168)
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Now, if Ry, is the operator of restriction of tempered distributions to the open set §2,
it follows from (3.140) that R o &, : F/4(2) — F/(£2) is simply the operator
of multiplication by . Hence, u = Yu = (Rg o &,)u = Ro(&,u) € FLA(Q)
by (3.168) and (2.213), plus a natural estimate. This readily shows that

I;f’q(.Q) — Fl4(£2), P.q,s asin (3.160). (3.169)
Along with (3.164), this proves (3.159), as desired. The case of Besov spaces is
treated analogously and this finishes the proof of the proposition. O

Let us also record the following description of the null-space of the multi-trace
operator.

Corollary 3.16. Let §2 be a bounded Lipschitz domain in R" and pick m € N. Then
FIY iy = fue FLY (2 =0, (3.170)

zf”T_l <p<oo,(n—1)1/p—1);t <s<land min{l, p} <q < oo. Furthermore,

BIY iy (2) = fue BRY L () ey =0, (3.171)

provided =1 < p < oo, (n—1)(1/p—1); <s < 1and0 < q < cc.
Proof. This is a direct consequence of Theorem 3.12 and Proposition 3.15. O

As in the case of Besov and Triebel-Lizorkin spaces, it is also useful to
characterize the null-space of the higher-order trace operator acting from weighted
Sobolev spaces. In the process, we also establish a very useful density result.

Theorem 3.17. Let §2 be a bounded Lipschitz domain in R" and fix m € N. Also,
supposethat 1 < p <00,0<s < landseta :=1—s—1/p. Then

{u € WMP(2) : ttyyu = o} — {u e WmP(Q): T e Wf"’(R”)} (3.172)

and

C®(2) — {u € WMP(2) : ttyyu = o} densely. (3.173)
Finally, the same results are true in the case when 2 is replaced by R" \ 2.
Proof. We begin by establishing (3.172). To this end, consider u € W," " (§2) such
that % € W,"” (R") and write

Uyt u=tr)_ u=tr,_u=0. (3.174)

m
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Above, trf_| denote the higher-order trace operators associated with the domains
Q24 = 2 and 2_ := R"\ £, respectively. The second equality in (3.174) is a
consequence of the boundedness of trX | (cf. Theorem 3.11) as well as a density
result as the one described in (2.361) corresponding to the entire Euclidean space.
Finally, the last equality in (3.174) is clear since % vanishes in §2_. This completes
the proof of the right-to-left inclusion in (3.172).

Consider next the left-to-right inclusion in (3.172). By arguing as in the proof of
Theorem 3.12, there is no loss of generality in assuming that §2 is the domain in R”
lying above the graph of a Lipschitz function and that « has bounded support. In this
setting, consider Calderén’s extension operator &, of order m, whose construction
has been reviewed in the proof of Theorem 3.12. We claim that

En WP (2) —> WP (R") (3.175)

is a well-defined, linear and bounded operator. A result from Harmonic Analysis
which is a useful ingredient in the proof of this claim is that, for any multi-
index o with || = m, the convolution operator f +— ¢, * f maps functions
from Lly,(R", p?? dX) into functions which locally belong to W,"”(R") (with
quantitative control). The key aspect here is that, as pointed out in (2.362), the
function p“” is an A ,-weight, granted that p € (1,00) anda € (—=1/p,1 —1/p)
(cf., e.g., [81] for general results of this nature, involving arbitrary Muckenhoupt
A ,-weights). Keeping this in mind, and making use of the formula (3.142), for each
function w € C*(£2) with bounded support we may write

600 gy < € D2 |V x ()|
|

ZA )
a|=m
<C Y 0] o o axy
la|=m

=C Y [0"WllLr(2. oo ax)

la|=m
< ClWlyrr gy (3.176)

At this stage, the claim about (3.175) follows from (3.176) with the help of the
density result mentioned in (2.361). With this in hand, the same argument as the one
following (3.144) ultimately shows that if u € W,""”(£2) satisfies tr,,—; (1) = 0 then
&n(u) is supported in 2, which further entails 7 = &,(u) € W,"”(R"). Hence,
e WP (R") and this finishes the proof of (3.172).

As far as (3.173) is concerned, the goal is to approximate a given u € W," "7 (£2)
with tr,,—1(#) = 0 by functions from C>°(£2) in the norm of W,"”(£2). This
problem may be localized using a smooth partition of unity. As such, there is no
loss of generality in assuming that £2 is an unbounded Lipschitz domain and u has
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bounded support. Moreover, from what we have proved so far, w € W,"”(R").
The idea is then to consider the vertical shifts v; (X) := 'ﬁ(X + j_le,,), X € £,
for j € N, which converge to u in W,"”(£2). The upshot of this artifice is that the
distance from the support of each function v; to the complement of §2 is strictly
positive. For each fixed j there remains to mollify each v; at scale & > 0 in order to
obtain v; . satisfying

vie € C2°(§2) whenever & > 0 is small enough,
(3.177)
Vie —vj, ase — 0T, in the W,"” (£2)-norm.

The second property above follows by controlling the mollifiers by the Hardy—
Littlewood maximal operator, making use of the A ,-weight condition (2.362), and
Muckenhoupt’s theorem. Of course, (3.177) suffices to end the proof of (3.173).
Finally, in the case when £2 is replaced by R” \ £2, the idea is to work with a
suitable truncation of u € W,"”(R" \ 2) (specifically, Yu with y € C2(Bg(0))
satisfying ¥ = 1 near 2, where R > 0 is large and fixed, in the case of (3.172),
and with the sequence ¥ (X /j)u(X) where j € N in the case of (3.173)) and then
apply the results proved in bounded Lipschitz domains. O

Let us now discuss a related version of the trace map (3.100), namely

Ku

37}()5](51;1—1' (3178)

Try—1(u) 1= {

In the case of a Lipschitz domain, the unit normal v has only bounded, measurable
components, hence taking iterated normal derivatives requires attention. It is

however natural to define for each k € {0,...,m — 1}
o (Zg 3/9 )k‘ (3.179)
— = : X i .
al)k = / / E=v
i.e., set .
d k!
aTZ:: Yo S Tu. 0k <m—1, (3.180)
la|l=k ~°

where Tr is the boundary trace operator from Theorem 2.53.
Compared to (3.100), a distinguished feature of (3.178) is that the latter has fewer
components. More specifically, while tr,,—; () has

m—1

3 (” th- 1) (3.181)
n—1

k=0
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components, Tr,,—;(«) has only m components. It is then remarkable that the two
trace mappings, tr,,—; and Tr,,—;, have the same null-space. This, as well as other
properties of the trace operator (3.178) are established in the theorem below (which
should be compared with Theorem 3.4).

Theorem 3.18. Suppose that §2 is a bounded Lipschitz domain in R", fix m €N,
and assume that 0 < p,q < oo and (n — 1)(% — 1)+ < s < 1. Then the following
properties hold.

(i)

(ii)

(iii)

The null-space of the mapping (3.178) acting on the Besov scale is
{“ € By i1y (2) Trpoi(u) = 0} =By - (2). (3182

The image of the mapping (3.178), Trm—l[B;Z’Z1+s+1/p (.Q)], may be charac-
terized as follows:

Fix1<p*< (% — nSTl)_l if p <1, and set p* := p in the case when p > 1.
For a family (g0, g1, - - -, gm—1) of functions from L'(082) set fo. 0) := &o
and, inductively, if {f,}|y|<ec—1 have already been defined for some { €
{1,...,m — 1}, consider

a! [8]! [pelt [0]!
Jo = Vagﬁ‘ﬂ Z S o Vite (Vianfute)j, YaeNj: laf =4,
o ]
161=1]

(3.183)

where the subscript j stands for the j-th component. Then there exists a
function u € B;Z’z1+s+1/p (82) such that Trp— (1) = {gk yo<k<m—1 if and only if

fo € LT (0R2) for || <m—2, and f, € BP9(382) for || =m — 1.
(3.184)
When equipped with the quasi-norm

(doskzmt > o el oo+ D0 Wallgprge, (3189

|| <m—2 la|=m—1

where the fy’s are constructed from the g ’s using the algorithm described in
part (ii), the space Try,—; [B)Z’Zl+s+l/p(.§2)] becomes quasi-Banach, and there
exists a linear and bounded operator

E: Trm—l[B;Zf1+s+1/p(9)] - BerI-FS-I—l/p(Q) (3.186)

which is universal (in the sense that it does not depend on p, q, s) and with the
property that

Tty—1 0 E = I, the identity on Tr—[B),, ., (2)]. (3.187)
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(iv) Similar results to those described in parts (i)—(iii) are valid for Tr,,—; acting
on Triebel-Lizorkin spaces, if

0< p.g<oo and (n—l)(%—l)+<s<1. (3.188)

Specifically, the following three properties hold. First, a family of functions
(80,81, .., 8m—1) from L' (382) belongs to the image of Tt,,_1, acting on the
space Fn];flﬂﬂ/p(ﬂ), if and only if

fo € LY (0R2) for || <m—2. and f, € BPP(3) for |a| =m—1,

(3.189)
where the f,’s are constructed from gy, g1, . . ., @m—1 using the same algorithm
as before.

Second,
{u € FP iy (2) 1 Trumi(u) = o} = FP L, (2). (3.190)

if, in addition to (3.188), one also requires that min {1, p} < g < oo.
Third, the space Tr,—; [prl-l-s-l—l/p(g)] becomes quasi-Banach when

m
equipped with the quasi-norm

{gk}Osksm—l'_) Z ”f”‘”L{’*(aQ)+ Z ||fa||3f~”(39)’ (3.191)

la|<m—2 la|=m—1

where the f,’s are constructed from the gi’s using the algorithm described in
part (i1), and there exists a linear and bounded operator

E: Trm_l[Fn];fl-l—S-l-l/p(Q)] - Frzi{l-l-s-l—l/p(g) (3.192)

which is universal (in the sense that it does not depend on p, q, s) and with the
property that

Tr,—1 0 E = I, the identity on Trm—l[Fpi]1+s+1/p(‘Q)]' (3.193)

m

Proof. We claim that, for p, g, s as in the background hypotheses in the statement
of the theorem, there holds

{u € Bl i1y (2): Toui () = o} (3.194)

— {u I B;ﬁ’zl+s+l/p(9) : trm_l(u) = 0}
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Indeed, this is a consequence of the fact (seen from Proposition 3.5) that the
assignment

BI02)3 f = Uahznt = { D gv )

la|=k

1 m
otamt € [L (89)]

(3.195)
is one-to-one. In turn, (3.194) and (3.128) prove (3.182).
Let us now turn to the characterization of the image of the operator (3.178) acting

on Brﬁf1+s+1/p(9)' To this end, assume first that g € L'(0£2),0 <k <m — 1,

inductively proceeding as in (3.183), satisfy the conditions listed in (3.184). Then
by proceeding as in the proof of Theorem 3.4 we obtain that

: k!
f= b =m— € BN, (02) and g = ) —vfu, 0<k<m—1,
o

la|=k
Hence, if with & as in Theorem 3.9 we set (3.136)
wi=&feBr () (3.197)
it follows from (3.104), (3.178), and (3.196) that
{8k o<k <m—1 = Trp—1(u). (3.198)

This proves that the family {gx}o<k<m—1 belongs to the image of the map-
ping (3.178).

Conversely, assume that {gx }o<k <m—1 = Try—1 (1) for some u € Brﬁfl+s+l/p (£2).
Then much as in (3.57) we obtain that, for each ¢ € Njj with |a| =€ <m — 1,

Ja

Vg + Y E—', VP (vﬂTr(a“u) -~ v“Tr(aﬂu))

|
v¥ge + Tr(0%u) — v“( Z 6_' vﬂTr(aﬂu))
IBl=¢ ©"

= Tr(d%u), (3.199)
by virtue of (3.178) and the multinomial identity
e g 20
Z = lv]? = 1. (3.200)
lBl=¢ "

Consequently, f, € B/(382) if |o| = m — 1 and f, € L? (382) for || < m —2,
thanks to (3.199), Theorem 2.53 and embeddings. This finishes the proof of the fact
that (3.184) characterizes the image of the operator (3.178).
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Moving on, it is clear that Trm_l[B£f1+S+l/p(.Q)] becomes a quasi-Banach
space when endowed with the quasi-norm (3.185). To construct a universal linear,
bounded right-inverse E for Tr,,—; as in (3.186)—(3.187), we set

E({gktoskem—1) == Ef, (3.201)

where f = { fo}a|<m—1 With f,’s constructed from the g;’s using the algorithm
described in part (ii), and & as in Theorem 3.9. That this does the intended job then
follows from (3.197)—(3.198).

Finally, the arguments in case of the Triebel-Lizorkin scale are similar. For
example,

fue Bl (2 Tomi ) = o (3.202)

= ue Bl 1),(2) 1 i () = 0f

whenever the indices p, ¢, s are as in (3.188) and, in addition, min {1, p} < g < oc.
Thus, (3.190) follows from (3.202) by invoking (3.126). This finishes the proof of
the theorem. O

The special case m = 2 of Theorem 3.18 (in which scenario Tr,,—; becomes Tr)
deserves to be stated separately.

Corollary 3.19. Assume that 2 C R" is a bounded Lipschitz domain and denote
by v the outward unit normal to 052. Also, suppose that the numbers p,q, s satisfy

0<pg<oom—D(L-1), <s<LFxl<p*<(I-2)"ifp<1 and

set p* := pif p > 1. Then the operator

qu+1(.Q)—> X where

2= {(g0.81) € LT (02) ® L (02) : Viango + g1v € (B/1(392))"}  (3.203)

and Tri(u) := (Tru, v-Tr(Vu)), Vue Blp_f i (2),

is well-defined, linear, bounded, onto, and has a linear, bounded right-inverse.
Above, the space {(go,gl) eL’ (02)BLP" (02) : Viango+g1v € (Bj’*‘f(a.Q))”}

is considered equipped with the natural quasi-norm
(go. g1) — ”gOHL‘l”*(BQ) + 11811l Lr* 92y + IVian&0 + &1Vl praaayys  (3.204)

with respect to which the space in question becomes quasi-Banach. Furthermore,
the null-space of the operator (3.203) is given by

Ker Tr; := {u € qu+1 (82): Tru=v-Tr(Vu) = O} Bf+q+1 (£2). (3.205)
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Finally, similar results are valid for the Triebel-Lizorkin scale, i.e., for

. P4
Try : Fl+s+%(9) — % where

Y = {(g0.g1) € LV (302) ® L”" (32) : Vingo + g1v € (B (32))"}
(3.206)

and Tri(u) := (Tru, v-Tr(Vu)), Yuce Flﬁi+%(.§2),

provided p,q < oo. In this scenario, the null-space of (3.200) is given by

KerTr; := {u € Flp:i+%(.§2) cTru=v-Tr(Vu) =0} = F1p4’_‘1+%’z(9) (3.207)

granted that also min {1, p} < q < oo.

Proof. This follows from Theorem 3.18 specialized to the case m = 2, upon
observing that the f,’s from part (ii) of the statement of Theorem 3.18 are given
by

Jo...0) == go and fej =181+ (Viango); foreach j e{l,...,n} (3.208)

(cf. (3.183) with £ = 1). o

Remark 3.20. Regarding the nature of the space appearing in (3.203), let us note

that since multiplication with functions from B" "/*9(32) N L*°(3£2) leaves
BI(0£2) invariant (cf. § 4.9.2 in [107]), we have

{(g0.81) € LI (92) & L” (02) : Viungo + g1v € (BL4(02))")
= B(022) & B (0R2) (3.209)

whenever 92 € C" with r > 1+ .

Let us now discuss the following result which, in the particular case of
unweighted Sobolev spaces (i.e., when a =0), answers the question raised
by J. Necas in Problem 4.1 on p. 91 of [98].

Corollary 3.21. Let §2 be a bounded Lipschitz domain, and fix m € N. For every
pe(l,o0)anda € (—1/p,1—1/p) set

I/Iofam’p (82) := the closure of C°(82) in W, (£2). (3210
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Then, corresponding to a = 0,

WP (2) = FLA(82), (3.211)
and
m.p Fu
ue W, "(£2) and — =0 ondf2 for 0 <k <m-—1
vk (3.212)

= ue WIN(R) = ue W) and trm_i(u) = 0.

Proof. The equality in (3.211) is a consequence of (3.190), (3.159), (2.200),
and (3.202). In a similar manner to (3.202), we also have

{u € WMP(2) : Tty (u) = o} - {u € WMP(2) : ttyey (1) = o}.

(3.213)
Based on this and Theorem 3.17, the equivalences in (3.212) follow, and this finishes
the proof. O

In turn, Corollary 3.21 is the key ingredient in the proof of the following result.

Theorem 3.22. Let 2 be a bounded Lipschitz domain in R". Then for each index
p € (l,00), eacha € (—1/p,1 —1/p), and each k,m € Ny,

W (@) = fue Wi (@) 0 WEN(R): 0ue W),

VyeN, Iylzk}. (3.214)

Proof. Letu € Vf./§+m’p(9). Then clearly
we WP () N Wk (). (3.215)

In addition, using the definition of the space I/I<)/§+’7"’7 (£2) it follows that there exists
a sequence of functions {u;};en € C°(§2) such that u; — u in %k+m’p(9), as
Jj — oo. In particular, for every y € Njj with |y| = k there holds

u; — 0"u in WP (82) as j — oo. (3.216)

Since for each j € N and each y € Nj we have 0"u; € C>°(£2), (3.216) and the
definition of I/IO/Z"’p (£2) guarantee that

OueWwnr(2). YyeN! suchthat |y| = k. (3.217)
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Combining (3.217) and (3.215) we obtain that the left-to-right inclusion in (3.214)
holds.

There remains to establish the right-to-left inclusion in (3.214). To this end, pick
a function u such that

we WIHP(Q2) N WEP(Q) and 0ue WIP(R), Yy e N, |y| =k.
(3.218)
Keeping in mind that u € Wak+m’p (£2), it follows from (3.212) that the membership

of uto I/I<)/§+m’p (£2) is equivalent to
Tr[0%u] = 0, Vo € Ni suchthat |o| <m +k—1. (3.219)

With the goal of proving (3.219), first notice that, on the one hand, the last condition
in (3.218) implies (thanks to (3.212)) that

Tr[aﬂ(ayu)] =0, VB,yeNj suchthat || <m —1 and |y| =k, (3.220)
hence

Tr[9%u] = 0, Va € NJ suchthat |e| € {k,...,m+k—1}.  (3.221)

On the other hand, the first condition in (3.218) ensures that u € I/Io/];’p (£2), and thus,
by once again appealing to (3.212),

Tr[9%u] = 0, Vo € N} suchthat |e| € {0,...,k —1}. (3.222)
Altogether, (3.221) and (3.222) give that
Tr[0%u] = 0, Va € Ny suchthat |of <m+k—1, (3.223)

which, in the light of (3.212), proves that (3.219) holds, as desired. This shows that

ifuisasin (3.218)thenu € I/f./§+m’p(9). Thus, the right-to-left inclusion in (3.214)
holds, and this finishes the proof of the theorem. O

Moving on, we shall now state and prove a lifting result which is going to be of
importance later on.

Proposition 3.23. Let 2 be a bounded Lipschitz domain in R". If m € N, 0 <
p.q < ooandmax(l/p— 1,n(1/p— 1)) <s < 1/p, then

0%u € BP1(§2) whenever |o| <m = u € Bspfm(.Q)

(3.224)
and ”u”B.{)-fm(Q) <C(£2,p.,q.s,m) Z ||aau||Bsp»q(9).

|oe|<m
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Furthermore, a similar result holds for the scale of Triebel-Lizorkin spaces in S2 if,
in addition, min {p, 1} < q.

Proof. To prove (3.224), assume that u € B}*?(£2) has a suitably small support and
satisfies 0%u € B!(£2) for each multi-index « of length < m. Via a localization,
(outward) translation and mollification, one can construct a sequence of functions
u; € C®(2), j €N, such that

0%u; — 0“u in BP9(§2) as j — oo, (3.225)

for all « € Nfj with |e| < m. Upon recalling Calder6n’s extension operator &,
from (3.135), we may then estimate

. X < P — K
luj = uillgre (@) < Im(u; —wo)llgre

=C Z 0% — 0%ui|l gra)- (3.226)

loe|=m

Above, the first inequality follows from (3.140) and (2.213), whereas the second is
derived much as in (3.143). It is here that the smallness assumption on smoothness
index s is used (cf. Proposition 2.31). Since, from (3.225), {0%u;}; is a Cauchy
sequence in B{(£2) for every o with || < m, we see from (3.226) that {u;}; is
also a Cauchy sequence in B/ (£2). This forces u € B,’{ (£2), as desired. The

m m
estimate in (3.224) is also implicit in what we have proved. O

Moving on, we record a useful result, modeling in abstract the effect of
constraints on the real and complex interpolation methods at the level of quasi-
Banach spaces. The reader is referred to [85] for a proof. Similar results for the
complex method on Banach spaces may me found in [72, Theorem 14.3 on p.97]
(cf. also [58]).

Proposition 3.24. Let X;, Y;, Z;, i =1,2, be quasi-Banach spaces such that
X1 N X, is dense in both X, and X,, and that Z, N Z, is dense in both Z,
and Z,. In addition, suppose that

Yi — Z; continuously, for i = 1,2, (3.227)
and that there exists a linear operator D such that
D : X; — Z; boundedly, for i =1,2. (3.228)
Define the spaces
Xi(D) = {u €X;,: Due Yi}, i=1,2, (3.229)

and equip them with the natural graph quasi-norm, i.e.,

lullx; o) = llullx; + [ Dully,., i =12 (3.230)
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Finally, suppose that there exist continuous linear mappings
G:Zi— X, and K : Z;, — Y;, i=1,2, (3.231)
with the property that (with I denoting the identity)
DoG=1+4+K on Z;, fori=1,2. (3.232)
Then, for each0 < 6 < 1 and 0 < g < oo, there holds

(Xl(D), Xz(D)) = {M [S (X17X2)9,q : Due (Yl, Yz)gqq}. (3.233)

b.q

Furthermore, if the spaces X| + X, and Y, + Y, are analytically convex, then also
[X1(D), X5(D)], = {u € [X1. Xa]s : Du € [Y1,Ya]s}, 0 €(0,1). (3.234)

The above proposition is useful in establishing the interpolation result described
in our next theorem.

Theorem 3.25. Let §2 be a bounded Lipschitz domain in R" and pick m € N. If

Ph<p<oo, (n=D(5-1), <su.n<1, si#s,

(3.235)
min{l, p} < ¢.41.q> <00, 6€(0.1), s=(1-0)s1+0s,
then
(an’zll+s1+l/]1(‘9) s an’z21+s2+1/]7(9))0,q - Bf”’z1+s+l/]7(9)' (3236)
Also,
(Bfn’zll+s1+l/P(‘Q) s B;Z,zzl+‘v2+l/ﬁ(9))9,q - B’f{zl-l-s+l/P(‘Q)7 (3237)
provided
th<p<oo, (m=D(3-1), <sun<l, si#s,
(3.238)
0<¢q,q91,q2 <00, 0¢€(0,1), s=(1—0)s + 0Os,.
Furthermore,

[F*pﬂl;qll-‘rsl'f'l/m(g)’ Fr]:12;qlz+sz+l/pz(9):|9 = Fr];’zl+s+l/p(9)’ (3.239)
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granted that
—1 1 .
= < p1, p2 < 00, (n—l)(;—1)+<s,-<1f0rz:1,2,

min{l, p;} <¢q; <ocofori =1,2, 0€(0,1), s=(1—0)s; + 0Osy,

1 _1=60 4, 06 1 _1=60 4 6
and P m Twm T a Ta
(3.240)
Finally,
B (@) BE (@) = BIL,(2) (B.24D)
in the case when
=1 < pi,p2 < 00, (n—l)(%—1)+<si <lfori =1,2,
0<qi,g2o<00, 0€(0,1), s=(1—-0)s1+6s, (3.242)
1 _1=6_, 6 1 _1=60 4 6
and P m Twm T @ Ta

Proof. Consider (3.236). The idea is to implement the abstract interpolation result
from Proposition 3.24 in a suitable setting. Concretely, fori = 1, 2, define

Xi=Fph, 0,2, Yi={0}, Z = Bl (092), (3.243)

set K := 0 and, in the notation employed in Theorem 3.9, take
D :=tr,—; and G :=§&. (3.244)

Theorem 3.9 guarantees that conditions (3.231)—(3.232) hold for these choices.
Furthermore, the spaces defined abstractly in (3.229) now become

Xi(D) = fue FP4, )y (2): thyiu=0)
= Fol 1,2, i =12, (3.245)

by Corollary 3.16, whereas

{u e (X1.X2)04 : Due (Y1,Y2)g4}

= {” € (Folipanp () Bty (2))g ¢ trmmiu = O}
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— P4 . —
= {u € Bm—1+s+1/p(9) Dty u = 0}

= Bz’zl+s+l/p(9)’ (3.246)

by (2.221) and (3.171). Having established these, (3.236) now becomes a conse-
quence of (3.233), (3.245), and (3.2406).

Finally, all other interpolation formulas in the statement of the theorem are
established analogously. O

In the last part of this section we include a result to the effect that gluing equally
smooth functions defined on both sides of a Lipschitz interface and which have
matching traces on this surface produces a globally smooth function in R”.

Proposition 3.26. Given a bounded Lipschitz domain §2 C R", consider the sets
24 = .Q and 2_ = R" \ Q. Fix m € N and assume that the numbers p.q,s
satisfy "— < p < oo m—=—1)(1A/p—1)1 <s <landmin{l, p} < g < oo. Also,
let the functtans ut e F (821) be such that

l+S+l/p
tty—1 (ut) =ty () in BLT L (092). (3.247)
Then, if
ut(x) forx e Ry,
u(x) = (3.248)
u (x) forxe$2_,
it follows that u € F l+S+l/p(Rn) and
||u||Fm 1s+1/p R ~ ||Fm 1hs1/p (S24) + ™ ||Fm 1s+1/p(82=) (3.249)

Furthermore, a similar result is valid for the scale of Besov spaces in §24,
granted that the indices p, q, s satisfy ”n;l <p<oo,(n—D(/p—1Dr<s<1
and (0 < g < oo.

Proof. Since by hypothesis u* € Fm Its+1/p (£24), Theorem 2.29 ensures that

pa
there exists a function Ut € Ff l+s+l/p(Rn) such that U |o, = u' and the

inequality ||U+||qu <2|ut ||F P () holds. If we now define
P

1s+1/p & —
vi=UT|g —u" in £2_, (3.250)
then

m

ve F L, (822, (3.251)

+ —
||v||Fm 1s+1/p (82— )= (||u ”E:ﬁ1+.\v+1/,,(9+) + fu ||anf1+A+1/p(9—))’

(3.252)
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and
-1 v = trn1—l(U-|—|.(2.:,.) - trm—l(u_) = trm—l(u-i—) - trm—l(u_) =0. (3.253)

According to Theorem 3.12, if

v(x), ifxef2_,
v(x) = . (3.254)
0, ifxeR"\ $£2_,
thenv € F4 1+v+1/p(R ) and ||V||FI"11+ @D = C||v||Fm a1 (@2)° Note that
ut(x) forx e 2y,
Ut(x)—v(x) = (3.255)
UTlo_(x) —v(x) forxe £_,

or, equivalently, U+ — \7 = u. Since both U* and ¥ belong to F”" 1+v+1/p(Rn)’ we
also have that u € F”" (R™). Moreover,

m— l+s+l/p
lullgra, \ @y = 00T =Fllgra oy (3.256)
=1 ” Lot ® +v ”F s ®

< 2t ”F @) T V2 s p ()

N -
= Clu ||Fn€ﬁ1+.\'+l/p(9+) + Cllu ”F,ﬁw.\vﬂ/p(g—)‘

This establishes one direction in the equivalence (3.249). Conversely, by the
continuity of the restriction operator -| o, , we have that

lu* || et (24) + flu” ”F (@) = C||u||Fm 1st1p (R (3.257)

In concert with (3.256), this ultimately yields (3.249). The proof for the scale
of Besov spaces is carried out analogously, and this completes the proof of the
proposition. O

We conclude by recording the following consequence of Proposition 3.26.

Corollary 3.27. Assume that 2 C R" is a bounded Lipschitz domain. Fix a
bounded neighborhood O of 2 and assume that m € N, and that the numbers
p.q,s satisfy =— < p <oo,(n—1)(1/p—1)4+ <s < landmin{l, p} < g < oc.
Then there extsts a linear, continuous operator

& Bzzfl+s(89) - Fm q1+y+1/p(Rn) (3.258)
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such that, if 24 1= Q and 2_ := R"\ 2, then for every f € B,Z "H‘(ag) one has

supp (/) € 0 and -1 (6 floy) = f = twa-1(Efla0). (3.259)

Moreover, a similar result is valld for the scale of Besov spaces in R", granted
that the indices p,q,s satisfy =— < p < oo, (n —1D)(1/p—1)4 < s < 1 and
0<g < oo

Proof. This is proved by gluing together, with the help of Proposition 3.26, the two
extension operators from Theorem 3.9 corresponding to £24 and §2_ (with the latter
further truncated by some v € C°(0) with ¢ = 1 near £2). O

3.4 Whitney-Hardy and Whitney—Triebel-Lizorkin Spaces

The goal of this section is to systematically develop a function theory for Whitney—
Hardy and Whitney—Triebel-Lizorkin spaces on Lipschitz surfaces. To set the stage,
consider a bounded Lipschitz domain §2 in R” and, for 1 < p < coand0 < s <1,
abbreviate

LP(082) := FF2(32), (3.260)

which, by (2.421), is in agreement with the notation already employed for s € {0, 1}.
Going further, we also define

L 1,02) = {f = {fiaiznm € CC: (3.261)
fu € LP(382) forall | <m — 1},
and equip this space with the norm

1A ooy = D fallzgay (3.262)

|| <m—1

Once again, the notation for L” _ 1.5(0§2) is consistent with that used for the
spaces (3.3) and (3.7), which occur fors =0 and s = 1, respectively.
A natural continuation of the Whitney-Sobolev scale L/ _, |(952), originally

defined for I < p < oo, to the range p e (u 1] can be constructed using Hardy—
Sobolev spaces. More specifically, if == < p < oo, set

R 1 (082) = {f = {fa}la)zm—1 € CC : (3.263)

fu € hP(082) forall o] <m — 1},
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endowed with the quasi-norm

”f”hf,’l_l,l(ag) = Z I falln? a2y (3.264)

loe|<m—1
where 17 (3£2) is as in (2.423). Clearly,
W 02)=L0_, ,(02) if 1< p<oo. (3.265)

Finally, it is convenient to introduce an even larger scale of Whitney arrays, based
on Triebel-Lizorkin spaces. Concretely, for p, g, s as in (2.415)—(2.416), we define
the space

F,,]Z_qls(ag) = {f = {fa}\a\sm—l eCC:
fu € FP09) forall lo] =m =1}, (3.266)

equipped with the quasi-norm || f [l jra

m—1.s

@2 = Lialzm—t [fellppeog)-

Various useful characteristics of the ordinary (scalar) Triebel-Lizorkin spaces are
inherited by their Whitney array versions, and several properties of this nature are
collected in the proposition below.

Proposition 3.28. Let §2 be a bounded Lipschitz domain in R" and fixm € N. Also,
recall the set O introduced in (2.489). Then the following claims are true.

(i) One has

FP? (0£2) = LP? (082) whenever 1 < p < oo and s € {0,1}.

m—1,s m—1,s
(3.267)
(ii) Forevery p,q,s asin (2.415)—(2.416) one has
BPmMPB(9Q) s EPYL (992) <> BT (302). (3.268)

(iii) For any two triplets (po, qo, o), (P1,q1,51) belonging to the set U one has

EP® (32) s FPY1 (32)  continuously, with dense range,  (3.269)

m—1,s0 m—1,s1

whenever
either py < p1 and L — 3o =

1 51
Po n—1 1 n—1-

(3.270)
or po=pi, qo=<¢q1 and sy =s].

(iv) For any two triplets, (p, qo, So) and (p, q1, 1), belonging to the set O one has

FP (32) < FP! [(082) whenever sy > s1. (3.271)

m—1,s0 m—1.,s
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Proof. The identification in (3.267) is a consequence of (2.421), (3.266), (3.3),
and (3.7). Also, (2.154) readily translates into (3.268), while the claims made in
parts (iii)—(iv) are immediate consequences of Theorem 2.17 and (2.153). O

In the next segment we shall discuss certain trace results involving some of the
spaces just introduced. To set the stage, for a sufficiently nice function « defined in
£2 set

m—

u)ml(X) = {(aau)tm Do e N with Jo| <m— 1}, (3.272)

where the boundary traces in the right-hand side are taken in the sense of (2.59).

Proposition 3.29. Let 2 be a bounded Lipschitz domain in R" and m € N. Then
whenever a function u € C*®(82) is such that N (V" 'u) € LP(082) for some
p € (0,00), and

m—1
u) exists, (3.273)
E1?)
it follows that
" S I 3.274
<
1 — ;0 1A (V)L o). (3.274)
In addition,
u a; S L,‘;_I,O(aﬂ) whenever 1 < p < 0. (3.275)

A sufficient condition that guarantees (3.273) is that the function u € C°°(82) is
such that Lu = 0in 2 and A (V" 'u) € LP(082) for some p € (0, 00), where L is
a homogeneous, constant (real) coefficient, symmetric, strongly elliptic differential
operator of order 2m.

Proof. First, (3.274) is a simple consequence of (3.273) and definitions. Next,
assume that I < p < oo. In order to prove (3.275) it suffices to show that, for
each u € C*®(£2) such that A4 (V" 'u) € L?(382) and (3.273) holds, we have

fo= u)m ecc, (3.276)

m—1
i.e., that the components of u
2

From (3.274) we know that

satisfy the compatibility conditions (3.2).

Jo = (8‘)‘u)tm € L7(082), foranya e Nj with o] <m —1, (3.277)
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and, foreach 1 < j,k <nandy € N, |y| < m — 2, we may write

0, =0 [0] ] =l

=V fyter = Vi Sfr+e;- (3.278)

Above, for the first and third equality we used (3.277) while the second one follows
from (2.109). Thus, (3.276) holds.
Finally, assume that L is a differential operator as in the statement of the
proposition, and that u € C*®(§2) has A (V" 'u) € L?(3£2) for some p € (0, c0).
m—1
Then the almost everywhere existence of u o is a consequence of the unique
solvability of the L2-Dirichlet problem for L in £2, and a well-known approximation

scheme. The aforementioned well-posedness result can be found in [128] which, in
turn, further builds on the work in [104]. O

Proposition 3.30. Let §2 be a bounded Lipschitz domain in R". If u € C*°(£2) is
such that N (V"u) € L?(382) for some p € (*=L,00) andm € N, then

n

m—1
u

m—1 .
ul o Eh,‘;_l,l(aﬂ) and

ae b _ 62 —

< CY AV w)lLroe).
j=0
(3.279)

Proof. We start by fixing p € (”n;1 00), m € N and a function u € C*°(£2) such

that A (V"u) € LP(382). Set f = u‘;ng Jie., fo 1= (B“M)LBQ for each multi-
index ¢ € Nj with || <m — 1.If 1 < p < oo, Proposition 2.15 applies and gives
that f, € L7(3£2) for each multi-index @ € N2 of length < m — 1. Much as in
the proof of Proposition 3.29, f € CC and, consequently, (3.279) holds whenever
1 <p<oo.

In the case in which p € (”n;l, 1], Proposition 2.60 yields

fu €hP(32), VaeN:, |af <m-—1. (3.280)

Therefore, in order to conclude that (3.279) holds in the current case, we are left with
establishing that f € CC. Since (2.109) requires p > 1, we can no longer argue as
in (3.278). However, in this case, applying Proposition 2.3 we may conclude that

o _ 42
ue€ W"im(2) = F, 7 i,

. n R n—1
(2), where g := %, s:=1-— o (3.281)
Hence, using (3.105) from Theorem 3.9, we obtain that tr,,—i (1) € Bj,?, (3£2).In
particular, tr,,—ju € CC. Finally, in the light of the remark following the statement

of Theorem 2.53, f =u,, = tr,,—1 () and, hence, f € CC as desired. O
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The limiting cases s € {0, 1} in Theorem 3.9 fail in the general setting of
all bounded Lipschitz domains. Nonetheless, if suitable addition information is
available, then certain versions of (3.105) do hold, and we next wish to elaborate
on this issue. As a preamble, we shall prove a result relating the membership of
a function to the Triebel-Lizorkin scale to the integrability properties of its non-
tangential maximal function.

Proposition 3.31. Let §2 be a bounded Lipschitz domain in R" and assume that L is
a homogeneous, constant (real) coefficient, symmetric, strongly elliptic differential
operator of order 2m. Also, fix k € Ny, ”n;l < p <2and0 < q < oo. Then there
exists C > 0 with the property that

m—1+k
Z:o A (V)| Lrog) < Clullgre vy @ (3.282)
j=
foreachu € Fn];i]l+k+l/p(9) N Ker L.

Proof. Using estimates similar to (2.508), it suffices to prove the following seem-
ingly weaker version of (3.282):

va—l+k <C »
1A ( Wlleroe) = Cllullgra @)

(3.283)
Yue F}ﬁfHkH/])(.Q) NKerL.
With this goal in mind, recall the area function
1
o (u)(X) 1= (/ [Vu(Y)|>p(Y)*™" dY)z, X €082, (3.284)
R (X)

where k > 0 is some fixed parameter, and p is the distance to the boundary. As
proved in [31], for every 0 < p < oo there exists a finite geometric constant C > 0
such that

m—1

1A (V"R [Lrae) < Cll? (V" ) [ Lrag) + C DIV ulliq).
j=0
(3.285)

If {Q;}; is a Whitney decomposition of §2 into Euclidean cubes Q ; of side-length
[(Q ), we may then estimate

/8 i (JZ%(V’”_Hku)(X))pdcr(X) (3.286)

L
2

- /39 (/Q p(Y)Z_n|Vm+ku(Y)|2X{YeRK(X)}dY) dO'(X)

L
2

- /BQ(Z/Q p(Y)z_n|Vm+k”(Y)|2X{YeRK(X)}dY) do(X)=:1.
j Y9
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If the points Y € Q; and X € 042 are such that Y € R.(X), then X € A;, where
Aj is the “cone shadow” of QO on 082,ie.,A; :={X €02 : R(X)N Q; # 0}.
In particular, 0(A;) ~ [(Q;)"~!, uniformly in ;.

Assume that 0 < p < 2. Then (with barred integrals indicating averaging) we
have

ya
15/ Z(/ p(Y)Z_n|Vm+k“(Y)|2X{YeRK(X)}dY)zdcr(X)
T NV,

117
< Z]:/A, [Z(Qj)(][Q.|vm+ku|z)2] do

J

<C ZZ(Qj)n—l+pr*|vm+ku|P <C L[pl—%|vm+kul]p
j ;

P
= CHMHH,ILlJrHl/p(Q;L) = C”“”Fﬂwwlm(m’

(3.287)
provided % > n(% — 1) (or, equivalently, p > ”n;l). For the second inequality
in (3.287) we have used the fact that the function V"% € Ker L satisfies the
reverse Holder inequality

(][Qj|Vm+ku|2)% < C(][Q}kwm”‘uv’);, (3.288)

where Q;k is the concentric double of Q ;. Moreover, the fourth inequality relies
on the fact that the Q;‘ ’s have bounded overlap. Let us also point out that the next-
to-last estimate in (3.287) follows straight from definitions when 1 < p < 2, and
is a consequence of Lemma 2.37 when ”n;l < p < 1. Finally, the last estimate
in (3.287) is implied by Theorem 2.41.

The above argument shows that ||.«7 (V"' u)|| 1r50) < C”“”Eﬁ’qwkﬂ/ @)
for some finite constant C independent of u. Since we also have the embedléling
Fl71(82) = L"7/"=D(£2), the estimate (3.283) now follows from Theorem 2.41.

|

Our next result addresses the converse direction discussed in Proposition 3.31,
i.e., passing from non-tangential maximal function estimates to membership to
Besov spaces.

Proposition 3.32. Let §2 be a bounded Lipschitz domain in R" and fix p € (1,2].
Also, let L be a homogeneous, constant (real) coefficient, symmetric, strongly
elliptic system of differential operators of order 2m. If k € Ny and the function u is
such that Lu = 0 in 2 and A (V" 'Fky) € LP(082), then u € BZEl+k+l/p(‘Q)’
plus a natural estimate.
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Proof. Working with V¥u in place of u (and relying on the lifting result from
Proposition 2.24), it suffices to consider the case k = 0 only. Assuming that this
is the case, let u be as in the hypotheses of the theorem and, for an arbitrary multi-
index y with |y| = m — 1, set v := 9”u. Our aim is to show that v € Blp/’;([?)
since, granted this, Proposition 2.24 yields the desired conclusion. The strategy is to
combine the result established in Lemma 2.34 with the area-function estimate from
[31]. Specifically, we shall employ the result from Lemma 2.34 in the case when
g =2and 0 :=1—1/p (where p € (1,2] is given). As such, the focus becomes
estimating, in terms of the non-tangential maximal function of V"4, an integral
of the form

0

[ / , ( / r IV(x', p(x') + 5)[%s ds)p/z dx’]Z/p, (3.289)

where r > 0 is a small number with the property that B,(0) N 952 is part of the
graph of some Lipschitz function ¢ : R"~! — R, assumed to satisfy ¢(0) = 0. To
this end, we first claim that

[ ey ropsas<c [ vuzpasz.aeraz.
0 R/ (")
(3.290)

uniformly, for (x’,¢(x")) € B,(0) N 352. To justify the inequality (3.290), fix
(x’,o(x")) € B,(0) N 082 and note that there exists a number A > 0 such that
Bys(x,o(x") +5) C Re(x',0(x")) for all s € (0, r). Using the fact that v is a
null-solution for the elliptic operator L in §2, interior estimates give that

IVv(x', (X)) + 5)* < c][B o )+)|Vv(Z)|2dZ, Vs e (0,r). (3.291)
s (X0 (x) 45

Hence, by choosing A small enough (relative to the Lipschitz character of £2), we
may write (for some 0 < ¢y < ¢; < 00)

r r
/0 Vo o) + $)Ps ds < C /0 sl / VU112 gty s A7 d
R (x . (x7))

o0
<C / |Vv(Z)|2(/ S TNz (7)) <As dS) dz
Re(x".p(x")) 0

¢y dist (Z,082)

sc [ war(f

sl ds) dzZ
co dist (Z,082)
Ry (x",p(x7))

=C / |Vu(Z)* dist (Z,082)> " dZ. (3.292)

Re(x".0(x"))
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This concludes the justification of (3.290).
Moving on, recall that, generally speaking,

(W) (X) = (/ . |Vw(Y)2 dist (Y, 952)> "dY)i X €92, (3.293)

K

is the area-function of w. Making use of (3.290) we may therefore estimate

r /2
/ ( / IVv(x, o(x') + 5)|%s ds)p dx’
Ix’|<r ~JO

2 1 2-n pi2 .,
<cC ( IV(Y)[2 dist (Y, 952) dY) dx
[x"]<r Y R (x",0(x))

<C ”JZ{(Vm_l”)”ip(B”(o)naQ)

< ClIAN V"W Lr@0) (3.294)

where the last inequality in (3.294) is due to [31]. Since the last quantity in (3.294) is
finite, Lemma 2.34 applies (in the manner indicated earlier) and yields that u belongs
to the Besov space B}ﬁfl Fk+1/p in a one-sided neighborhood of 2. Given that u is

a null-solution of L, this suffices to ultimately conclude that u € B,Z‘El k1) p([?)
(with quantitative control), as wanted.

The result below can be viewed as the limiting case s € {0, 1} of (3.105) in
Theorem 3.9.

Theorem 3.33. Let §2 be a bounded Lipschitz domain in R" and assume that L is
a homogeneous, constant (real) coefficient, symmetric, strongly elliptic differential
operator of order 2m, where m € N. Then the higher-order trace operator tr,,_
introduced in (3.100) extends to a bounded mapping in each of the following cases:

try,_y : F74 (.Q)ﬂKerL—>L5,_LO(8.Q), ifl<p=<2, 0<gq<o0,

m—1+1/p
(3.295)
and
th—1 2 Fyly ) (2) N Ker L — WY 082), if =L <p<2 0<gq<oo.
(3.296)
AS a consequence,
Wt 2 Fdy (2)NKer L —> L), 1 (382)
(3.297)

boundedly, if 1 <p <2, 0<g <oo0.
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Proof. The claim about (3.295) is a consequence of (3.282) with k = 0 and
Proposition 3.29. On the other hand, the claim about (3.296) follows from (3.282)
with k = 1 along with Proposition 3.30. Finally, (3.297) is a particular case
of (3.296). O

A related result is discussed below.
Theorem 3.34. Let 2 C R” be a bounded Lipschitz domain satisfying a uniform
exterior ball condition. Then, for each m € N, the higher-order trace operator

o1 F7y ), (2) — LD | (382) (3.298)

m—1,1

is well-defined and bounded whenever 1 < p < 2.

Proof. Since F”’:ﬁl/p([?) < F)ﬁ’_ZHHI/p(Q) forevery s € (0,1)and p € (1, c0),

Theorem 3.9 implies that tr,,—;u exists in B£f17s(89), 0 < s < 1, whenever the

function u € an’jl/p([?). In particular tr,—ju € CC for every u € Fn’;ﬁl/p(.Q).
Assuming that the bounded Lipschitz domain §2 satisfies a uniform exterior ball

condition and that 1 < p < 2, there remains to show that if u € anj 1p (£2) then
Tr (3°u) € L7 (3£2) for every multi-index o € N7 of length < m — 1.
Of course, as far as the latter claim is concerned, it suffices to treat the case when

m = 1, that is, show that the ordinary trace operator

2
Tr: Flijl/p(Q) — L7(32) (3.299)
is well-defined and bounded in the current geometrical setting, whenever 1 < p <
2. Now, on the one hand, it has been established in Corollary 2 on p.232 of [49]
that, if £2 is as in the statement of the theorem and 1 < p < oo, then

T FP7,,2)] = T FIG (@) nKer A (3.300)

On the other hand, by specializing (3.297) further to the case when L = A (hence,
m = 1) we obtain

Tr[Fffl/p(:z) N Ker A] = L7(0R) if 1<p<2. (3.301)
Altogether, (3.300)—(3.301) yield the desired conclusion about (3.299). O

Theorem 3.34 should be compared with Proposition 3.2 on p.176 in [58],
according to which the following is true. If 1 < p < 2 then there exists a bounded

C'! domain £2 in the plane and u € F{fl/p(.Q) such that Tru ¢ L{(3£2). On the

other hand, any bounded C'! domain is Lipschitz and satisfies a uniform exterior

ball condition. Hence, the conclusion in Theorem 3.34 holds for such domains.
Other classes of domains for which the conclusion in Theorem 3.34 is valid is

the family of bounded, convex domains, and the family of polygons in the plane.
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The issue of characterizing the space Tr[ 141/ p([?)] when 1 < p < oo and £2 is
an arbitrary bounded Lipschitz domain and, more generally, the trace of F nf +1/p (£2)
for m € N, is listed as Problem 3.2.20 on p. 121 of [68]. Related results are in [62]
Here we are able to prove the following.

Proposition 3.35. Let §2 be a bounded Lipschitz domain in R" and fix m € N. Then
the extension operator (from (3.113)) induces a bounded mapping

& LY

— 1Y(8.§2)—>FM (£2)

1+s+1/p (3302)

if 2<p<oo, 0<qg<o0, s €{0,1}.

As a corollary,

LD, (09) C e [anjl/p(m] if 2<p<oo and 0 <gq<oo. (3.303)

In particular,
LI(0R) C Tr[F{fl/ (:2)] if 2<p <oo. (3.304)

Proof. That (3.302) is bounded, follows from (3.113) and Theorem 4.24 (employed
both for £24 := 2 and 2_ := R" \ £2). O

The following proposition augments results established earlier, in Theorem 3.33
and Theorem 3.34.

Proposition 3.36. Let 2 C R” be a bounded Lipschitz domain and fix m € N. Then
the higher-order trace operator from (3.100) induces a bounded, linear mapping

o1z Bt ), (2) — EPY (092) (3.305)
whenever 1 < p <00,0<s <1land?2 <q < c0.
In particular,
1 B (2) — LD, (09), (3.306)
tr—1 : m+1/p(.§2) — Lm 11(082), (3.307)

are well-defined, linear and bounded mappings for each p € (1, 00).

Proof. The claim about (3.305) is a direct consequence of (3.100), Proposition 2.61,
and (3.266). In turn, the fact that the higher-order trace operator is well-defined, lin-
ear and bounded in the context of (3.306) and (3.307) follows by specializing (3.305)
to the case when s € {0, 1} and ¢ = 2 (keeping in mind (3.267)).
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For further reference, we conclude this section with a brief discussion of the
operation of multiplication between scalar functions and Whitney arrays belonging
to various smoothness spaces, in the sense of Definition 3.1. Our goal is to augment
Proposition 3.2 with the following.

Proposition 3.37. Assume that 2 C R" is a bounded Lipschitz domain. Then, for
eachm € N, the spaces

h? 1 (092), n
<qu (852), n—

m—1.s n

L < p < oo, (3.308)

= |

—_

<p=<oo, 0<g=<o0, (n—l)(%—1)+<s<l,

Fn’th(ag), ";1<p§oo,0<q§oo, (n—l)(M—l)+<s<l,
are all modules over C>°(R"), in the sense described in Definition 3.1.

Furthermore, if f := try,—1(u) where u € AP (82), with A € {B, F} and the
indices p,q, s as in Theorem 2.53, then

nf =t (u). (3.309)

m—1

If, in addition u has the property that u o

i

Proof. The claim made about the spaces (3.308) is a consequence of the compati-
bility condition (3.11), definition (3.9), and the fact that the scalar spaces hlp (082)
(cf. (2.423)), BI(082) and F/9(d82) are, for the indicated ranges of indices,
modules over C°(R")|50.

Next, (3.309) is going to be a consequence of the fact that multiplication of arrays
by a cutoff function (3.9) commutes with the multi-trace (3.100). More specifically,
we claim that if u € A7 (£2) with A € {B, F} and p, q, s as in Theorem 2.53, then

exists, then also

:;) - (nu)):;. (3.310)

N tm—1(u) = tru—1(nu). (3.311)

Indeed, for each o € Njj with || < m — 1, we have
(11 (), = Tr 3% 0]

=y WTr [(@m)]Tr[(07w)]
Bt+y=«a

= (ntp—1u)a, (3.312)

as wanted. Finally, (3.310) is proved in a similar fashion. O
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3.5 Interpolation

The first order of business is to prove a higher-order version of Proposition 2.57.
More specifically, for the Whitney—Besov scale we have the following.

Theorem 3.38. Let §2 be a bounded Lipschitz domain in R" and fix some m € N.
Also, assume that sy, s1 € Rand 0 < p < oo satisfy

(n—l)(%—1)+ <so# s <1, (3.313)

fix0 < 0 < 1landsets := (1 —0)sg+ 0s1. Then for every q, qo, q1 € (0, 00] there
holds ) ) )
(BNO 00Q), B2 (a.cz)) — B" (3Q). (3.314)

m—1,s0 m—1,s1 b.q m—1,s

Furthermore, if 0 < p;,q; < oo with min{qo, ¢} < 0o and sy, s; € R satisfy
(;1—1)(%—1)+ <si<l1,i=01, (3.315)
then for each 0 € (0, 1) one has

I:Bposqo (89), BPIJII (89)]0 = Bp’q (89), (3~316)

m—1,s0 m—1,s1 m—1,s

here s == (1 — 6 Os;, L =10 4 & gpgl =120 L &
W 5= )so + Os1, 5 2 T prond g o Ta

Proof. The starting point is the observation thatif 0 < p, po, p1, 4, g0, q1 < 00, and
0 € (0,1), 59,51 € R are such that sg # s1, and we set s := (1 — 0)so + 651, then
(cf. Theorem 2.32)

(BT (£2), BI'(£2))04 = BI(£2). (3.317)

On the other hand, if sg,s1 € R, 8 € (0,1),and 0 < py, p1,qo0,q1 < oo are such
that min {qo, ¢1} < o0, then

[B)-®(£2), Bl (2)]g = Bsp*’q*(Q), (3.318)

where s := (1 — 0)sy + s, and indices p*, ¢* satisfy 1/p* = (1 —60)/po + 0/ p1
and 1/g* = (1 —0)/q0 + 6/q.. Again, see Theorem 2.32.

Then the identities (3.314)—(3.316) are direct consequences of (3.317), Theo-
rem 3.9 and general properties of retracts. See [64] for a related discussion which,

in particular, implies that BJ¥(£2) for 0 < p,q < oo and a € R, as well as
B™1 (32) for 0 < p,q < oo and (n — 1)(% - 1) < s < 1, are analytically
+

m—1,s

convex. In particular, the complex method discussed in [64] applies. O

The companion result formulated for Whitney arrays associated with boundary
Triebel-Lizorkin spaces is formulated next.
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Theorem 3.39. Let §2 be a bounded Lipschitz domain in R" and fix some number
m € N. Assume that 1 < p < 00,0 < g <o, 0 € (0,1), 59,51 € R, 59 # 51 and
sets := (1 —0)sg + 0s;y. Then

(F',;"_‘f;’ L (02), F2 vl(asz))e = BP9, (382) (3.319)
if qo,q1, 50,81 satisfy 2 < qo,q1 < o0 and 0 < 59,81 < 1, or if they verify the
inequalities min {p, 2} < qo,q1 < 00 and 0 < ¢, 51 < 1.

Proof. Let us first verify (3.319), by working under the assumption that g, q;
satisfy 2 < go,q1 < oo and 0 < 59,57 < 1. Thanks to (3.314) and the reiteration
theorem for the real method of interpolation (cf., e.g., the discussion in [7]), it
suffices to prove (3.319) in the case when 1 < p = ¢ < 00, i.e.,

(FMO 09Q), P (asz)) — BP? (092), s:= (1—6)so+0s1. (3.320)

m—1,s0 m—1,s1 0.p m—1,s

FixmeN, 1< p<o00,0=<s9<s;<1,60€(0,1),andsets:= (1—6)sy+

Os;. Our first goal is to prove the estimate

IIfII( < Clflgre, e (3.321)

m—1.s0 m—1.s]

1}1’»4() (ag),ﬁp-lﬂ (39))
0.p

for some finite constant C = C(£2,n, p,qo,q1,50,51,60) > 0. To set the stage,
using the properties of the J-functional we may write

||f||< (3.322)

EP90 (30, FPI (39))
0.p

m—1.s0 m—1.s]

:inf{(/ s i) )" i) e ¢C ana f=/ u(z)%},
0 0
where

J(t,i(t)) = rnax{||f4(t)|| £ oy @l gra (m)}. (3.323)

Thus, given a fixed, arbitrary f = {fatla|zm—1 € B (382), it suffices to

m—1,s
construct a family of functions u(t; X) = {us(t; X)}4|<m—1, for £ > 0 and

X € 082, with the following properties (with vy, ..., v, denoting the components
of the outward unit normal to 952):

(B t00) (13 X) = 0 (X )ty (65 X) = V(X )ttt (5 X) (3.324)

whenever 1 < j,k <n, |o|<m—2, and X € 982, t >0,

o0
fa(X):/ o (t; X) 4, X €d2, |o|<m-—1, (3.325)
0
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Oo —pb AP ar\V? ;
([ T 1) = €l lage, o 4:326)

|| <m—1

o) B 1/p .
(/0 Y IIMa(t;-)II‘;Spl.ql(m)%) = Clfller, oo (3327

o] <m—1

To this end, recall the extension operators &, Eg from (2.197) and (3.103) and
define the function F := Eg(& f) (note that matters can be arranged so that F is
compactly supported). It follows that

p.p ~ I £l -
FeB, i, R, ||F||B”’jfl+s+l/p(w) ~ N f e, oo

e (3.328)
and Tr[0“F] = f, whenever o € Njj has [a| <m — 1.

Let now ¢ be a Schwartz function in R” such that

suppp = {5 € R": 271 < €] <2}, @(§) > 0if 27" < [§] <2,
(3.329)
and Y 22 @(27%¢) =1 foreach & € R" \ {0}.

The existence of such a function is well-known. See, e.g., Lemma 6.1.7 on p. 135 in
[8]. Also, consider the Schwartz functions ¥ and ¢, k € N, such that

o0
Pr(E) = p(27%E) for k €N and ¥(§) =1-)Y_ @ (&), (3.330)
k=1
with the “hat” denoting here the Fourier transform in R”. Thus, since for each k € N
there holds supp ¢, = {£ € R" : 2K71 < |&| < 2813 it follows that g @; = 0 if
Jj.k € N,|j —k| > 2 and, ultimately,
pj*xor=0in R" if j keN, |j—k|>2. (3.331)
Also, from definitions,
o0
¥+ Z(pk = §, Dirac’s distribution in R”, (3.332)
k=1

and from Lemma 6.2.1 (and its proof) on p. 140 of [8], forevery I < p < oco,r € R,
k eN,

lo; * @i * Fllpgny < C2 |l * Flloogn if |j —k| <2, (3.333)

where the constant C is independent of k£ and p.
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For the uniformity of notation, set ¢y := . It follows that

o0
F=Y @g*F inR" and (3.334)
k=0

£ rr

m—1+s+1

o0 » 1/p
PRGN (Z[z(m—l+s+l/]’)k“(pk * F||Lp(Rn)] ) . (3.335)
k=0

Let us also note here that, as a consequence of (3.334), we also have

o0
fo = ZTI‘ [pr * (0°F)], whenever o € Njj has |oo| <m — 1. (3.336)
k=0

After this preamble, for each « € Njj of length < m — 1 we now define

0 if t>1,
uy(t) = (3.337)
m Tr[gr * (0% F)] if 2=*k+DE1=50) < ¢ < 27k61=50) | |k e Ny,
Since the conditions (3.324)—(3.325) are readily verified from (3.337), there remains
to prove that the estimates (3.326)-(3.327) hold as well. To check the validity
of (3.326), for each multi-index o € Nj with |a| < m — 1 we write

* [% d
- AP t
/0 13 ) 2

27/((50751)

o0
—pb—1 o V4
| P g PRV,

—(k+1)(s1—s0) so+1/p

o0 o0
. P
< C Y20 (32 D gk gk (0 F) o)

k=0 J=0
o0

<C Z 2k(Pso+1pblsi=s0) || o 5 (3 F)”ZP(R") (3.338)
k=0

o0
=CY 20 FIL,
k=0
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o0
<C szp(s+l/P+m—l)”(pk * F”Z!’(R")
k=0

<C|F|”
- || ||Blzzl+.\'+l/[)(Rn)

< Cl s gy
Above, the first estimate follows from the boundedness of (2.512), the second one
uses the definition of the norm in the Besov space BS‘Z ’_IH / p(R") in R”, the third one
is based on (3.331) and (3.333) with r = 0, the fourth one is a consequence of the
fact that the operator 0% : L? | (R") — LP(R") is bounded if || < m — 1, the
fifth inequality is implied by (3.333) with r = m — 1, the next-to-the-last one is just
the definition of the norm in the Besov space B ﬁ’fl .y p(R") and, finally, the last
inequality is justified by the equivalence in (3.328).
Similarly,

OO 0 d
p=p YL dt
/O t g (2 )”Fsp{ql 02) 1

—k(s1—s0)

2
<C tp—p@—l % (0°F p dt
B kX_(:) /2\7(/(4’1)(517_;0) ||(pk ( )”Bp.l ®")

si+1/p
o0 o0 p
< C Y 2k E-De—w) (Z 2D ) % g (aaF)”Ll’(R”))
k=0 =0
o0
<C Z zkp(m+1/P+(0—1)(S1—S0))”(pk * (aaF)”ip(Rn) (3.339)

k=0

o0
<C Y MHDg  FIT,
k=0 "

@)

oo
<C szp(s+1/p+m—l)”(pk * F”il’(R”)
k=0

<C|F|?
- || ||Blzzl+.\'+l/[)(R”)

2
= Clli s, ooy
Thus (3.321) holds, which proves that

(3.340)

m—1,s m—1,s0 m—1.s;

BR?, 092) = (E2%,092). B4 09)), .
P
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To prove the opposite inclusion, we start with the observation that, thanks
to (2.490),
m—1,s0 m—1,s|

(£, 092, B4 092)) < (927 Fro02). @2y I (02))

0.p 0.p

<> @1 BPP(392), (3.341)

1

where N, ,, has been defined in (3.181). Furthermore, if for each y € NJ, |y| <
m —2,and 1 < j, k < n we define the operator

Tj}tk({fa}\a\Sm—l) = al’jk fy —V; fy+ek + kay+e‘/-a (3.342)

where { fy }o|<m—1 is an arbitrary family in @, 1" B/"" (352), then

i=1

T), o Ep4)(02) — 0, TV, Epd L (02) — 0, (3.343)

m—1,s0 m—1,s;

so that, by interpolation,

T]Zk:(F'P’q" 0%2), EP (asz)) —0. (3.344)

m—1,s0 m—1,s1 6.p

We may then conclude from this, (3.341) and (3.70), that

m—1,s9 m—1,s1

(Frss, 02). E2 (asz))w

o {{fudlotzm1 € BT BT (OR2) 1 ey fo = V) farker + Vi farre, = 0
Vo eN! with o] <m—2andV j.k € {1,...,n}}

= Bgﬁ’lqs(asz). (3.345)
This finishes the proof of the theorem in the case when the indices qo, g so, 51 satisfy
2 <qo.q1 <ooand 0 < 59,51 < L.

The argument when min {p, 2} < ¢go,q; < oo and 0 < s¢, 57 < 1 is very similar
except that, this time, we use the fact that the operator (2.512) is also bounded when
1 < p<o00,0<s < 1andmin{p,2} < g < oo (as one can readily see from
Theorem 2.53). O

We continue by recording a couple of useful consequences of Theorem 3.39 and
its proof.

Corollary 3.40. Let $2 be a bounded Lipschitz domain in R" and fix some m € N.
Also, assume that 1 < p < oo and(0 < q < 0o. Then
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(L;_lo(asz),L;_H(asz))g = B’ (0R). YOe(0.1). (3.346)
, , . ,

Proof. This follows directly from (3.267) and Theorem 3.39. O

Corollary 3.41. Let §2 be a bounded Lipschitz domain in R" and fix some m € N.
Also, recall the set O from (2.489). Then

m—1,s0 m—1,s1 m—1,s

[Fpo.,qo (382), EPra (39)]0 — FP4 (382) (3.347)
provided

(Po» 40, 50), (p1,q1,51) € O, 0 €(0,1), s:=(1—0)sy+ Os,
. | -6 @ ) —e 0 (3.348)
mln{CIO’CIl}<OO, ;:W—FE and Z:q_o_'_q_l
Furthermore, for any two triplets (po, qo. So0), (p1.q1, S1), belonging to the set O
and any 0 € (0, 1), one has

[Eete 092), Pt 092)] = B on) (3.349)

m—1,s0 m—1,s| m—1,s

whenever
min {qo,q1} < oo, §=(1—0)so+ Os,
(3.350)

1 _1=0 , 6 1 _1=0 , 6
P po +p1 andq_ 90 +q1‘

Proof. The embedding in (3.347) is established with the help of (2.491) by
reasoning in a similar manner to (3.341)—(3.345). Finally, the embedding in (3.349)
follows from (3.347) and (3.268). O

The remaining portion of this section is devoted to proving the boundedness
criterion formulated in Theorem 3.48 (stated a little later). This requires a number of
preparations and we begin by establishing certain embedding results involving the
intermediate spaces obtained by interpolating Whitney—Lebesgue with Whitney—
Sobolev spaces via the complex method, on the one hand, and Whitney—Besov
spaces, on the other hand.

Proposition 3.42. Suppose that §2 is a bounded Lipschitz domain in R" and fix
some number m € N. Then

Bl ,(02) — [L,‘;)_l,o(a(z), L{;‘_M(am]@ < BI'PYI0R)  (3.351)
continuously, whenever

6€(0,1), 1<pop<oo, and 5 := =04 0 (3.352)
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Proof. Let 0, po, p1, p be asin (3.352). Then the second inclusion in (3.351) follows
from (3.349)-(3.350), employed with g9 = g1 = 2,50 = 0,51 = 1, and (3.267). As
such, there remains to prove the first inclusion in (3.351). To this end, observe first
that from (2.226) and assumptions,

po.1 r1.1 _ p.1

[Bm—1+p—‘0 (£2), Bm+p¢1 (‘Q)]@ - Bm—1+%+(1+l,—ll)9(9)’ (3.353)
with equivalent norms. Based on this, (3.306)—(3.307) and complex interpolation, it
follows that

e B i (P [L;O_m(a:z), L;l_lyl(asz)]o (3.354)

linearly and boundedly. Next, pick an arbitrary f € BZ’_II,@ (0£2) and note that there

exists

.1 _ prl
e Bm—l+9+%(9) - Bm—1+%+(1+p—‘1)0(9) (3.353)

satisfying (for some finite constant C = C($2, po, p1,m,n,0) > 0, independent
of f)

llael g

4 l=6 L
m=l+ 5=+ 1+ 570

@ =Cl £l B0 oy AN = f. (3.356)

Indeed, this may be seen from Theorem 3.9 taking u := & f with & as in (3.103)
withg = 1 and s = 6. )

At this stage, from (3.353)—(3.356) we deduce that the Whitney array f satisfies
felii 09, L;’;_“(a:z)]o and

; . . = tr _ . N
Is ”[L,i’ﬁ_l,owm,L,i’}_l,lwm]@ e 1””[L;’,‘Ll,owm,L,f,‘_l,lwm]e

< Cllull

p.l
Bm71+%+(1+pil)e(m

This proves that the first inclusion in (3.351) is well-defined, linear and bounded,
thus completing the proof of the proposition. O

The nature of the double inclusion in (3.351) suggests making the following
definition.

Definition 3.43. Assume that §2 is a bounded Lipschitz domain in R” and fix some
number m € N. In this context, we say that a Banach space 2~ of Whitney arrays
with components from L'(3£2) is of Besov type (p.s), for some p € (1,00)
and s € (0, 1) provided there exist two indices ¢, ¢; satisfying 0 < o < g1 < o0
and such that

BP® (32) — 2 — BP? (3£2)  continuously. (3.358)

m—1,s m—1,s
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We now proceed to show that the Besov type property transforms naturally under
complex interpolation.

Proposition 3.44. Assume that §2 is a bounded Lipschitz domain in R" and fix some
number m € N. In this context, suppose that two Banach spaces Z’; of Besov type
(pj.sj) forpj € (1,00)ands; € (0,1), j = 0,1, have been given. Then for each
0 € (0, 1) it follows that

[%, %]0 is of Besov type (p,s), (3.359)
where
si=(1=0)so +0s1 and = 1;—09 + %. (3.360)

Proof. By definition, there exist indices 0 < g; < r; < oo, j = 0, 1, such that

B"f*‘“j(am > Z; < B’ (32) continuously, j =0,1.  (3.361)

m—1,s m—l,s‘/-

Consequently, for every 6 € (0, 1),

m—1,s9 m—1,s1

I:BP()J]() (39),3171’(11 (89)]9 (3.362)

= [20. 2], = [B20,02). 85, 02)],
continuously. Assume now that indices s, p are as in (3.360) and select g, 7« such
thatql* = 1;—09+;¥1andi = %—}—%.Theno < g« < r« < 00 and
from (3.362), (3.316) it follows that

Bl (32) — 2 < BI''T (32)  continuously. (3.363)
In light of Definition 3.43, (3.359) is now implied by (3.363). O

Another significant property of spaces of Besov type is the fact that they inter-
polate like genuine Whitney—Besov spaces when the real method of interpolation is
employed. This is made precise in the proposition below.

Proposition 3.45. Assume that §2 is a bounded Lipschitz domain in R" and fix two
numbers, m € N and p € (1,00). In this context, suppose that two Banach spaces
Z; of Besov type (p,s;), j = 0,1, with so,s51 € (0,1) satisfying so # s1, have
been given. Then for each 6 € (0, 1) and q € (0, 0o] it follows that

(2o, 21),, = B4, (0R2) (3.364)

0.q m—1.s

provided
s:=(1—0)so + Os;. (3.365)
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Proof. By definition, there exist indices 0 < ¢g; <r; < 00, j = 0, 1, such that

B (092) < 2 — B (02) continuously, j =0,1.  (3.366)

m—1,s; m—1,s;

As such, forevery 6 € (0,1) and g € (0, o] we have

(B2, 02). B2, 02))

m—1,s9o m—1,s1

< (Z. 27) (3.367)

0.q 0.9

o <o
< (BN, (092). BIT (39))04
continuously. Hence, if s is as in (3.365), if follows from (3.367) and (3.314)

that (3.364) holds. O

We are now ready to state the following important interpolation result, of mixed
character, pertaining to the juxtaposition of the complex and real methods for
Whitney—Lebesgue and Whitney—Sobolev spaces.

Corollary 3.46. Assume that S2 is a bounded Lipschitz domain in R" and fix a
number m € N. Then

~

([L0 o 02), L0 02)], [0, o(082), L] (arz)]g)W = B, (092)

m—1,1 m—1,s
(3.368)
whenever - -
0.0 € (0,1) with 0 #6. po, p1.po.P1 € (1,00),
qp L 1=0 L 6 _ 120 . 0
p € (1,00) with S = T = ~ +71, (3.369)
ne(0,1), ge (0,00, and s = (1—n)0 + 1.
Proof. From Proposition 3.42 and Definition 3.43 it follows that
[L'f;’_LO(B.Q), L'fj;_m(arz)]@ is of Besov type (p, 0)
(3.370)
whenever 0 € (0,1), po, p1 € (1,00) and % = 1;—09 + %.

With this in hand, formula (3.368) follows by appealing to Proposition 3.45 (whose
applicability is ensured by the conditions in (3.369)). O

In tandem, Propositions 3.44 and 3.45 also yield the following versatile criterion
for boundedness of linear operators on Whitney—Besov spaces.

Lemma 3.47. Assume that §2 is a bounded Lipschitz domain in R" and fix a number
m € N. In this context, suppose that three Banach spaces Z; of Besov type (p;,s)
withs; € (0,1) and p; € (1,00), j = 0,1,2, are given. In addition, suppose that
T is a linear operator with the property that
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T:Z; — % boundedly, for j =0,1,2. (3.371)

Assume that the points in the plane with coordinates (s;, 1/ p;), ] = 0,1,2, are not
collinear and denote by A the open triangular region in the plane whose vertices
have coordinates (s;, 1/p;) for j =0,1,2. Then

T: B,Z’zm(aﬂ) — B,Z’zm(a.{?) boundedly

(3.372)
whenever g € (0,00] and (s,1/p) € A.

Proof. Fix g € (0, co] along with (1/p, s) € A. For the sake of specificity, assume
that the horizontal line in the plane passing through (s, 1/p) intersects the side of
A with vertices at (so, 1/ po) and (s1, 1/ p1) as well as the side of A with vertices at
(S0, 1/ po) and (s2, 1/ p2). In this case, it follows that

. 1/p—1/ . 1/po=1/
01 1= 7l € (0,1) and 6 = 2l € (0.1). (3.373)
Moreover,
So1 1= So + (%)(5‘1 - SO) € (Ov 1)7 (3 374)
Sop 1= So + (%)(h —s0) € (0,1),
and
S01 7é S02. (3375)
Finally,
there exists @ € (0, 1) such that s = (1 — 0)so1 + O502. (3.376)

Using (3.373), (3.374), (3.371) and Proposition 3.44 we may then conclude that

[%,%]0‘ is of Besov type (p,so;) for j =1,2,
J

(3.377)
T: [3&”0, 3&”]-]9] — [3&”0, %]0/ boundedly, for j = 1,2.

Hence, with 6 € (0, 1) as in (3.376), for any ¢ € (0, o] it follows that

T ([20. 2], (2. 22),,), — ([%,%]91,[%,%]%)9# boundedly.

(3.378)
In concert with Proposition 3.45 and (3.375), the choice of 6 in (3.376) ensures that

q

(5. 23, [20. 23],,), = B)*, .09, (3.379)
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Collectively, (3.378) anc_l (3.379) establish the boundedness of the operator 7" on the
Whitney—-Besov space B, (£2), as desired. The case when the horizontal line in
the plane passing through (s, 1/ p) intersects the boundary of A at a vertex is similar

(and simpler), and this completes the proof of the lemma. O

We conclude the presentation in this section with the following useful bounded-
ness result.

Theorem 3.48. Let §2 be a bounded Lipschitz domain in R" and fix m € N. Assume
that 1y and I, are two (nonempty) subsets of (1, 00) and that T is a linear mapping
with the property that

T: LZ_LO(E).Q) — LII;_LO(B.Q) boundedly, for each p € Iy,
. . (3.380)
T : LZ_M(E).Q) — LZ_I,I(B.Q) boundedly, for each p € I,.

Denote by % the convex hull of the region in the plane consisting of points with
coordinates

{.1/p): penful(t1/p): penl. (3.381)
Then, with 02; denoting the interior of the region %, there holds

T :B?Y (082) — BPY, (382) boundedly

m—1,s m—1,s

. (3.382)
whenever q € (0,00] and (s,1/p) € % .

Proof. The claim made in (3.382) follows by making use of (3.370) and repeated
applications of Lemma 3.47. O

3.6 Whitney—-BMO and Whitney—VMO Spaces

Here we discuss Whitney—-BMO and Whitney—VMO spaces on Lipschitz surfaces.
Recall that, given a bounded Lipschitz domain §2 in R" along with an integer m € N,
we denote by tr,,—; the multi-trace operator onto the boundary of £2 (cf. (3.100)).
We also introduce

Pm—1 = the set of polynomials in R" of degree <m — 1, (3.383)
P (E) = {[trm_lp])E; Pe %_1}, E Q. (3.384)

To proceed, recall (2.256). Whitney—BMO spaces are then defined as follows.

Definition 3.49. Let 2 C R" be a bounded Lipschitz domain with surface measure
o, and assume that m € N. For each f € L,2n_170(8.§2) and X € 0£2 consider the



192 3 Function Spaces of Whitney Arrays

following version of the sharp maximal function (originally introduced by
Fefferman and Stein)

f'#(X):=sup§ inf (][ If'(Q)—P(Q)IZdU(Q))Z}, (3.385)
S, (X)

>0 [ PED,_1(32)

where, as before, S, (X) := 0£2 N B(X, r) denotes the surface ball of radius r >
0 centered at X € 0d42. The higher-order version of the space of bounded mean
oscillations is then defined as

BMO,,—(32) == {f € L2_,,(0R2) : f* e L™(3%2)}, (3.386)
equipped with the norm
1/ Issto, o2y = 1/ 122 gy + 1/ ¥l o- (3.387)

Recall (2.444)(2.445).

Proposition 3.50. Let §2 be a bounded Lipschitz domain in R" and assume that
m € N. Then for each Whitney array f = (fo)jo|<m—1 € Lfﬂ_m(asz) the following
equivalence holds

f € BMO,,_1(02) <= f, €bmo(dR) if|a|=m—1. (3.388)

Proof. Let us start with the left to right implication in (3.388). A direct consequence
of the definition of the sharp maximal function in (3.385) is that for each X € £2,

‘ 1/2
FHX) > sup{ inf (][ | fou — 0P| dcr) } if o] = m — 1. (3.389)
Sr(X)

r>0 \PEPm—

Since 0% P is a constant for each multi-index « of length m —1 and each P € &,,_4,
estimate (3.389) readily implies that for each multi-index o € Njj, |o| = m — 1, we
have f, € bmo(0$2) as desired.

_ We focus now on the right-to-left implication. To this end assume that the array
fe L}n_m(asz) is such that, foreach o € N, |a| = m—1 we have f, € bmo(d52).
Fix X € 0§2 and r > 0 and, for each & € Njj with |a| = m — 1, let us set

~Dle,
Ca :=][ fodo and Py (Y):= Y uya, VY e R".
Sr(X) la|=m—1 o

(3.390)
Next, for each a € Nj with |o| = m — 2 we set

— 2!,
S,(X) lr|=m—2 *

(3.391)
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for every ¥ € R”, then repeat the process recursively. Specifically, assume that
for some 0 < k < m — 1 the constants ¢, with || > k and the polynomials

Py—1,..., Pry1 have been defined. Then, for each o € Njj with |o| = k we define
m—k—1
Co 1= Fu(Y) — 0 P, (V) do(Y) (3.392)
Foli=# (L rmm))
P, (Y) = m=la ya yy g
ney (V)= Y, Y VY ER (3.393)
lol=m—j
P(Y):=) P, ;(Y), VYEeR" (3.394)
j=1

A useful observation is that, for a fixed y € Nj, |y| < m — 1, we have

m—ly|

0 if |y|>k.
P (Y) = . and 9"P(Y) =0 P, (V).
¢, if |yl =k, (; ’ )

(3.395)
forevery Y € R”.

For Y € 0£2, consider now the expression |f(Y) — P(Y)|%, where P is as
in (3.394). Then, using (3.395), we may write

m—1
S = PP =" [fulY) =" P(Y)|?
k=0 |a|=k
m—1 m—|a| )
=3 Y k) - a“( 3 Py (Y)) . (3.396)
k=0 |a|=k j=1
and make the important observation that, due to (3.392),
m—1
/ {fa(Y) - aa( 3 Pj(Y))} do(Y)=0, YaeN! with o] <m— 1.
S (X) =
J=lel
(3.397)
We now claim that iterated applications of Poincaré’s inequality starting with
m—1
fo— (Z P,-) — ¢ (3.398)
j=1
(where the subindex @ denotes the multi-index (0,0, ...,0)) give that there exists

C > 0, which does not depend on f , such that
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) ) 1/2
(f. 1F)-pidowm)) (3399)
Sr(X)

=¢ Z (][Sr(X)

la|=m—1

ful¥) = ][w) 1(2) do(Z)‘z da(Y))” ?

Indeed, let us illustrate how the Poincaré inequality works through the various levels.
Fix o € Njj such that || < m — 2. Then, there exists C > 0 such that

(][s,(X) JaX) =9 (:Z;H P; (Y)) — ¢y ’ a’o(Y))l/2 (3.400)
o — 2 1/2
< C(][s,m an(fa(Y) -9 (,:Xajﬂ P; (Y)) - ca) dg(y)) ‘

Since Vi, = {vi Bfkj }1<j<n, employing the compatibility conditions (3.2), we have

m—1

Va( ) =0°( 3 Pi1)) —ca) (3.401)
J=lal+1

= [ () e, (V) = 0, (V) e (V)

m—1 m—1

—u (et (3 P =t Y Pm))|

j=lal41 Jj=lal+1

1<j=<n

Therefore, using that oo te Po+1(Y) = cote, for 1 < £ < n (which is seen
from (3.395)), we obtain

m—1

Va(fe) = (Y P))—c) (3.402)

j=lal+1

= {0 faore, (1) = 0% 3 Pi(Y)) = Cuse; |

J=lal+2

m—1

=0 @) fare (D) =03 P)) = care ]}

1<j<n
j=lal+2 ==
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In conclusion, a combination of (3.400) and (3.402) gives

(][S,(X) Ja¥) =2 (j:%:lﬂ P; (Y)) —Cq ’ dcr(Y))l/2 (3.403)
= C(][Sr(X) Jate, (1) =72 <j=%|:+2 Pj(Y)) — Cate; ’ al(r(Y))1 ?
m—1
+ C(fsr(X) Sote, (V) — 3% (jz%ﬂ P, (Y)) v 2 do(Y))l/z.

In other words, given ¢ € NI, |¢| < m — 2 one can control the left-hand side
in (3.403) by a similar expression, however corresponding to a multi-index of length
|| + 1. Therefore, repeated applications of Poincaré’s inequality will lead to

(][s,m fu@) = (j:%l Pj(Y)) — Cqy za’o(Y))l/2 (3.404)
=¢ Z (][s (X|)fY(Y) —of dU(Y))l/z'

Now (3.399) follows from this, (3.390) and (3.396). Finally, estimate (3.399) gives

that f#(X) < C > I.fy llbmoae2), thus finishing the proof of the right-to-left
ly|=m—1

implication in (3.388). This concludes the proof of (3.388). O
Next we record a useful, related version of Proposition 3.50.

Proposition 3.51. Let §2 be a bounded Lipschitz domain in R" and suppose that
m € N. Then for every Whitney array f = (fo)|a|<m—1 € Lfﬂ_m(asz) the following
equivalence holds:

f € BMO,,_1(0R2) <= f, €bmo(d2) VYV a eN!, |a|<m—1. (3.405)

In fact,

1 lssio, ooy ~ D Iallomoaay,  uniformly for f € BMO,,—1(32).
lo|<m—1

(3.406)

Proof. Proposition 3.50 shows that the right-to-left implication holds. We are
therefore left with proving the left-to-right implication in (3.405). To get started,
fix a multi-index & € Njj with |&| = m — 1. Employing again Proposition 3.50,
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we obtain f, € bmo(d§2). Also, f, € Lfoc(a.Q) forany 1 < p < oo, thanks to

John—Nirenberg’s inequality. Since 052 is a compact set in R” this further implies

fae [ L70R). (3.407)

I<p<oo

Consider next a multi-index y € NJ; of length m — 2. Since f € L}n_m(asz) we
have f, € L}(02) — L”" (382) where 1/p* := 1/2 — 1/(n — 1). Using the
compatibility conditions (3.2) and (3.407) we conclude that

Vinfy € [ L7(09). (3.408)
l<p<oo
In particular,
p* Kk 1 1 1
fy €Ly (082) — L? (0§2), where =—-— (3.409)
p** ]7* n—1

By iterating (3.408)—(3.409) one finally arrives at

fre [ LI02) = bmo(dR), VyeNy. |yl=m-2. (3.410)

I<p<oo

The embedding in (3.410) follows immediately from the general fact that, much as
in the Euclidean setting, using Poincaré’s inequality, one has

L171(082) < bmo(d2). (3.411)

Reasoning step-by-step as before for multi-indices of length < m — 3, the right-to-
left implication in (3.405) follows. Finally, (3.406) is implicit in what we have done
above. O

We next turn our attention to defining Whitney—VMO spaces. As a preliminary

observation, we note that for each s € (0, 1),

BX0(982) <> L2, ((982) <> BMO,,—1(92). (3.412)

m—1,s

linearly and continuously. Inspired by (2.448) we make the following definition.

Definition 3.52. Let §2 _be a bounded Lipschitz domain in R”, apd assume that the
numberm € N. Then VMO,,_;(92) is the closed subspace of BMO,,,—; (052) given,
for some s € (0, 1), by

VMO,,_1(3£2) := the closure of B>>%° (3£2) in BMO,,_ (382). (3.413)

m—1,s
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The first order of business is to remark that the definition of VMO,,_;(352)
in (3.413) does not actually depend on s € (0, 1). In turn, this is a direct consequence
of the following result.

Proposition 3.53. Assume that §2 is a bounded Lipschitz domain in R", and fix
some m € N. Then

VMO,,_1(382) is the closure of tty—, [CC°°(R”)] in BMO,_1(022). (3.414)

Proof. The right-to-left inclusion in (3.414) follows immediately since for each
number s € (0, 1) we have tr,,,—; [CCOO(R")] <> B°>% (3£2). Given that

m—1.s
LS, ((382) <> BMO,,—(352), (3.415)
the left-to-right inclusion also readily follows provided we establish that

3{G;}jen C CX(R") such that

. 5 00,00 .
V8B, 00 =\ i 10,06, = 8 in 12°,,(092).
j—o0 ’

m—1.s

(3.416)

To see this, note that § € B> (32) — B’ (382), for every p € (1, 00). On

m—1,s m—1,s

the other hand, trm_l[Cfo(R”)] — Bg’fu(ag) densely forevery 1 < p < o0
and s € (0, 1), by (3.85), whereas B!”, (082) < L2 | ,(d2) continuously when

p,s satisfy 1 < p < ocoandsp > n — 1. Thus, given s € (0, 1) and choosing p
appropriately large, all inclusions are well-defined and, hence, (3.416) follows. This
concludes the proof of the proposition. O

In closing, we wish to record the following.
Proposition 3.54. Suppose that 2 is a bounded Lipschitz domain in R", and fix
m € N. Then
& = {8a}laj<m—1 € VMO,,_1(32) = g, € vmo (32), Va : |a| <m —1.
(3.417)
Proof. This is a direct consequence of Definition 3.52 and (2.448). O



Chapter 4
The Double Multi-Layer Potential Operator

In this chapter we take on the task of introducing and studying what we call
double multi-layer potential operators, associated with arbitrary elliptic, higher-
order, homogeneous, constant (complex) matrix-valued coefficients. As a preamble,
we first take a look at the nature of fundamental solutions associated with such
operators.

4.1 Differential Operators and Fundamental Solutions

Fix an Euclidean space dimension n € N. For some fixed M € N and m € N, consider
a M x M system of homogeneous differential operators of order 2m in R” with
complex constant coefficients:

L= Z aaA“ﬂaﬂ = (ij)lsj,ksM 4.1)

lo|=|Bl=m

where, for each multi-indices «, 8 € Njj of length m,

(B MxM o o of af
Agp 1= (ajk)lsj,ksM eC and  Lyo:= Y a9, @42)
|oe|=[B|=m
for some coefficients ajf’,f € C, j,k € {l,..., M}. Throughout, we shall use the

superscript ¢ to indicate transposition. In particular,

L= > 04,0, (4.3)
|oe|=[B|=m
1. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes 199

in Mathematics 2063, DOI 10.1007/978-3-642-32666-0_4,
© Springer-Verlag Berlin Heidelberg 2013
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and we shall call L symmetric if L' = L. The complex conjugate of L is the
operator L defined by the requirement that Lu = Lu for each smooth function u.
Hence,

L=L'= Y 40 4.4)

lo|=|B|=m

The formal adjoint of L is then defined as

L*=1T'= Y 9450, (4.5)

lo|=|Bl=m

and we shall call the operator L self-adjoint if L* = L. Given a tensor

coefficient A = (Aaﬂ)|a|=| fl=m with complex entries, define

—_ 1
A" = (W) miprmms A= Aep)gmppimme A7 = Apa ) gimipiam 46)

Also, call A symmetric if A = A’, and self-adjoint if A = A*. In
particular,

A symmetric <= A = (Aga)’. Va,BeNj : || =|B] =m, (4.7)
A self-adjoint <= Agp = (Apy)', Ya,B N : |a| =Bl =m. (4.8)

Let us temporarily use the notation L 4 to indicate that the system L is associated
with the tensor coefficient A4 = (Aqp) as in (4.1). Then

la|=[Bl=m
(La) =Lu, Li=Ly, (Lo)*= Ly, (4.9)
from which it is clear that
A symmetric = L4 symmetric, (4.10)
A self-adjoint = L 4 self-adjoint. 4.11)

In general, the converse implications in (4.10) and (4.11) may fail, but

if L4 is symmetric and if _
~ = Ly = Ly and A is symmetric.
Ti= (3(Ap + 43,))

lo|=|Bl=m

4.12)



4.1 Differential Operators and Fundamental Solutions 201

Likewise,

if Ly is self-adjoint and if _
~ - = Ly = Ly and A is self-adjoint.
A= (5(Aep + A5 )

lo|=|Bl=m
(4.13)
We now proceed to define several concepts of ellipticity (listed below in
increasing order of strength).

Definition 4.1. The operator L in (4.1) is said to be W-elliptic provided that

det ( 3 a?fgaéﬂ)lf,;w £0,  VEER'\ {0}  (4.14)

loe|=|Bl=m

Also, the differential operator L in (4.1) is said to be elliptic whenever the
Legendre--Hadamard condition is satisfied. That is, there exists C > 0
such that

M
Re| > > afe e’ mine | = ClgP"nf. VEeR" Vyech.
lo|=|Bl=m jk=1

(4.15)
Finally, L is called S-elliptic provided there exists C > O such that
M _ M
af pa P o! o2
Re > Doafige|=C 30 3 hlgP.
le|=|Bl=m jk=1 lo|l=m j=1"" (4.16)

for all families of numbers é}l eC, |laj=m, 1<j<M.

Notice that the Legendre—Hadamard property (4.15) implies W -ellipticity, as
introduced in (4.14). Also, (4.15) is equivalent to the strict positivity condition

Re| > At | = ClEP" Iuxm.  VEER", (4.17)

lo|=|Bl=m

in the sense of M x M matrices with complex entries (in which case we have
Re A := (A + A*)/2). Let us also note that being S-elliptic is a stronger concept
than mere ellipticity (in the sense of Legendre-Hadamard). Indeed, since in general
the multinomial formula gives

(zn:xi)N = |Z—|"X“ VX = (X1, %) (4.18)

i=1 la|]=N
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we conclude

! n m
Z%é“=(2§§) =", VEeR!, 4.19)
’ k=1

la|=m

s0 (4.16) reduces to (4.15) when ¢ := §%n; with § € R" andn = (n;)1<j<m €
cM,

Finally, we remark that we will occasionally require only a much weaker
condition than (4.16), namely the semi-positivity condition to the effect
that

M —
Re[ > > a%esef| =0, ViYeC lof=m, 1</ <M (420)
lal=IBl=m j k=1

We wish to note that given a differential operator L = L4 as in (4.1),
corresponding to some tensor coefficient A = (Aaﬂ)|a|=| Bl=m’ there exist infinitely
many other tensor coefficients B = (Bug),,_ |=,, Such that L = L. In turn, the
choice of these B’s may affect some of the properties of the operator L discussed
above. Concretely, while the quality of being W-elliptic (cf. (4.14)) or satisfying
the Legendre-Hadamard condition (4.15) are unaffected by the choice of tensor
coefficient B used in the writing of the given operator L, the property of being
S-elliptic (cf. (4.16)) and the semi-positivity condition (4.20) may fail for Lp.

A few examples of homogeneous, constant coefficient, higher-order elliptic
operators are as follows. First, the polyharmonic operator

!

A= 3 o, 4.21)
has been extensively studied in the literature. In the three-dimensional setting, the
fourth order operator

a + 95 + 93 (4.22)
has been considered by I. Fredholm who has computed an explicit fundamental
solution for it in [48]. More generally, an explicit fundamental solution for the
operator

Ot + 95 + 95 + c(3703 + 0793 + 9303) (4.23)

which is elliptic if ¢ € (-1, 00) has been found in [130] (where elliptic operators
of the form Y%, @002 have also been considered).
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Moving on, recall that the classical Malgrange—Ehrenpreis theorem asserts that
any differential operator of the form P(3) = } <, @« 0%, with a, € C not all
zero, has a fundamental solution £ € 2'(R") in R”. In fact, as noted in [100], one
may take

1 _ P&+ zn)\dz
EX)= ——— metnX) =1 (=) EZE D 4.24
X 270 Pp(n) /zecc,z=1z ¢ é“X(P(iéJrzn)) z 29

Above, 9}__1) y 18 the inverse of the Fourier transform, originally defined by the
formula ZFy () = [p e XP(X)dX for ¢ € CXR") and & € R”,
then extended by continuity to tempered distributions. Also, P({) = Z‘ al<m 4o,
¢ € (", is the characteristic polynomial of P(d), and P,, stands for the principal
part of P. Finally, n € C" is a fixed vector with the property that Py, (1) # 0.

We shall need a result of a somewhat similar nature for systems of differential
operators. The theorem below is essentially a collection of results proved in [60,
pp-72-76], [57, p. 169], [114], and [95, p. 104], in various degrees of generality.
However, we feel that it is useful to have a unifying statement, accompanied by a
fairly self-contained proof, presented here.

Theorem 4.2. Let L be a homogeneous differential operator L in R" of order 2m,
m € N, with complex matrix-valued constant coefficients as in (4.1) which satisfies
(4.14). Then, there exists a matrix of tempered distributions, E = (E jk)
such that the following hold:

I<jk<M’
(1) Foreachl < j,k <M,

Eijr e C®R"\{0}) and E;j(—X)=E;x(X) VX eR"\{0}. (4.25)
(2) Foreach1 < j,k <M,

0 if j#k.

(4.26)
Sy(X) if j =k,

M
S L [Eax -1 =
r=1

where § stands for the Dirac delta distribution at 0 and the superscript X
denotes the fact that the operator L j; in (4.26) is applied in the variable X .
(3) If1 < j.k <M, then

Ej(X) = ®5(X) + (log |X|)ij(X), X eR"\ {0}, (4.27)

where @i € C(R" \ {0}) is a homogeneous function of degree 2m — n, and
Pjj is identically zero when either n is odd, or n > 2m, and is a homogeneous
polynomial of degree 2m — n when n < 2m. In fact,
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(ij(X))lsj,ksM:W;m—n)! /(X'S)zm_n( > E“”Aaﬂ)_l do
sn—1

loe|=|B|=m
(4.28)
for X € R™.
(4) For each o € Njj there exists C, > 0 such that

C
|X|n—++lal if either n is odd, or n > 2m, or if |«| > 2m — n,
|0 E(X)| <
Co(1 + |log|X]]) .
—xpemlr Y O=lal=2m=n,

(4.29)

uniformly for X € R" \ {0}.
(5) One can assign to each differential operator L as in (4.1)—(4.14) a fundamental
solution E| which satisfies (1)-(4) above and, in addition,

(EL) = En. Er=Ep. (EL)*=E.-. (4.30)

(6) The matrix-valued distribution E has entries which are tempered distributions
in R". When restricted to R" \ {0}, the matrix-valued distribution E (with
“hat” denoting the Fourier transform, defined as before) is a C* function and,
moreover,

E@=n"( 2 g‘”ﬂAwﬂ)_l foreach & €R"\{0}. (431)
al=1l=m

(7) For each multi-index o € Njj with |a| = 2m — 1, the function 0* E is odd, C*°
smooth, and homogeneous of degree n — 1 in R" \ {0}.

Proof. Let (P/* (E))l<j 4 <y be the inverse of the characteristic matrix
LE) = Y  Agttl  geR"\{0}. (4.32)
lo|=|Bl=m

Following [60, p. 76], if n is odd, define

._ 1 (n=1)/2 m—1_; j
En) = o ty=iam — i X /[(X'S)Z Fsign (X-6) | P74 dor,

Ssn—1
(4.33)

for X € R" \ {0}. Note that this expression is homogeneous of degree 2m — n. On
the other hand, if n is even, set
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-1

EnX) = Qi) (2m)!

[ e toelx -gl] Pt @ o, @34

where X € R" \ {0}. It is also clear from (4.33)—(4.34) that E is an even function.
Alternatively, transferring one Laplacian under the integral sign when 7 is odd,

using the fact that log (Xl—g) = log|X - & — ”7’ sign (X - &) and simple parity
considerations, it can be checked that

—1 (1+9)/2 / ) X-§
Ej(X) = Ay X -g)Pmta.] Pi*E)d
) = G T oA (X -5+ 10g (== ) | P46 dor.
Sn—l
(4.35)
for X € R" \ {0}, where ¢ := O if n is even and ¢ := 1 if n is odd.
As a preamble to checking (4.26), consider F(¢) := t*"t4log (¢/i),t € R\ {0},

and note that there exists a constant Cy, , such that

A\ Qmtq) ,
(E) F() = ===t log - + Gy . (4.36)

Consequently,

XE

LyF(X-§) =

(B0 ey 10g X

+ Gy (X9 |L®) 437)

and, further,

LX(‘(zn ,-)n(;m ny /S gy 10g(X E)][L(é)] o)

=(B<n+q>/z(X )+ Py(X )) Aprxm s (4.38)

where
1 X -
B(n+(1)/2(X) = (ZJTT /;n 1()( E)q IOg( g) dO'E (4.39)

is a fundamental solution for A”+9/2 (cf., e.g., Lemma 4.2 on p. 123 in [122]),
P,(X) is a homogeneous polynomial of degree ¢, and Iy/xp is the identity matrix.

Applying A(;H"’) /2 to both sides of (4.38) then gives
LE =368 Inyxu (4.40)

i.e., (4.26) holds.
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To show that each component Ej; of E belongs to C*°(R" \ {0}), for every
number £ € {1,...,n}and X € 0y := R"\ {Le,: A <0}, consider the rotation

Rox(®) = &+ 26~ - S X TSN 0 v, Eerr @4

X1 IXI0XT+x0)
Obviously, Ry, x = R x whenever X € 0, and A > 0, the application
Oy xR"> (X, &) > Ry x(§) e R" (4.42)
is of class C*°, and an elementary calculation shows that
X-Rix(&) = |X|&, VXe0, VEeR" (4.43)

Using the rotation invariance of the operation of integrating over S"~!, for each
X € 0, we may then write

/Sn_l [(X gyt 10g<X E)]ij(i_.)da
- /S [0 R tog (F 5 ) [P i ) do
= /Sn_lli(lXE )2m+q 1o g(l |&):|ij(R£,X(%‘))dUE

= |X|2'"+'1/S_l §Zm+q{log|X|+log(&)} PRy x(£)) dog.  (4.44)

From this representation and formula (4.35) it is clear that E;; € C°(0}). Since
R"\ {0} = Uy, O, the first part of (4.25) follows.
Note that (4.44) can be re-written in the form

/S [0 &5 -t0g (5)] P26y o = wie(x) + (1og X1)Q,6X)
(4.45)
where

Qjk(X) = /Wl(x-g)z’”+qP/"(g) dog, X eR, (4.46)

is a polynomial of degree 2m + g which vanishes (by simple parity considerations)
when n is odd, and we have set

Wi (X) = |X|2’”+‘7/ £ Jog (gZ)P/k(RZX(S))dag, X € O, (447

Sn—1
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Let us observe that, thanks to (4.45)—(4.47), ¥ is actually a smooth,

unambiguously defined function in | J;_, &y =R" \ {0}. In particular, the decom-

position (4.27) follows from the above discussion in concert with (4.45) and (4.35).
Concerning (4.28), we first observe that

. — —1 (n+q)/2/ L &\2m+q p ik
Pir(X) = (27ri)”(2m+q)!AX S”_I(X E)yMTIPIT(E) dog, (4.48)

as seen from (4.35), (4.27), (4.45)—(4.46), and the identity

K N Nt N=2K |£2K
A1 = gy X O 1P, (4.49)
valid for any N, K € N with N > 2K.

The estimates in (4.29) are a direct consequence of the structure formula (4.27).
Finally, (4.33)—(4.34) readily account for the transposition identity (4.30).

The proof of (6) relies on (4.27) which we shall abbreviate as E = @ 4+ ¥, where
we have set @(X) = (cDjk(X))jk and ¥(X) := log|X| (ij(X))j’k. First, we
note that @ € C*°(R" \ {0}) N L;,.(R") is a homogeneous function and so, by
Theorem 7.1.18 on p. 168 of [57], @ is a (matrix-valued) tempered distribution
in R" whose Fourier transform & coincides with a C* function on R” \ {0}. As
for ¥, pick a function 8 € C>°(B(0,2)) such that 6 = 1 on B(0,1) and write
U =Y + ¥, with ¥ = (1 — 0)¥ € C*(R"), a matrix-valued tempered
distribution, and ¥, := 0¥ € Lcl,omp(R”). Hence, @2 € C*®(R"). Also, for every
multi-index B € Nj, the function X Bo*w,(X) belongs to L'(R") if a € Nj is
such that |«| is large enough. This readily implies that for any k € N there exists
o € Nj such that 3@1 € CK(R"). Thus, the function R” 3 £ 5“@1(5) belongs
to C¥(R") if |a] is large enough, relative to k, forcing U, € C®(R" \ {0}).

The above reasoning shows that E is a matrix-valued tempered distribution in
R" with E a function of class C, when restricted to R” \ {0}. Having established
this, taking the Fourier transforms of both sides of (4.40) gives (—l)mL(E)E(E) =
Inrxp in the sense of tempered distributions in R”. Restricting this identity to
R™ \ {0} gives (4.31).

Finally, the claim in part (7) is a direct consequence of (1) and (3), and this
completes the proof of Theorem 4.2. O

4.2 The Definition of Double Multi-Layer and
Non-tangential Maximal Estimates

Let L be a homogeneous differential operator of order 2m, with constant (possibly
matrix-valued) coefficients:

L:= Z 3 Agp 9 (4.50)

loe|=|Bl=m
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and consider the quadratic form associated with (the representation of) L in (4.50)

Bu.v) =Y (Aap 0u.0"). (4.51)

loe|=|Bl=m

Also, fix a bounded Lipschitz domain §2 C R” with outward unit normal v and
surface measure o, as well as two arbitrary functions u, v. which are sufficiently
well-behaved on £2. Starting with |, o #(u,v)dX and successively integrating by
parts (as to passing on to u all partial derivatives acting on v), we eventually arrive at

Z / (Agp Pu, 0°v) dX = (—1)" / (Lu,v) dX + boundary terms.
lal=[1=m ?
(4.52)
Itis precisely the boundary terms which will determine the actual form of the double
multi-layer potential operator, which we shall define momentarily. For now, we
record the following.

Proposition 4.3. Assume that 2 C R" is a bounded Lipschitz domain with surface

measure o and outward unit normal v = (vy,...,v,), and suppose that L is as in
(4.50). Then
> /(Aaﬂ Fu.0vydX = (=" Y /(Lu, vy dX (4.53)
I\gl\:zlg le|=[Bl=m g

- > > > (—1)kW/(vjAaﬁaﬁﬂu,a%)do,

‘a‘:‘ﬂ‘:m k=1 y+8+ej:w PY?)
lyl=k—1,|§|=m—k

for any CM -valued functions u, v which are reasonably behaved in 2.

Proof. Let us focus on a generic term in the sum in the left hand-side of (4.53), say,
corresponding to 8 € Név arbitrary and @ = ) }'_  ej, where 1 < ji,...,j, <n

(recall that e;, 1 < j < n, stands for the vector (0,...,1,...,0) € R" with the
only non-zero component on the j-th position). Then

/ (Agp Pu, vy dX = (=)™ / (09 Agp 0Pu,v) dX (4.54)
2
2

m
+ Z(_l)k+l /(ij ot ¢ir) Agp 0P u, LIoDUE €./r)v>'
k=1 92
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Based on a general identity, to the effect that for any function G : Njj — R

4

2!
> 6(Xe)= X 6w, (4.55)
1<j1,je<n r=1 yENG: |y|=t v
and (4.54), we may then write

> /(Aaﬁ Pu, 0%v) dX

la|=m 0
|Bl=m

= Z / Z = lelr)'(A(Z ,)ﬂaﬁuv a(ZLlejr)v>dX

\ﬂ\=m9 1</, Jm=n

=(-D" Z Z _(Z’r%nllejr)! /(3(2 le/r)A(Zm leﬁ)ﬂa u, V>dX

\ﬁ\=m I<ji.... Jm=n Q

4 Z Z (Z'Z’=ml!e,/r>! Zm:{(_l)k+l %

|Bl=m 1=<j1,.., Jm=n k=1

k— m
> /(ij g2 6’,;)14(2,:,:l eﬁ)ﬁgﬂu’ 9 r=k+1 e./r)v> dX}

a2
== > /aa op PPu,v) dX (4.56)
la|=Ipl=m &

+ Z ii Z Z {(_l)k_H(y+8+e])’fm,8,k)|(k 1),

|Bl=m k=1 j=1|y|=k—1|§|=m—k

x /(VjA(y+5+ej)58ﬂ+yu, ) do}.
02

Thus, (4.53) follows. |

The following definition is inspired by the format of the boundary integral in
(4.53), in which formally, the function u is replaced by E(X — -), the family of
derivatives (0° V)|s|<m—1 is replaced by the Whitney array = J5)1s|<m—1 (in the
process, it helps to keep in mind that 9#*7[E(X —-)] = (=1)" 13TV E)(X —-)
foreach B € Ny with || = 1 and each y € Njj with |y| =k —1).

Definition 4.4. Let £2 CR" be a Lipschitz domain with outward unit normal
vector v = (V;)i<j<n, and surface measure o. Also, let L be a (complex)
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matrix-valued constant coefficient, homogeneous, W-elliptic differential operator
of order 2m in R" and denote by E a fundamental solution for L in R". Then the
double multi-layer potential operator actingon f = { fs}s5|<m—1
is given by

GfXy==-3" Z D {et (4.57)

la|l=m k=1 |§|=m—k
Bl=m =i
y+é+e;=a

x / v (D@ E)X = Y)Apa f5(Y) do(¥)}

a2

for X € R" \ 052.

As a practical matter, 7 £ (X) is obtained by formally replacing, in the boundary
integral in (4.53), the function u by E (X —-), the family of derivatives {0° VHsl<m—1
by the Whitney array f = { fs}s|<m—1, and then multiplying everything by (—1)"~".
The reason for which this definition is natural is as follows.

Proposition 4.5. Let 2 C R”" be a Lipschitz domain and consider a (complex)
matrix-valued constant coefficient, homogeneous, W-elliptic differential operator L
of order 2m in R". Assume that 9 is associated with these as in (4.57). Then

L(Z2f)X)=0 foreach X €R"\ 3. (4.58)

Also, for each F € C°(R"),

> @B -naneHray

la|=|Bl=m g

F(X) = Pt (F))(X) if X € 2,
= (4.59)
~P(tru—1(F))(X) if X e R"\ 2.

Proof. The identity in (4.58) is clear from definitions. Next, writing (4.53) for L’ in
place of L (recall that the superscript ¢ indicates transposition), gives

Z/((Aﬂ)aﬁuaa)dx—( n" oy / ‘u,v) dX (4.60)

le|=m o le|=[Bl=m g

|Bl=m

>y > (—l)kW/(vj(Aﬂa)’85+Vu,85v)dU.

lal=IBl=m k=1 y+ite;= i
Iyl =k—1. fl=m—k
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Specializing this identity to the case when the function v := F € C>*(R") and
u:= Ep (X, —)n where X, € £ is a fixed point and n € CM is an arbitrary
vector, yields, after some simple algebraic manipulations,

(n. > /(aﬁE)(Xa — ) Apa (" F) dX ) (4.61)

lal=m o
|Bl=m

= <777 F(Xo)> - <777 -@(trm—lF)(Xo)>‘

Above, property (5) in Theorem 4.2 is also used. Since n € CM was arbitrary, the
version of (4.59) corresponding to X, € §2 is proved. The case when X, € R" \ §2
is treated similarly, completing the proof of the proposition. O

Given k € Ny, recall that &% stands for the space of polynomials of degree < k
in R”.

Proposition 4.6. Suppose that 2 C R”" is a bounded Lipschitz domain and consider
a (complex) matrix-valued constant coefficient, homogeneous, W-elliptic differential
operator L of order 2m in R". Assume that 9 is associated with these as in (4.57).
Then for any u € &,

u=D(try_u) in 2. (4.62)

Proof. Fix a function ¥ € C®(R") with y = 1 in a neighborhood of 2. If u €
Pp—1, set F 1= Yyu € CX(R"). Since F = u near 2, we have 3*F = 0in £2
whenever || = m, by trivial degree considerations. Then (4.62) is a consequence
of the first line in (4.59). O

We now proceed to establish non-tangential maximal function estimates for the
double multi-layer operator Z.

Theorem 4.7. Given a Lipschitz domain 2 C R" and a (complex) matrix-valued
constant coefficient, homogeneous, W-elliptic differential operator L of order 2m
in R", consider the double multi-layer potential operator defined in (4.57). Then
for each p € (1,00) there exists a finite constant C = C(§2, p, L) > 0 with the
property that

m—1

YNNI D)ramy < ClUAlz ooy VS €Lin002). (4.63)
j=0

YNNI DHraey < ClFllip oy VS €Ln1(02).  (4.64)
j=0
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Furthermore,
8)’_@f't exists for every f € Lm 1.0(052)
2 (4.65)
whenever y € Njj satisfies |y| <m —1,
and
a@f't exists for every f € LII;_M(EJQ)
2 (4.66)

whenever y € Njj satisfies |y| < m.

Proof. The starting point is the identity

2(HX)= > / (PE)X —Y)Apa (" F)(Y)dY, VX €,
jal=lpl=m * 2
(4.67)

valid whenever F € C*°(R") and f = tr,—1 (F). This is readily seen from (4.59)
with the roles of £2 and R” \ §2 reversed (here it is useful to keep in mind that the
outward unit normal of the latter domain is —v).

Consider nexty € N, [yl <m —1,y = ¥ e, with 1 < ji.....j, <n,
and using (4.55), for each X € £2 write

FIHX) =Y (@ TPE)X —Y)Apy (3" F)(Y)dY (4.68)
la|=|Bl=m Rn\§

> St [ @R BN = Vg (05 F) ) .

[Bl=m

1<kt <n RS2

Integrating in (4.68) by parts (to move 9% from F onto E) and taking into account
that the outward unit normal vector to R” \ §2 is —v further leads to

FaHx) = Y el (4.69)

[Bl=m
1<ky,..., km<n

« / @RI EY (X — V) Ay o) X

R\
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% (3@;’;2% F)(Y)dy— / vy (V) (@210 + BY (X — Y) x

982

X Aﬂ(Z'}Ll ekx)(3<2’:;zeks>F)(Y) do(Y)

We further integrate by parts in the first term in the curly brackets in the right hand-
side of (4.69) and move 9% from E onto F. This gives

YoHX) = Y Ty (4.70)

[Bl=m
1<ki,..., km=<n

/ (3(2, 2t P EY (X —Y) x
R\Q2

X ApI o, (3<zg’=2ek.\,>+e,-l F)(Y)dY

= [ @SR E X - ) x
982

X Aﬁ(Z'}Ll ekA)(a(Z.'\,":z €ks)F) (Y)do(Y)

/ 0, (V) @E e ten +B £Y (X — ¥) x
082

X Aﬁ(Z'}Ll ekA)<a(Z:”:2 €ks)F) (Y)do(Y)

Next, recall that 9y, ;| = vk, 3%t — v;, 0% and notice that the sum of the last two
terms in the curly brackets in (4.70) is

/ B0 (O EYX = 1)) gy, o (005224 F) () do (1),

.71
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Therefore,

o) = Y Terad 4.72)

[Bl=m
1<ki,..., km=<n

xd [ @R e - y)

R\ 2
X Apr e (0= F) (1) dY

/3fk1,1(Y)((a(Zr Ze/r)+/3E)(X Y))

082
% Aﬂ(Zx L) (3(Z§"=zek.\v)F)(Y) do(Y)

Starting with the first integral inside the curly brackets in the right-hand side
of (4.72), we now repeat the procedure described in (4.68)—(4.72) until we swap

Iyl
dCZ1€) from E with 8(2\ 1¢%s) from F. In this fashion, we obtain

VoHx) = Y ey (4.73)

|Bl=m
1<ky,..., km<n

x{ / @EL @) EY(X — ) x

R\
XAﬂ(Zm % )(B(ZLQIej’H—(Z:”:WH'Iek“)F)(Y)dY
s=1 €ks
Iyl
+Z/ tkm(Y)( a(zs lek‘H—(Z’ ““e”H—ﬂE)(X Y))
(= 139

X Aﬂ(z.'\v”:l eks)(g(Zf;ll e )F (Tt ek.\v)F) (Y) dcr(Y)}.

At this point we use repeated integration by parts in the first integral inside the
curly brackets in the right-hand side of (4.73) in order to move the remaining partial
derivatives d2s=11+1%) from F onto E. Using that (LE)(X —Y) =0for X #7,
this gives
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voH =y Terad (4.74)

[Bl=m
1<ky,..km=<n

Iyl

- Iyl
x{zfamu(Y)((f)(zf;l o) (= Hlef’”ﬁE)(X Y))
=y

XAﬂ(Z\ L) (3(Zf;11 ejr)+(ZT:é+lekg)F)(Y) do(Y)

m

= Y [ MEEA ST ENX — V) Ay ) %
Z=‘)/H—13_Q

(3(Z|yI Lei )i eks)F)(Y) dG(Y)}.

From the identity (4.74), Proposition 3.3 and a limiting argument, we can finally
deduce that if X € R” \ 92 and 1ff { fs}1s1<m—1 € Lm 10(092), 1 < p < o0,

voHx) = Y ey 4.75)

|Bl=m
1<kq,...km<n

Iyl

— Iyl
X{Z / 3Tkm(y) ((3(2;:11 er) oy e,fr)+/3E)(X _ Y)) x
=150

XAﬂ(ZZ’ 1ek\>f(2‘7 bei)H(ig %)(Y) do(Y)

m

—1
- Z Vk/z(Y)(a(Z‘Vzlek“')—HSE)(X - Y)Aﬂ(ZT=1 erg) X
[=‘)/H—1 0

XF o 4T ) (Y)do(Y)}_
Based on the identity (4.55) we may write
L. Iyl n | | |
IT2(f)X) = Z Z (8+n+ekr)n$g:n'e) 1(e—1y!

=1 |Bl=m k=1
|8|=L—1,|n|l=m—L

< [ 30,0 (@ ENX = 1)) st fon (V) do (V)
982
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n

m
($-+n+e)!m—0)1(E—1)!
- Z Z Pt x

[=|y|+1 |Bl=m k=1
[8|=£—1,|n|l=m—L

< [0 EYX = V) Apisirten fria (V) do (1), @70
a2

Above, foreach£ €N, 1 < £ < |y|, we have set 0, := Zf;ll ej,, wy = er};'[“ ej,
and 6y + w¢ + e, = y. Summing over all such representations of y and taking into
account multiplicities allows us to conclude the following. For every multi-index
yeNg lyl<m—1, f €L} | (32), X € £2, we have the identity

Iyl
YoHO=Y Y > | X ametasnyiex
la|l=m £=1 S+n+tep=a O+w+tej=y
[Bl=m |8]=C—1,lnl=m—€|9|=t—1,|w|=|y|—¢

[ 30,0 (@ EYX = Y)) g foin(V) dor (1)
902

-y Y {cz(m,e,a,s,n)x 4.77)

la|=m l=‘y‘+l S+n+tep=a
[Bl=m |§|=¢—1,|n|=m—¢

< [ EEYX =Y)Ao 4, (1) do (1),

a2
where

Im =0 — Dyl -1)! —0)!

Colm, £.0,8,17,7,60,0) = LT DA DAIZ O =y g

m!8'n! |y 0! w!
m—0)!(¢—1)!
Cotm. b.a.8.q) = LU= O DY (4.79)

m!é!n!

Now the estimate (4.63) is a simple consequence of (4.77) and (2.527) in Propo-
sition 2.63. Furthermore, the claim in (4.65) also follows from (4.77) and formula
(2.530) in Proposition 2.63.

As far as (4.64) is concerned, let us assume that f = {/5}Is)<m—1 € Ls,_l,l (082)

for some 1 < p < oo. In this case, thanks to the extra smoothness of f, we can
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integrate by parts (cf. Corollary 2.12) one more time in the first integral in the
right-hand side of (4.77) and write for each y € Nj of length < m — 1

Iyl

voHx =YY % > {aemtasnyb.0)x

la|l=m £=1 §+n+tep=a O+o+tej=y
|Bl=m [8|=L=1.In|l=m—L |0|=t—1,|w|=|y|—L

x [ @ EYX = V)40 frs) (V) do ()
082

-y % 3 {Cz(m,ﬁ,oz,é’,n)x (4.80)

|la|=m K=‘y‘+l §+ntep=a
|Bl=m 8|=L—1.|n[=m—L

< [ W@ EN = ¥) A 01 do (1),
082

ateach X € R" \ 052, where the coefficients C;, C, are as in (4.78)—(4.79).

Note that the integrand in the first integral in (4.80) is only weakly singular (since
it entails m — 1 + |y| < 2m — 2 derivatives on E). Hence, terms of this form can
absorb yet another partial derivative, say d,,, and still yield integral operators with
either weakly singular kernels, or kernels of Calderén-Zygmund type (cf. Proposi-
tion 2.63). In particular, their contribution when estimating ||.4(3;8” 2 f)|| LP(3R)
is bounded by a fixed multiple of || /|| i o)

As for the terms in the second part of (4.80), it suffices to consider only those
which contain 2m—1 derivatives on E (since the rest are treated as before). Note that
this requires £ = m (hence, n = 0). After applying d,, to them, ateach X € R"\ 92
we obtain

|
== ¥ % o ] e @B g0 do)

la|=m 8+€k =u
Bl=m

|
+2 > % /39 vi (V) [P E)X = Y)]Apa f,(Y) do(Y)

la|=m 8+€k =u
|=m
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!
== 2 %/g,g(aﬂﬂ”x = Y) Apa (3, f,)(Y) do(Y)
la|=m 8+ek=a :

|Bl=m

o!
- X Y S @ = V) g (1) do ()
mé! R
la|l=m S+ep=a
|Bl=m
=: A+ B. (4.81)
Now, the contribution from the terms labeled A is handled as before since, under

the assumptions on the indices involved, (3**# E)(X — Y) is a Calder6n—Zygmund
kernel. As far as B is concerned, note that § + 8 + e; = o + B and that

o! "o
Z WZI;Z:L (4.82)

S+er=a

since || = m. Hence,

B

= 3 [ @ EYX = YAty () do()
la|=m %2

|Bl=m

- [ v [ B =] £ do)
082
=0. (4.83)

In summary, we have shown that for each multi-index y € N of length < m — 1
and eachi € {l,...,n}, there holds

Iyl
w7 aHx =3 Y % > i tasny.0.0)x
la|=m £=1 S+n+te=a O+ote; =y
|Bl=m [8|=E~1,Inl=m—¢ |9|=t—1,|w|=|y|—L

< [ @)X = V)40, frr) (¥ do ()
982

m—1
_ Z Z Z {Cz(m,ﬁ,a,é’,n) X (4.84)

lal=m [=‘)/H—1 Stn+ter=a
|Bl=m [§|=E—1.In|=m—t
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x / W (V)@ EYX — ) Ag fay(Y) do (V)
082

!
_ Z Z m“_('”/m(aHﬁE)(X—Y)A,ga(afk,.fy)(Y)da(Y)

la|=m 8+(3k =u
|=m

at each X € R" \ 052, where the coefficients C;, C; are as in (4.78)—(4.79). This
justifies (4.64). To finish the proof of Theorem 4.7 there remains to observe that the
claim made in (4.66) follows from (4.84) and formula (2.530) in Proposition 2.63.

O

The formulas for the derivatives of the double multi-layer deduced during the
course of the proof of Theorem 4.7 are also useful to establish the following
smoothing properties of the double multi-layer, measured on the Besov scale.

Proposition 4.8. Retain the same context as in Theorem 4.7. Then for each number
p € (1, 00) there exists a finite constant C = C(S2, L, p) > 0 such that

19 F gz, @y < CIF iz oy ¥ € LI 0(09).  (489)

12 U g0 0y = CUF iz o VS €L5-1,09).  (4:580)

Proof. Estimate (4.85) is a consequence of the (quantitative) lifting result from
Proposition 2.24, Proposition 2.68, and formula (4.77). Likewise, estimate (4.86)
is implied by Propositions 2.24, 2.68, and formula (4.80). O

Finally, we consider the action of the double multi-layer operator on the
Whitney—Hardy spaces h,‘;_l,l (0£2).

Theorem 4.9. Retain the same background assumptions as in Theorem 4.7. Then
forany p € ("n;l, 1] there holds

mn . . . .

Y NNV D )eroe) < Clfllir_ ooy (4.87)

J=0

for some finite constant C > 0 independent of f eh’ (082).

m—1,1

Proof. This is a consequence of the boundedness of the operator (2.482), the
identities (4.80)—(4.83), and (2.528). O
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4.3 Carleson Measure Estimates

Fix a bounded Lipschitz domain 2 in R”, along with a natural number m € N. As
usual, let tr,,—; denote the multi-trace operator onto the boundary of 2. Finally,
recall (3.383), (3.384) and Definition 3.49. To proceed, foreach r > 0 and X, € 952,
define

P_1(382) 3 o, ( f ) := the best fit polynomial array
to f € L2,_,1(352) on S,(X,), (4.88)

i.e., the orthogonal projection of f s, (x,) onto B.Zm_l(S, (X,)) with respect to the
natural inner product in L2(S,.(Xo)) ®---D LZ(S, (X,)), N times, where

m—1
N = kX:(:) :fl_ 1) (4.89)

is the cardinality of {& € Njj : |o| < m — 1}. In particular, for each r > 0,

/ 1@ =6 (/@) da(Q) (4.90)
= nf / 1£(0) = P(0)[do(0Q).
PePy—1(02) J S, (X,)

and (recall (3.385)), we have

. . . 1/2
FH(X,) = sup ( ][ If(Q)—cbr(f)(Q)lzdcr(Q)) . 4.91)
Sr(Xo)

r>0

Next, recall that @m_l(S,.(Xo)) stands for the space of restrictions of arrays
in 9?,,,_1(3:2) to S,(X,). Thus, any element f in B'Zm_l(S,(X,,)) is of the form
(trm—1P)ls,(x,) for some P € &, _;.Itis important to note that such a polynomial
P is unique. Indeed, by linearity, this is an immediate consequence of the fact that

Pe, | and (trm_lP)|5r(X0) =0=—= P =0 in R". (4.92)

In turn, this is obvious from the fact that all derivatives_ of P vanish at, say, X,. We
shall refer to P as the polynomial extension to R” of f. In summary,

try—1 : Py —> B.Zm_l(S, (X,)) is an algebraic isomorphism. (4.93)
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In the sequel, we shall frequently identify a generic element f from Z,,_, (Sr(X,))
with its canonical extension to the entire boundary 2. By definition, the latter is
taken to be tr,,—1 P € @m_l (0£2), where P € &2,,_; is the polynomial extension to
R”" of f. We emphasize that, by design, the canonical extension of elements from
@m_l(S,.(Xo)) to elements in 9?,,,_1(3:2) is unique.

The space Pn1(Sr(X, »)) has a Hilbert structure when equipped with the inner
product naturally inherited from L?(S,(X,)) @ --- ® L*(S,(X,)), N times (with
N as in (4.89)). Then, given (4.93), the restrictions to S,(X,) of the Whitney
arrays po(X) = try—1[(X — X,)*], « € Njj with |¢| < m — 1, form a basis in
Pr—1(8:(X,)). Applying the Gram—Schmidt process to { P }|4|<m—1 then yields an
orthonormal (relative to L>(S, (X)) ®---® L2(S,.(Xo))) basis for @m_l (S, (Xy)).
We denote this basis by {é, }|o|<m—1 and, for each multi-index o € N of length <
m—1,welete, € 9|a| be the polynomial extension to R” of é,. That is, e, is a
polynomial of degree |«| such that é, = [tr,,—1e4]|s,(x,)- Then, for each B € N,
|B| < m — 1, it follows that at points in S, (X,)

(éa)p = (tty—rea)p = 0Peq =0 if [B] > ], (4.94)
by degree considerations. Also, by carefully keeping track of bounds for the

various expressions appearing in the Gram—Schmidt orthonormalization process (as
presented on, e.g., p. 120 of [121]) we obtain

_ C al-18]
s = [ 1X = Xl +7] if [Bl < lal, VX €02, 495

The point of the above considerations is to facilitate discussing a number of
important properties of the best fit polynomial array (cf. (4.88)). To begin with,
we agree that @, ( /) is always identified with its canonical extension to d§2. Thus,

ar(f) € Pp_1(302), Vel ,(08). (4.96)

Let us also observe that
() =f.  V/ePua2), (4.97)
since, by definition, w, ( f ) coincides with f s, (x,) and any f € P_1(082) is the

canonical extension of f s, (x,)- As an immediate corollary of (4.96)—(4.97), we
note that

o (@0 () = an(f), Y fell_  ,(09). (4.98)

Finally, for each f = { S8} 1B1<m—1 € L',Zn_l,o(ag), we have

o ()= Y (fp(Cap)éa ondR, (4.99)

loe|.|B|<m—1
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where {€q}|q|<m—1 is as above and (-,-) stands here for the inner product in
Lz(Sr (X,)). Atpointsin S, (X,) this follows straight from definitions, so the desired
result is implied by the uniqueness of the canonical extension to 9£2.

Next, we augment the list of algebraic properties of the best fit polynomial array
with some useful estimates, contained in the lemma below.

Lemma 4.10. Consider a bounded Lipschitz domain 2 C R", and fix X, € a2
andr > 0. Then, for each f € BMO,,—1(052) and any multi-index o € Nj of length
S m — 1)

(][S R )\(f'(Y) —cbr(f)(Y))a)zdo(Y))l/z < ol ) @100)
and

. . . m—1—la|
(@)= in (0] = P IX =Xl 477 vxeon.
(4.101)

Proof. Fixr > 0, X, € 052 and consider the array ¢ = {gq}|o|<m—1 given by

gi=f—a(f) (4.102)

Then, since the best fit polynomial array o, ( f ) is the projection of f s, (x,) onto

Pm—1(8r(X,)) with respect to the natural inner product in the space
LZ(Sr (Xo)) @ e @ LZ(SI' (Xo))a (4103)

for each o € Njj multi-index of length < m — 1 we have

o Y 7P0( Y d Y = Y Pa Y d Y =0,
(4.104)
where

Po(X):= (X —X,)* and P, :=try_1 Py € 2,_1(082). (4.105)

Note that for each X € R” we have

. 0, ify>qa,
(Po)y(X) = (4.106)

i Pey (X), if y sa.
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Therefore, from (4.104) and (4.106), we conclude that for each |a| < m — 1 there
holds

0:[v,<x0)(g(y)’Pa(Y)>da(Y)z/,< Zgy(Y)(Pa)y(Y)dg(Y)

Xo) y=a

o!
= — g, (P, (Y)do(Y). 4.10
/,m;; i () Pey (V) do (V) (4.107)

In particular, making « = (0,0,---,0) in (4.107) implies (recall that the subindex
@ denotes the multi-index (0,0, ..., 0))

/ g0 (¥)do(¥) =0, 4.108)
Sr(Xo)

and recursively,

al
o! /S,(X,,) gue(Y)do(Y) =— Z m /_;‘,(Xo) &y(Y)Pyy(Y)do(Y).

y=a
lyI<lel

(4.109)

Using (4.108) and applying Poincaré’s inequality we obtain
1/2

1/2
( ][ g@(Y)do(Y)) <cr ( ][ |vfang@(Y)|2do(Y)) L @.110)
S (X,) Sr(Xo)

In turn, using the compatibility conditions (3.2),

Vianga = (Z vkark,ga)wq (4.111)
k=1 -

n
— (Y —vigura) o if lal =m =2
k=1 -

Therefore,

n

1/2 2 s
(][Sr(xo)gg(Y) da(Y)) < CrZ (][S,(X,,)Igek (V)| dg(y))

k=1

< CrfH(X,). (4.112)
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where the last inequality follows from (4.102) and the definition of the sharp
maximal function (3.385). This is the conclusion of our first step. For the second
step, fix o € Njj, |@| = 1. From (4.109),

/ ga(¥Y)do(Y) = / o (Y) Pa(¥) dor(Y), @.113)
$1(X,)

S, (X,)

and since | P, (Y)| < rl*l = r on S,(X,), this implies

F. smdom|=rf gl (@114
Sr(X,) Sr(Xo)

1/2
<r ( f |g@(Y)|2da(Y))

< cr? f*(X,).

where the last inequality in (4.114) follows from (4.112). Applying the Poincaré
inequality for g, gives

1/2
( ][ |ga(Y>|2da(Y)) < cr ( ][ |vmnga(Y)|2do(Y))
S (Xo) Sr(Xo)

+C‘][ 2u(Y) dcr(Y)‘. (4.115)
51(X,)

1/2

In turn, using (4.111) yields |Viun go|> < Z\y\=2 |gy|* which, together with
(4.114)—(4.115), implies

12 1/2
2 < s
(][s,@{,)lg“(y)l da(Y)) <Cry’ (][&(X“)|gy(Y)| do’(Y))

ly|=2

+C‘][S P dcr(Y)‘

< CrfH(Xo) + € f(X,)
< crf*(x,). (4.116)

Utilizing (4.116) instead of the definition of 7#(X,) in the second inequality in
(4.112) improves (4.108) to

1/2
(][ g@(Y)da(Y)) < Crf(X,), 4.117)
S (Xo)
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The conclusion of our second step is that

1/2 .
(][ gg(Y)da(Y)) <Crrf*X, and
Sy (Xo)
(4.118)

1/2 ]
( f |ga(Y>|2da(Y)) < Cri*x,). iflel=1.
Sr(Xo)
In the third step we fix « € NJJ, |a| = 2. Then, according to (4.109) we have

/ go(V)do(Y) = — / o (¥)Pu(Y) do (Y)
S, (X,) Sr(Xo)

o!
-2 m/&(xﬂ) gy (Y)Py—y(Y)do(Y). (4.119)

y=a

lyl=1

Since |Py—, (Y)| < rand |Pu(Y)| < r?for Y € S,(X,), and using (4.118)

f., wmaml=r(f wm da(Y))l/z

o! 12
S ?d Y)
s (][Sr(X{)ng( )2 do(Y)

lyi=1
< ot fH(X,) + €7 fH(X,)
< cr? fH(X,). (4.120)

However, applying again Poincaré’s inequality (4.115) and using (4.111) and
(4.120), one has

1/2 "
’ 2
( fsr(X0)|ga(Y)| dcr(Y)) <Cr ). ( ][MXO)Igy(Y)I do(Y))

ly|=3
+C)J[S g da(Y))

< Crf*(X,) + P f4(X,)

< CrftXx,). (4.121)
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Recall that @ € Nj is an arbitrary multi-index of length = 2. Employing the
inequality (4.121) in (4.116) to control

1/2
> (. lsmiam) @122)

1= W 8(x0)

allows us to improve (4.116) to

1/2
(][ Igs(Y)Izda(Y)) <cr ff(x,) if|s]=1. (4.123)
50 (X,)

In turn, using (4.123) in (4.112) gives

1/2
(][ Ig@(Y)Izdo(Y)) < P FHX). (4.124)
Sr(Xo)

This concludes the third step of our analysis at the end of which we have
1/2 ]
(][ g@(Y)do(Y)) <cr fA(X,). (4.125)
Sr(Xo)

1/2
(][ lg, (Y)]? dU(Y)) < CcPfH(X,), ifly| =1,
Sr(Xo) (4.126)

1/2
(][ |ga(Y)|2da(Y)) < Crf*Xy), iflal =2,
Sr(Xo)

Thus, inductively, we obtain (4.100).
We are left with showing (4.101). Let r > 0 and X, € 952 be fixed and notice
that, by the linearity of w,, (4.98) and (4.99),

i, (f) = e (f) = @, (f = e (f))
= X ((F-on(p@sley. @120

IBl.ly|=m—1

where the collection {€¢ }|¢|<m—1 is the orthonormal basis in Pp—1(8:(X,)) relative
to the Hilbert space L*(S,(X,)) ® --- & L?*(S,(X,)), N times, discussed in the
preamble of this lemma, and (-, -) stands here for the inner product in L2(S,(X,)).
Then, for every X € 952,
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(6 () = 6mr () ()
= 2 |(F o (s @s)enax)]

IBl.lyl=m—1

| . . 5 1/2
> (][S(X)‘(f—d)z,.(f))ﬁ(Y)‘ dcr(Y)) 1@l oo s, cxo

IBl<lyl<m—1
) Cﬁf%;m—l(fslr()(o))(f. B wzr(f))ﬁ(y))sz(Y))l/z [|X — X,| + r]M_lal
<C Z r’”—l—\ﬂ\f'#(Xo)DX X, + r]\y\—lal’ .

[BI<lyl=m—1

where the first inequality in (4.128) follows from (4.127), the second is a conse-
quence of Holder’s inequality, the normality of {é,},j<m—1 and (4.94), the third
is implied by (4.95) and |S,(X,)| =~ [S2-(X,)|, while the last follows from
(4.100). Then (4.101) is an immediate consequence of (4.128) and the fact that
r <|X — X,| + r and that 952 is bounded. O

Next, we present the main result of this section. Before stating it, recall (2.43).

Theorem 4.11. Consider a W-elliptic homogeneous differential operator L of
order 2m with (complex) matrix-valued constant coefficients. Let §2 be a bounded
Lipschitz domain in R" and for each X € §2 denote by p(X) its distance to 052.
Let 9 be a double multi-layer potential associated with L (as in § 4.2). Then there
exists a finite constant C = C(82, L) > 0 with the property that

|Vm9f(X)|2p(X) dX is a Carleson measure on §2, with
(4.129)

- . .
Carleson constant < C ||f||BMOm_l(m)f0r each f € BMO,,—(02).

Proof. Let f € BMO,,_; (082) and fix X, € 082 and r > 0. Consider next a function
n in R" with the following properties

neCPMR"), 0<n<1, n=1 on By(X,), suppn C Bs(X,), (4.130)
C

and [0%n| < I_al’ for each multi-index o € N. (4.131)
r o

Also, denote by A,(X,) := £ N B(X,,r) the Carleson box associated with the

surface ball S, (X,), and denote by |A,(X,)| its n-dimensional Lebesgue measure.
Let us agree that | S, (X,)| denotes the surface measure of S, (X,).
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Throughout the proof, we shall abbreviate @, ( f ), a)z, ( f ), etc., as @y, Wy, etc.
Recall (3.9). Writing now f = n(f @) + (1 =) (f —@2r) + @, and using the
reproducing property (4.62) of 2 we obtain

V"D f =V"I(f =)+ VDA =)(f —dn)],  (4132)
as V" Dan, = V"w,, = 0. Consequently, using that (a + b)> < 2a? + 2b%, we

have,

5 (IX i O F R ax

2 .
I X)|V"g —)(X)PdX

< S ] A,<x0>p( )| (f — @2)](X)]

2

va@ 1— '_'r XZdX
S X0 ) p(X)| [(A = (f —a)(X)]

=1 +1I (4.133)

We claim next that there exists a finite constant C = C(§2, L) > 0 such that the
following are satisfied

IS (IX' )| 4,(K0) p(X)le [ﬂ(f er)](X)|2dX < C(f#(Xa))2 (4.134)

. . c .
V" 2[(1 — ) (f — @2:)](X)] < 7||f||BMOm—1(8~Q) if X €A (X,). (4.135)

Let us assume for the moment that (4.134) and (4.135) hold and continue with the
proof of (4.129). Using (3.387), then (4.134) readily implies

1=<CIfI3 (4.136)

BMOm 1 (39)

Also, based on (4.135), |S-(X,)| ~ "', |A.(X,)| ~ r", and |p(X)| < r whenever
X € A, (X,), we have

lp(X)dX < C|fI3
Ar(X,)

(4.137)

1
”f”BMOm 1(39)|S (X,)] BMO,,_1(382)"

Then (4.129) follows from (4.133) and (4.136)—(4.137).
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We are therefore left with proving (4.134) and (4.135), a task to which we turn
now. Starting with (4.134) let us notice that since | S, (X,)| ~ "1,

1= [ POV I — ) (IFax. (4.138)
r 2

Next, from Proposition 2.67 and the integral identity in (4.77)-(4.79) we may
estimate

/Q p(X)|IV" P[n(f —in)(X)]*dX < C /3 . In(f —dn)(Q)*do(Q). (4.139)

Consequently,
1o [t - e @) do)
r R
C .
= n_1/ |(f = a2)(Q)]da(Q). (4.140)
r S4r(Xo)

where the equality above follows from the fact that 1 is supported in By, (X,).
Hence,

C

rn—l

I <

/S G =)@ do(@) = (R 14

where the last inequality is a consequence of the property (4.90) and the definition
of the sharp maximal function f#(X,). The proof of (4.136) is therefore completed.
Now we focus on proving (4.137) and to this end, let X € A,(X,). Then, since

IV 211 =) (f —an)](X)] = [V(V"'Z[(1 = )(f — do))(X)|,  (4.142)

employing (4.77) we obtain
V™11 = )(f = @2)](X)) (4.143)

sC Y|V [ mm@ T - 1) x
902
lyl=m—1.|a|=m
Blmm toimm 1

x((1 = (f — a2 ))s(Y)do(Y)|,

where C > 0 is a universal constant. Using the support properties of 7 from (4.130),
we can replace 052 by 952 \ S3,(X,) as the domain of integration in the right hand
side of (4.142) since 1 —n = 0 on S5, (X,). Also, using (4.29),
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C
V'"EX -Y) < ————. 4.144
I ( ) = X 1] ( )

Therefore, since

A= =d)N<C D [(f = da)uM)] - [V = (1)),
lul<m—1

(4.145)
we obtain
V" D11 = 0)(f — @n)](X)] (4.146)

|(f _a-)Zr)p,(Y)l m—1—|u|
¢ v VT T HA=n@)|do(Y).
- Z /ﬂ\smxﬂ) X — Y| | I=n@)ldo(Y)

lul<m—1

A simple observation is that there exist constants C; = C;(£2), j = 1,2, such
that for X € A,(X,) and Y € 982 \ S5,(X,) we have

ClIX Y| <|X,—Y|<ClX - Y. (4.147)
Employing (4.147) in (4.146), it follows that

V" Z1(1 =) (f — @2)](X)]

¢ DM (1= (¥)|do(Y
- |ul=m—1 /-Q\Szr(X,,) |X — Y|” |(f @2 )/‘( )| |( m( )| o(Y)
+C Z / ;I(f' — ), (V)] (1=l (1 )7 do (V)
el <m—1 ¢ 02\ S2r (Xo) | X, = Y|"
S (4.148)

For each multi-index € N, || < m — 1, the function V"=~ (1 — p) is
supported in Sy, (X,) \ S2,(X,). This, together with (4.131) imply

mec Y [ gl e, (4.149)
|M‘=m_lag\slr (Xo

1
vee ¥ oo [ el —enldem).
‘M|<m_l S4r(X{J)\SZr(Xo
(4.150)
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Using that |S4,(X,)| ~ r"~! and for each point Y € S4(X,) \ Sz, (X,) we have
2r < | X, — Y| < 4r, (4.150) gives

1 1 o
IV<CM|<X: T 5] sy, [ Z @I, @ash
=C . i) (V)| do (Y ”
Y 1 (s L —@nldom))

Now (4.100) allows us to conclude,

Iv<cC Z e \M|' pm—l= Iu\f (X,)

[ulsm—1

C . c .
= — [1Xo) = — 1/ llgsio, o) (4.152)

As for 111, by writing the domain of integration in the right-hand side (4.149) as
the union of disjoint annuli S,;+1,(X,) \ S»/,(X,), j > 1, we have

m=c Yy > /

lpl=m—1j=1

D) do(Y), (4.153
82017 (xp) V27 (Xo) (2]”)"|(f w2)u(¥)do(¥), ( )

since, foreach j > land Y € S, +1, \ S,j,, one has 2/r < | X, —Y |. We then write

n<c Z Z ][ I(f—csz+1,)M(Y)l

‘Ml m— 1]—1 2]+1 (Xo

J
+ D @y, = D) (V)] | do(¥)

i=1

(o]

<c ¥ 35 (f

|pl=m—1j=1

=

((f = dp1)u ()P do(Y))

S,j+1,(Xo)

U
+3 Dy, — iy ) (V)] do (Y
szrfszm Gxe, =i do )]

i=1

oo

j .
¢ Y X (5 a5 )

|u|=m—1j=1

IA

IA

C . c .
— /1 (X) = —1f lxio, a2y (4.154)
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Above, the first inequality in (4.154) follows from (4.153) by writing f — Wy as
a telescoping sum and applying the triangle inequality, while the second one is
obtained from Holder’s inequality. The third inequality follows from Lemma 4.10,
whereas the last inequality is a consequence of (3.387). Now, (4.154), (4.152) and
(4.148) give (4.135) and complete the proof of Theorem 4.11. O

We conclude by establishing the counterpart of Theorem 4.11 in the VMO
context. Specifically, we have:

Theorem 4.12. Retain the setting of Theorem 4.11. Then

|V 9f(X)|2p(X) dX is avanishing Carleson

. . (4.155)
measure on 2 for each f € VMO,,_(352).

Proof. Fix an arbitrary f € VMO,,_;(9£2) along with a threshold ¢ > 0. Pick

n—1

a number s € (0,1) such that s > 2=, and choose & € B°>% (3£2) such that

2n m—1.s
Ilf — g||BMOm_I(m) < ¢&. That this is possible is ensured by Definition 3.52 and
Proposition 3.53. Then, for every X, € 0§2 and 0 < r < diam (£2), we have

rl_"/ V"% fIPpdX < 2rl_"/ V"9 (f — §)|PpdX
A(Xo,r) A(Xo.r)

+2rtTn /A(X )|v'"9'g'|2pdx =1 +1I
' (4.156)

Now, Theorem 4.11 gives that

I <2 |\V"9(f - &)PpdX llcar <CIf =2l Ce?.  (4.157)

2 <
- BMO,,,—1(382) —

As for term /1, anticipating an estimate which will be proved later, we remark that

the function u := |V"9¢|?p satisfies |u| < Cp>~! in £2, thanks to (4.243), where

C = ||g||§oo,oo(m) is a finite constant. Consequently, by (2.58), u := udX is a
m—l1.s

vanishing Carleson measure, since 2s — 1 > —1/n by our choice of s. In turn, this
entails that there exists R > 0 such that

H<e if 0<r<R, (4.158)

uniformly in X, € 052. Altogether, (4.156)—(4.158) show that

lim ( sup rl—"/ |V’".@f|2de) =0. (4.159)
A(Xp.r)

R—0F \0<r<R, X,€02

This proves (4.155). |
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4.4 Jump Relations

Throughout this section we define and study the boundary principal-value version
of the double multi-layer potential operator Z introduced in (4.57).

Definition 4.13. Assume that £2 C R” is a bounded Lipschitz domain, and
that L is a (complex) matrix-valued constant coefficient, homogeneous We-elliptic
differential operator L of order 2m in R”. For each f € L _10(082),1 < p < o0,
define

Kf= {(Kf') } (4.160)

Yylsm—1
where, for each y € Njj of length < m — 1, we have set

Iy

(K),0:=2322 > > lCimtas 0.0 x
la|=m €=1 S+ntep=a Otote;=
|Bl=m 8l=L—1.In|=m—{ |9|=¢— 1\0)‘ \V\ ¢

xtim [ 3, (G ENX = 1)) A S (1) do(1)]
Yeor

|X=Y|>e

Y Y Y {emtasyx (“.161)

lal=m {=|y|+1  §+nter=a
|Bl=m |8|=0—1,|n|=m—¢

< Tim / W)@ E)X = V) Aga (V) do (1)),
e—0T1
IXY—EIQ!\LS

for X € 082. Above C;, C, are as in (4.78)-(4.79).

To state our next result, recall the non-tangential boundary multi-trace from
(3.272). Also, recall the double multi-layer potential operator defined in (4.57), the
convention (2.11), and set

GEf = (Qf')‘gi. (4.162)

In the sequel we will sometimes abbreviate g+ by 9. Also, I will denote the
identity operator.

Theorem 4.14. Let 2 CR" be a bounded Lipschitz domain and consider a
(complex) matrix-valued constant coefficient, homogeneous, W-elliptic differential
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operator L of order 2m in R". Assume that K is associated with these as in
(4.160)—(4.161).

Then for each f € LZ_LO(B.Q), 1 < p < oo, the expression Kf(X) is
meaningful at almost every point X € 052. Moreover, the operator

K:LP_ 0092) — LI, (382) (4.163)

is well-defined, linear and bounded for each p € (1,00), and the following jump-
relation holds

7% f glz (1 +K)/f, (4.164)

for each f € LSI_LO(EJ.Q), 1 <p<oo.
Furthermore, for each p € (1, 00), the operator

K:LI |

(02) — L?_, (3R2) (4.165)

m—1,1
is also well-defined, linear and bounded. As a corollary,
B (LD 10 02)) — (Lh_,02))
(4.166)
. . * . *
K (LD, 02) — (L5_,,02))
are also well-defined, linear, bounded operators for each p € (1, c0).

Proof. The fact that the limits in (4.161) exist at a.e. X € 0£2 is a consequence of
Proposition 2.63. This proposition also gives that

Yo MK Dylleeee < CUF iz o0 (4.167)

lylsm—1

for some finite constant C = C(§2, L, p) > 0.
We shall now prove that (4.164) holds which requires that

(@if')ytmz [(i%1+1€)f']y, VyeNL |yl<m—1. (4.168)

We consider first the case of superscript + in (4.168) and fix for the moment y € Nj
with length < m — 1. Notice that in (4.77), a typical kernel for the first group of
integral operators is of the type

k(X.Y) = 0y, (r) (ka(X — Y)) where k,(Z) := (0’ TP E)(Z) Ape, (4.169)
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where o, 8,6, w € Ni, |a| = |B]| = m, |§] =€ — 1 and |w| = |y| — £, for some
number £ € {1,...,|y|}. In particular |§] + |w| + |[B] = m + |y|—1 < 2m —2
and, consequently, the kernel k(X, ') is either weakly singular, or amenable to the
Calderén—Zygmund theory reviewed in § 2.8. The integral operators with weakly
singular kernels do not jump thus, when restricted to the boundary, they contribute
to the left-hand side of (4.168) the boundary operators in the first part of (4.161). In
the case when the multi-index y € Njj satisfies |y| = m — 1, we employ the jump
relations (2.530) to write

(/m e lko(- = Y)]g(¥) do(Y)){ (X)

82

= k) — v e () g(X)

24/ —1
im0 = Vg do(r)
¢ YeoR
|X=Y|>e
~ tim, / D1y ko (X = YV)]g (V) dor(Y). (4.170)
¢ YeoR
|X=Y|>e

for each g € L7 (0£2) and almost every X € 0£2. This shows that the restriction to
the boundary of the first part in (4.77) gives precisely the first part of (4.161).

Let us now focus on the restriction to the boundary of the second part of (4.77).
Notice that whenever £ < m the kernels in the second part of (4.77) are weakly
singular and hence the integral operators with these kernels do not jump. In turn,
the restriction to the boundary of these operators give the corresponding terms (i.e.,
with £ < m) in the second part of (4.161).

Finally, we are left with considering the boundary behavior of the following sum
of integral operators (corresponding to the choice £ = m in the second part of
(4.77)):

!
P> %/39 (V)@ PE)X —Y)Apa f,(Y) do(Y).  (4.171)
la|=m §+er=0 '

|Bl=m

Since |B| + |8] = 2m — 1, the kernels in (4.171) are Calder6n—Zygmund and
employing (2.530) the non-tangential limit on 952 of (4.171) is
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Z Z vk(an“ﬂE)(v(X))Aﬂafy<X) (4.172)

|la|=m 8+8k =u
\ |=m

: a! 5+
- im, 3 nga o5 | @ EYX V) 0 do 1),
[Bl=m

where as before “hat” denotes the Fourier transform. Based on (4.77) and (4.161),
in the light of our previous analysis, in order to prove (4.168) it suffices to show

Z Z vk(X)(a“ﬁE)(u(X))Aﬂa F(X) =1 £,(X). (4.173)

|la|=m 8+8k =u
\ |=m

Using that
@PPE) (X)) = V=T P (xy P Ewx)
= (V=) "W(X)TPEW (X)), (4.174)
we obtain
| —

“m L Y (D@ P E) (X)) A fy (X) (4.175)

lal=m S+ep=a :

|Bl=m

S D D v(X)Hﬂ“kE(v(X))Aﬂafyor)
lee|=m 8+ek—a

|Bl=m

| ~
=30" ) ( 2 %) V(X P E (X)) Aga £,(X)

S+er=a

la|=m

|Bl=m

= 1=D" Y (X)) PEW(X)) Apa £, (X)
la|=m

|Bl=m

= JEDE@OO) 20 w0 P Ay | 00,
la|=m

|Bl=m
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where the next-to-last identity follows from (4.82). Finally, (4.31) gives

EWw(X)) = (—1)'"[ 3 U(X)a+ﬂAa5]_l (4.176)

lo|=|Bl=m

so the identity (4.173) readily follows. This in turn gives (4.168) and finishes the
proof of (4.164).

In order to complete the proof of (4.163) it remains to show that for each
Whitney array f € L,’;_LO(E).Q) for some p € (1, 00) we have that K f € CC. This
is however a direct consequence of (4.164), the non-tangential maximal function
estimate (4.63) and (3.275) in Proposition 3.29.

We turn now to proving that the operator (4.165) is also well-defined and
bounded. To this end, fix p € (1,00). Then, for each f € L;_“(asz) the jump
formula (4.164) holds. Then, the desired properties of the operator (4.165) are a
consequence of the non-tangential maximal function estimates (4.64), (3.279) from
Proposition 3.30 and (3.265). O

Theorem 4.15. Retain the same background assumptions as in Theorem 4.14. Then
the operator

K:hl | (082) — hl_, (382) (4.177)

is well-defined, linear and bounded for each p € (”T_l, 0).

Proof. When 1 < p < oo, it follows that h_, (32) = L!_, (3%2) and
(4.177) follows from (4.165). On the other hand, the embedding k,’;_l,l(ag) —
LZ*_LO(E).Q) holds if ”n;l < p <1, where p* is as in (2.433). Hence, in either case,

(4.164) holds for f € }'151_171(89), so the boundedness of (4.163) is a consequence
of this, (4.87), and (3.279) from Proposition 3.30. O

We continue by presenting a structure theorem for the principal-value double
multi-layer in the case when the underlying differential operator factors through the
Laplacian.

Theorem 4.16. Retain the same background assumptions as in Theorem 4.14 and,
in addition, assume that L is a W-elliptic differential operator which factors as

L =AL, (4.178)
where L is a constant coefficient differential operator of order 2m — 2. Then, for

eachy € Nj, with |y| <m —1, andf ={/f}yl<m—1 € L,’;_Lo(am, 1<p<oo
one has
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K= > Y lim 900 ([Pro.sk DEIX = Y)) fo(Y) do (¥ )

61—t k=10
| X—Y|>¢
+ K4 f,(X) + lower order terms, 4.179)

where each pyg ;i (0) is a differential operator of order 2m — 2.

Proof. Fix y € Njj such that |[y| < m — 1. A simple analysis of (4.161) reveals that
for (4.179) it suffices to show that

- Z Zm: Z CZ(msEvavgv 77) X (4180)

lal=m l=|y|+l §+n+tep=a
|Bl=m |8|=0—1,|n]l=m—L

< lim / (V)@ E)X — Y) Ay fyn(V) do(Y),
0 Yeo
| X—=Y|>¢

can be written as in the right-hand side of (4.179) as the remaining terms in (4.161)
are already in this form. As for (4.180), we notice that whenever £ # m in (4.180)
one obtains a lower order term. Therefore matters are reduced to showing that if

== 3 ;—k lim, / (V)@ TPEY(X — Y) Ay f,(Y) do(Y)
la|=m S+er=a e Yeiso

|Bl=m |X—Y|>e
(4.181)
then

n

I= 3 ) lim / 9200 [Py DEIX = Y)) fo(Y) do (¥ )
lol<m—1 jk=1°""" 2

|X=Y|>e

+K4 f,(X) + lower order terms , (4.182)

with p, g ;x(0) as in the hypothesis. Above we have used the fact that
Cy(m,m,a,$,0) = il whenever § + e, = «. (4.183)
m

However, based on the definition of 7,

(4.184)
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where we make the convention that 3*T#~¢ E = 0 if any of the components of the
multi-index & + B — ey is negative.
Consider next a generic homogeneous differential operator L of order 2m — 2,

L:= > 0 Bupd’. (4.185)

lo/|=[p|=m—1

Then, due to (4.178), we have

n
2 A= D0 3 Byt (4186)
loe|=|B|=m lo/|=]p"|l=m—1j=1

A moment’s reflection shows then that, for each o, 8 € Nj}, with |¢| = |8] = m,

we have
n
Aup = ) Bamep)(pe))- (4.187)
j=1

where By (e =0 whenever either @ — ¢; or B — e; fails to be a multi-index
in N, otherwise they are as in (4.185). Employing (4.187) in (4.184) we obtain

- S e+ Bt 420~ _
I'= HZ ;; Jim, / vk(Y)Zl(a” e Pe) 2~ ) (X — ) x
al=m k= Yein =

1Bl=m |X—Y [>e
X B(g—e;)a—en Jy(Y) do(Y). (4.188)
Writing v, 09/ = 9y; + v; 0% we get
[ =1+11, (4.189)

where

n

=3 Z“k i Zn (@—ej)+(B—ej)te;— _
1l .= ZEEI(?Jr / a-[kj(y) ' (a a—e;j ej)rej ekE)(X Y) X
lal=m k=1 Yein Jj=1

|Bl=m |X—Y|>e¢

XB(ﬂ—e‘/)(a—ej)fy(Y) dG(Y), (4190)
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and
Il = oK . i (qla—e;)+(B—e;) _
> Z o lim / Zv](Y)ay (9@es DE)X —Y) x
la|l=m k=1 yeasn j=1
|Bl=m |X—Y|>¢

XB(ﬂ—e‘/)(a—ej)fy(Y) dU(Y) (4191)

Observe next that /7 is of the form

n

> Y dim / 00 (1Prosk D EIX = 1)) fo(Y) do(Y). (4.192)

; e—0T1
|0|l<m—1 j.k=1 Yesn

|X=Y|>e

As far as I1] is concerned, notice first that for a fixed a € N, |a| = m we have that
Y iy % = 1. Also, based on (4.185), for each fixed j € {1,...,n} we have

m

> Blaey)pey® P9 = L. (4.193)
ol =IB=m

Finally, (4.191) and the preceding observations imply

1l = Z lim / v (Y)dy [(D‘EU)(X - Y)]tfy(Y)da(Y), (4.194)
\XY—EI?A\?»S

and since L'E;« = I' (as L' = AL"), where I is the fundamental solution of the
Laplacian, (4.194) readily gives that

I = K f,(X). (4.195)

This finishes the proof of (4.182) and completes the proof of Theorem 4.16. O

Our next theorem addresses the issue of the boundedness of the principal-value
double multi-layer on Whitney—-BMO spaces. As a preamble, we shall prove the
following useful result.

Proposition 4.17. Let 2 CR" be a bounded Lipschitz domain and consider a
(complex) matrix-valued constant coefficient, homogeneous, W-elliptic differential
operator L of order 2m in R". In this context, define K as in (4.160)—(4.161). Then

K(trm_lu) = %trm_lu on 082, forany ue P,_,. (4.196)

Proof. This follows by taking the non-tangential limit in (4.62) and using the
jump-formula (4.164). O
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The action of the principal-value double multi-layer on Whitney—BMO spaces is
considered next. The theorem below extends work done in the case whenn = 2 and
L = A? in [24] and answers the question posed by J. Cohen at the top of page 111
in [24].

Theorem 4.18. Assume that §2 CR" is a bounded Lipschit; domain, L is a

(complex) matrix-valued constant coefficient, homogeneous, W-elliptic differential
operator L of order 2m in R", and consider K as in (4.160)—(4.161). Then

K : BMO,,_(3§2) —> BMO,,_;(3£2). (4.197)

is well-defined, linear and bounded.

Proof. The first observation is that, given an arbitrary f € BMO,,_(3£2), due to
(4.163),

Kf el  ,(39). (4.198)
Therefore matters reduce to showing

(K ) e L®(0R2). (4.199)
To this end, fix X, € 0§2,r > 0 and f € BMOm_l(a.Q). For each R > 0, recall the

best fit polynomial array @g ( f ) introduced as in (4.88). We consider next a function
nin R" as in (4.130). In particular the following hold

neCPR"), 0<n<1, n=1 on S$2(X,), suppn C S4r(X,), (4.200)
Co

[0%n] < R for each « € Nj. (4.201)
r

We write

f=n(f =dn) + (L= )(f = 2) + (4.202)
where for an array g, the multiplication 7¢ is in the sense of (3.309). Using the
linearity of the operator K on Lzm_l,O(B.Q), formulas (4.202) and (4.196) give

(41 + K)f = (41 + K)(n(/ —an))

+(3 + K) (A =(f =@20) + 362 (4203)
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Therefore
GI+K)f =30n = GL+ K)(n(/ =) + BT+ B (1 =m(f - 2))
=1 +1I. (4.204)

We claim that there exists C > 0, independent of X,,, f and r > 0 such that

1/2
(][ |1(Y)|2do(Y)) < CfHx,), (4.205)
Sr(Xo)

and that
there exists P € 2,,_,(3£2) with the property that

12 (4.2006)

(f, won-pmpasm) =i,
Sr (X())
We start with showing (4.205) and, in this regard, first notice that

[ ety = [ 61 R (0 )| dor)

= [ &1+ &) ()G = n )| dom).
(4.207)

Based on Theorem 4.14, the operator %I + K is bounded on Li_lqo(aﬂ), and
together with (4.207), this implies that there exists a finite constant C > 0 such that

/ 1Y) do(Y) 4.208)
Sr(Xo)
e / N (F (V) = e (V)2 dor (Y )
982

< Ol_' B 20( ¢ - 2
- ¢ Z Z ,3')/' [92,(X0) |a U(Y)l |(f(Y) er(Y))yl dG(Y)

la|lsm—1p+y=a

The last identity above follows from (3.309) and the Leibniz rule of differentiation.
Employing next (4.201), we have |3#7(Y)| < Cr~'#l and hence
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1 .
IY)Pdo¥)y<C > Y —— |(f (Y )= (Y))y > do(Y).
/S"(X”’ it pyme T 52

(4.209)
Due to (4.100) from Lemma 4.10 the above further gives

7 20m=1=ly)

. 2
/s,<x{,>'l(y)'2d°(y)fc 2 2 W(f’*(xo)) [821(Xo)|

la|<m—1 p+y=a

<C Z r2(m—1—|oz|)(f'#(Xo))2.ISr(XU)L (4.210)

la|<m—1

where in the last inequality in (4.210) we have used that || 4+ |y| = || as well
as |S,(X,)| ~ |S2-(X,)|. Finally (4.205) now readily follows from (4.210) and the
fact that r20"~1=leD < € = C(382), since |a| < m — 1.

We shall focus next on proving (4.206). For each array ¢ € len_m(a.Q), g =
{8y }ly|<m—1 and @ € Njj, multi-index of length < m — 1, we introduce

1
Pu(§X.X,) = Y. Egﬂﬂ(xo)(x - X,)f, X ed2, @211)
1Bl<m—1—la] ©
and
Ry (8:X.X,) = gu(X) — Pou(g: X, X,)., X €052. (4.212)
Going further, we set
P(s: X, X,) = (Pa(g; X, Xo)) and
la|<m—1

(4.213)

Rg:X.X,) = (Ra(@ X, X))

and straightforward algebraic manipulations show that P(g; X, X,) satisfies the
compatibility conditions (3.2). This and degree considerations guarantee that the
array P(¢; X, X,) € £,—1(082), where as before the latter stands for the set of
polynomial arrays of degree less than or equal to m — 1. In turn, based on (4.212),
R(g: X, X,) also satisfies the compatibility conditions (3.2). In the notation we just
introduced,

GI+ (A =n(f =) = P (G + O =n)(f —020)):X. X,) (@.214)

+ R(G1+ B = =) X X,).
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and we claim that there exists C > 0 (independent of f , X,, r > 0) such that for
each multi-index o € N{j, || < m — 1, we have

< C f*(x,). (4.215)

R (1 + K)((1=m)(f = 620)): X. X,)

The starting point for proving (4.215) is the observation that, based on (4.212) and
the jump relations (4.164), for a given ¢ € L;_I,O(ag) and for almost every point
X € 082, we have
R, (3T + K)g: X, X,) (4.216)
= Tr[Taylor remainder of order m — 1 — || of 3* Zg at X(,](X).

Next, if ¢ vanishes near X, the Taylor formula implies

‘Ra (31 +K)g: X. X,) (4.217)

1
<Cc ) [lX—Xor”"“'
o] 7°

lyl=m—la

(a”“@) (X, + 1(X — X,))| ar.

It is important to point out that Taylor’s formula require that the function 9§ be
sufficiently smooth in a neighborhood of X,. In general, 9§ is not even continuous
near X,, however, it is so if ¢ vanishes near X,. Now, based on (4.57), (4.144) and
the support condition on 7,

(74 9) (X, +1(X = X)) 4218)
1
=c| 8s(1) do (V).
02\8, (X,) [Y — (Xo +1(X — X,))|" 5%}_1
Furthermore, a simple inspection reveals that there exist C; > 0, j = 1,2,

independent of r, X, and X € S,(X,), such that for each X € S,(X,) the following
holds

C1|Y - (Xa + Z(X _Xa))l = |X0 - Yl = C2|Y - (Xo + t(X - Xo))|- (4-219)

Collectively, (4.217)-(4.219) further imply

m—|a|
<c /3 L Y el do(y),

Ry (31 +K)g: X, X,
‘ (G ) A\Sy (x,) 1Y — Xo|" S|t

(4.220)
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whenever X € S, (X,). However, proceeding as in the proof of Theorem 4.11 when
having to estimate the right hand side of (4.137), we have

1

; . _ C .
/BQ\SMXO) Y =X, Yo A=n@))(f (V) =an (V)5 do(Y) < —f(X0).

[8]l<m—1

) (4.221)
Above we considered ¢ = (1 — 1)(f — @,,) which vanishes in a neighborhood of
X, due to the fact that n = 1 on S, (X,). Then, from (4.220) and (4.221) we deduce

R (BT + K1 =)/ = 20): X. X, )| = Crmm 7l f4(x,)

< C 4 (X,). (4.222)

That (4.206) holds can now be justiﬁed by invoking (4.214) and (4.222). Finally,
(4.204)—(4.2006) give that there exists P € &,,_1(052) such that

1/2
(f,  Jar+rio- P(Y)\zdcr(Y)) = C/HX), (4223)
Sr(Xo)

from which (4.199) readily follows. This finishes the proof of Theorem 4.18. O

4.5 Estimates on Besov, Triebel-Lizorkin, and Weighted
Sobolev Spaces

The aim of this section is to study the action of the multi-layer operators  and K,
introduced in Definition 4.4 and Definition 4.13, respectively, on Besov and Triebel—
Lizorkin scales in Lipschitz domains.

Theorem 4.19. Suppose that §2 is a bounded Lipschitz domain in R", and assume
that L is a W-elliptic homogeneous differential operator of order 2m with (complex)
matrix-valued constant coefficients. Then if the numbers p, q, s satisfy the inequali-
ties ”n;l <p=<o000<qg<=<oo (n— 1)(% — 1)y <s < 1, the operator

2By (02) — B L 11),(2) (4.224)

is well-defined, linear and bounded. Moreover,

9 BN (02) — F L L) (4.225)

is also well-defined, linear and bounded (with the additional convention that ¢ = 0o
if p=00)
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Finally, similar properties hold for 1//.@_ (cf. the convention (4.162)), for any
cutoff function ¢ € C2°(R").

Proof. Consider the task of proving that the operator (4.224) is well-defined and
bounded when p, g # oo. In this case, fix f = { fs}51<m—1 € B,ﬁfl,s(ag) and note
that, by (3.224), it suffices to show that

’9feBN ,,2). VYeeNj |af<m, (4.226)
with appropriate control of the norm. Let us indicate how this is done in the case
when |o| = m.Picki € {1,...,n} and write « = ¢; + y where y has length m — 1.

In particular, the discussion in the next couple of paragraphs following (4.80) shows
that 0*(Z f)(X) can be written in the form

22 Z/WWE)(X-Y>Cﬂ,s.,j,k(8f,-kﬁ)(Y)dom, 4227)

|Bl=2m—1 |§|<m—1 j k=1

where Cp 5 ;  are suitable matrices. Since Proposition 2.58 gives d.;, fs € B (082),
for every 8, j, k, it suffices to show that the assignment

BI'(32)5 f = VRy f € B"! ., () (4.228)

is bounded, where for each ' € Nj of length 2m — 2 we have set
Ry f(X) := / k(X -Y)f(Y)do(Y), X e£2. (4.229)
a2

where k(X) is a generic entry in (3 E)(X — Y). We shall show that, whenever
|B'] =2m -2,
Ry @ Bl (32) — B[, ,(£2)  boundedly, (4.230)

from which (4.228) follows.
In turn, via real interpolation, (4.230) will be a consequence of the fact that

Ry BI'(352) — B!, (2)  boundedly, (4.231)

for each multi-index B’ € N} with |8'| = 2m — 2, if ”n;l < p < o0, as well as
(n—1)(+ —1)4 < s < 1. Finally, given that L(Rg f) = 0 in £2, the claim (4.231)
follows fl;om Proposition 2.64 and Theorem 2.41. This finishes the treatment of the
case when |«| = m. The case when |o| < m — 1 is similar and simpler, completing
the proof of (4.224) in the case when p, ¢ # oo.

The case when p # oo and 0 < ¢ < oo can then be covered from what we have
proved so far and real interpolation; cf. (3.314) and (3.317). By the same token,
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matters can be reduced to considering the case when p = ¢ = oc. To this end, let
us fix f = {fy}sj<m—1 € B (3£2) of norm one, and abbreviate (4.4) as

m—1,s

Gf0 = ¥ Gl [ @ B - a0 de), X e 2.
V"ﬂnfel‘jia
(4.232)

where the C nﬁ j ’s are real constants. For each multi-index y € Nj of length < m—1,
consider next in analogy with (3.78) and (3.73),

P(X.Y):= > l'ny(Y)(X —Y), XeR' YedR, (4233)
18| <m—1—ly|
R,(X.Y):= f,(X)— P,(X.Y), X.Y €dQ. (4.234)

For ease of reference, for each Y € 952 let us also set
PCY) = (P pizmote RCY) = (Ry( V) pyjmne. (4235)
A direct calculation shows that P( Y) € CC forevery Y € 052 (cf. (3.81), or the

discussion on p. 177 in [119]). Since f,(X) = P,(X, Z)+ R, (X, Z) if |y| <m—1
and X, Z € 982, we have

f=PC2Z)+R(-Z), VZecif. (4.236)

In particular, R(-,Y) € CC for every Y € 852. Furthermore, since P (-, Z) =
has polynomial components of degree < m — 1, it follows from (4.236) and the
reproducing property (4.62) that

91 (X) = DB 2)X) + D(R(, Z))(X)

= Po..0(X,Z) + 2(R(-, Z))(X) (4.237)

for every X € £ and Z € 952. Consequently, for each multi-index 6 € Njj with
|6] = m, we arrive at the identity

39 f(X) =" D(R(-, Z))(X) (4.238)

> CW/ v (V)@ HEYNX =Y)Ao Ry(Y, Z) do(Y),
Pinte,—a

valid for each X € 2 and Z € 9£2. Next, given a point X € 2, we specialize
(4.238) by choosing Z := 7 (X), where m : 2 — 052 is a mapping chosen with the
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property that dist (X, 0£2) ~ |X — 7(X)|, uniformly for X € £2. In turn, for each
0 € Nj with |6| = m, this and (4.29) entail

o |X _ Y|n—l+m—\n|

pojizc ¥ [ e Ry (X))] do(Y). (4.239)
1

[nl<m—

for every X € 2. We may therefore estimate

X 1—s
Q M—)—w—wmn(ﬁﬂm)l do(Y)

1—s 895 ¢ <
AT S |

[nl<m—1

p(X)'*
=€ Z /3.(2 |X — Y |p=1m=lnl|y — g (X)|m—1=Inl+s do(Y)

Inl<m—1
-C / et C /
MlSm_l |Y_”(X)|>CP(X) MlSm_l |Y_”(X)|<CP(X)
4D (4.240)

where the second inequality above utilizes (3.75). Localizing and passing from
graph to local (Euclidean) coordinates, we see that

i 1+
h=C 2 / xRy @24
Inl=m=1j,_sjoei
L}GR"’*I

' m—1—|nl+s  n—1 |Z| I=lnl+s
< - . . . dz <
=C Z tr—1+m—n| t ! / [1 + |Z|]n—l+m—|n\ z=C,

[nl<m—1 o=

z€Rn—1

where in the second step we have changed variables twice (first from y — x to y,
then from y to tz). In a similar fashion,

- |y—x| m—1—|n|+s
L=C ), / =y X = dy

Inl<m—1 ly—x|<ct

t_s n—l1 dZ
<C Y preeelll / s <€ (4.242)

[nl<m—1

lzl=e

zeR"—!
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Altogether, (4.240)—(4.242) show that there exists C = C($2, L, s) such that
sup [ p(X)'* 1V 9 £ (O] = €11/l o sy (4.243)
XeR :

Next, we remark that foreach 0 < s < 1,

B (02) o B (02) —2 B

m—1,s

m— 11 m— 1 J+r+1/p(9);>L°°(.Q), (4.244)

whenever j € {I,...,m —1},0 < r < s and % < p < oo Indeed, the first
inclusion in (4.244) is a consequence of Proposition 2.51, the boundedness of the
second arrow is based (4.224), and the last inclusion is a standard embedding result.
Consequently, there exists C > 0 such that for each f € B> (312),

m—1,s

m—1

sup [ 37179 (1] = Clf lizesany (4.245)

Xen j=0

Together, estimates (4.243), (4.245) and (2.227) give that V"~ lg f e C%(£2).
Hence 7 f € C"~'+5(82) which, by (2.185), gives 7 f € B> 0.5 (£2), as desired.

Moving on, (4.225) is a consequence of (4.224) with p = ¢, the fact that the
diagonal of the Besov scale coincides with the diagonal of the Triebel-Lizorkin
scale, and (2.265) from Theorem 2.41.

Consider now the last claim in the statement of Theorem 4.19. Given a function
Y e CX(R"), pick R > 0 large enough so that Bg(0) contains 2 U supp . Set
now Dy := Bg(0) \ £ and denote by P the double multi-layer associated with
the bounded Lipschitz domain Dz C R”. Finally, let

g 2 B2 “(89)—>qu (02) ® B> (dBr(0)) = B?Y, (dDy),

m—1,s m—1,s m—1.s

wr: BYY, (9Dg) = BPY, (02) @ BLY, (3Br(0)) — B, (382), (4.246)

act according to LR(f) = (fO) and nR(f,g') = f for every f

Based on definitions, it is straightforward to check that, when acting on Whitney—
Besov spaces,

V9~ = —(YPDg)oig in Dg. (4.247)

With this in hand, the desired conclusions about WQ_ follow from what we have
established in the first part of the proof. O
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In the following result we establish mapping properties for the double multi-layer
acting on Whitney—Besov spaces and taking values in the weighted Sobolev spaces
introduced in § 2.5.

Theorem 4.20. Retain the same background hypotheses as in Theorem 4.19. In
addition, assume that 1 < p < 00,0 < s < l,andseta .= 1—s—1/p €
(=1/p,1 =1/ p). Then the operator

9 BM (3R2) — WP(RQ) (4.248)

m—1l.s

is well-defined, linear and bounded. Moreover, a similar boundedness result holds

for 1//.@_ (cf. the convention (4.162)), for any cutoff function € C2°(R").

Proof. This is a consequence of Proposition 2.64 (used with k = 1) and the fact that
for each f = {fg}w<m | € Bm 1Y(8.(2) and each o € Njj with || < m we may

represent 9 f as a finite linear combination of terms of the form (4.227). O

Our next result deals with the mapping properties of the boundary multiple layer
K and its relation with &, when considered on Whitney—Besov spaces. Recall
(4.162).

Theorem 4.21. Let §2 be a bounded Lipschitz domain in R", and assume that L is
a W-elliptic homogeneous differential operator of order 2m with (complex) matrix-
valued constant coefficients.

Then the boundary layer potential operator K, originally introduced in Defini-
tion 4.13, extends to a bounded mapping

K : Bl (02) — B, (99) (4.249)

m—1,s

whenever"T_l <p<oo (n— 1)(1/1)—1)+ <s < 1,and0 < q < oo. In addition,
with the same assumptions on p, q and s,

tty—1 0 9F = £ + K in BlY (392). (4.250)

mlv

Proof. Consider first the case when 1 < p = ¢ < oo, and 0 < s < 1. The
fact that the operator (4.249) is bounded in this situation follows by interpolating
by the real method (cf. (3.319) in Theorem 3.39 between (4.163) and (4.165)
in Theorem 4.14). Furthermore, the jump formula (4.250) holds since the two

operators involved are bounded on B;Z o’ 1.;(02) and coincide on L'f;_l 1(082) which,

under the current assumptions on the indices, is densely embedded into B,Z P 1.5(082),
thanks to (3.118). Once (4.249)—(4.250) have been dealt with in the range of indices
1 < p=4¢q<00,0<s <1, their validity can be further extended to the case when

”n;l <p=gqg<ooand (n—1)(1/p—1)4 < s < 1 by arguing as follows. First, for
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each such indices p, s, it is possible to ﬁnd indices p* € (1, 00) and s* € (0, 1) with

the property that Bm 15(082) — Bm 1o+ (052) in a bounded fashion. As a result,
foreach f € B/, (352) we may write
|EST+ B e gy = Nmas 25 f | grr ooy < CI Nspe, gy (4251

where C > 0 is a constant that does not depend on f . The identity in (4.251) follows
from the fact that f €B y‘:_’f, .+ (082) while the inequality follows from the fact that
f belongs to B2, (382), Theorems 4.19 and 3.9.

m—1.s

Going further, the range — < p = ¢ < oo and (n — 1)(— — 1) <s<l,
where (4.249)-(4.250) are Vahd, can be extended to “ T < p<00,0<g <oo0and
(n—1) (% - 1) 4+ <$ < 1,by invoking Theorem 3.39. In fact, by employing the same
interpolation result, there only remains to deal with the case when p = ¢ = oo and
0<s <l

However, if f € B®
quently,

mlv

° (052) then f € L _1,0(0£2) for any p € (1, 00). Conse-

.. . L ym—1 . .
(I +K)f=9*f o = tr,_1 2% f, (4.252)

by (4.164), the fact that P Bm 1. 0R2) - C" 1+5(£2) boundedly (plus a similar
statement for §£2_), and (3.102) with p = g = oo. This concludes the proof of the
theorem. O

For further reference, let us also record here the following useful result.

Corollary 4.22. In the same setting as in Theorem 4.21, the adjoint of the boundary
layer potential operator K extends to a bounded mapping

K= (B2 (ag)) (B (ag))*, (4.253)

m—1,s m—1,s

whenever 1 < p,g <ocoand(0 <s < 1.

Proof. This is an immediate consequence of Theorem 4.21 and duality. O
For later use, let us point out that, by taking boundary traces in (4.247) and duality,
we obtain

igo K =—Kgotg and K*oih=—thoK5, (4.254)

where Ky is the boundary-to-boundary version of the double multi-layer integral
operator for the domain Dz = Bz(0) \ £2.

Our next result deals with the mapping properties of the operator K on the space
VMO,,_(3£2). Specifically we have
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Theorem 4.23. Assume that §2 is a bounded Lipschitz domain in R", and that
L is a W-elliptic homogeneous differential operator of order 2m with (complex)
matrix-valued constant coefficients. Then the boundary layer potential operator K,
originally introduced in Definition 4.13, induces a mapping

K : VMO,,_;(32) —> VMO,,_(982) (4.255)

which is well-defined, linear and bounded.

Proof. This is an immediate consequence of Theorems 4.21 and 4.18 and the
definition of the space VMO,,,—(0£2) given in (3.413). O

The last result in this section deals with the limiting cases s = O and s = 1 in
(4.224), (4.225). To state it, recall that p v 2 = max {p, 2}.

Theorem 4.24. Let §2 be a bounded Lipschitz domain in R", and suppose that L is
a W-elliptic homogeneous differential operator of order 2m with (complex) matrix-
valued constant coefficients. Then the operators

9 Lh | (02) — BRIE L (2), 1< p<oo, (4.256)
75 LD (02) — anflﬂﬁ/p([?), 2<p<oo, 0<g<oo, (4257)

are well-defined, linear and bounded if either s = 0, or s = 1.

Proof. Consider first (4.256) in which case, by Proposition 2.24, it suffices to

show that V"~ 159 f ¢ Blp/’;'vz(.Q) for each [ € LZ_LS(B.Q) (assuming that

s € {0, 1}). This, however, is a consequence of (4.80)—(4.83) and Proposition 2.68.

Next, the claim about (4.257) is a consequence of what we have just proved, the
fact that Brzf;/is+l/p(9) — Fn’;’_plﬂﬂ/p(ﬂ) if 2 < p < oo, and the last part in
Theorem 2.41. O



Chapter 5
The Single Multi-Layer Potential Operator

The general goal in this chapter is to define and study the main properties of the
single multi-layer potential operator associated with arbitrary elliptic, higher-order,
homogeneous, constant (complex) matrix-valued coefficients differential operators.

5.1 The Definition of Single Multi-Layer and Non-tangential
Maximal Estimates

We begin by making the following basic definition.

Definition 5.1. Fix m, M € N and consider a W-elliptic, homogeneous differential
operator L of order 2m, with CM*M _valued coefficients, and denote by E the
fundamental solution of L constructed in Theorem 4.2. In addition, assume that £2
is a bounded Lipschitz domain in R”, and fix p € (1, 00). The action of the single

. . *
multi-layer potential operator . on an arbitrary functional A € (L,’;_L1 (8.(2)) is
given by

(7 DX = (tua [EX =), 4) .1)

- (({(—1)Ia|(a“Ej.)(X -~ ')‘m}|a|sm—1 ’ A>)1§jSM’

where X € R" \ 082 and E, is the j-throw in E.

In (5.1), tr;,— E is defined as a M x M matrix with entries arrays, whose rows are
obtained by applying tr,,—; to each row of E. Upon recalling the convention (2.11),
we set

FEA = (yA))Q . (5.2)
+

1. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes 253
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0_5,
© Springer-Verlag Berlin Heidelberg 2013
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We shall occasionally abbreviate St by .
Next, it can then be easily checked that, if 1/p + 1/p’ =1,

SAX)= Y (=D /(a“E)(X —Y) f(Y)do(Y), VX eR"\ IR,
s 5.3)

*

o] <m—1

whenever A = { fi}aj<m—1 € L7 (382) @ -+ ® L7 (382) — (L{j{_lql(asz))

For future reference, let us point out here that, as a simple consequence of the Hahn—
Banach theorem, we have that

LP(0R) & & LP(082) — (L;f_m(asz)) densely. (5.4)
Next, clearly,

L(#A)=0 in R"\ 382, (5.5)
for every A € (Lf;_m(a.{?))*. Since (L'II;_LO(B.Q))* — (L'II;_M(B.Q))*,

. . *
it follows that . has also a well-defined pointwise action on (L;_lyo(asz)) ,
and (5.5) holds in that context as well.

Proposition 5.2. Let §2 be a bounded Lipschitz domain in R" and assume that
1 < p, p' <oosatisfy L + L = 1. In addition, consider a W-elliptic, homogeneous
differential operator L of order 2m, with (complex) matrix-valued coefficients, and
recall the single multi-layer potential operator . introduced in this context as in
Definition 5.1. Then there exists a finite constant C = C(§2, L, p) > 0 such that

S AV I D)0 < ClIAI VAe (L;’_l,o(ag))*, (5.6)

-/ 3%
(Lm—l.()( ))

j=0
and

m=1 L. . *
2)||W(v1yzx)||mm) SClAly oy YA€ (LIZ_M(B.Q)) . (5.7
=

Proof. Denote by E the fundamental solution associated with the operator L as
in Theorem 4.2. We being by noticing that LZ_LO(BQ) is a closed subspace of
GB{VLP/(E).Q), where the number N is as in (4.89) (i.e., N is the cardinality of
{o € Nj : |a] < m — 1}). If a functional A € (L,’:_LO(E)Q))* is given, consider
the linear, bounded extension A : ey L? (382) — C given by the Hahn—Banach
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Theorem. By the Riesz Representation Theorem, there exists a unique N -tuple,
g = (g))lyl<m—1 € BY LP(382), such that

A(Raznmr) = 3 | fmraom), »

Y (fi)lal<m—1 € B LY (382),

and
||g||e;{\’u’(ag) = ||A||(@{VL1”(3_Q))* = ||A||(L’1;’71.0(39))*- (5.9)
Then, for each X € R" \ 052,

S AX) = (trpu_1[E(X — )], A) = (ttu_1[E(X —1)]. A)

= 3 [ (el =), g do

o] <m—1

= X @0 [ B -De0 ) 510

o] <m—1

so that further, by Calder6n—Zygmund theory and (5.9),

5.11)

m
Z HJV(VKS”A) ”LP(BQ) = C”gHGB{VLP(aQ) = C“A”(Lfn/ 1,0(39))*’

j=0
establishing (5.6).
Consider next A € (L”_, (982))*. By viewing L”_ (3£2) as a closed

m—1,1 m—1,1
7 7 *
subspace of @) LV (9£2) and using that (eaf’Lf (8[2)) = @VL" (082), the
same type of reasoning based on Hahn—-Banach and Riesz Theorems, leads to the
following conclusion. There exists an N-tuple g = {go}ju|<m—1 € DV L”,(052)
with the property that

. _ . .p/
= o 8a m—1, ’ .
(4.f)= X (egd  Viell 02 (5.12)

la|<m—1

where (-, -) in the right hand-side of (5.12) is the natural duality pairing between
L7 (382) and L” | (942), and for which

Igleyer, oo < 1Al s oo (5.13)



256 5 The Single Multi-Layer Potential Operator

From Corollary 2.14 we know that, for each o € N} with || < m — 1, there exist
g%, g € LP(£2) such that

n
8a = Z afijgg' + g%, and
ij=1

(5.14)

n
D lekllree + 188llreo) < Cligallir, po)-
i,j=1

Proceeding as before, for each X € R" \ 9£2 we obtain

FAX) = Y Z(—l)'“'((a“E)(X—-),(81,-,~g§})>

lol<m—1i.j=1

+ Y 0 [ @B - g dom)

lo|<m—1

= > Y (=pe /3  dum @ E)YX =1)lg§ (1) do(Y)

la|l<m—11i,j=1

+ > (=pH /BQ(B“E)(X—Y)gi‘(Y)da(Y), (5.15)

la|<m—1
after integrating by parts on the boundary; cf. Corollary 2.13 and its proof. Hence,

m—1

n
SNAN VI Dllron) <C Y (Z g | Lrag) + ||g§f||Lp(aQ))
Jj=0 la|l<m—1 i,j=1
< Cligloyer,am < ClAL G | oo
by Calderén—Zygmund theory, (5.14) and (5.13). O

Having proved Proposition 5.2, it is useful to also record the following smoothing
properties of the single multi-layer, measured on the Besov scale.

Proposition 5.3. Retain the same context as in Proposition 5.2. Then for each
number p € (1, 00) there exists a finite constant C = C(§2, L, p) > 0 such that

" (5.16)

17 Al 0, < CIAI Covae (LI,02)

s *
LI o(02))
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" 517)

. . p/
19 Al @ = CllAl, vae (Lh,,09)

ro2)

where, as usual, p’ € (1, 00) is such that% + # =1.

Proof. We shall use notation introduced in the course of the proof of Proposi-
tion 5.2. In particular, from the integral representation formula (5.10) we deduce
that

m
”yA”Bg’_I‘”_IV/Zp(Q) <C Z HV] S A HBIP/ZVZ(Q) = C”g”@{\’LP(B.Q)
j=0

= C||A||( (5.18)

L

m—1,

0(@32)*’

by the lifting result from Propositions 2.24, 2.68, and (5.9). This establishes (5.16).
The estimate (5.17) is proved in a similar manner, this time starting with the integral
representation formula (5.15) (and taking at most m — 1 derivatives on the single
multi-layer). O

We now proceed to define the boundary version of the single multi-layer, and
study its mapping properties.

Theorem 5.4. Let 2 be a bounded Lipschitz domain in R" and fix p € (1, 00). In
addition, consider a W-elliptic, homogeneous differential operator L of order 2m,
with (complex) matrix-valued coefficients, and denote by E the fundamental solu-
tion of L constructed in Theorem 4.2. Finally, recall the single multi-layer potential
operator & introduced in this context as in Definition 5.1. Then the pointwise non-

. m—1 . *
tangential traces . A ‘39 are well-defined for each A € (Lf;_l’l (89)) , and
+

gAl" =g =s5a. vae (i o2) 1
)amr N ‘39_ I G( m-t1 )) : (5-19)
Moreover, if 1/ p + 1/ p’ = 1, then

. . * .

S (LZ_M(E).Q)) — L;_I,O(B.Q) boundedly, and (5.20)

N . * f—;

$: (Lho1002)) —> LI, ,(092) boundedly. (5.21)

Also, if S 1, indicates that the single multi-layer is associated with L, etc., then

(SL)I " (5.22)
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where SL, S‘Lt are taken in the context of (5.20) and (5.21), respectively (or
vice-versa). In particular, when A = A" (cf. (4.7)), then S is invariant under
transposition (in the sense that the transposed of (5.20) is (5.21)).

. *
Proof. Fix A € (Lfn_“(a.{?)) and let g = {go}jaj<m—1 € BV L”,(352) be as
in (5.12)—(5.14). Then, using (5.15), for each multi-index y € Nj of length < m —1
we may write

A = Y Y Cne / e[ E)(X = V)]gt, (V) do(Y)

lal<m—1i,j=1

(5.23)

+ Y (- l)'“'/(an”’E)(X Y)g%(Y)do(Y), X € R"\ 382,

lal<m—1

where E is the fundamental solution associated with the operator L as in Theo-
rem4.2. Let v = (v;)1<;<n denote the outward unit normal to £2. Then the integral
operators on the right-hand-side of (5.23) have either kernels of the type

koy(X.Y) 1= —v; (V)@ TTTUE)NX —Y) +vi(Y)@TTUE)X —Y), (5.24)

which are amenable to the Calderén—Zygmund theory reviewed in § 2.8 whenever
the multi-index y € N satisfies |y| = m — 1, or have weakly singular kernels of
the type

ke, (X.Y):=(@*T"E)X —Y) (5.25)

whenever y € Nj has length < m — 2. Now, with the “hat” denoting the Fourier
transform,

— v (X))@ FTTE) (X)) + v (X)@TTIE) (X)) =0, (5.26)
so thanks to the jump-formula (2.530) we obtain

(aVy?A)‘ =(ay5ﬁA)‘ , (5.27)

9924 902-

from which the well-definiteness of (5.19) follows. Next, based on formula (5.23)
written for a multi-index y € Nj with |y| = m — 1 we can conclude that for

each A € (L'f;/_m(a.Q)) we have JV(Vm_IYA) € L7(052). Then, using (5.5)

. m .
and Proposition 3.29 we obtain that ./ A‘ag € L} _,(0£2). From this and the

accompanying estimate, (5.20) follows.
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. *
As regards the claim made in (5.21), we start by fixing A € (LIZ_LO(B.Q)) .

Next, let g = {go}ja|<m—1 € EB{VLP/ (02) be as in (5.8)—(5.9) but with the roles of
indices p and p’ reversed. Then, based on (5.10), for each multi-index y € Njj with
|y| = m and each X € R" \ 92, we may write

FEHI = 3 0 [@TEX - Da o). (528)

lo|<m—1 90
Since the integral operators in the right-hand-side are either weakly singular, or
of Calderén—Zygmund type, it follows that A (V".#A) € L? (3£2). This, (5.5)

. m—1 .
and Proposition 3.30 then give YA‘BQ € Lfn_“(a.Q), plus a natural estimate.

Now, (5.21) follows from this.
Let us finally consider the last claim in the statement of the theorem. Fix a

. *
functional A € (L,’;_M(ag)) and assume that gq, g7, gy are as in (5.12)-
. *
(5.14). Also, pick an arbitrary functional A’ € (L;_lyo(asz)) and assume that
(8))1yl<m—1 € EB{VL”/(E).Q) are such that

(4. /)= ¥ /fygyda V= () ylema € L2 0(02). (5.29)

lyl=m—1

In the next calculation, let us stress that certain single multi-layers are associated

with the differential operator L by temporarily denoting them by 1, Sp, etc.
Using (5.19), (5.29), (5.23) and natural manipulations, we may write

- ¥ /(BVYLA)‘ g, do

lylsm—150

(ea. )= (i) )

lyl<m—1"

3 (e [ [ {45 g 00)dox) dor)

|a|<m 1i,j=1
yl<m—1 082 082

+ > (—1)'“'/[(3“?(}(,1/),g;(X)>da(X)do(Y)

lo| <m—1 202
lyl<m—1
n
_ Z Z(_l)lylff(gg}(x),ci‘;‘.y(x, Y)>d0(Y)dU(X)
||;||§;’;;_—ll i,j=1 EleX)e)

+ X o [ [ {er0n. @ ENX - g m)do () dox)

la|<m—1
Iyl <m—1 1202
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- _nhvl YEN( — /
— {4 [@Erc-ngmdem) )
Yl
= (4. Sy a7), (5.30)
where foreach i, j € {1,...,n} and each o, y € Njj with |«|, |[y| < m — 1 we have

set
AT (X, Y) i= 30,0 [T E)(X = Y)]gg (Y),
BU(X.Y) := (T E)(X —Y)gu(Y). (5.3D)
C(X.Y) 1= 0,0 [(* TV ENN(X = Y)]g, (V).

and the last step in (5.30) utilizes (5) in Theorem 4.2. This justifies (5.22) and
concludes the proof of the theorem. O

5.2 Carleson Measure Estimates

This section is devoted to proving the following theorem, which may be regarded as
the analogue of Theorem 4.11 (i.e., the BMO-to-Carleson mapping property of the
double multi-layer) for the single multi-layer operator introduced in Definition 5.1.

Theorem 5.5. Let L be a W-elliptic homogeneous differential operator of order
2m with complex matrix-valued constant coefficients. Assume that 2 is a bounded
Lipschitz domain in R" and, for each X € 2, denote by p(X) its distance to 052.
Then there exists a finite constant C = C(§2, L) > 0 with the property that

|Vm_1yA(X)|2p(X) dX is a Carleson measure in §2 with

. (5.32)
Carleson constant < C || A||? « foreach A € (h;n_l,l(aﬂ))*.

(R 11 02))

Proof. We start by considering the map
. p— =)
J i hy_,(02) — @Y [Ln—%(a:z)ea (@, ? h}”(asz))} (5.33)

given by

I = (far Qo fir<sibkn)amors ¥ S = Uedialzm—t € By 1(02).
(5.34)
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It is immediate that J is one-to-one and has closed range. Thus the image of J is a

_ nn—1)
closed subspace of &1 [LH(E)Q) ®(®, > hl (89))} and J is an isomorphism

when acting from hm 1.1(082) onto its image. Denote by J ™~ ! the inverse map and,
for each given A € ( m—1. 1(89)) let

Ae (@{V [Ln_z(ag)@( S ;t(am)D*

— oV |:L” 102) & (@, s bmo(8.§2))i| (5.35)

be the Hahn—Banach extension of AoJ L. Using the Riesz Representation Theorem
we therefore conclude that for each A € (h,ln_L1 (89))*

nn—1)
3 (g% (€5)1=7k=n) gy € BT [L" ‘o) e (e, 7 bmo(am)}

_ (5.36)
such that A(f) = Z (far8%) + Z (Ocjy far &Gk )
\a\fm—l lal<m—1
jke(l,...n}

for every f = {fa}lal<m—1 € fz,ln_l!l(a.Q). In addition, there exists C € (0, c0),
independent of A, such that

ap o CllA . 5.37
Yo lgloe + D lghklbmowe) < Cll ||( L02) (5-37)

la|<m—1 ol=m—1

Based on this analysis, and by reasoning much as in (5.3), we arrive at the
representation formula

SAX)= Y (=D / (0°E)(X —Y)gi(Y)do(Y)

la|<m—1

+ > (=n / e, [(“E)X = Y)]g%(Y) do(Y), (5.38)
Ry 2
forevery X € R"\ 0£2. )
Consider next V"~1.% A when . A is represented as in (5.38). This gives rise
to two types of terms. On the one hand, the terms containing top singularities (and
involving the functions g%, € bmo(ds2)), are precisely of the form discussed in
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Theorem 2.66. As such, the contribution of these terms in |V~ . A(X)|2p(X) d X
is a Carleson measure in £2 with Carleson constant dominated by

C 2 lilimae = CIAIG, o) (5.39)
//Laelﬁniln}

where the last inequality uses (5.37). This, of course, suits our purpose. On the other
hand, the remaining terms in V! & A involve operators whose integral kernels are
only weakly singular. More specifically, the kernels in question are (| X — Y |>™"),
uniformly for X,Y € d£2. The fact that these terms contribute Carleson measures
(with appropriate control of constants) in the context of |[V"~1.% A(X)|2p(X) dX,
may be easily checked using (2.44) and the fractional integration result from [92,
Lemma 7.3, p. 34]. This finishes the proof of the theorem. O

5.3 Estimates on Besov, Triebel-Lizorkin, and Weighted
Sobolev Spaces

In this section we study the mapping properties of the single multi-layer operators
introduced in (5.1) and (5.19) on Besov and Triebel-Lizorkin scales on Lipschitz
domains.

Proposition 5.6. Let §2 be a bounded Lipschitz domain in R" and assume that L
is a W-elliptic homogeneous differential operator of order 2m with complex matrix-
valued constant coefficients. Also, fix 1 < p,q < oo and s € (0,1). Then

. . * 7
S (BrY,02) — B 02). (5.40)
where 1/p+1/p = 1/q+1/q’ = 1. Furthermore, S is a self-adjoint operator in
this context, in the sense that the dual of the operator (5.40) is

. Y * N
S (B L 02) > BIY,,02). (5.41)
Proof. The claim in first part of the statement is a consequence of (5.20), (5.21),
Theorem 3.39 and the Duality Theorem for the real method of interpolation. The
second part follows from this, the last claim in Theorem 5.4, and a density argument.
With regard to the latter, we note that Propositions 3.3 and 3.7 yield

LI 1(092) = Bl (382) < L} _, ((32) densely, (5.42)

m—1,s

whenever 1 < p,g < ocands € (0,1). O



5.3 Estimates on Besov, Triebel-Lizorkin, and Weighted Sobolev Spaces 263

Theorem 5.7. Let §2 be a bounded Lipschitz domain in R" and consider a
W-elliptic homogeneous differential operator L of order 2m with complex matrix-
valued constant coefficients. Also, fix 1 < p,q < oo and s € (0,1). Then

75 (BR 1 02) — B, (@), (5.43)

m—1,1—s

linearly and boundedly, where 1/p +1/p' = 1/q + 1/q¢’ = 1, and

S =tr, 0.7 on (B’”’ (asz))*. (5.44)

m—1,s

Moreover, for each 1 < p < 00,0 < g < ooands € (0,1), the operator

‘y( i 3(89)) an 6{+Y+1/p/(9) (5.45)

is also well-defined, linear and bounded. )
Finally, similar properties hold for .~ (cf. the convention (5.2)), for any cutoff
Sunction y € CX(R"), and

m—1,s

i 07t =t 109 on (B (3:2))*. (5.46)

Proof. Via real interpolation, cf. Theorem 3.39, it suffices to establish (5.43) in the
casewhen1 < p =g <ooands € (0,1). Thus, fix 1 < p <oo,s € (0,1) and let

*
Ae (Bp b (8[2)) . Notice that the space B”?, | (3£2) is a closed subspace of

m—1,1—s m—1,1—s

@Y B{""(352), where N is as in (4.89) and let A @V B{""(3§2) — C be the linear
bounded extension of A given by the Hahn—Banach Theorem Proposition 2.52 then

guarantees the existence of an (unique) N-tuple {gu}jwj<m—1 € Bsp_/{7 / (082), such
that

(A7 {fa}\a\Sm—l) = Z (fohga)a V{fa}\a\Sm—l € @1 Bpp(ag) (5.47)

la|<m—1

and

||{ga}\a\<m 1||€BNBP 7 Q) = ||A||(@NB L02)* = ||A||(B 082))* (5.48)

m—1.1—s

In particular, for each f € Bm 11— (082) we have (A, f = D al<m—1 {fos &a)-
Then, using (5.1), for each multi- index y € Ny of length < m — 1, we may write

7IAX) = Y D@ E)X =) g)

|| <m—1

= (Ryga)(X). X eg. (5.49)
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Using (4.29), it is easy to check that, for each o and y multi-indices in Njj with
||, |y] < m — 1, the operators R, introduced above satisfy the hypothesis of
Theorem 2.64. Next, choosing k = 1 in (2.533) and using (5.48), we obtain

1

le—p/—5|Vm€5’2A|HLp/(_Q) + ”Vm_lyA”Lp’(g)

=< C Z ”ga”Bpi.lp/(a_Q) = C”A”(Bpp (39))*' (550)

S
|| <m—1 " '

Fix ¢ € (1,00) with ¢ > p. Since A € (B” (a:z)) N (L;_M(a:z)) ,

m—1,1—s
using (5.7) we may write

m—1

Z;)H'/V(ij/‘)”m/(m) = C”A”(
j=

Blﬁlﬁl,l_x(aﬂ))*' (551)

By Proposition 2.3, we then have ¥ A € wm=lat (2) = L7 (2), plus a natural
estimate, granted that ¢ > p is chosen sufficiently close to p. In particular,

1.7 All L @) < Clal (5.52)

BPP (39))*'

m—1,1—s

Recall the weighted Sobolev space Wak’p (£2) introduced in (2.248). From (5.50),
(5.52) and (2.249) we deduce that

. m,p/ . , .
S A€ Wl—l/p/—s(Q) and ||5’A||Wl,,:lp/p/ﬁ @ < C||A||(3,Z'f1,1ﬂ(39)) . (5.53)
All together, (5.53), (5.5), (2.263), (2.264) and (2.305) show that
. p/’p/ . L .
S A€ Bm—l-i—l/p/-i-s(‘Q) and ||t5ﬂA||B;Z—lpl+l/p/+A(‘Q) = C”A”(Brzfl.lfs(ag)) ,
(5.54)

which finishes the proof of the claim about (5.43). As regards (5.45), this is a direct
consequence of the boundedness of (5.45) when p = ¢, (2.264) and (5.5).
Going further, (5.44) is a consequence of (5.19), the inclusion
. * . *
(B20,02) = (L5-1,002)) . (5.55)
valid whenever r € (1, 00) is sufficiently large, the fact that (5.43) is bounded,
Theorem 3.9 and the remark following Theorem 2.53.
That ¢.%~ enjoys properties which are similar to those of . is then seen much
as we have argued in the last part of the proof of Theorem 4.19. Finally, (5.46) is a
consequence of (5.19), density and the boundedness of the operators involved. O
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The argument in the above proof breaks down when p = oo, since this
end-point is not covered by Proposition 2.52. Nonetheless, the corresponding claim
about (5.43) continues to hold. More specifically, we have the following.

Theorem 5.8. Consider a bounded Lipschitz domain 2 C R" and assume that L
is a W-elliptic homogeneous differential operator of order 2m with complex matrix-
valued constant coefficients. Then for each s € (0, 1) the operator
. . *
1 (B 02) — By (2) (5.56)
is well-defined, linear and bounded. Furthermore, a similar mapping property holds

for 1//5”_ (cf. the convention (5.2)), for any cutoff function € C>°(R"), and the

identity from (5.46) continues to hold in this case as well.

Proof. By (2.263) and (2.264), it §ufﬁces to show that there exists a finite constant
C > 0 such that the estimate ||5”A||Wm.1(m < C||A||(Boo.<l>o(m))* holds for each
s—1 m—l.s

00,00
m—1,s

functional A € (B
in Wfi’f (£2) can be controlled as before, so we will focus on establishing that

(0£2))*. The lower order terms in the definition of the norm

> [ s S A0 = ClAl gy (55T
lyl=m

or, equivalently,

| /Q p(X) (XA w0t [0 EYX =) dX | = Cl Al ooy (5:58)

for every y € Nj with |y| = m, and g € L(£2) with | g|le@) < 1. By
interchanging integration over §2 with the action of A, we see that it is enough
to establish the following estimate:

<C =C(£,s) < o0,
BOO'OO(B.Q)

m—l.s

-1 [/Q p(X)' ' g(X) (@ E)X —-) dX}

(5.59)
for each fixed y € Nj with [y| =m, and g € L;,,,($2) with [|g| L) < 1. Fix y,
g as above and consider

F(Y):= /Qp(X)S_lg(X)(ByE)(X —Y)dX, Y e, (5.60)

and, for each « € Njj with || < m — 1, denote by R, (Y, Z) the reminder of order
m — 1 — |a] in the Taylor expansion of F at Z (and evaluated at Y'). Also, we shall
set fy :=Tr[0* F], i.e.,

£ (Y) 1= /Qp(X)S—lg(X)(aaﬂE)(x —Y)dX, Y ed, |a|<m—L.
(5.61)
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We wish to establish that

R(Y. 2)] B
Z (”fa”Loo(aQ) + Y;:&S;Ie)aﬂ Y — Z|m—1+s—|u|) =C=C(R2,9) <00

la|<m—1

(5.62)
To set the stage, we express the Taylor reminder R, as
Ru(1.2) = [ p0y e [0 EYX - 1)
Q2
— Y L@TTE)X - 2y - Z)ﬁ] dX.  (5.63)
|Bl<m—1—|al

Assuming that Y, Z € 92 are arbitrary and fixed, we shall estimate the expression
in the square brackets above in two ways. In the first scenario, we combine the first
term with the ensuing sum performed only over || < m—2—|«/| (while retaining the
terms corresponding to || = m — 1 — |«| as they are) and use the Taylor remainder
formula in order to produce a bound of the form

1
C|Z -y ikl / |Vl et EY(X — 0,)|dT
0

+C|Z _ Y|m—1—\a\|Vm—1—\a\(aa+yE)(X _ Z)I

1 ! 1
<Cl|Z - Y| Ml / dr|, (5.64
=Clz-yP g+ | g i) 68

where we have used the first line in (4.29), and have set
Q.=1Y+(1—-1)Z €Y, Z], 0<t<1. (5.65)

In the second scenario, we simply use Taylor’s remainder formula for the entire
expression in the brackets in order to estimate it from above by

Clz =y sup V'@ E)X — 0] (5.66)

0<r<l

=clz—y"* sup X = 0.7]

0<r<l

by once again appealing to the first line in (4.29). In the next step, we decompose
the domain of integration in (5.63) into two pieces, namely {X € £2 : |X — Y|
<2lY—Z|}and{X € 2 : | X =Y | > 2|Y — Z|}, then use the bound (5.64) for the
first resulting term, and the bound (5.66) for the second one. The estimate we arrive
at in this fashion then reads:
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s—1
e p(X)
R,(Y,Z)| < C|Z — Y|~ L
[R.(Y,Z)| < C| | X — Zp
Xen
[X—Y|=2lY-Z|
1 X s—1
m—1—|a| IO( )
LClZ-v / / P ax)de
iz % - o7 %)
Xen
Ix—v|<2ly—z|

weiz=yp [ 00 s (x - 0. ]ax

0<r<l
Xen
|IX—Y|>2|Y—Z|
=1 +1+1. (5.67)
Next, observe that
X -Y|<2lY - Z|= |X—-Z| <3|Y —Z|. (5.68)

Thus, after localizing and changing variables (from 952 to R"~!), we obtain

X)s—l
I <C|Z—y|i-h / Py,
1] = C| | X —zZp
Xen
IX—z|<3ly-z|
—1
<C|zZ -y "\l " avar
- [t + x|t
(x’.t)e]R"

t+|x’|<ClY =Z]|

ts—l
_ y|m—1=|a|+s ’
<C|Z-7Y] / =R (5.69)
(x’.t)e]R'_’,’_
t+|x’|<C

after rescaling t +> t|Z — Y|, x’ + x’|Z — Y|, and since

ts—l [} ts—l 1
/ —[l+| M ldx’dtf / / T . T dtdx’ < oo,
x'|1n— 0 n— x/|n—1=s

(x/.1)ER”, x/ern—l
t+]x’|<C lx/|<C

(5.70)

we conclude that

|I| < Cl|Z =y I-lel+s, (5.71)
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For each fixed € (0, 1),
X —Y[<2Y —Z| = [X — Q. < [X — Y|+ Y - O
<2lY -Z|+|Y-Z|=3|Y - Z|, (5.72)
so the inner integral in /I may be estimated in a similar fashion by C|Z —Y |*. Thus,
[Il| < C|Z — Y|~ !-lels (5.73)

which is of the right order.
As for IIT in (5.67) we first observe that, on the domain of integration,

X —Y[<|X=Qc + Y = Z| < |X = Q[+ 27X —Y| (574
and, therefore, | X —Y| < 2| X —Q.|. Consequently, the integrand in /1] is dominated

by Cp(X)*~'|X — Y|™. Thus, after localizing and flattening the boundary (via a
bi-Lipschitz mapping), we obtain

ts—l '
i < |z -y / ————dx'dt < C|Y — z|" el
[t + |x[]"
Y ern—1 150
t+|x’|=clY —Z]|
(5.75)
All in all,
|R.(Y,Z)| < C|Y — z|"~lelts=t (5.76)

by (5.71), (5.73) and (5.75).
Finally, given that £2 is bounded, elementary considerations based on (4.29)
and (5.61) yield

Yl fallzepe < € = C(R2,5) < oo. (5.77)

|| <m—1

Hence, (5.62) follows from (5.76) and (5.77). This finishes the proof of the fact that
the operator (5.56) is well-defined and bounded. O

We can now further augment the results in Proposition 5.6 and Theorem 5.7 with
the following.

Corollary 5.9. In the context of Theorem 5.7, the operator (5.45) is in fact
well-defined and bounded for 1 < p < 00,0 < q < 00, 0 < s < 1. Furthermore,
the operator (5.40) is in fact well-defined and bounded whenever 1 < p,q < oo,
0 < s < 1, and (5.44) holds in this range.
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Proof. This can be deduced from Theorem 5.8 by reasoning as before. O

Let us also record the following analogue of Theorem 4.20 for the single multi-
layer operator.

Corollary 5.10. Assume that §2 is a bounded Lipschitz domain in R" and sup-
pose that L is a W-elliptic homogeneous differential operator of order 2m with
complex matrix-valued constant coefficients. Recall the weighted Sobolev spaces
from (2.248). Then for each p € (1,00) and s € (0, 1), the operator

S (B ‘(a:z)) W

L (£2) (5.78)

is well-defined, linear and bounded. Moreover, a similar boundedness result holds

for ¥.%~ (cf. the convention (5.2)), for any cutoff function V € C>(R").
Proof. This is implicit in (5.53). O
We conclude with a useful global regularity result for the single multi-layer

potential operator.

Proposition 5.11. Let L be a W-elliptic homogeneous differential operator of order
2m with complex matrix-valued constant coefficients. Also, assume that 2 C R" is
a bounded Lipschitz domain and, as usual, set 24 = 2 and 2_ = R" \ Q.
Finally, suppose that 1 < p,q < oo, 0 < s < 1, and for some arbitrary A €

( 11— Y(8.(2)) set u™ := S A in Q4. Then, for every ¥ € CX(R"), it follows
that

in ‘Q+a g "

wi=13 = YueB, 5, 4, R, (5.79)
u—in §2_,

plus a natural estimate, wherep q' €[l,00]satisfy 1/ p+1/p’ =1/q+1/q" = 1.

Furthermore, Y u € Fp ,(R") in the case when A € (Bm L1 3(8[2))

—l4s+1/p

Proof. This is a direct consequence of Theorem 5.7 and Proposition 3.26. O

5.4 The Conormal Derivative

To motivate the subsequent considerations, we would like to elaborate on the
following phenomenon. Given a Lipschitz domain §£2 C R”, for any bilinear form

Buv) = ()" / (Aup Pu, 3v) dX, (5.80)
la|=|Bl=m
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where the Aqg’s are M x M matrices with complex entries, there exists a unique
differential operator L of order 2m —in fact, given by (1.1)— such that

B(u,v) = / (Lu,v)dX, Yu,ve CX(R2). (5.81)
fo)

In the converse direction, it is clear that given a differential operator L as
in (1.1) there exist infinitely many a bilinear forms % such that (5.81) holds. A
concrete example, in the case when L = A2, is discussed later, in (5.86) and
in (6.351), (6.353).

As has been already noted in § 4.2, a given bilinear form 2 as in (5.80) and a
choice of the fundamental solution E for the differential operator L associated with
A as in (5.81), determine a unique double multi-layer. On the other hand, starting
with a differential operator L as in (1.1), there are infinitely many bilinear forms
satisfying (5.81) and, therefore, infinitely many double multi-layers associated
with L. We summarize this discussion in the following diagram:

a differential operator — many bilinear forms — many double multi-layers;

a unique differential operator (5.82)
a bilinear form — and

a unique double multi-layer.

For instance, a given differential operator

Lu= Y 040w, (5.83)

lo|=|pl=m

is associated with any bilinear form of the type

Buv) = ()" Y /Q((Aa,s—i-A;ﬂ)aﬂu, %) dX, (5.84)

le|=|Bl=m
where the tensor coefficient A’ = (A;ﬂ)|a|=| pl=m satisfies

Y. A=0,  VyeNj with |y|=2m. (5.85)

atp=y
lo|=B]=m
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A concrete example in R? is offered by the infinite family of bilinear forms, indexed
by n € R,

0%u 9*v N 0%u 9*v u v
02x 02y 0%y 0%x dxdy dxdy

By(u.v) = /9 {AuAv+n( )}dxdy, (5.86)

all of which are associated with the bi-Laplacian A”. The significance of this type
of example is going to become more apparent in § 6.5.

In this section we wish to further elaborate on this matter by underscoring the
role played by the conormal derivative associated with each of the bilinear forms
mentioned above. Turning to specifics, we make the following definition (the reader
is reminded that all functions involved are vector-valued).

Definition 5.12. Assume that §2 is a bounded Lipschitz domain in R”, with
outward unit normal v = (v;)1<j<,. Suppose that a tensor coefficient A =
(Aep)lal=|p1=m (of M x M matrices with complex entries) has been given. For a
sufficiently nice function u in §2 then define

u = {(a;‘ u) 8} Slem with the §-component given by the formula

n (5.87)
A - 14l Ol'|8|'(’/n — |8| - 1)' ) o+B—6—e;
(Bu), := Z Z( D mlél(a — 6 —ej)! v]Aaﬂ(a ]M)‘m’

loe|=|B|=m j=1

with the convention that the sum in « and j is only performed over those «’s and
J’s such that @ — § — e; does not have any negative components.

Equivalently, if # and v are sufficiently well-behaved functions in §2 then, with o
denoting the surface measure on 952,

/<8fu,trm_1v>d(f: Z Zm: Z Clk,m,a,8,y) x (5.88)
FYe)

la|=|Bl=m k=1 ly|=k—1.Is|=m—k
y+étej=a

RO ) IR

where

(—1y"*al(m — k)!(k — 1)!

Clk,m,a,8,y):= syl

(5.89)
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In the spirit of diagram (5.82) we note that, as is apparent from Definition 5.12,

a given differential infinitely many coefficient tensors (5.90)
operator L A yielding the same operator L .

infinitely many
conormals 92

The relationship between conormals and bilinear forms is highlighted in the result
below.

Proposition 5.13. Assume that §2 is a bounded Lipschitz domain in R", with
outward unit normal v = (V;)i<j<n and consider a tensor coefficient A =

(Aap)la|=|pl=m-
If u and v are two reasonably behaved functions in §2, then the following Green
Sformula holds:

3 /Q<Aaﬂ 0u, ") dx (5.91)

la|=|Bl=m
= (—1)’"“/ (8fu,trm_1v>do+(—l)m/(Lu,v)dX,
a2 o

where L is the differential operator associated with A according to

Lu:= Y Ay 0. (5.92)
lee|=|p|=m
Proof. This is a direct consequence of (5.88)—(5.89) and Proposition 4.3. O

Recall the double multi-layer from (4.57) and the number N from (4.89), which
stands for the cardinality of the set of multi-indices with » components and of length
<m-—1.

Definition 5.14. Let §2 be a bounded Lipschitz domain in R” with outward unit
normal v = (v;)1<j<y. Assume that A = (Agp)jo|=|p|=m iS a tensor coefficient of
M x M matrices with complex entries with the property that the differential operator
L associated with A as in (5.92) is W-elliptic. Finally, let E be the fundamental
solution of L described in Theorem 4.2 (hence, E is an M x M matrix-valued
function).

In this context, define the conormal 9 E as the (NM) x M -matrix (with N as
above) whose i-th column is 8{} acting (according to (5.87)) on the i-th column
in E.
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In the context of the above definition it is then elementary to check that
@) Eyp=0)(En),  VneCM (5.93)

In the sequel, the notation a;" is chosen to indicate that the conormal is taken with
respect to the bilinear form associated with A'.

Our next result shows that the integral kernel of the double multi-layer is the
conormal derivative of the fundamental solution. Recall that L’ is the transposed
of L.

Proposition 5.15. Assume that §2 is a bounded Lipschitz domain in R" and suppose
that A = (Aup)|a|=|p|=m IS a tensor coefficient with the property that the differential
operator L associated with A as in (5.92) is W-elliptic. Let E be the fundamental
solution of L described in Theorem 4.2 and let 9 be the double multi-layer defined
in this context as in Definition 4.4.

Then for any Whitney array f on 052,

D f(X) = /m [af(’y)[EU (X — Y)]]tf'(Y) do(Y), X eR"\32. (5.94)

Proof. This follows by inspecting (5.88) and (4.57). O
Recall the conventions and results from (4.6)—(4.10).

Proposition 5.16. Retain the same setting as in Proposition 5.15. Then

/m(afu, trm_1v> do — /39<trm—lua 3ft V> do
= /Q<Lu,v>dX—/Q<u, L”‘v>dX, (5.95)

for any two reasonably behaved functions u and v in 2.

Proof. Write formula (5.91) twice: once in its original form, then with u,v, A, L
replaced by v,u, A", L', respectively. The identity (5.95) is then obtained by
subtracting the latter from the former and canceling the two bilinear forms. O

Let us also associate with L a Newtonian-like potential, by setting
(Mg u)(X) :=/ EX-Y)uY)dyY, X e R", (5.96)
2

for any reasonable function u in £2.

Corollary 5.17. In the same setting as above, for any sufficiently nice function u in
£2, the following integral representation formula holds:

U= D(trpru) —. () + Mo(Lu) in 2. (5.97)
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In particular, if u is also a null-solution of L in S2, then
U= D(trp_ru) — L @u) in Q. (5.98)

Proof. Fix X, € 2 and n € CM. Taking v := E:(X, — -)n in (5.95) then leads
to (5.97), by making use of (5.93), (5.94) and

(1. 7 f X)) = (7. thuer [Ew (X, =) (5.99)
(used with f = 3fu) which, in turn, can be checked with the help of (5.3). O

Proposition 5.18. Let $2 be a Lipschitz domain in R" and assume that the functions
u,v € CX([R"). Also, let A be a reasonable vector-valued function defined on
082 (regarded as a linear functional on Whitney arrays). Consider a constant
coefficient W-elliptic differential operator L of order 2m, m € N, and denote
by 3% the conormal associated with a particular choice of the tensor coefficient
A = (Aup)la|=|p|=m In the writing of L as in (5.92). If D is as in (4.57) and ./ is
asin (5.1), then

/ (ZAv)dX = / (A, tr—1 (Tev)) do. (5.100)
2 a2

If, in addition, L is also symmetric, then

/(H_Qu,v)dX = /(u,l'[gv)dX, (5.101)
2 2
/ (01 Mqu, tr,—1v)do = / (u, D(tr—1v))dX, (5.102)
982 2

and

/ (01D (trp-1u)) , try—1v)do = / (t—1u, 3 (D (tt—1v)))do.  (5.103)
a2 a2

Proof. To begin with, (5.100) is a direct consequence of (5.3), (3.100) and (5.96).
Next, employing (5.95) and the symmetry of L we may write

/ (00 Mou, tr,—1v)do = / (tty—1 (MTu), 3v) do
a2 2

+/(L(ng),v)dX—/(ng,Lv)dX. (5.104)
2 2



5.4 The Conormal Derivative 275

Since L(ITgu) = uin £2, from (5.104) and (5.100)—(5.101) we conclude
/ (0) Mou., try—_yv)do = / (u,v + L (@v) — Do (Lv))dX. (5.105)
Ele; 2

Invoking (5.97), this further implies (5.102).
As for (5.103) we appeal again to (5.97) to write

D(trp—ru) = u + . (3%u) — Mo (Lu). (5.106)
Since a direct calculation based on (5.165) shows that
W+ @) = (L1 + K*)(3u). (5.107)

we have
/ (022 (tty—1u)), tty—1v)do = T —1I, (5.108)
s
where

I= / (31 + K*) @), try1v) do
a2

(5.109)
II::/ (0 (M (Lw)), try—1v) do.
IR
However, since by duality and (4.164),
I = / (020, (AT + K)(ttn1v)) do
a0
= / (afu,trm_l(.@(trm_lv)))da, (5.110)
El;
whereas, using (5.102),
1= / (Lu, D(tr,—1v))dX. (5.111)
Q

Using (5.110), (5.111), Green’s identity (5.95), and the fact that L(@(trm_lv)) =0
in £2, we obtain that

I -1 = / (tty—1ut, 31 (Z (tty—1v))) do. (5.112)
a2
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Finally, (5.103) is a direct consequence of (5.108) and (5.112). This completes the
proof of the proposition. O

Let £2 be a Lipschitz domain in R” and set 24 := £2 and 2_ := R” \ 2. In the
sequel we denote by 971 " the conormal derivative (5.87) where the restriction to 92
is taken from £24 and £2_, respectively.

Proposition 5.19. Assume that S2 is a Lipschitz domain in R" and recall (2.11).
Also, consider a constant coefficient W-elliptic differential operator L of order 2m,
m € N, which is symmetric. Then, with the double multi-layer defined as in (4.57)
and the Newtonian potential operator defined as in (5.96), one has

), Moyu=29) Mo u,  VueCOR", (5.113)

and for each u,v € C2°(R"),

/(31r (D(ttp—1u)) trm—1v> do = /(8f7(92(trm_1u)), trm_1v> do. (5.114)

a2 2

Proof. Consider (5.113). To this end, we debut with the observation that, due to
the weak singularity in the kernel of 0T u, for @ multi-index in Njj of length
< m — 1, there holds

) Mo, u=tr, Mo u onds2, (5.115)

where tr,jl:_1 denote the multi-trace operators in 2+. Next, fix v € C*°(R") and
write Green’s identity (5.95) in the domain §2_. Using the fact that

L(Mo,u) = ugq, in R (5.116)

we thus obtain (keeping in mind that L is symmetric)
/ <Bf_ (Mg, u), trm—1V> do = / <tr;—1 (Mg u), 3fv> do
a2 a2
+ / (Mo u, Lv)dX. (5.117)
2
Going further, Green’s identity (5.95) in the domain 2 yields

/m(é)fJr (Mg, u), trm_1v> do = /m(tr,:_l(ﬂmu), va> do

+/ (u,v)dX—/ (Mo u, Lv)dX. (5.118)
24 24
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Here we made use again of (5.116). However,

/ (Mg u, Lv)dX+/ (Hg+u,Lv)dX=/ (Mg u, Lv)dX
Q- Q24

n

= / (L(Hg+u), v) dX
2+

= / (u.v)dx. (5.119)
2+

where the first identity is trivial, the second follows by integrating by parts, and the
third identity follows by appealing again to (5.116). Combining (5.117)—(5.119), we
conclude that

/ <3f+(179+u),trm_1v>da= / <ag[(ng+u),trm_1v>do, (5.120)
02 02

and since v € C°(§2) was arbitrary, the identity in (5.113) now follows.
Turning attention to the claim made in (5.114) we fix u,v € C>(R") and note
that, since ITg» (Lv) = v, there holds

ITo (Lv) = Ige(Lv) — g, (Lv) =v— Mg, (Lv). (5.121)

Hence, taking the conormal derivative 3/ in (5.121) and employing (5.113), we
obtain

) Mo (Lv) = d)v =0, Mg, (Lv) = dv—23] Mo, (Lv). (5122)

Next, applying Green’s formula (5.95) in the domain §24 along with (4.250)
and (4.58), we have

/ <a:)4+ (g(trm—lu))strm—lv> do=1-1I, (5.123)
82

where

= / (41 + Kt u, 2 do
92
(5.124)
= / (Q(trm_lu), Lv> dx.
2
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At this stage we invoke (5.102), (5.122) and again (5.102) (the latter applied in the
domain §2_), to write

= /8 Q(trm_lu, 8! (Mo, (Lv))> do
- /B Q(trm_lu, ag’v>da— /3 Q<trm_1u, aff(ﬂg,(Lv))>dcr

_ /BQ(trm_lu, afv>da—/97<92(trm_1),Lv>dX. (5.125)

Using Green’s formula (5.95) along with (4.250) and (4.58) in the domain £2_, we
can further expand the last term in the third line of (5.125) as

/9 <92(trm_lu),Lv> dx = —/m( —L 4 K)(tr,mu), afv> do

+ / <3;‘_(92(trm_1u)),trm_1v>da. (5.126)
92

Finally, (5.114) follows by combining (5.123)—(5.126). O

Moving on, we define the action of the conormal in the context of Besov spaces.
As a preamble, recall that given a nonempty open subset 2 of R”, we denote by
Z'(82) the space of distributions in £2, and by (-, ) 2/(2)-2(«) the pairing between

*
distributions and test functions in £2. Also, if w € (A§7 4 (.Q)) , where A € {B, F},

0 < p,gq < ooand s € R, we shall denote by WL o the distribution in 2'(£2)
defined by

W o P)oro)a@ = n9). Yo eCI(R) (5.127)

where the bracket (~, ) in the right-hand side of (5.127) denotes the duality pairing

*
between functionals from the space (A§7 4 (.Q)) and functions from A7 (£2) (with

@ € C°(82) viewed, this time, as a function in the latter space).
The definition below is modeled upon Green’s formula deduced in Proposi-
tion 5.13 for sufficiently regular functions.

Definition 5.20. Let £2 be a bounded Lipschitz domain in R” and consider L a con-
stant coefficient W-elliptic differential operator of order 2m. Fix a particular choice
of the tensor coefficient A = (Aup)jo|=|p=m Such that L = >, _ s, 0" Aap 0.
Finally, suppose that 1 < p,q < 00,0 <s < 1 andlet p’,q’ € (1, 00) be such that
I/p+1/p'=1/g+1/q = 1.
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In this context, define the conormal derivative operator 8(} as the mapping acting
on the space

{(u W) € Bm $+1/]7(Q) b (Brﬁ-l—qs 1-|—1/]7/(‘{2))='< D Lu= WL.Q in @/(Q)}
(5.128)

(where the convention introduced in (5.127) has been used), and taking values in
* .
(Bp @ (8.(2)) , by setting, for each f € BY Y (392),

m—1,s m—1l.s

<ag’(u,w),f'>;= S (Aaﬁaﬂu,8“F>Q+(w,F), (5.129)
lal=1Bl=m

where F € Bm 1+s+1/p ,(£2) is such that tr,,— F = f.1In (5.129), the bracket (-,),,
denotes the duahty pairing between elements of the space B’/ SH1/p (£2) and elements

.
in its dual, BY l+l/p

s *
the space Bm 1+s+1/p’(‘Q) and its dual, (B:Zfs_lﬂ/p,(ﬂ)) .
In the same framework, one may also define the conormal derivative operator
94 as the mapping acting on the space (defined using the convention introduced
in (5.127))

/(£2), and (-, ) denotes the duality pairing between elements of

{(M W) €F m—. s+l/17(9) @< m+s/ 1+1/P/(9)) Lu= WLQ in ‘@/(‘Q)} ’
(5.130)

m—1,s

formula (5.129) where, given f € Bp 1.5 (02), the function F € F 1 Iy (£2)

is such that tr,,_ F = f , and where the duality pairings in the right-hand side
of (5.129) are suitably interpreted on the Triebel-Lizorkin scale.

Finally, a conormal derivative for the exterior domain 2_ := R" \ £ (in place
of £2) may be introduced similarly (in which case (5.129) is altered by changing
the sign of the entire left-hand side). When necessary to distinguish the conormals
thus defined in £24 and £2_, we shall denote the former by 9! . and denote the latter

by a;l_.

*
and taking values in the space (F g (8.{2)) by formally employing the same

A couple of comments are in order here.

Remark 5.21. (1) Itis important to point out that definition (5.129) is independent
of the choice of the function F € Bm 1/ Fs1/ (£2) such that tr,,_ | F = f . Indeed,
in order to see this, by l1neanty, it suffices to show that the right-hand side in (5.129)
equals zero whenever F € B ,(£2) is such that tr,,—; F = 0. This latter

m—1+s+1/p
fact easily follows from integration by parts whenever F' € C°(£2) (here we use
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the fact that Lu = w as distributions in £2). Since, due to (3.129), C>(£2) is

dense in the subspace of B” ,(£2) consisting of functions with vanishing

m— 1+Y+1 /p
multi-trace, a routine hrniting argument shows that the right-hand side in (5.129)
vanishes whenever F € B:Z ql+s+l ,(£2) satisfies tr,,— F = 0, as desired. A

similar comment applies to the conormal defined on Triebel-Lizorkin spaces.

(2) The two cornormals defined, respectively, on (5.128) and (5.130), act in a
compatible manner with one another (i.e., they agree on the intersection of their
domains; this justifies using the same notation). This may be proved using a limiting
argument using the density result from (2.208). |

Below we consider an important special case of Definition 5.20.

Proposition 5.22. Let §2 be a bounded Lipschitz domain in R" and consider a
constant coefficient W-elliptic differential operator L of order 2m. For each triplet
of numbers p,q, s satisfying 1 < p,q < ocoand0 < s < 1, the conormal derivative
operator 3 from Definition 5.20 induces a linear; bounded operator

ot ue B2 Ly, (@) Lu=0 in 7'(2)} — (B]] ’f“(asz))*, (5.131)

where 1/p+1/p' = 1/q +1/q’ = 1, according to

<a;‘u,f'>=(—1)m+1 3 <Aaﬂaﬂu,a“F>Q, (5.132)
ol =Il=m

for each f e B” (89) and F € Bm 1+s+l/p/(‘Q) such that tty,— F = f (as
before, ( ) denote the duallty pairing between elements of the space Bf’sqﬂ/p(!?)

mlv

and elements in its dual, B” ,(£2)). Moreover, a similar result is valid for

s— l+l/p

af:{ueF

m— S-‘,—l/p(g): Lu=0 in 9/(9)} — (Bp » (39))*, (5.133)

m—1,s

formally by the same formula (5.132), suitably interpreted. Finally, analogous
results hold for the conormal derivative acting on null-solutions of L in §2— :=
R"\ £2, in place of 2+ := £2 (in which scenario, (5.132) is altered by changing the
sign of the left-hand side).

As before, definition (5.132) is 1ndependent on the choice of the extension of f

i.e., on the choice of function F € B’Z ql+s+1/p (£2) satisfying tr,,_ F = f
When necessary to distinguish the conormals considered in Proposition 5.22 for

the domains £2, §£2_, as before, we shall denote them by 8(} f and 3;‘_ , respectively.

Proof of Proposition 5.22. This is a direct consequence of (5.128)—(5.129) (cf. also
the comments made immediately thereafter) and the fact that the mapping u# +—
(u, 0) is an embedding of the domain of Bf in (5.131) into (5.128). O
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The following observation is going to be useful later on.

Remark 5.23. In the context of Proposition 5.22, the conormal derivative operator
from (5.131)—(5.132) actually takes values in the space

lae (B (ag))* (A, P) =0 forevery P e 2,09)]. (5.134)

m—1,s

This is clear from (5.132) and simple degree considerations.

Our next result further elaborates on the nature of the conormal operator acting
on null-solutions of L belonging to “diagonal” Besov spaces.

Proposition 5.24. Assume that §2 is a bounded Lipschitz domain in R" and let L
be a constant coefficient W-elliptic differential operator of order 2m. Also, suppose
that the indices p, p’ € (1,00) satisfy 1/p + 1/p’ = 1, and that s € (0, 1). Then
the conormal derivative operator

A, *
94 ; {u €B!T () Lu=0 in @’(9)} s (B,Z_'?S(B.Q)) . (5.135)
defined as in Proposition 5.22 (with q := p), has the property that
(0w, f) = (=pmtt > / (AupdPu, 9" F)dX, (5.136)
jol=1l=m * ¢
with an absolutely convergent integral, whenever u € B’Z’_ps +1/p (82) satisfies Lu=0
in 2, while f € B,Z/_I;/Y(E).Q) and F € lei’f_/l/p, (£2) are such that tr,,,_ | F = f
Furthermore, any function u € B}Z’LH/F(Q) satisfying Lu = 0 in $2 actually

belongs to the weighted Sobolev space W;ﬁ’ﬁ » (£2), and there exists a finite constant
C = C(82, p,s) > 0 with the property that for any such function

195l (3575 oy = € bz (5.137)

Proof. The first observation we make is that, in the case when p = g € (1, 00), the
domain of the conormal af in (5.131) becomes

fue BIL (@) Lu=0in 2/(2)} = BJY,.,,, (@) NKerL

= Ws'f’lp/p(.Q) NKerL, (5.138)

thanks to (2.306). For each u € W/, (£2) N Ker L, let us temporarily denote by

5fu the functional

By 025 [ 1" Y | (AgdPu 9 F)dX,  (5.139)

m—1.s o
lee|=[Bl=m
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where, for each f , the function F € Wmf | /p/(.Q) is assumed to satisfy

try—1 F = f . That such a function F exists is guaranteed by (3.123) in The-
orem 3 11. Moreover, the fact that the particular choice of the function F €
wmr 1 ,([2) with the property that tr,—; F = £ is irrelevant follows with the
help of the density result proved in Theorem 3.17 by arguing as in part (1) of
Remark 5.21.

Going further givenu € W l/p(.Q)ﬂKerL and two functlonsf € Bm 15(89)
and F € Wl e 1/p'(‘Q) such that tr,,_ F = f,we estimate
3 / (a0 F)| dx
|oe|=]Bl=m
= 2 [ lAwl(|@tule) (ol pt) dx
loe|=[Bl=m
1/p
< Ay [ Byl oo—1/r) ]
= X gl (j#ulr) ax
loe|=[Bl=m
/ 1/p
FF|p' V) dx
<[ [, (i Flo =) ax]
< COullyrg @I F s ) < +o0. (5.140)

@

This shows that the integral in the right-hand side of (5.136) is absolutely con-
vergent. Finally, the consistency of d4u with d4u from Proposition 5.22 is a
consequence of the density of C°°(£2) both in weighted Sobolev spaces and Besov
spaces in §2, established earlier. O

We are now well positioned to discuss a version of the Green representation
formula (5.98) in the context of Besov spaces.

Theorem 5.25. Let §2 be a bounded Lipschitz domain in R" and consider L a
constant coefficient W-elliptic differential operator of order 2m. Fix a particular
choice of the tensor coefficient A = (Aqup)|a|=|p|=m, consisting of M x M matrices
with complex entries, such that L = Z\a\:\ﬁ\:m 9% Aup 98 In this context, associate

the multi-layer potential operators 9 and S as in (4.57) and (5.1), respectively.
Finally, suppose that 1 < p,q < oo, 0 < s < 1, and that the function
ue B)qu+l/p(9) satisfies Lu = 0 in 9'(£2).

Then with 34 defined as in (5.131)~(5.132), the following Green-type represen-

tation formula holds:

U= Pt u) —.Z@u) in 2. (5.141)
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Proof. Via embeddings of Besov spaces, there is no loss of generality in assuming
that p = ¢. Assume that this is the case and fix an arbitrary point X, € 2 along
with an arbitrary vector n € CM . Then, based on (5.3), (5.136), and (4.61), we may
write

(1. Z @) (X)) = (0t 1t [Ee (X, = )

= ¥ [ a0 @7 B (X, =) X

lal=Bl=m
——<n, > /(aﬂE)(X,,—-)Aﬂa(aau)dX>

la|=m Q

|Bl=m
= (0. 9 n10(X0)) = (n.u(X,)). (5.142)

This proves that u(X,) = Q(trm_lu)(Xo) — Y(afu)(X,,) and since X, € £2 was
arbitrary, (5.141) follows. O

For further use, it is also convenient to formulate the action of the conormal
derivative operator acting from weighted Sobolev spaces, in the manner described
below.

Proposition 5.26. Let §2 be a bounded Lipschitz domain in R" and consider L a
constant coefficient W-elliptic differential operator of order 2m. Fix a particular
choice of the tensor coefficient A = (Aup)|a|=|p|=m Such that there holds L =
2 lal=Ipl=m 0" Aap 0P. Finally, suppose that 1 < p < 00,0 < s < 1 and let p' €
(1,00) be such that 1/p +1/p’ = 1.

Then the conormal derivative operator 3%, originally introduced in Defini-
tion 5.20, induces a linear and bounded mapping from the space (defined using
a similar convention to (5.127))

{(u w) e W 1/],(.(2)@( l/p,(:z)) CLu=w|, in @/(9)} (5.143)

*
and taking values in the space (Bp ¥ (3.{2)) which, for every Whitney array

m—1,1—s
f e B” (082), acts according to the formula

mlls

(st f)i= ot S [(apdbuco. o FCo)ax

la|=|pl=m g

+(w, F), (5.144)
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where F € Wm 4 ,(§2) is such that tr,,_ | F = f Above, the last bracket (-, )

—1/p
denotes the duality pairing between elements of the space W 1/p’ (£2) and its dual,
(w2 @)
Finally, a conormal derivative for the exterior domain 2_ = R" \ 2 (in place

of §2) may be introduced similarly (in which case (5.144) is altered by changing the
sign of the entire left-hand side). When necessary to distinguish the conormals thus
defined in §24 and §2_, we shall denote the former by 3\/}+ and denote the latter

by 8;4_.

Proof. This is largely established in the same manner in which Proposition 5.24 has
been proved to be consistent with Proposition 5.22. In the process, the multi-trace
result from Theorem 3.11 plays a basic role. O

5.5 Jump Relations for the Conormal Derivative

The first order of business is to actually define the conormal derivative of the single
multi-layer potential operator.

Proposition 5.27. Assume that $2 is a bounded Lipschitz domain in R". Also,
consider a constant coefficient W-elliptic differential operator L of order 2m,
m € N, and denote by 3(} the conormal associated with a particular choice of
the tensor coefficient A = (Aup)|a|=|g|=m in the writing of L as in (5.92).

Then forany p,q € (1,00) and s € (0, 1) one can define the conormal derivative
of the single multi-layer potential (associated with §2) in such a way that

*
017 (B2, Y(ag)) — (B24,,02)) (5.145)
becomes a linear, bounded operator.

Similar considerations apply to the conormal derivative of the single multi-layer
associated with 2— = R" \ 2. When necessary to distinguish this from (5.145),
we shall denote this by 94 ., and denote the former by 8A .

Proof. Note that, by (5.43) and (5.5),

7 (B” (asz)) {ue B’

m—1.s

Py (2) Lu=0in 9} (5.146)

is a well-defined, linear and bounded operator. We define Bff as the composition of
8(} (from Proposition 5.22) with this operator. Thanks to (5.131), we may conclude
that the operator (5.145) is indeed well-defined, linear and bounded.
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When §2_ is considered in place of £2, we define
. . * . *
IR (BP"f (ag)) — (BP"f (ag)) ,

m—1,s m—1,s

M SN =0 (wy—A, L(y.5~ A)), (5.147)

vae (B (a:z))*

m—1.s
in the sense of Definition 5.20, where ¥ € C°(R") is an arbitrary function with
the property that ¥ = 1 near d§2. In particular, this ensures that L(l//y _A) €

. k
C(£2-) for every functional A € (Blﬁ’zu (89)) . More specifically, (5.147) says
that

<af_y?A,f'>;= Y (Ao(,geaﬂ(lp;fi—/x),aw>Q

lo|=|B|=m

—/ (L7~ 2). F)ax, (5.148)

whenever f € BZ’L’S(E)Q) and F € B£f1+s+l/p({2_) are such that tr,,_; F = f.
Note that .the right-hand side of (5.148) vanishes if ¢ = 0 near 052 since, in thi§
case, Y.~ A € CX(£2-). By linearity, this shows that the definition of 94 .7
in (5.147) is independent of the particular function ¢ € C>°(R") with ¥y = 1 near
a82.

Finally, by the last part in Theorem 5.7, the assignment

Ars (wy—A, L(l/fyf—A)) (5.149)

*
maps (BZ’E 1!3(89)) linearly and boundedly into the analogue of the space
in (5.128), written for §2_ in place of £2. This, in concert with earlier arguments
and Definition 5.20, shows that (5.147) is indeed a well-defined, bounded operator.
Hence, the proof of the proposition is complete. Parenthetically, we wish to point

out that (5.148) reduces to

A Y A\ 1\ym B )— o
(o 4. f) =0 3 (A (F7A)0F) . (5150
la|=|Bl=m
whenever f € Bl (082)and F € Brﬁfl+s+l/p(9_) are such that try— F = f

and F has bounded support. Indeed, in this situation, we simply take y € C>°(R")
such that ¢ = 1 near 052, as well as near supp F. O
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We next discuss the boundary behavior of the conormal derivative of the single
multi-layer.

Proposition 5.28. Retain the hypotheses of Proposition 5.27 and fix 1 < p,q < o0
Lo *
and 0 < s < 1. Then for each A € (Bp 4 (3.{2)) one has

m—1,s
<afi5ﬁA,g> - (A, (%1 n K)g), Ve B (09), (5.151)

where 1/p +1/p' = 1/q + 1/q' = 1. In particular,

*
b

Bfiy = :F%I + K* as operators on (B,ﬁl‘fl"(ag)) (5.152)
and, hence,
. . [PV *
o0, S =0 S =1 on (BIE,02)) (5.153)

Proof. Notice that, since all operators involved are continuous, it suffices to
Lo *
prove (5.151) only for A belonging to a dense subclass in (Bp 4 (8.{2)) . Thus,

m—1.s
thanks to (5.4), there is no loss in generality in assuming that

A={fy yl<m—1 € LP(02) ®--- & LP(32), (5.154)

(cf. (5.4)). Also, thanks to (3.118), we may assume that ¢ = tr,,—; G for some
function G € C2°(R"). Using (5.132) we may write

(—1)m+1(af+y?A,g> - ¥ <Aaﬂ PFA, 8“G>Q. (5.155)

lo|=|Bl=m

Let next {§2;};en be a nested sequence of subdomains of §2 exhausting £2
from within, in the manner described in the paragraph containing (2.114). A useful
observation is that for u € B}?(£2) and w € Bf/g’q/([?), where —1 + % <0< %,
we have (with Rg; denoting the restriction of distributions in £2 to £2;)

("o = lim (jou, jov>9 , (5.156)

J—>00 j

where (-, -) » denotes the duality pairing between elements of the space B(f “4(£2) and
elements of its dual, and (-, -) 2, denotes the duality pairing between elements of the
space B(f “(82;) and elements of its dual, respectively. Indeed, (5.156) is easily seen
to hold for u,v € C2°(£2) and (5.156) follows then by continuity. Therefore,

()"0l S A, g) = jlirr;ol l_%_ (Aa BﬂfA,a‘)‘G>Qj. (5.157)
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Employing (5.3) we can further expand (with (-, -)5 standing for the integral pairing
on 082)

(—1)m+1<af+5/fA, g> (5.158)

= lim 3 (w7 R EQ =L K0 @G)
lel =16 =m !
lyl<m—1

On a separate note, using (4.59) for each £2; yields

Z Agp 8§[E(X —')],(8“0)()())9_: (—1)’”+‘92,»‘(trm_1,;6)(-), (5.159)
la|=Bl=m !

where tr,,— ; stands for the generalized trace operator to d§2;, while _@j_ stands for

the double multi-layer potential associated to the domain R” \ £ i

Returning to (5.158) observe that it is possible to change the order of integration
in the right-hand side since, for each fixed j, the variables X and “dot” are
geometrically separated and, as such, there are no singularities to deal with.
Thus, interchanging the pairings ( -)9/_ and ( ')arz and using (5.159), allows us to
transform formula (5.158) into '

Ao o\ . '
(8V+YA, g> = lim (A,trm_l(@j (Ut G))>m. (5.160)
Thus, in order to prove (5.151) it suffices to show that

tr—1 (921-_(trm_1,j G)) — 1 (9_ (trm_lG))

. (5.161)
in BY % (0R2) as j — oo.
In fact we claim that the stronger convergence result,
tr—1 (.Qj_(trm_l,j G)) — try—1 (.@_(trm_lG))
(5.162)

in Lf;’_m(asz) as j — oo,

holds, from each (5.161) readily follows. The convergence in (5.162) is, however, a
direct consequence of Proposition 2.65 and formula (4.84).

This finishes the proof of the versions of (5.151), (5.152) corresponding to
choosing the “top” sign in both sides of each identity. There remains to treat the
case when the “bottom” sign is considered. To this end, recall from (5.150) that if

the array ¢ € B/, (352) and the function G € B2? . | ,,(§2-) are such that
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tr,,—1 G = ¢ and G has bounded support, say, supp G C Bg(0) (with R large), then
Lo *
forevery A € (Bp 4 (8.{2)) we have

m—1,s

(83‘_5’%, g> = (=" Z <Aa,3 P (S A), aaG>g,’

lal=1B1=m
= Y <Aaﬂaﬂ(YR(AonR)),a“G>D, (5.163)
o =1Bl=m :

where .7 is the single multi-layer associated with the domain Dy := Bg(0) \ £2,
and g is as in (4.246). Based on Proposition 5.27 and on the version of (5.152) for
bounded domains, the last expression in (5.163) can be further transformed (with
(04) g and Iy playing, respectively, the role of the conormal derivative and identity
operator on dDg) into

D" Y (4w (Fra 0 7). 76

R
lo|=|pl=m

= —<(a§1)RL§ﬂR(A o NR) s LR(g)>
= ((-41x + KR (Ao 1) 10()

= —<L; o(—41r + K;)(A o mR), g>

<(%I + K*)(th o Aomp), g'>

(31 + K A.¢). (5.164)

Together with (5.163), this shows that <aggy?A,g> — <(§1 n K*)A,g>, thus
finishing the proof of (5.151)—(5.152). Finally, (5.153) is immediate from (5.152).
O

We next study the conormal of the single multi-layer acting on duals of Whitney—
Lebesgue and Whitney—Sobolev spaces.

Corollary 5.29. Retain the hypotheses of Proposition 5.27. Then for each
1 < p <00 the conormal derivative of the single multi-layer, initially considered

. *
in the sense of (5.145), extends to a bounded operator from (LZ_I,O(BQ)) into

. *
itself, and from (L,];,_M(E).Q)) into itself. Hence,
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A ) 1 >
BViY—:FEI+K* (5.165)

. * . *
considered as either operators on (LZ_LO(B.Q)) , OF On (LZ,_L1 (3.{2)) .

Proof. This is an immediate consequence of Proposition 5.28 and Theorem 4.14.
O

The jump-relations proved in Proposition 5.28 make it possible to prove the
intertwining identity formulated below.

Proposition 5.30. Retain the hypotheses of Proposition 5.27 and assume that p, p’
satisfy 1 < p,p' <ooand1/p + 1/p’ = 1. Then, for each s € (0, 1),

SK*=KS (5.166)

. * [P
as (linear, bounded) operators from (Bp'q (89)) into BY . (0R2). As a

m—1,s m—1,1—s
consequence,

the adjoint of SK* : (Bp'q (89))* — B¢ (0£2)

m—1.,s m—1,1—s
(5.167)
.. [, * .
is the operator SK* : (B,Z_'qu_S(a.Q)) — B,Z’Zlqs(ag)
and, hence,
. . . * .
SK*: (B)2,,,09)) — B2, ,,(09) is self-adjoint. (5.168)

Finally, the intertwining formula (5.1606) is also valid when both sides are

. * -
viewed as operators from (LZ_LO(E).Q)) into Lf;_“(asz), or as operators from
. * -
(Lh-1.102)) into LE_ (052).

Proof. The starting point is to specialize (5.141) to the case when u := 7 A, for
. *
some arbitrary, fixed A € (B o (8.(2)) . This yields

m—1,s
FA= DS A) - y?[(—%l + K)A] in B2, (Q). (5.169)

by (5.44), (5.40), (4.224) (5.152) and (4.253). Applying tr,,—; to both sides now
. *
readily yields (5.166), as bounded operators from the space (B o (89)) into

m—1,s

the space B (0£2), on account of (5.44) and (4.250). The final claim in the

m—1,1—s
statement of the proposition then follows from what we have proved up to this point,

Theorems 5.4, 4.14, and a density argument (cf. (5.42) for the latter). O
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We now proceed to define the conormal derivative of the double multi-layer
potential operator.

Proposition 5.31. Suppose that 2 is a bounded Lipschitz domain in R", and
consider a constant coefficient W-elliptic differential operator L of order 2m,
m € N, and denote by 3 the conormal associated with an arbitrary choice of
the tensor coefficient A = (Agp)|a|=||=m in the writing of L as in (5.92).

Finally, fix indices p,q,p'q’ € (1,00) with 1/p + 1/p' = 1/q +1/q = 1,
along with 0 < s < 1. Then it is possible to define the conormal derivative of the
double multi-layer (associated with §2 and A) in such a way that

. . S *
019 B, (02) — (Bg_*qul_s (asz)) (5.170)
becomes a linear, bounded operator. Analogously, one can define the conormal
derivative of the double multi-layer associated with §2— := R"\ £2. When necessary
to distinguish this from (5.170), we shall denote this by 02 %, and denote the former
e
by 9} L2
Proof. Thanks to Theorem 4.19 and (4.58),

9B 02) — (ue BYY L, (2) Lu=0in2) (5171

is a well-defined, linear and bounded operator. We define 3/ 9 as the composition of
ag’ with this operator. Thanks to (5.131), we may conclude that the operator (5.170)
is indeed well-defined, linear and bounded.

The reasoning when 2 is replaced by §2_ is similar. More specifically, we
consider

o7 B 02) — (B 02)
(5.172)

09 f =0 (vo /. LI f)),

in the sense of Definition 5.20, where ¥ € C°(R") is an arbitrary function with the
property that ¥ = 1 near d52. In particular, this ensures that L (w - f ) e CX(82-)
for every Whitney array f € Blﬁ’zu (0£2). Note that (5.172) can be rephrased as

<a;{92f',g>:= Y (Aaﬂaﬂ(l/fgz—f),aac;>9 (5.173)

loe|=|Bl=m

_/9_ (L(¢9‘f),G>dX,
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whenever ¢ € B,Z "11 J(02)and G € Bp €+1/ ,(£2_) are such that tr,,—1G = g.
That this definition is meaningful and unamblguous can be shown as before (cf. the

last part of the proof of Proposition 5.27). Once again, (5.173) reduces to

<a§‘792f',g>=(—1)'" 3 <Aaﬂaﬂ(92—f'),aaG>Q_, (5.174)
lal=1Bl=m

in the case when the array ¢ € B (0£2) and the function G € Bm s+1/p’ (52— )

m—1,1—s

are such that tr,, ;G = ¢ and supp G is bounded.

We now describe some of the basic properties of the conormal derivative of the
double multi-layer potential introduced above.

Proposition 5.32. Retain the same basic background hypotheses as in Proposi-
tion 5.31 and, in addition, assume that L is self-adjoint. Also, fix s € (0, 1), and
supposethat 1 < p,p'.q,q' <oosatisfy 1/p+1/p' =1/q+1/q' = 1. Then

m—1,1—s m—1l.s

ol of =l of i (B (39))*, V fe B (02). (5.175)

Also, the conormal derivative of the double multi- layer potential is self- adJotnt in

the sense that the adjoint of (5.170) is 8‘4@ B (02) — (Bp 4 (89))

m—1,1—s m—1.s
Finally,
1Go8 = (L + K)o (=41 + k") on (B2 (asz))*, (5.176)

m—1.s
and

S0 = ( I+ K) (—%1 + K) on B9, (0). (5.177)
Proof. The claims in the first part of the statement are direct consequences
of (5.114), (5.103) and Proposition 5.31. As for the second part, it suffices to
only prove (5.177) since (5.176) will follow from this, duality, and the formal
self-adjointness of the conormal derivative of the double multi-layer and single
multi-layer, respectively. With (5.177) in mind, we start by spec1ahzlng (5.141) to
the situation when u := % f for some arbitrary, fixed f € B”? (3£2). This gives

m— lY
9f =9(31+R)f]=A(009f) in BYY 0,20 (5178)

by (4.250), (4.224), (4.249) and (5.43). Applying tr,,—; to both sides then
gives (5.177) after some simple algebra, on account of (4.250) and (5.44). O



Chapter 6
Functional Analytic Properties of Multi-Layer
Potentials and Boundary Value Problems

This chapter has a twofold goal. In a first stage, we shall study the Fredholm
properties of multi-layer potentials introduced in earlier chapters, while in a second
stage we shall proceed to use these results as a tool for establishing the well-
posedness of boundary value problems associated with higher-order operators.

6.1 Fredholm Properties of Boundary Multi-Layer Potentials

We begin by proving that, in an appropriate context, the single multi-layer is
bounded from below, modulo compact operators.

Lemma 6.1. Let 2 be a bounded Lipschitz domain in R" and assume that the
differential operator L is as in (4.1)—(4.2), and satisfies the Legendre—Hadamard
ellipticity condition (4.15). Then there exlsts a ﬁmte constant C > 0 and a linear
compact operator Comp mapping ( ol 1 | /2(89)) into a Banach space, such that

(—1)" Re (A SA>+ IComp(A)|2 > C||A|? 6.1)
(Bm 1, 1/2(3‘9 )
. *
for every A € (32’21 1/2(89)) , where (-, ) above is the duality pairing between
(By211,(082))" and B2 | ,(092).
Proof. Fix A € ( ol 1 1/2(89)) and, as usual, set 24 := 2 and 2_ := R" \ 2.
Consider next u := u* in §24, where utf = FAin §24. Thus, ut = ulgi and, by

Proposition 5.11, for every ¥ € C>X(R"),

Yu € B2*(R") = F>*(R") = W™*(R"). (6.2)

1. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes 293
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0_6,
© Springer-Verlag Berlin Heidelberg 2013
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For the remainder of this proof, we fix some ¢ € C*°(R"), ¥ = 1 near 2. Then
Proposition 5.27 (and its proof; cf. (5.148)) gives

« < C ||M||Wm.2(_Q+), and (63)

ut|, .
” v ”(3,3.'31,1/2(39)) =

|I3fu_||( » = ClYullwnaeoy + CILYW| (6.4)

331'31,1/2(39)) (W”l»z(Q_))*'

Based on these, the jump relations (5.153) and the triangle inequality, we may thus
estimate

« < ||3fu+||( 4 ||3C‘M_II(

2.2 *
B2, 509))

All,. .
141 (B;'il.l/z(ag)) 33{31.1/2(39)) —

= C(Iulwnzgn + 1Ly ) 69

It is relevant to note that, since ¢ = 1 near 952, the function L(u) is supported
in a compact subset of £2_. In turn, this readily leads to the conclusion that the
assignment

(B22,,,002)" 3 Avs Lyu) € (W"2(22))" (6.6)

is compact.
Next, we employ again the jump relations (5.152), (5.44), (5.46), the definition
of the conormal derivative in £2 from (5.132) and formula (5.150) to write

(—1)" Re<A,S_A> — (—1)" {Re<(%1 n K*)A,S‘_A> - Re< Sy K*)A,S'_A>}

= (=1)"Re <8§1u_ , trm_lu—> —(=n" <8fu+ , trm_lu+>

—Re [ {00 B dX

o_ lal=1Bl=m

+Re / D (Aup *u)(X), 0Put (X)) dX 6.7)
24 lel=IBl=m

=Re [ > (A @Wuw(X), ¥ Yu)(X))dX + R(w),

Rn |a|=|ﬂ|=m
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where, with My denoting the operator of multiplication by v, the residual term is
given by

R(u)::Re/ Z (Aap [0°, My](Yru), 3°u)dX

3 lel=Igl=m
‘Re/ > (A @ (), [9%, MyJu)dX. 6.8)
o_ lal=[Bl=m

Here, [A, B] := AB — BA is the usual commutator bracket. Given that ¢ = 1 near
082 and Lu = 01in £2_, it follows that there exists a compact subset & of 2_ with
the property that

IR <C [ Y 1@ uwX)Pdx. (6.9)
o lylsm

As a consequence, the assignment

(B;’ilﬁl/z(asz))* 5 A ((aySA”ﬁ)lylsm cLXO)® @ LYO) (6.10)

is compact. On the other hand, for every v € C>°(R") we may write

Re D (Aup 0°v(X) . 0Pu(X)) dX
B lal=18l=m

—Re [ Y (A 3(E). Pu(®)) d

g la|=|Bl=m

— [Rel( ¥ anee o). TO)a

R loe|=|B|=m
> C / PR dE
RH
=c| Y Zepera=c | 3 v
R[y=m ! R[y=m v

> c/ > 17v(X) P dX, (6.11)
Rn lyl=m
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by Plancherel’s formula, the ellipticity condition (4.17) and (4.19). Consequently,
using (6.11) and the fact that C>®(R") is dense in W™*(R"), we arrive at the
conclusion that

Re/ > (Aap v, 0Pv) dX > c/ > vPdX. Yve WTHRY). (6.12)
R ||/§||z::1 R lyl=m

In particular, there exists C = C(£2, L) > 0 such that

vEWMARY) = (—1)"Re [ 3 (A dv(X), V(X)) dX

Rre le|=|Bl=m
+ D 10X AX = CIvIma- (6.13)
R7 |V|Sm 1

We shall use (6 13) for v := Yu. In this regard, it is also useful to observe that the

assignment (B2?, | ,(02))" 5 A > (anwsm) oy € DB BL(R)
is compact (cf. Theorem 5.7). Thus, based on thls (6. 7) (6.5) and the various
comments made about compact operators, (6.1) follows. O

It is useful to further isolate the estimate contained in the lemma below.

Lemma 6.2. Let §2 be a bounded Lipschitz domain in R" and assume that the
differential operator L is as in (4.1)—(4.2), and satisfies the Legendre—Hadamard
ellipticity condition (4.15). Then there exlsts aﬁmte constant C > 0 and a linear
compact operator Comp mapping ( P 1/2(3.{2)) into a Banach space, such that

forevery A € ( ol 1/2(89))

IS A 22 (6.14)

2o T IComp(AY 2 CIAN 5o

m—1,1 Z(B‘Q)) '

As a corollary,

S (ij“/z(asz)) — B2, ,(092) ors)

has closed range and finite dimensional kernel.

Proof. This is an immediate consequence of estimate (6.1) and the fact that, given
any ¢ > 0, there exists C, € (0, co) such that
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(a.54) < 14022 ) 154052, e
2
<e)A| (52, am) T O 184152 ey (6.16)
. *
forevery A € (Bjﬁm/z(aﬂ)) . O

The main result pertaining to the Fredholm properties of the single multi-layer is
contained in the next theorem.

Theorem 6.3. Let §2 be a bounded Lipschitz domain in R" and assume that the
differential operator L is as in (4.1)—(4.2), and satisfies the Legendre—Hadamard
ellipticity condition (4.15). Then there exists ¢ > 0 with the property that

S (B” (asz)) — B (39) is Fredholm if

m—1,s m—1,1—s
(6.17)
1 1 1 1 1 _
lp=2l+lg=2/+[s—3|<eand s+ 5 =+ =1
Moreover,
L =L* = S in(6.17) has index zero. (6.18)

Proof. 1t suffices to treat only the case when p = ¢ = 2, s = 1/2, since the
more general case in (6.17)—(6.18) follows from this and general perturbation results
(cf. [63]) on complex interpolation scales (cf. Theorem 3.38). Thus, assume that
p =¢q = 2,s = 1/2 and, in order to stress the dependence of S on L let us
agree to temporarily use the notation S; . Note that if L is as in the statement of the
theorem, then so is L* := L’. Lemma 6.2 used for L* in place of L then shows
that the operator Sy« : (B> 21 | 2(8!2)) 3221 1/2(982) has closed range and
a finite dimensional kernel. Th1s duality, and (5. 22) then give (cf. Theorem 5.13
on p.234 in [67]) that S; : (3221 1/2(8.(2)) — B* 21 1/2(8!2) has closed range,
of finite codimension. In concert with (6.15), this shows that the single multi-layer
operator in (6.17) is Fredholm. The implication (6.18) is then a consequence of
(6.17), the last part in the statement of Theorem 5.4 (which ensures that, in our
context, S is self-adjoint), and Corollary 5.14 on p.234 in [67]. O

Basic spectral theory results for the principal-value double multi-layer are
contained in the theorem below.

Theorem 6.4. Let 2 be a bounded Lipschitz domain in R" and let L be a
homogeneous differential operator of order 2m, m € N, as in (4.1)-(4.2) and
such that (4.14) holds. For A € C and Comp a linear, compact operator mapping
(B2 21 | /2(89)) into a Banach space, consider the estimate
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(AT — K*)AII( )y T [Comp(A)[| = CIIAII(

. *
B2 ,02)

m—

B2 11/2(092)

m—

(6.19)

for all functionals A € (Bi{lql/z(ag))

Then the following claims are true:

(i) If L is self-adjoint then there exists Comp as above and finite constant C > 0
such that (6.19) holds for every A € C with Im A # 0.

(ii) If L is self-adjoint and its tensor coefficient satisfies the semi-positivity
condition (4.20), then there exists Comp as above and finite constant C > 0
such that (6.19) holds for every A € C\ [-1/2,1/2].

(iii) If L is self-adjoint and S-elliptic (cf. (4.16)) then there exists Comp as above
and finite constant C > 0 such that (6.19) holds for every A € C\(—=1/2,1/2).

Furthermore, in each of the situations (i )—(iii) described above, there exists some
small ¢ > 0 with the property that

M —K Bl (02) > Bl (02) and

m—1,s

AL —K*: (B,ﬁfl,s(asz))* = (B,ﬁfl,s(asz))*

(6.20)

are Fredholm operators with index zero

whenever |p—2|+ |g—2|+|s—1/2| <e.

Proof. Fix A € C with ImA # 0 and pick an arbitrary A € (Bi’ilql/z(aﬁ))*.

Thanks to Proposition 5.30 and (5.22) in Theorem 5.4 the operators S K* and S are
formally self-adjoint. In particular,

(K*A,ﬁ)em and (f',ﬂ)eR, 6.21)
hence,
Im ((u - K*)A,ﬂ) — (Im A)(A,ﬁ}. (6.22)
On the other hand,

)Im(()u - K*)A,ﬁ)) <A - K*)A||( .

* SA 52,2
B2, ,092) I ”Bmfl

1/20082)°
(6.23)
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Thus, for each £ > 0 there exists a finite constant C, > 0 such that

Cell(AT — KA, «FeC|AR. x
’ (B;'il.l/z(ag)) (33{31.1/2(39))
> Co||(AT — K*)A|? .+ el SAlA
- ”( ) ”(Bi‘illl/z(ag)) 8” ”B,f{il,l/z(aﬂ)

> )Im((u — K*)A,ﬂ)‘
> |1mx|<A,ﬂ>

> CllAl?,, « — |Comp(A)|I*, (6.24)
(822,,,02)

by Proposition 5.6, (6.23), (6.22) and (6.1). Then (6.19) follows from (6.24) (for
some C = C(A) > 0, finite constant depending only on A) by choosing & small
enough. This finishes the treatment of case (i).

Consider next the scenario described in (if). Given what we have proved already,
it suffices to treat the case when A € R\ [—1/2, 1/2]. In this situation, write

+ (—1)’”(()&1 — K*)A,ﬁ) - (—1)'”((%1 T K*)A,ﬂ}
+=1" (=3 £ 2)(4,54), (6.25)
At this point we claim that, in the current scenario, there exists a linear compact

operator, Comp, mapping (Biil I /2(3.(2))* into some Banach space, such that for
every choice of the sign,

IComp (A)]? + (-1)”’((%1 + K*)A,S_A> > 0. (6.26)
To justify this, set u = S A in £2_, and pick some ¥ € CX(R") with y = 1
near 052. Based on the jump relations (5.152) and the definition of the conormal
derivative from (5.148), we may then write
(-1)’”((%1 + K*)A,S_A>

— (=1)" Re<(%1 + K*)A,ﬁ) = (=" Re<af_u,m>

:Re/ > (Aw 8"‘14,8ﬁ(1p2u))dX—/(L(w2u),ﬁ)dX

o_ lal=|pl=m
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= Re / D (Aap 0" (W) (X) . P (Yru)(X))dX

o_ lal=|pl=m

—Re / (L(y*u). i) dX + R(u), (6.27)

2

where R(u) as in (6.8). Since, as before, the last line in (6.27) contributes terms of
the form ||[Comp (A)||?, estimate (6.26) corresponding to the “top” choice of signs
readily follows from the above identity and (4.20). Its other version, corresponding
to the “bottom” choice of signs, is proved analogously, by working in §2 rather
than £2_. Thus, from (6.25) and (6.26) we obtain

+ (—1)’”((/\1 - K*)A,ﬂ} > (—1)"(=L & x)(mﬁ). (6.28)

By observing that the membership of A to R \ [—1/2,1/2] is equivalent with the
statement that there exists a choice of the sign for which —% + A > 0, it follows
from (6.28), (6.1) and Proposition 5.6 that, for every ¢ > 0,

Cll(AT — K A|> < +eCllAlT -
el ) ”(3,31‘31‘1/2(89)) | ”(3,3{31.1/2(39))

= (A1 - K*)AII(.

SA| s
B,i-gl/z(ag))* I ”B,fil

12(02)
> K(u — K*)A,ﬁ}‘
> (—1)"(—1 + A)(A,ﬂ>

> || A3 «—||C M|, 6.29
= “ ”(13,3,'31,1/2(39)) ” omp( )“ ( )

for some finite C; > 0, and C > 0 independent of . Choosing ¢ > 0 sufficiently
small, we may conclude that (6.19) holds in the situation described in (i 7).

In the final part of the proof, we consider the situation described in case (iii)
in the statement of the theorem. Granted what we have proved so far, it suffices to
only treat the values A = 31/2. In this scenario, (6.14) is useful. To be specific, fix
A€ (32’31’1/2(89))* and set u := . A in the domain £2_. Then, based on (6.27)
and the comments right after, for every ¢ € C>°(R") with = 1 near 952 we may
write
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(- 1)’”(( I+ KA, SA Re/ 3 (Awp 0 (pu)(X) . P (Yu) (X)) dX
lal=8l=m

—Re /(L(lﬂ u),u)dX + R(u)

2

> Cl[Yullfymao_, — |Comp (A)]?

> C|try—ull’ 22, 00 — [|Comp (A)|?
_ 2 _ 2
= C|ISAll% 2 o [Comp (A)]
> CllA|P — [|Comp(A)]|*. (6.30)

(822, 1120982 ))

Above, we have also used the strict positive definiteness property of the tensor of
coefficients (Aqp)|a|=|g|=m from (4.16), the boundedness of the trace operator (cf.
Theorem 3.9), formulas (5.46), (5.44), as well as (6.14). Proceeding as before and
estimating the first term in (6.30) from above using the Cauchy—Schwarz inequality,
then using the Cauchy inequality with &, and finally employing the boundedness of
the operator S we conclude that (6.19) holds for A = 1/2. The case when A = —1/2
is analogous (and simpler), finishing the proof of case (iii). All in all, the above
reasoning shows that (6.19) holds in each of the cases (i)—(iii).

As for (6.20), once again it suffices to consider only thecase p = ¢ = 2,5 = 1/2
since, as before, the more general case discussed in (6.20) follows from this, abstract
perturbation results (cf. [63]), and our interpolation results from Theorem 3.38.
In this scenario, (6.19) yields that A/ — K* is semi-Fredholm when acting from
(B2 2 11/2 (8.(2)) into itself for each A belonging to an unbounded, connected subset
of C (described concretely in each of the cases (i)-(iii)). Since, for |A| large,
Al —K* can be inverted using a Neumann series, it follows that the index of A/ —K*
is zero whenever |A| is sufficiently large. Given that the index is homotopic invariant
and that the assignment A — A/ — K* is obviously continuous, we may finally
conclude that A — K* : (Bj;il,l/z(asz)) (3221 1/2(8!2)) is Fredholm with
index zero for each A belonging to each of the subsets of C described in the cases
(i)—(ii1). Finally, the corresponding claim for A/ — K follows from this and duality.

|

Recall next that, given a Banach space 2" along with T € .Z(2" — 2 ), the
Fredholm radius of the operator T on 2" is defined as

inf {r > 0: Al — T is Fredholm on 2 for every A € C with |A]| > r}. (6.31)

In this regard, we have the following result.
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Corollary 6.5. Assume that §2 is a bounded Lipschitz domain in R" and that L is
a homogeneous differential operator of order 2m, m € N as in (4.1)—(4.2), which is
S-elliptic (cf. (4.16)) and self-adjoint. Then there exists € > 0 with the property that

the Fredholm radius of K on B"? (3R2)is < %

m—1,s

(6.32)
whenever |p —2| + |qg — 2| + |s —1/2| < &.
Proof. This is a direct consequence of Theorem 6.4. O

Our next task is to prove the injectivity of the operator %I + K* on the dual

of Whitney—Besov space Bi’il’ 1/2(082). This requires a number of preliminaries
which we now begin to address. Recall (3.383)—(3.384).

Lemma 6.6. Suppose that §2 is a bounded Lipschitz domain in R", and assume that
L is a W-elliptic homogeneous differential operator of order 2m with (complex)
matrix-valued constant coefficients. Consider A € (Bi’zl’ | /2(8[2))* with the

property that (/\I — K*)A = 0 for some A € C\ {%} Then
(A, f) =0 forevery f € 9'7,,1_1(8{2). (6.33)

Proof. Indeed, by Proposition 4.17, for every f e Pn_1(022) we may write
(A ) =(A. BT+ K) f) = (1 + KA. f)=(t+2)(A. /). ©34)

Hence, (— % +1)(A, f) = 0 and, ultimately, (A, f) = 0since A # 3. ]

Going further, we shall also need decay properties for the single multi-layer, an
issue addressed in our next lemma.

Lemma 6.7. Suppose that §2 is a bounded Lipschitz domain in R", and assume
that L is a W-elliptic homogeneous differential operator of order 2m with (complex)
matrix-valued constant coefficients. Let A € (Bi’il’l /2(89))* satisfy (A, f) =0

for every f € Pu_1(082). Then

0.7~ AX)| < C|X|" "l log |X|, if O0<|a|<m—n, and
. (6.35)
|0~ A(X)| < C|X|" "7l if|la| > m —n, orn odd, orn > 2m,
uniformly for | X | large.

Proof. Recall that, by definition, STAX) = (tty1 E(X —-), A) for X e R"\ 2
and, using (6.33), for every a € Njj we may write

3.7~ AX) = (1 (BYE)(X — ), A)

— (trm_l (8"E(X R (-)) : A) (6.36)
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for each X € R" \ 2, where Py~ "“(-) is the Taylor polynomial of degree m — 1
for the function (3" E)(X — -) about 0. It is straightforward to check that for each
X e R"\ £2 we have

Bprrtey)) = (—nlpp "Bty forevery B e NI (6.37)
Therefore, using (6.37) and Taylor’s theorem, we infer that, for each X € R” \ﬁ,
0 [0 Byx =¥y = Pyt )]
= |+ Eyx —v) - Py )
<C| sup Y JOE)X -2y (6.38)
20Ty =+

In the context of the single multi-layer potential, this estimate is used with ¥ € 052
and X can be thought as being large in comparison to Y. Hence, (6.35) follows now
from (6.38) and (4.29). O

We are ready now to present the injectivity result mentioned earlier.

Theorem 6.8. Suppose that S2 is a bounded Lipschitz domain in R" with connected
complement, and assume that L is an S-elliptic homogeneous differential operator
of order 2m with (complex) matrix-valued constant coefficients. Then the operator

. . * . *
SR (B22,02)) — (B22,,,09)) s one-to-one.  (6.39)
Proof. Consider
. * . .
Ae(B2,,,02)) suchihat (31 +K*)A=0 (6.40)

and set u ;= .Y A in 24 (cf. (2.11)). Assume that the differential operator L is
expressed as in (5.92), for some choice of the coefficient tensor 4 = (Aalg)

Hence, by (5.5),

loe|=[Bl=m"

Lu=0 in R"\ 3S2. (6.41)

Let 8(} stand for the conormal operators acting from §24 and £2_, respectively
(cf. (2.11)). Then from the jump formula (5.152) and (6.40) (cf. also (5.147))

3 (yu, L(yw) = (A1 + K*) A =0,
(6.42)
Vi e CPMR") with ¥ =1 near 0£2.
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Moreover, for every ¥ € CX(R"),
Yu € B2*(R") = F>*(R") = W™ (R"), (6.43)

by Proposition 5.11. Furthermore, according to (6.35) in Lemma 6.7 (whose validity
is ensured by the last condition in (6.40) and Lemma 6.6), given o € Njj we have
for large | X|:

Clx|mn~lellog |X|if 0 < |a| <m—n,
|(@“u)(X)| = (6.44)
C|x |l if || >m —n, ornoddorn > 2m,

In particular,

<

(GRESIES =

if | X| is large, whenever & € Njj has || = m.  (6.45)

To proceed, fix a sufficiently large R > 0 such that 2 C Bg(0). Also, select a
function

Y € CX(R"), ¢ =1 inaneighborhoodof Bg(0). (6.46)

Let trfﬂ:_l stand, respectively, for the multi-trace operators acting from £24. Also,
denote by ter_1 the multi-trace operator from By := R" \ Bg(0), and by a;‘k the

m
conormal associated with L in the domain B . In this notation, we claim that

-n" > /B(O)\Q(Aaﬂ aﬂu,ﬁwx (6.47)
R

lo|=|pl=m

_ (ag_ (Vu. L(yu)), m) ‘/

A R
<BVRu, trm_lu> dog,
dBR(0)

where o stands for the surface measure of the sphere dBx(0). To justify this claim,
note first that by (6.41) and (6.46),

L(yu) € CX(By) € C2(R2-), (6.48)

then use Proposition 5.26 to write

(o ) ) = 0 [ {4 0 g T ax

lo|=|pl=m

- / (L(Yu),u) dX. (6.49)
2
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In a similar manner, working in the domain B}, we may write

/BBR(0><afRu’tr’§_‘u> dog = (=1)" /BE(A“ﬂ 3ﬂ(1/fu),m> dx

lo|=|Bl=m

—/_(L(lﬂu),u) dX. (6.50)

By

Taking the difference between (6.49) and (6.50) then yields (6.47).
Next, we claim that

lim

(0 0.0 u) dog = 0. 6.51)
R—o0 E)BR(O)

VR

In this regard, let us first note that for every multi-index y € Njj with |[y| <m — 1
we have (cf. (5.87))

(6.52)

O, = X Y vfBu ()

9
dBR(0
l6]=2m—ly|—1 j=1 r(©

where v ]R is the j-th component of v, the outward unit normal to the ball Bz (0),
and Bjg € C. Then, since

A TR A N 3
(8vku,tr£_lu) = Z (8URu)y8Vu)aBR(O), (6.53)
lyl<m—1
we conclude, based on (6.52)-(6.53) and (6.44), that
‘(afku,tr,ﬁ_lu) <C Y R V(og Ry R
lylsm—1
<CR"™1logR on 0dBg(0). (6.54)

Since o (0Bg(0)) ~ R"~!, and R"~'- R"">"log R = R™"log R — 0 as R — oo,
the proof of (6.51) is completed.

Going further, (6.45) and (6.43) ensure that Zla|=|ﬂ|=m(A“5 3%u, 3ou) is abso-
lutely integrable in £2_. Based on this, Lebesgue’s Dominated Convergence Theo-
rem, and (6.47), we may write

Y /<Aaﬁ8ﬂu,m>dX

loe|=|Bl=m

= (=" lim / Agp Pu, dou)dX
R—00 |a|=%%=m BR(O)\§< >
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=((31 + K*) A, t,_ju)— lim

<8A u, tr u> dog
R—o0 E)BR(O)

VR

=0, (6.55)

where the last equality uses (6.42) and (6.51). Altogether, the above calculation
shows that, on the one hand,

/9 (Aup 9%u.Fu)ax = o0. (6.56)
jal=Ipl=m  *

On the other hand, the S-ellipticity condition on L implies (cf. (4.16))

M
> (Aaﬁ a%,%) =Re[ > > a;‘fa"ujm

|oe|=[B|=m la|=|Bl=m jk=1
>C ) Z—|aa (6.57)
la|=m j=1

In concert, (6.56) and (6.57) give that 0%« = 0 in §£2_ for every multi-index
a € Nj with || = m. As such, an elementary reasoning based on Taylor’s
formula gives that u# is a polynomial of degree at most m — 1 in £2_ (which,
by assumption, is a connected set). Since from estimate (6.44) we know that
u(X) = ﬁ(|X|’"—" log |X|) as | X | — oo, we ultimately conclude that
u is a polynomial of degree at most m — n in §2_. (6.58)
In particular, this and (5.44) force
trm—l(ul.QJ,.) = trm—l(”'Q_) € f@m—l(ag)- (6.59)

Appealing to (5.136) (for the interior domain 24 = £2) yields, in view of (6.41),
that

Y / ﬁaﬂu aa>dx <a um>
lel=Igl=m

—((~41 + K A, oGl

<(_%1+K*)A,m>

—(A, i (ulg_)) = 0. (6.60)
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In the above calculation, we have used the jump-formula (5.152) in the second
equality, the fact that tr,,—1(u|g,) = try—1(u|e_) in the third equality, the last
formula in (6.40) in the fourth equality, and the membership in (6.59) together with
(6.33) for the last equality. Hence,

> /(Aaﬂ 0u, 3 u)dX =0 (6.61)
2

lo|=|Bl=m
which together with (6.57) imply that
0“u =0 in 24, forevery o € Nj with |a| <m — 1. (6.62)

Consequently, u is locally a polynomial of degree < m—1 in £2.4, hence the function
ue C*®(£2), and
8f+u =0 (6.63)

since the definition of the conormal from (5.87) involves taking at least m derivatives
on u before restricting to the boundary. In turn, (6.63) and the jump-formula (5.152)
imply

(—%1 + K*)A —0. (6.64)

Collectively, the second formula in (6.40) and (6.64) readily imply that, necessarily,
A = 0. This completes the proof of the injectivity of the operator %I + K*in (6.39)
and finishes the proof of the theorem. O

We are now in a position to identify a context in which the principal-value double
multi-layer is actually an invertible operator.

Theorem 6.9. Let §2 be a bounded Lipschitz domain in R" with connected
complement, and assume that L is a self-adjoint, S-elliptic homogeneous differential
operator of order 2m with (complex) matrix-valued constant coefficients. Then there
exists € > O with the property that whenever

lp—2l4+1lg—2/+1|s—1/2| <e (6.65)

the operators
L+ K* (B2, (02))" — (BPY, . (02))", (6.66)
I+ K:BMM (02) — BM, (39). (6.67)

are invertible.

Proof. The invertibility of the operator in (6.66) when p =g =2ands = 1/2isa
consequence of Theorems 6.4 and 6.8. With this in hand, the fact that this operator
continues to be invertible for the larger range of indices as in (6.65) follows from
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Theorem 3.38 and [63, Theorem 2.7]. Finally, the claim about the operator (6.67)
follows by duality and (3.86). This finishes the proof of the theorem. O

The following companion result to Theorem 6.8 addresses the issue of the
injectivity of the single multi-layer. We do so under the assumption that the
dimension of the ambient Euclidean space is larger than the order of the differential
operator involved. Such an assumption is natural in view of well-known phenomena
related to capacity (for example, the harmonic single multi-layer operator in the
plane may fail to be injective for certain special values of the logarithmic capacity
associated with the domain in question).

Theorem 6.10. Assume that §2 is a bounded Lipschitz domain in R", and suppose
that L is a homogeneous differential operator of order 2m with (complex) matrix-
valued constant coefficients, which satisfies the Legendre—Hadamard ellipticity

condition (4.15).
Then, ifn > 2m,

S p22 * 52,2
the operator S : (Bm’_lﬁl/z(aﬂ)) — Bm’_l,l/z(a.Q) is one-to-one.  (6.68)
Proof. The proof parallels that of Theorem 6.8. To get started, consider
. 2 2 * . .
Ae(B22,,,09) suchthat $4 =0 (6.69)

and introduce u := . A in 24 (cf. (2.11)). By Proposition 5.11, for every function
P € CX(R") we have

Yu € B2*(R") = F>*(R") = W™*(R"). (6.70)

Moreover, by (5.5), (5.44), and (6.69),

Lu=0 in R"\ 082, and (6.71)
trh u=tr,_ju=0, (6.72)

where tlrsf_1 denote the multi-trace operators from §24. Finally, from (4.29) and
(5.1) we deduce that for each o € Nj there exists C, > 0 such that

Cy
|X|n—2m+|oc|
[0 u(X)| < (673)
Co(l + |log|X|[)

|X|n—2m+|oc|

if either n is odd, or n > 2m, orif |«| > 2m —n,

if 0<|a| <2m—n,
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uniformly for | X | large. In particular,

(0w (X)| =

Xpn if | X| is large, whenever € Njj has |¢| = m. (6.74)

Moving on, assume that the differential operator L is expressed as in (5.92), and
fix a sufficiently large R > 0. Then (6.47) holds for every function ¥ as in (6.46),
and we make the claim that

lim

(0. 0B u ) dog = 0. (6.75)
R—o00 BBR(O)

VR

To justify this claim, we first note that for every multi-index y € Njj with |y| < m—1
we have (cf. (5.87))

@), = X DviB ()|, (6.76)
|0]=2m—|y|—1 j=1

where v ]R is the j-th component of v, the outward unit normal to the ball Bz (0),
and Bjg € C. Then, since

A TR A T
(8vku,tr£_lu) = Z (8URu)y8Vu)aBR(O), (6.77)
lyl<m—1
we deduce from on (6.76)—(6.77) and (6.73), that
‘(a‘/}lku’trﬁ_lu> < C Z RZm—n—IyI(log R) RZm—n—2m+\y\+l
lylsm—1
< CR*2"*t!'1og R on 0Bx(0). (6.78)

Now, og(dBg(0)) ~ R"™!, and R"~! - R?"~>"*1]og R = R*"~"log R. Since we
are currently assuming that n > 2m, we have R?""log R — 0 as R — oo, and
the proof of (6.75) is completed.

To proceed, observe that

Z (Aaﬂ Bﬂu,%) is absolutely integrable in £2_, (6.79)

lo|=|Bl=m

thanks to (6.74), (6.70) and the fact that we are assuming n > 2m. Based on this,
Lebesgue’s Dominated Convergence Theorem, and (6.47), we may write
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0 Y[ (At T)ax

lo|=|Bl=m

= (-1)" lim > / <Aaﬂaﬂu,ﬂ>dx
K00 1= Bl=m  BrONZ

=((37 + K*)A. 1, _ju)— lim

<3A u, tr >dCTR
R—0o0 E)BR(O)

VR

— 0. (6.80)

where the last equality uses (6.72) and (6.75). The above calculation shows

/9 (Aup 00 3u) dx = 0. 6.81)
jal=Ipl=m =

At this stage, fix a function Y € C*® (32 R (O)) such that ¥ = 1 near Bg(0) and,
foreach j € N, define ¥; (X) := ¥ (X/j) for each X € R". Then, foreach j € N,
Leibniz’s formula yields

3 / Aap P (ru), 8“(1pju)>dX—I + I, (6.82)
ol =IBl=m
where
L= 3 / (Aaﬂ aﬂu,aa_u>1/fjdx (6.83)
laul=[Bl=m * 2=
and

=2 2 X

la|=m y+81=p yr+dr=a
1Bl=m lyil=1 Ip2l=1

/ op Y 38‘u,37’21ﬂj382u>dX

Y1 '51 V2'52
(6.84)

Making use of (6.79), Lebesgue’s Dominated Convergence Theorem, and (6.81) we
may then write

lim 7, = Y / Aap 9P, Fu)dX = 0. (6.85)

j—>o0
|oe|=|Bl=m
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Also, using that

07| < Cpy.r j~! and supp (37;) S Bajr(0) \ Bjr(0),

forevery y € Nj with |y| >1 andeach j €N,

(6.86)

for each j € N we may estimate

|]] |<CAm1//R Z Z Z ! jInt =l

'8 15
(| =Bl =m y1+y =P 7253 L 17017 V27027
izl [y2l=1

x / 0% u(X)||0" u(X)|dX. (6.87)
B2jr(0)\B;r(0)

Keeping in mind the decay of u described in (6.73) this further yields
[11;]| < Camugr j>" " [log j |7, VjeN. (6.88)
Hence, since we are currently assuming that n > 2m,

lim I7; =0. (6.89)

]—)00

Together, (6.85) and (6.89) imply that

lim / A 3 (). aa(w,u)>dx_o (6.90)

] —>00

loe|=|Bl=m

Let us momentarily fix an arbitrary j € N. From (6.70) we know that the function
Yiu € W™P(§2_), while (6.72) guarantees that tr,,_,(y¥;u) = 0. As such,
Theorem 3.17 ensures the existence of a sequence

{vjitien C C®(£2_) suchthat v;; — y;u in W™*(2_) as i — oco. (6.91)

Based on (6.91) and (6.11), we may therefore write

Re Y [ (4w dw F0mw)ax
loe|=1B|=m =~

:l_l_igloRel I% / aﬁa Vi, 09 v],>dX

J_i)rgoRe Z / ,33 vji, 0% v],>d

loe|=|Bl=m
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. . ')/ .. 2
> Chl_rgg)lf/]Rn Z [(07v;i)(X)|"dX
yl=m

= cuminf/ > 1@ X)PdX
1—>00 Q_
lyl=m

= c/{2 D1 () (X)) dX. (6.92)

~ lyl=m

In turn, from (6.92) and (6.90) we deduce that

lim / D1 Wuw(X)PdX = 0. (6.93)
] —>00 02
lyl=m

Writing 07 (¥ u) as ¥ ; 0" u plus error terms when at least one partial derivative falls
on ¥;, a reasoning very similar to the one that has led to (6.89) shows that

Jj—o0

1im/Q > |8”(wju)(X)|2dX:/Q DT uX)PdX.  (6.94)

~ lyl=m “lyl=m

Altogether, (6.93) and (6.94) prove that

/ 3 [ u(X)PdX = o. (6.95)
2

~ lyl=m

This, of course, forces 3”u = 0 in §2_ for every y € Nj with |y| = m. Much as in
similar situations in the past, this implies that u locally coincides with polynomials
of degree at most m — 1 in the set §2_. Granted this, and recalling (6.72), we may
finally conclude that

u=0 in £2_. (6.96)

At this stage, we appeal to (5.136), (5.152) and (6.71)—(6.72) in order to write
that

pmt Y L(Aaﬂaﬂu,ﬁ>dx

lo|=[B]=m
=((~41+ K A, wf_u) =o. (6.97)

Hence,

> / (Aup 00 8u) dx = 0. (6.98)
2

lo|=|pl=m
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With this in hand, a similar argument to the one used to prove (6.95) now implies
that
0"u =0 in 24, forevery y € Nj with |y| <m — 1. (6.99)

Consequently, u is locally a polynomial of degree < m — 1 in £24 and, thanks to
(6.72), we may conclude that
u=0in 2. (6.100)

Finally, from (5.152), (6.96), (6.100), and the definition of the conormal from (5.87),
we obtain that
A=03 u—23} u=0. (6.101)

This proves that the operator S in (6.68) is injective. O

At this stage we are able to formulate and prove the following invertibility result
for the single multi-layer operator.

Theorem 6.11. Let §2 be a bounded Lipschitz domain in R" and assume that the
differential operator L, of order 2m, is as in (4.1)—(4.2), and satisfies the Legendre—
Hadamard ellipticity condition (4.15). In addition, suppose that L is self-adjoint
and that n > 2m. Then there exists ¢ > 0 with the property that

S: (Bp’q (89)) s B (082) is invertible if

m—1,s m—1,1—s
(6.102)

|p—2|+|q—2|+|s—%|<8 and %—i—l/:

=1.
P

+

=

1
q

Proof. The invertibility of the operator in (6.102) when p = ¢ = 2 ands = 1/2
is a consequence of Theorems 6.3 and 6.10. Having established this, the fact that
this operator continues to be invertible for the larger range of indices as in (6.102)
follows from Theorem 3.38 and [63, Theorem 2.7]. O

Under additional geometric hypotheses on the Lipschitz domain, the range of
indices for which the invertibility result for the single multi-layer operator from
Theorem 6.11 holds increases, as indicated in our next result.

Theorem 6.12. Let 2 be a bounded Lipschitz domain in R" whose outward unit
normal v has the property that

v € vmo (052). (6.103)

Also, assume that the differential operator L, of order 2m, is as in (4.1)-(4.2), and
satisfies the Legendre—Hadamard ellipticity condition (4.15). In addition, suppose
that L is self-adjoint and that n > 2m. Then

. . * o
S:(B”“’ (39)) 5 B”(39) is invertible

m—1.s m—I1,1—s

(6.104)

orevery s € (0,1) and p.q.p’.q' € (1,00) with L + L =14 L -1
PP T g g
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Proof. The starting point is to recall that, under the condition formulated in (6.103),
the inhomogeneous Dirichlet boundary value problem

ue Wmlp/p(.Q),
Lu= ve( . (9)) (6.105)
tou = f € BI?,_ (092),

has been proved in [76] to be well-posed whenever

s€(0,1) and p,p’ € (1,00) satisfy % + # = 1. (6.106)
Fix s, p, p’ as in (6.106). As a consequence of the result just quoted, for every
bounded Lipschitz domain £2 C R” as in the statement of the theorem, there exists
a finite geometric constant C > 0 with the property that

||u||me L) = = C(”L””( )) * + ”trm—lu”BZ‘fHﬂ(ag))s (6.107)

P 1/p/(

for every function u € W:ﬁlp/ » (£2). On the other hand, the fact that the conormal
derivative operator is bounded in the context described in Proposition 5.26 yields
the estimate

Jat @l C (el @+ W g gy+)  (6108)

B (39)) =
—1/p

for every pair

(u,w)y e W™ (2) & (£2)
v (%4 ) (6.109)
such that Lu = w as distributions in £2.

To proceed, fix a function ¥ € C>°(R") with the property that y = 1 in a
neighborhood of £2, and select R > 0 such that supp ¢ C Bg(0). Also, define

%= BR(0)\ 2. (6.110)
. *
Let us now fix an arbitrary Whitney array A € (B,Z’_plys((')[?)) and set (cf. (2.11))

ti= Y A in 24, (6.111)

“T=y.Y A in QK (6.112)
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From Corollary 5.10, it follows that

+ m,p +
ut e W™/ () and [u”| W (@) < C||A||(B'Z_£M(m))*, (6.113)
—_ m,p R —_
wm e W (2F) and |u”| W (R < C||A||(B’Z_£m(m))*, (6.114)
for some finite C > 0 independent of A. Set
wh:=Lut =0, and w™:= Lu~ € C°(2F). (6.115)

In particular, the pairs (u™, w¥) are as in (6.109) relative to the domains £24 and
QR Moreover, as is easily seen from the membership in (6.115), the assignment

. * / *
(qup (89)) A w € (I/VS"l’lp/p,(Qf)) is a compact operator, (6.116)

m—1,s
subsequently denoted simply by Comp. We may then estimate

== Ber o wh) =0t =, w) I

140 r0, a0 (827, ,02)"

A

< | 8f+ wt o wh| (Brﬁfl,A(f’Q))* + 07 (™ wh)| (Brzfm(ag))*

+ —_ —_
< Clu ||v1{\,’i~f’/p(9+) + Cllu ||Wﬁf’/p(9§) +Clw ”(W;H’//p/(féﬁ))*

IA

Clley_u|

+ C |ty _yu~

BPP 082)

m—1,1—s

BPP 082)

m—1,1—s

FE )

= C[[SA] 30, (40 + |Comp AJ. (6.117)
Above, the first equality is the jump formula (5.153), the second inequality follows
from the estimates for the conormal derivative operator corresponding to (6.108)
written for £2, and 2%, the third inequality is a consequence of the “well-
posedness” estimate (6.107) written, again, for £24 and 2% (it is important to note
that 2% continues to be a bounded Lipschitz domain whose outward unit normal
has vanishing mean oscillations), while the last equality uses (5.44) and (6.116).

In summary, the proof so far shows that there exist a constant C € (0, o) along

. *
with a Banach space-valued compact operator Comp defined on (B PP (89)) ,

m—1,s

. *
with the property that for every functional A € (B’7 ’ (8[2)) there holds

m—1,s
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|SA

(6.118)

B e T [Comp Al = CIIAII(

B2, 02)
Consequently, for each s € (0,1) and p, p’ € (1,00) with 1/p + 1/p’ = 1, the
operator

. . * o

$: (B2, 02) — BIY L (02) (6.119)
has closed range and finite dimensional kernel. Since Theorem 6.11 implies that
this operator also has a dense range, we ultimately deduce that the single multi-
layer in (6.119) is onto. At this stage, given that S in (6.119) is always surjective,
acts between two complex interpolation scales (cf. Theorem 3.38), and is invertible
when p = 2 and s = 1/2 (cf. Theorem 6.11), the global extrapolation result proved
in [63, Theorem 2.10] applies and gives that the claim in (6.104) is valid when

p = q. In its most general form, this result then follows from what we have just
proved and the real interpolation formula from Theorem 3.38. O

Let us now record the following significant corollary of Theorem 6.12.

Corollary 6.13. Let 2 be a bounded C U domain in R", and assume that the
differential operator L, of order 2m, is as in (4.1)—(4.2), and satisfies the Legendre—
Hadamard ellipticity condition (4.15). In addition, suppose that L is self-adjoint
and that n > 2m. Then

. . * Lo

S (Bp’q (89)) — BP T (382) is invertible

m—1,s m—1,1—s

(6.120)

+4 =1

L1
q q

forevery s € (0,1) and p,q,p’.q" € (1,00) with % =
Proof. This follows directly from Theorem 6.12 after observing that, the outward
unit normal v to a bounded C! domain £2 C R” is a continuous function and, as

such, condition (6.103) is satisfied. O

As indicated below, Theorem 6.12 may be further refined, by targeting a specific
triplet of indices p, g, s for which the boundary single multi-layer is invertible in the
context described in the first line of (6.104).

Theorem 6.14. Let §2 be a bounded Lipschitz domain in R". Assume that the
differential operator L, of order 2m, is as in (4.1)—(4.2), and satisfies the Legendre—
Hadamard ellipticity condition (4.15). In addition, suppose that L is self-adjoint
and that n > 2m. Finally, suppose that

s€(0,1) and p,q.p'.q € (1,00) satisfy % 3 5+%= 1. (6.121)
Then there exists ¢ > 0, depending only on the indices s, p,q, the Lipschitz
character of §2, and the differential operator L, with the property that if the outward

unit normal v to S2 satisfies



6.1 Fredholm Properties of Boundary Multi-Layer Potentials 317

distomo(r2) (v, vmo (asz)) <, (6.122)
where
distomo(s2) (v, vmo (ag)) ‘= inf {||v — llomota) © ¢ € vmo (asz)}, (6.123)
then

S: (Bp’q (89)) s B (082) is invertible. (6.124)

m—1,s m—1,1—s

As observed in [76], an alternative equivalent way of expressing the condition
formulated in (6.122) is

lim sup { sup ][ ][ \v(Y) — v(Z)\ do(Y)do(Z); <e.
ot (xedeJ Bxrnae) BN

(6.125)
Proof of Theorem 6.14. The proof largely parallels that of Theorem 6.12 keeping in
mind that, as has been shown in [76], the well-posedness of the inhomogeneous
Dirichlet boundary value problem (6.105) for a particular choice of s, p, g still

holds provided the weaker condition (6.122) is satisfied (rather than (6.103)), in
the manner described in the statement of the theorem. O

The following companion result to Theorem 6.8 describes the null-space of the
operator —3 I + K.

Theorem 6.15. Let 2 be a bounded, connected, Lipschitz domain in R", whose
complement is connected, and assume that L is a homogeneous, S-elliptic, dif-
ferential operator of order 2m, m € N, with constant (complex) matrix-valued
coefficients. Then

[/ € B2,,,02): (=51 + K) [ =0} = 2,109). (6.126)
Moreover, the operator

LI+ K: 32’21’1/2(89)/9,,1_1(89) N B;{wz(asz)/%_l(asz) (6.127)
is well-defined, linear, bounded and injective. As a corollary, the operator

S+ K (B22,,02) [ P 02)) (6.128)

— (B22,,,02) | P01 02))

is well-defined, linear, bounded and has dense range.
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Proof. The right-to-left inclusion in (6.127) has been already established in Propo-
sition 4.17. To get started in the opposite direction, denote by A = (Aup)a|=|g|=m
a strictly positive definite coefficient tensor for the operator L. Also, assume that

feBy?  ,(02) issuchthat (—11+K)f =0, (6.129)

and introduce u := 9% f in 24 (cf. (2.11)), where 9* are the versions of the
double multi-layer associated with L in £24. Let tlril:_1 be the multi-trace operators
acting from £2, and denote by 3;‘ f the conormals acting from £2.+. Then, by (4.58),
(4.250), and (6.129),

Lu=0 in R"\ 052, (6.130)

tr

m—1

u=0. (6.131)

Furthermore, by (5.175),

oI f =0l o i (B2,,00) (6.132)
In addition, Theorem 4.20 gives that for every ¢ € C>°(R") there holds
Yu € BX*(R") = F22(R") = W™ (R"). (6.133)
Finally, by (4.57) and (4.29), given o € Njj} we have for large | X|:
c|x|m—lellog | X|if 0<|a| <m—n,
(3w (X)| < (6.134)

C|x |l if |@| >m —n, ornodd,orn > 2m,

Granted the decay of 4~ from (6.134), the same type of argument that has led to
(6.55) gives

> / <Aaﬂaﬂu’3“_u>dX=<33’,93‘f,m>=0, (6.135)
2

lo|=|B|=m

where the last equality uses (6.131). Hence,

/ (4ap 9%u.Fu)ax =0 (6.136)

la|=[Bl=m
which, in light of (6.57) (itself a consequence of the S-ellipticity of L), implies that

u is a polynomial of degree at most m — 1 in £2_. (6.137)
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As such, Bf_u = 0, and by (6.132) we also obtain
9 u=0. (6.138)
Next, working in £2., a similar argument based on (5.132) and (6.138) shows that
u is a polynomial of degree at most m — 1 in £2. (6.139)
At this stage, based on (6.137), (6.139), and (4.250), we may write

f=ut u—t, jue Py 1(02) = Pp_1(32) C P,,-1(32),  (6.140)

m

as desired. This completes the proof of (6.126).

Having established (6.126), we may then conclude that the operator in (6.127) is
well-defined, linear and bounded. There remains to show that this operator is also
injective. To this end, it suffices to prove that

fe B;El,l/z(am
and = feP,_1(09). (6.141)
(-i1+K)f=0

Let f be as in the left-hand side of (6.141) and consider u := @if in 2. Thus,
there exists P € &, with the property that

tr, u=tr, P e P, 1(08). (6.142)

Then (6.132)—(6.134) continue to hold in the present setting, and we may write

/ (Aup 0w 9wy dx = (02 9 7, u)

lo|=|Bl=m

= (o8, 7"} @)
- ¥ L+(Aaﬂaﬂu,aa_P>dX

lo|=|Bl=m

—o. (6.143)

where the first equality above follows from the first equality in (6.135), the second
equality above is a consequence of (6.132) and (6.142), the third equality above
uses Proposition 5.24 (cf. (5.136)), and the last equality above is implied by the fact
that P € £2,,_,. As before, (6.143) allows us to conclude that (6.137) holds and,
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further, that (6.138) holds. Having established this, then (6.139) follows as before
which, in turn, yields (6.140), as desired. This finishes the proof of the injectivity of
the operator (6.127). O

In the last part of this section we estimate the spectral radius of the operator K
in an appropriate context.

Lemma 6.16. Let §2 be a bounded Lipschitz domain in R", and assume that L is
a homogeneous, differential operator of order 2m, m € N, associated as in (4.1)
with a constant (complex) matrix-valued tensor coefficient which is self-adjoint and
satisfies the Legendre—Hadamard ellipticity condition (4.15), as well as the semi-
positivity condition (4.20).
Suppose that A € C is such that there exists
*
Ae(B2,,,02)) . A#0 with (M —K*)A=0. (6.144)

11

Then necessarily A € [—5, 5]

Proof. If A = % then there is nothing to prove, so assume in what follows that
A eC\ {%} Granted this, and assuming that A is as in (6.144), we deduce from
Lemma 6.6 that

(Af) =0 forevery f € P_1(092). (6.145)

To proceed, set u := S Ain 24 (cf. (2.11)). By Proposition 5.11, for every function
Y € CX(R") we have

Yu € B2*(R") = FX*(R") = W™*(R"). (6.146)

Moreover, Lemmas 6.6, 6.7 and the current assumption on A ensure that u satisfies
the decay condition formulated in (6.44). In turn, this decay condition allows us to
write, much as in (6.80), that

GO / (Aaﬂ a%,%) dX = (31 + K*) A, tr,_u). (6.147)
lo|=|Bl=m ="~
Furthermore, as in (6.60), we have
—pmt / (ap 975 u)aX = (=31 + K*) A wf_yu). (6.148)
24

lo|=|B|=m

Using the last equality in (6.144) along with the fact that tr} _,u = tr,_u = SA,
we may then write
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0=((a1 - K*) 4, Sa)

= (i D(3 + B A )+ (= DG+ K AL w5 )

="+l > / Agp 3P u, 0%u >d

lo|=|pl=m

+EDm =) Y /(Aaﬂaﬂu,aa_u>dx. (6.149)
lal=Bl=m * +

The fact that the operator L is self-adjoint implies that the integrands are (pointwise)
real. As such, taking the imaginary parts of the most extreme sides of (6.149) yields
(after multiplication by (—1)"*1)

mi 3 / Aup 91, Fu)dX = 0. (6.150)
ol =Ipl=m

To proceed observe that, thanks to (6.45),

Z (Aap 3Pu,02u) is absolutely integrable in R". (6.151)
|e|=|Bl=m

As in the past, fix a function y € C °°(32 R (O)) such that ¢ = 1 near Bg(0) and,

foreach j € N, define ¥; (X) := ¥ (X/j) for each X € R". Then, foreach j € N,
Leibniz’s formula yields

mi 3 / Aap O (W), B0  dX = I; + 115, (6.152)

le|=|l=m
where
=mA Y / aﬁaﬂu u >¢ dx (6.153)
lo|=|Bl=m
and
Il; :=ImA x (6.154)

DIEDIEDD

la|=m y;+81=p yr+dr=a
[Bl=m |yi|=1 [|nl=1

V1'51 yzlgz /< aff a}/le‘aélu,m>dx
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Making use of (6.151), Lebesgue’s Dominated Convergence Theorem, and (6.150)
we may then write

lim 7; =ImA Y. / (Aup 97u.Fu)ax = o0. (6.155)

j—00
loe|=|Bl=m

Also, using that

|79 | < Cyyr j~1 and supp (37;) S Bajr(0) \ Bjr(0),

(6.156)
forevery y € Nj with |y|>1 andeach j €N,
for each j € N we may estimate
I1;] < Cam ImA —h’1| i—ly2l
11| < CamprImA] >0 > > wsl yz,gz Jrx
le|=1Bl=m y1+81=p r2+5=0
[yil=1 [y2[=1
x/ 0% u(X)|[0" u(X)| dX. (6.157)
B>jr(0)\B;r(0)
Keeping in mind the decay of u described in (6.44) this further yields
[11;| < Camy.r TmA|j~"|log j |, VjeN, (6.158)
hence
lim /1; =0. (6.159)

j—00
Together, (6.155) and (6.159) imply that
lim {[Imk] / Aup 3 (ru), aa(wju)>dx —0.  (6.160)
] —>00
lo|=|Bl=m

Since from (6.146) we know that y;u € WP (R") forevery j € N, it follows from
(6.160) and (6.12) that

lim |1mx|/ Z|ay(¢,u)(X)|2dX =0. (6.161)

j—>o0 R~
lyl=

Writing 07 (y; u) as ¥ ; 0" u plus error terms when at least one partial derivative falls
on ¥;, a reasoning very similar to the one that has led to (6.159) shows that
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lim / D1 () (X)) dX =/ > 10 u(X)PdX. (6.162)
] >0 JRrn n
lyl=m lyl=m

In concert, (6.161) and (6.162) prove that

|1mx|/ > u(X)PdX = 0. (6.163)

lyl=m

In the case when ImA # 0, this forces "u = 0 in R” for every y € Njj with
|y| = m. Much as in similar situations in the past, this implies that u is a polynomial
of degree at most m — 1 in R”. Granted this, we may finally conclude that
y y . 52,2 *
A= u—d' u=0in (Bm’_l’l/z(arz)) :

V—

(6.164)

in contradiction with the second condition in (6.144). This argument shows that
necessarily Im A = 0, i.e., that

AeR. (6.165)
If we now define
b= Y / (Aaﬂ o, M} dx, (6.166)
ol =1l=m * £
it follows that
@, and P_ cannot be simultaneously zero (6.167)

since otherwise the same type of argument, starting with (6.150) and leading to
(6.164), would yield a contradiction as before. Moreover, the self-adjointness of the
operator L together with the semi-positivity condition (4.20) imply that, on the one
hand,

@, € [0, ). (6.168)

On the other hand, (6.149) entails
A+ 3o+ (A—1)Py =0. (6.169)
Note that if A € R\ [—% %] then A + % and A — % are nonzero real numbers of the
same sign. However, in light of (6.169), (6.168) and (6.167), this is an impossibility.

Together with (6.165), this contraction proves that necessarily A € [—%, %], as
desired. O
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Our main spectral result for the operator K is contained in the next theorem.

Theorem 6.17. Let §2 be a bounded, connected, Lipschitz domain in R", whose
complement is connected. Also, assume that L is a homogeneous differential
operator of order 2m, m € N, associated with a constant (complex) matrix-valued
tensor coefficient as in (4.1) which is self-adjoint and satisfies the S-ellipticity
condition (4.16). Then

the spectrum of K acting on Bi’ilql/z(aﬂ)/@m_l(aﬂ)
(6.170)
is included in the interval (—1/2,1/2).

Consequently,

the spectral radius of K acting on Bj;ilil/z(asz)/ﬁ%_l(afz)
' (6.171)
is strictly less than %
Moreover; there exists some small € > 0 with the property that whenever
lp—2|+1g—2|+|s—1/2| <¢ (6.172)
one has
{f' € B (09): (- +K)f = o} - 2,.(09), (6.173)

and the operators

114 KB (3:2)/9?,”_1(89) —, B4 (3:2)/9?,,,_1(852), (6.174)

m—1.s m—1.s

and

174 K* (B""f (352)/@,,,_1(852))* (6.175)

m—1,s
— (B2,,02) [ 701 62))
are invertible.

Proof. Assume that A € C\ (—%, %) belongs to the spectrum of the operator

K (B22,,,02) ] ﬁm_l(ag))* — (822,09 / ﬁm_l(am)*. (6.176)
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The last part in Theorem 6.4 implies that

Al — K* is Fredholm with index zero

. . * (6.177)
on (Bjﬁ“ ,(092) / ym_l(ag))
which, keeping in mind the significance of A, implies that
AT — K* is not injective on (Bjﬁm ,(092) / P (asz)) . (6.178)
Going further, let
71 B2, 02) — B2 ,09) [ 20 (02) (6.179)

denote the canonical projection, taking an arbitrary Whitney array f €
B;ilﬁl/z(asz) into its equivalence class [f] € B;El,l/z(a:z)/ﬁ%_l(afz). Since
7 is surjective, its adjoint

7 (B22,,,,02) / @m_l(asz))* . (B;’il,l_s(asz))* (6.180)

is injective. Moreover, we have the commutative diagram

(822, 02) vor (822, 02)
* *
x _ x
Al —K*

where
*

2= (B)2),,09) [ 20-102)) (6.181)

In light of (6.178) and the injectivity of 7 *, this implies that there exists

- * .
Ae(B2,,,092)) . A#0, satisfying (A —K*)A=0. (6.182)
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As such, Lemma 6.16 applies and gives that, necessarily, A € —5, 5] Given that
we are assuming A € C\ (— 2, 2) to begin with, this forces A € {:b }. On the other
hand, when used in combination with the claim made in Theorem 6.15 about the
operator in (6.128), the Fredholmness result recorded in (6.177) precludes A from
being equal to % Hence, there remains to study the case when A = —1.

2
To this end, we claim that

feB? ,00)
and — f e P,_1(09). (6.183)

(A +K)f € Pu1(392)

To justify this claim, note that if f is as in the left-hand side of (6.183) then
there exists P € #,,_1(9§2) with the property that (%I + K ) f = P. However,
(%I + K)P = P by Proposition 4.17 and, in particular, (%I + K)(f —P)=0.
With this in hand, the conclusion in (6.183) follows from Theorem 6.9. In turn,
(6.183) implies that the operator

I+ KB “(asz)/%_l(asz) . B4 (asz)/gbm_l(asz)

m—1,s

(6.184)
is injective
hence, by duality,
. . *
LI + K* has dense range on (B,Zql 5(89)/9,,1_1(89)) . (6.185)
In conjunction with (6.177) (which is valid for any A € C\ —5, 5)) this ultimately
gives that

L7+ K* is invertible on (B” 4 (0R) / P 1(89)) (6.186)

which is in contradiction with the fact that A was assumed to belong to the spectrum
. . *
of the operator 3/ 4+ K* on (qu (8[2)/9,,,_1(8{2)) )

m—1.s
In summary, the proof so far shows that the spectrum of the operator K* acting
. . *
on the space (B;’EI,I/Z(B.Q)/WW,_I(E)Q)) is contained in (—%, %) Via duality,
this yields the claim made in (6.170), and (6.171) follows from the latter.

Moving on, formula (6.173) is a consequence of Theorem 6.4, (2.169), and
Lemma 6.18 stated below. Finally, the fact that the operators in (6.174)—-(6.175)
are invertible when p = ¢ = 2 and s = 1/2 is clear from (6.171). With this in
hand, the extension of this invertibility result to the larger range specified in (6.172)
may be done using (6.173), (3.314), and the stability theory developed in [63]. O
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Here is the lemma invoked in the above proof.

Lemma 6.18. Let X;,Y;, j = 1,2, be two pairs of quasi-Banach spaces such that

X1 <— X, continuously, (6.187)

Y1 < Y, continuously and with dense range. (6.188)

IfT € Z(X1 — Y1) N ZL(X2 — Y2) has the property that T : X; — Y; is
Fredholm for j = 1,2, with the same index, then

{feX\:Tf =0} ={feXo: Tf =0}. (6.189)

See [94, Lemma 11.40] for a proof.

6.2 Compactness Criteria for the Double Multi-Layer
on Whitney—Besov Spaces

In this section, the goal is to identify a context in which the boundary double multi-
layer operators associated with higher-order elliptic operators are compact when
acting on Whitney—Besov spaces.

To set the stage, we begin by recalling several useful abstract interpolation
results. In [29], M. Cwikel has proved the following remarkable one-sided compact-
ness property for the real method of interpolation for (compatible) Banach couples.

Theorem 6.19. Let X;, Y;, j = 0,1, be two compatible Banach couples and
suppose that the linear operator T : X; — Y; is bounded for j = 0 and compact
for j = 1.Then T : (Xo, X1)94g — (Yo0.Y1)eo4 is compact for all 0 € (0,1) and
q € [1, o00].

The corresponding result for the complex method of interpolation remains open.
However, in [29] M. Cwikel has shown that the property of being compact can be
extrapolated on complex interpolation scales of Banach spaces:

Theorem 6.20. Let X;, Y;, j = 0,1, be two compatible Banach couples and
suppose that T : X; — Y;, j = 0,1, is a bounded, linear operator with the
property that there exists 0* € (0,1) such that T : [Xo, X1]ox — [Yo, Yi]o= is
compact. Then the operator T : [Xo, X1]o — [Yo., Y1]o is compact for all values of
0 in (0,1).

It is unclear whether a similar result holds for arbitrary compatible quasi-Banach
couples. We shall show nonetheless show that such an extrapolation result holds for
the entire scale of Besov spaces. More specifically, we have:
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Theorem 6.21. Let R be an open, convex subset of R x Ry x Ry and assume that
T is a linear operator such that

T : BP4(R") —> BP4(R"), (6.190)

is bounded whenever (s, 1/p,1/q) € R. If there exists (s*,1/p*,1/q*) € R such

that T maps Bf:’q* (R™) compactly into itself then the operator (6.190) is in fact
compact forall (s,1/p,1/q) € R.

Proof. Instead of the “continuous” scale of Besov space in R” we find it convenient
to work with its discrete version. That this is permissible is guaranteed by
Theorem 7.1 in [45], according to which these spaces are isomorphic via the wavelet
transform. For the benefit of the reader, we briefly elaborate on this idea. Let @ and
U be, respectively, the Lemarié—-Meyer “father” and a “mother” wavelet in R and set

o(X):=[[®(x). X =(x1.....x,) €R", (6.191)

i=1

v () = ([Twen) (T 2@). (6.192)

ieJ ieJ¢

where J C {l,...,n} is nonempty and J¢ := {1,...,n} \ J. Typically, the
collection {v,;}, is relabeled {y,}; with £ running from 1 to 2" — 1 (which is
the number of such different sets J). Denote by b7/ (R") the space of numerical
sequences {Cx fkezn X {Ck jtikezr, jeNy, 1<t<2i—1 With the property that

1/p
= ¢ 1’)
b (R) (Z el

H {Ck Skezn X ACk.jttkezr, jeNg, 1<t<21—1

kezr
e , a/pql/q
3 [ (X 2 ewgel?) ] <o (6193)
=1 j=0 kezn
Here 0 < p,q < 400 and s € R. Then, for this range of indices, the mapping
T {ckkenr X {Ck jetkemn, jeNy, 1<t<2—1 (6.194)
2"—1 oo
= > ae =R+ DY Y ek (@ - —k)
kezn (=1 j=0kezn

establishes an isomorphism between bf ’q(R”) and B/ (R™), whose inverse is
given by
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af = {(foc=hn _ x{(f2"v@ =)

kezn, jeNy, 1<t<2—1
(6.195)

The proof of the theorem then proceeds as follows. For each N € N we now
introduce

Py ({Ck}keZ" X A{Cr jitkenr, jen,, 15@52"—1) (6.196)

= {Ck Ykezn X {Ck ju ke, jeN,y, 1<t<21—1

where we have set ¢ = ¢, €k j¢ = ck ;¢ if |k| + |j| < N, and zero otherwise.
Thus, Py : b/ (R") — bl (R"), N € N, are linear operators, of finite rank which
also satisfy

sup | Py [[p24gny — pr4 gy < 00,  and (6.197)
NeN
Py — I pointwise on b9(R") as N — oo. (6.198)

Let € be an arbitrary relatively compact subset of hY“(R"). From (6.197)-
(6.198) plus a standard argument, based on covering & with finitely many balls
of sufficiently small radii, it follows that

Py — I as N — oo, uniformly on 0. (6.199)

In particular, if
T : bl " (R") —> bL""(R") is linear and bounded, and (6.200)
T bl (R") —> I (R”) is linear and compact, (6.201)

then there exists a finite constant C = C(T) > 0 and, for each ¢ > 0, an integer
N(e) € N such that

T — PNT”bfo"’q"(R")—>b§"0""1"(R") <C, VNeN, (6.202)

T — PNT”b;vll-ql (®r) — b7 (R <e VN =>N(e). (6.203)
Since for each 6 € (0, 1) it has been established in [77] that

[ @), e @®n)] = 2@ (6.204)
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provided1/p := (1=0)/po+0/p1,1/q := (1-0)/q0+0/q1, s := (1—0)s0+0s1,
we may conclude from this and (6.202)—(6.203) that

IT = Py T |yragn  pragn < C' 06 (6.205)

granted that N > N(g). Thus, T is compact as an operator on bl (R") since it can
be approximated in the strong operator norm by linear operators of finite rank. O

We shall next adapt the extrapolation result from Theorem 6.21 to Whitney—
Besov spaces on Lipschitz surfaces. As a preamble, we need to establish a procedure
that allows us to “lift” compactness from the named surface to the entire Euclidean
space. More specifically, we have the following result.

Proposition 6.22. Suppose that §2 is a bounded Lipschitz domain in R" and assume
that”T_l <p=<000<qg=<ooand(n—1)1/p— 1)+ <s < 1. Consider next a
linear and continuous operator
T:BM (02) — BLY (382). (6.206)
If & stands for the extension operator from (3.103), and % is the operator
restricting distributions from R" to §2, set

T:=&o0Totry_0Rg: B”

a1y, (R — B R"),  (6.207)

m—14+s+1/p

where trpy,—; : Brﬁfl+s+l/p(9) — B,Zfl’S(a.Q) is the multi-trace operator from
§ 3.3. Then

T compact on B}Z’LHH/])(R") <= T compact on B,Z’zlys (082). (6.208)

Proof. If we set T := T otr,_y, then the following implications hold:
T compact = T compact = T compact. (6.209)

In the light of the boundedness of the operators tr,—; and & established in
Theorem 3.9, the sequence of implications (6.208) immediately follows once we
notice that 7 =T o &. O

Here is the extrapolation result advertised earlier.

Theorem 6.23. Assume that §2 is a bounded Lipschitz domain in R" and consider
the open, convex region in R x Ry x Ry given by

0 = {(s,l/p,l/q): o p<oo, 0<g<o0 (6.210)

and (n—1)(1 1), <s <1},

+
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Let L be a constant coefficient W-elliptic differential operator of order 2m, m € N,
and recall the principal-value double multi-layer K, associated with 2 and L as in
Definition 4.13.

If there exists (p,, q,,S,) € O with the property that

K : B?? (32) — BP% (382) is compact, (6.211)

m—1,s, m—1,5,

then

K: B (02) — BIY, (982)

(6.212)
is compact whenever (s,1/p,1/q) € 0.

Proof. This follows directly from Proposition 6.22, Theorem 6.21, and the bound-
edness of the operator in (4.249) established in Theorem 4.21. O

Our next theorem indicates how compactness for the principal-value double
multi-layer acting on one Whitney—Lebesgue space implies compactness for this
operator on the entire Whitney—Besov scale.

Theorem 6.24. Assume that §2 is a bounded Lipschitz domain in R" and consider a
constant coefficient W-elliptic differential operator L of order 2m, m € N. Finally,
recall the principal-value double multi-layer K, associated with §2 and L as in
Definition 4.13.

If there exists p, € (1, 00) with the property that

K: LZ"_LO(BQ) — LZO_LO(E).Q) is compact, (6.213)
then

K: B,ﬁ'zl,s(aﬂ) — B,Z’Zlqs(ag) is compact whenever

(6.214)
0<p,g<oo, (n—l)(%—l)+<s<l.

Proof. Recall the set & from (6.210). In a first stage, Theorem 6.19, Corollary 3.40,
and Theorem 4.14 give, under the current hypotheses, that there exist s,, ¢, such
that (s,, 1/ po, 1/q,) € € and (6.211) holds. Having established this, Corollary 6.23
applies and yields the desired conclusion. O

In [25] Cohen and Gosselin have used a writing for the biharmonic operator A?
as in (4.50) for a special choice of the coefficient tensor A = (Agp)|a|=|g|=2, Which
goes back to more general work of Agmon in [3], in the two dimensional setting,
which has the property that the associated principal-value biharmonic double multi-
layer, call it K A2, satisfies
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K2 L7 (022) — L7 (d82) is compact, for each p € (1, 00), 6215
provided £2 is a bounded C' domain in R ‘

By relying on the recent results established in [56] it is possible to further relax the
assumptions on the domain §2 in (6.215) and obtain the following generalization of
Cohen—Gosselin’s compactness result:

Koo LY ,(092) —> LY (382) is compact, for each p € (1, 00),
' ' (6.216)
provided £2 is a bounded Lipschitz domain in R? with v € vmo(9$2).

Above, vmo (0£2) denotes Sarason’s space of functions of vanishing mean oscilla-
tion on 952 (cf. (2.447)). In turn, this permits us to state the following theorem.

Theorem 6.25. Assume that 2 is a bounded Lipschitz domain in R? whose unit
normal belongs to vimo(082). In this context, let K> be the principal-value
biharmonic double multi-layer introduced by Cohen and Gosselin in [25]. Then

Ka B{’j(asz) — B{’j(asz) is compact whenever
(6.217)
0<p,g<oo, (%—1)+<s<1.

As a corollary,

:b%] +Kp: Bfif (02) — Bfif (082) is Fredholm with index zero
(6.218)

provided 0 < p,q < oo, (%—1)+<s<1.

Finally, if in addition to the conditions on S2 stipulated so far, it is also assumed that
082 is connected, then in fact

%I +Kp: B{f;‘f(a.Q) — Bfif(a.Q) is invertible
(6.219)
whenever 0 < p,q < 00, (%— 1)+ <s<l1.

Proof. The compactness of K 42 in (6.217) is seen by combining the compactness
result recorded in (6.216) with the general extrapolation result from Theorem 6.24.
Having established this, (6.218) follows from standard Fredholm theory. As far as
(6.219) is concerned, in a first stage the work in [25] ensures (under the assumption
that 052 is connected) that

I+ Kpo i L7 (082) — LY (882) is invertible for each p € (1,00). (6.220)
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In turn, this implies that the operator in (6.219) has dense range hence, ultimately, is
onto (thanks to (6.218)). With this in hand, Theorem 6.9 and the global extrapolation
result proved in [63, Theorem 2.10] applies and gives that the claim in (6.219) is
valid as stated. O

We conclude this section with yet another result pertaining to the invertibility of
the boundary biharmonic double multi-layer potential on Whitney—Besov spaces in
planar domains.

Theorem 6.26. Let 2 be a bounded Lipschitz domain in R> with connected
boundary and whose unit normal belongs to vimo(352). As before, let K 4> be the
principal-value biharmonic double multi-layer introduced by Cohen and Gosselin
in [25]. Then the operators

+11 4K B{ff(a:z)/gbl 02) — 1;’{’;3(352)/321 02),  (6.221)

K

31+ K5 (BI02) [102) — (Bl 02) [2102))  6.222)
are invertible whenever

1

0<p,qg<oo and (;—1)+<s<1. (6.223)

As a corollary, the above invertibility results hold for any bounded C' domain
2 C R? with connected boundary.

Proof. This is established by arguing much as in the proof of Theorem 6.17, using
the compactness of K 4> formulated in (6.217). |

6.3 Uniqueness for the Dirichlet Problem with Data
in Whitney-Lebesgue Spaces

In this section we shall consider the issue of uniqueness for the Dirichlet problem
formulated for a higher-order differential operator and data in the appropriate
Whitney-Lebesgue space. To get started, we describe a notion of Green function
which is going to be relevant shortly.

Definition 6.27. Assume that §2 is a bounded Lipschitz domain in R” and consider
a constant coefficient W-elliptic differential operator L of order 2m, m € N. Also,
fix p € (1,00). In this context, we say that property G, holds provided for
each X € £2 there exists a function G(X,-) € C°°(.Q \ {X}) satisfying (with §x
denoting the Dirac distribution with mass at X)
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LyG(X,Y)=46x(Y),
G =0
( ,-))m =0, (6.224)
JV(WG(X, -)) e LP(09),

where the non-tangential maximal operator .4” is considered with respect to a
regular family of cones truncated at height much smaller than the distance from
X to 052.

For example, if
T+ KL (02) — LP_| (382) isinvertible, (6.225)

a Green function with the properties stipulated in (6.224) may be constructed by
considering, foreach X,Y € 2 with X # 7Y,

GX.Y):=EX-Y)-9 [(%1 + K)_l(trm_lE(X - .))} (Y)., (6.226)

where E is the fundamental solution of the operator L discussed in Theorem 4.2.
To see that this is indee_d the case, note that since for each point X € 2 fixed we
have tr,,_1 E(X —-) € L? _, (9£2), and using (6.225) and (4.64) we obtain

m—1,1
/(vm 92[(%1 + K)_l(trm_lE(X — -))]) e L7 (32) (6.227)
hence, ultimately,
JV(V?G(X, -)) € L7(3) (6.228)

if G is as in (6.226). Furthermore, (6.226) and (4.164) ensure that the middle
condition in (6.224) holds as well. Finally, the first condition in (6.224) is clear
from the design of G.

A specific case when these considerations are relevant is presented next (see also
Corollary 6.51 for another relevant scenario).

Proposition 6.28. Consider the biharmonic operator, L = A?, in the plane and
assume that 2 is a bounded Lipschitz domain in R? with connected boundary, and
whose unit normal belongs to vino(052). Then, in this context, property G, holds
forevery p € (1,00).

Proof. Fix an arbitrary p € (1, 00). Also, as before, let K 42 be the principal-value
biharmonic double multi-layer introduced by Cohen and Gosselin in [25]. A careful
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inspection of their work reveals that K 4> is compact on L{’,l(ag) (see also [87]
where the authors prove much more general results of this nature), hence

M+ Ky L7, (02) — L7,(082) is invertible, (6.229)

thanks to (6.220). Thus, (6.225) holds in this case (recall that, currently, m = 2),
and the desired conclusion follows from the earlier discussion. O

After this preamble we are ready to state the main uniqueness result of this
section.

Theorem 6.29. Let §2 be a bounded Lipschitz domain in R" and consider a
constant coefficient W-elliptic differential operator L of order 2m, m € N. Assume
that indices p, p' € (1,00) are such that 1/p + 1/p" = 1, and that property G
holds in this context.

If u is a solution of the homogeneous Dirichlet boundary value problem

Lu=0 in $2,

N (V™) € LP(392), (6.230)
T
then necessarily u = 0 in 2.
Proof. For each ¢ > 0 set
2. :={X € 2 dist(X, 082) > ¢}. (6.231)

We claim that there exist a family of functions @, € C>°(R"), indexed by ¢ € (0, 1),
and two constants 0 < C; < C, < oo such that

®.=1 on £2¢, and S, =0 on R"\ Q¢ (6.232)

and with the property that for each multi-index a € N there exists C(«) € (0, 00)
such that

C
[0, | < I—“I Vee(0,1). (6.233)
80{

To establish th existence of such a family, consider € C*°(R) with the property
that ¢y = O on (—oo, 1) and ¥ = 10n (2, +00). Then, if pre denotes the regularized
distance to R? \ £2 (in the sense of Theorem 2, p. 171 in [119]), we may take

D:(X) := Y(e " pree(X)), X e R% (6.234)
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Given that

Cy dist (X, 002) < preg(X) < Cydist (X, 082). (6.235)

0% preg (X)| < Cy dist (X,82) 7, Vo e NI, (6.236)
the conditions listed in (6.232)—(6.233) follow.

Fix next a point X € §2 and pick a number ¢ > 0 small enough to guarantee
that X € £2,. Since we are assuming that property G,/ holds, there exists a Green
function G(X,-) € C°°(.Q \ {X}) satisfying

LyG(X.,Y) =dx(Y),
m—1
G(X.)| =0,
(X, o (6.237)
N (VpG(X.9) € L7 (392),

To proceed, assume that the function u is a solution of the homogeneous Dirichlet
problem (6.230). The starting point is the identity

u(X) = (ud:)(X) = / LyG(X,Y)P.(Y)u(Y)dY. (6.238)
2
Integrating by parts and utilizing the support conditions on @, we further obtain

u(X)

/ G(X,Y)Ly(®u)(Y)dY
2

> G(X.Y) A TP (@u)(Y) Y. (6.239)
o lal=I8l=m

Also, Leibniz’s formula gives

P @)= Y CHYo)u. (6.240)
a+p=y+§

In turn, using formula (6.240) and the fact that

Y AwpCop )0 Pu = Lu =0, (6.241)

lo|=|B|=m
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since Co(a 4p = = 1, we conclude that
Yo AP @)= > Ay Y CHY O u (6.242)
la|=|B|=m lee|=|Bl=m atp=y+s
y#0

Next, we split the sum in the right-hand side of (6.242) over the set of multi-indices
8 in Njj of length < m —1 and over the set of multi-indices ¢ in Njj of length > m. In
the latter case we write § = p + 6 with , 8 € Njj and || = m — 1, then integrate
by parts in order to move 9, from u to G(X,-). Since

m—1
G(X.)| =0, (6.243)

this does not create any new boundary terms. Thus, starting with (6.239), (6.242),
and then carrying out this program yields the representation

u(X) = 1.(X)+ 11.(X), (6.244)

where

1.(X) :—/G(X Y) > D ApCy 57 ®,)(Y)(0*u)(Y)dY,

la|=|Bl=m a+p=y+s

y#0,[8|<m—1

(6.245)
and
11.(X) ::/ YooY > ) Al Gx.Y) x

0 lal=IBl=m a+p=y+s s=p+o

y#0,18|=m |u|=m—1
x (87 D) (Y ) (0"u)(Y) dY. (6.246)
Consider the term //.(X). Notice that |0] = m — |y| + 1 < m, since the

summation is performed over y # 0. Using again that y # 0, one may replace
£2 by 2 \ £2, as the domain of integration in (6.245) and (6.246). Going further,
we break up the integral over sufficiently small domains (U;);<;<n, each contained
in a local coordinate system where U; N §2 can be regarded as the upper-graph of
a Lipschitz function ¢; : Q; — R, where Q; is an open subset of R"~!. Based on
these observations and (6.233), we may then write

mai=eyY Yy Y // @007+ 1] x

i=1|a|=|Bl=m a+p=y+s s=up+0
y#0, [8|=m |pu|=m—1

x[(35 G)(X, (¥, + ¢ (V)| dr dy', (6.247)
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for some finite constant C = C(§2) > 0. Let us now focus on the factor involving
a@c, for some arbitrary but fixed multi-index 6 of length < m, appearing in the
right-hand side of (6.247). A simple application of the Fundamental Theorem of
Calculus gives that, for each 7,

t
@O0t + 80 == [ @GN0+ 4.0 dn
0 (6.248)
whenever y’ € Q;
thanks to (6.243). Subsequent iterations of the Fundamental Theorem of Calculus

allow us (making repeated use of (6.243)) to obtain m derivatives on the function G
in the right-hand side of (6.248), i.e., write

@G (X, (Y 1 + ¢ (3) = (=1)" 1% (6.249)

t prn Im—|6]—1
x/ / / @ Gy (X, (v r + ¢ (V) dr diy_jo1 ... di,
0 0 0

whenever y’ € Q;. Using now that for each j € {l,...,m — |6 — 1} we have
|t;| < Ce, we may further conclude that for each y’ € Q;, 1 <i <N,

|5 G)X. (vt + ¢ ()] <™ sup [(VEG)X, (v ¥ + rdi (V)]

0<r<Ce
=" N (VFGX G4 () (6.250)
In connection with this, it is important to note that

themap Q; 3y > A (VY'G(X.))(y'. i ()") € [0, +00]

) (6.251)
belongs to L? (Q;)
Continuing our analysis of //.(X) we note that, since m — |6]| — |y| = —1, we have
from (6.250)
wi=c Y % / / 00+ B0 X (6252)

lul=m—1i=1

XA (VPG X =) i (7)) dt) dy'.

The idea now is to employ Lebesgue’s Dominated Convergence Theorem in order
to show that the last integral above converges to zero as ¢ — 0. To this end, we
first observe that for each i € {1, ..., N} and each multi-index p with |u| = m —1,
we have
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1 Ce
[ 100N nO ] = CH @) for € O
(6.253)

Let us also recall that, by hypothesis,

themap Q; 3 y' +— A (V" 'u)(y", (")) € [0, +0oc]
(6.254)
belongs to L”' (Q;)

Collectively, (6.253)—(6.254) and (6.251) ensure that the uniform pointwise domi-

nation part of Lebesgue’s theorem is satisfied. As for the pointwise convergence to

zero part of Lebesgue’s theorem, we start by making the simple observation that

if f :(0,1) — R is a continuous function with the property that 111;1+ f@) =0
t—

then 1im+ % fos f(t)dt = 0 (as seen easily from an application of the Mean Value
e—>0

Theorem). Since, by hypothesis,

lim+(8"u)(y’, (t+¢i(y)=0 forae y €Q;, 1<i<N, (6.255)
t—0

the above observation applies and shows that, pointwise a.e., the integrand in (6.252)
converges to zero. Thus, the Lebesgue Dominated Convergence Theorem gives

ling) I11.(X) =0. (6.256)

Turning attention to /,(X), repeated applications of the Fundamental Theorem
of Calculus (as in the previous analysis) permit us to write, for eachi € {1,..., N}
and each y’ € Q;,

@uw Ot +¢i(y) = —/0 @ u) (vt + ¢ (v) dy (6.257)

o= (=Rl

t 4l In—2—|5|
x/ / / (85"'(’"_1_'8')8” u) x
0 0 0

x (' r+¢i(y))dr dty—o—ys| ... dt.

Note that foreach y’ € Q;,1 <i <N,

@00+ 60| =T sup |(VIT) 07+ 617

0<r<Ce

<& (G, 6 (). (6:258)
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Also, using (6.250), we have

IGX, (V' t + i (V)] < " AN (V"G(X, )N i (), (6.259)

foreach y' € Q;, 1 <i < N. Therefore, for some C = C(§2) > 0,

[1:(X)] <CZN:/ {L/QlG(X Ot +¢i(y)x (6.260)
‘ - iDla el Jo Ly '

o tm—2—5]

t
x// / ‘(88+(m_1_‘5‘)e”u)(y’,r +¢:(») drdtm_z_‘g‘...dtldt}dy’.
00 0

Using (6.233) and (6.258)—(6.259), we see that the expression in the curly brackets
in (6.260) is

= C[e e 4 (VG NG i () [T (VT (0 i ()]

=NV ¢ (VNN (VGX, NG i (V). (6.261)

Given that from hypotheses, for each i € {1,..., N}, we have

0i 2y +— N V" W, i (V)N (V"G(X, )N, i (y)
belongs to L'(Q;),

(6.262)

the uniform domination condition in Lebesgue’s theorem is satisfied. Also, as

before, since foreachi € {l1,...,N},anda.e. y' € Q;,
1 Ce
lim — / @Dy (' + i (3)) dr = 0, (6.263)
e=>0¢ Jo

Lebesgue’s Dominated Convergence Theorem applies and gives that

lim 7,(X) = 0. (6.264)

Together, (6.264), (6.256) and (6.244) give that u(X) = 0, hence, u = 0 in £2. This
finishes the proof of Theorem 6.29. O

We conclude this section by presenting a well-posedness and regularity result
for the Dirichlet boundary value problem for the planar biharmonic operator. This
extends the scope of the work in [25] by considering more general domains, by
establishing uniqueness (thus answering the question asked by Cohen and Gosselin
at the bottom of page 238 in [26]) and by proving a regularity result.
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Theorem 6.30. Assume that §2 is a bounded Lipschitz domain in R* with connected
boundary, and whose unit normal belongs to vino(d52). Fix p € (1,00). Then the
Dirichlet boundary value problem for the biharmonic operator

Au=0 in £,
N (Vu) € LP(09), (6.265)
(ulog. Vulag) = f € L7 (382).

has a unique solution. This solution has the integral representation formula

-1 .

w(X) = @Az[(%l + KAZ) f](X), X e, (6.266)

where P> and KAz are the double multi-layer potential operators from [25], and
satisfies

|4 (Vi ey < €2, P iz o0y (6.267)
Moreover; the following regularity result holds (quantitatively):
N (VVu) € LP(0R2) <— f € L{’,l(ag). (6.268)

Proof. In concert, Proposition 6.28 and Theorem 6.29 prove that the boundary value
problem (6.265) has at most one solution. Next, the fact that the function u in
(6.266) is a well-defined solution of the boundary value problem (6.265) which
satisfies (6.267) is seen from (6.220) and the properties of generic double multi-
layer operators established in §4. Finally, the regularity result from (6.268) is a
consequence of (6.266), (6.229), Proposition 2.15 and, once again, the results in § 4.

O

6.4 Boundary Problems on Besov and Triebel-Lizorkin
Spaces

In this section we shall treat a variety of boundary value problems for higher order
operators in Lipschitz domains (occasionally satisfying additional conditions). As
such, the discussion highlights the basic role played by the Calderén—Zygmund
theory of multi-layer potentials developed in earlier chapters.

We begin with a general duality result.

Proposition 6.31. Assume that §2 is a bounded Lipschitz domain in R" and
consider an arbitrary homogeneous, constant coefficient differential operator L of
order2m, m € N. Fix p,q € (1,00) and0 < s < 1. Then the adjoint of the operator
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(£2) — B” (22) (6.269)

o
. p4q
L: Bm—l+s+l/p —m—1+s+1/p

is

4 /

L* B,]:, S () — B, —m— 1+s/+l/p (£2), (6.270)

where l/p+1/p'=1/qg+1/¢' =1lands' :=1—s.
Moreover; a similar property is valid on the Triebel-Lizorkin scale.

Proof. Under the current assumptions on the indices, from Proposition 3.15 and
(2.216)—(2.217) we have

(BZ’31+5+1/1)(9)) (B£q1+s+1/pz(9)) = B2y (2).(6271)

and

* ;o
(Bf;Z—l+s+l/p(‘Q)) = Bri;l]l+s’+l/p z(‘Q) m l+s’+l/p z('Q) (6.272)

Thus, the claim made in the statement of the proposition is proved as soon as we
show that
(Lu,v) = (u, L*v), VYue B

(Q), Yve B” (£2).(6273)

m— l+s+l/p m— 1+€’+1/p

However, this is obvious when u, v € C°(§2), so that (6.273) follows by density.
Finally, a similar reasoning shows that an analogous duality phenomenon holds
on the Triebel-Lizorkin scale. O

Moving on, we next address the issue of the realization of a differential operator
as a linear isomorphism between appropriate Besov and Triebel-Lizorkin spaces in
Lipschitz domains.

Theorem 6.32. Assume that the differential operator L of order 2m, m € N, is
as in (4.1)-(4.2), and satisfies the Legendre—Hadamard ellipticity condition (4.15).
Also, suppose that 2 is a bounded Lipschitz domain in R". Then there exists ¢ > 0
with the property that whenever

lp=2|+lqg—=2|+|s—1/2|<¢ (6.274)

the operators
L:FN i, (2)— F2O L (92), (6.275)
L: Bm 1441y, (82) — BLL ), (82). (6.276)

are isomorphisms.
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Proof. Working in each component, there is no loss of generality in assuming that
£2 is connected. Also, using Theorem 3.25 and invoking the fact that the property
of being an isomorphism is stable on complex interpolation scales (cf. [63]), it is
enough to treat just (6.275) in the case correspondingto p = ¢ = 2and s = 1/2.

Hence, consider u € ]33,1*2({2) = I/f./""z(.Q) such that Lu = 0. From (2.219)
we know that there exists a sequence of functions u; € C>°(£2), j € N, with the

property that u; — uin W™?(82), as j — oo. Then, with (-, ')@,(Q)_@(Q) denoting
the standard distributional pairing in the open set §2, we may write
-1y / > (A u(X) . Fu(X) ) dX
lo|=|[Bl=m
= (=" hm/ > (Awp0u(X), Pu; (X)) dX
lo|=[81=m
= (=" 1i ( Agp 8u, 9P >
=07 i, 2 Aa . O, 7'(2)-2(@)
lo|=|81=m
=1 T
Ln;o( Z Aap 070" >@/(9)—@(9)
lo|=|8|=m
= lim (L 6.277
jLn;O( v >@'(9) @(9) ( )
On the other hand, based on formula (6.11) we may write
Re/ Y (Aup 0u(X) . Pu(X)) dX
lo|=181=m
= 11m/ D (Aap 0"uj(X) , 0Pu; (X)) dX
la|=[81=m
— 1 ey, By
leH;O D (Aap uj(X), 0Pu;(X))dX
R7 la|=|Bl=m
: 2
= fim ¢ [ 37y onpax
R~ lyl=m
y 2
zjgn;oc/ > 107 uj (X)) dX
lyl=m
=C / > 107 u(X))*dX. (6.278)

o lyl=m
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From (6.277) and (6.278) we may therefore conclude that
u=0 in 2, foreachy e Nj with|y| =m. (6.279)

In concert with Taylor’s formula and the connectivity of §2, (6.279) readily gives
that ¥ must be a polynomial of degree < m — 1 in §2. Given that we also know that
tr;—1 (1) = 0 (cf. Corollary 3.16), this readily forces u = 0 in §2, as wanted. O

Next we indicate how the invertibility result from Theorem 6.32 may be com-
bined with the multi-trace theory developed in (3.3) in order to prove well-posedness
results for the inhomogeneous Dirichlet problem for higher-order operators.

Theorem 6.33. Suppose that the differential operator L of order 2m, m € N, is
as in (4.1)-(4.2), and satisfies the Legendre—Hadamard ellipticity condition (4.15).
Also, assume that §2 is a bounded Lipschitz domain in R". Then there exists ¢ > 0
with the property that whenever

lp—2|+1lg—2|+|s—1/2| <e¢ (6.280)
the inhomogeneous Dirichlet boundary value problems

ue B£f1+s+1/p(9)’

Lu=veBM_, . () (6.281)
try—u = f € Bm 1.5 (02),

and
ue Flﬁfl-l-S-Fl/p(Q)’
Lu=ve FP . () (6.282)
try—u = f € Bm 1Y(3.(2),

are well-posed.

Proof. Assume that ¢ > 0 is as in Theorem 6.32. To prove existence for the
boundary value problem (6.281) in this context, assume that v € B_m Its+1/ p(.Q)

and f e B (3.{2) have been given. With the operator 5 as in Theorem 3.9,

m— Ls
consider gf e B (£2) and note that L(é"f) e B (£2). By

m— 1+s+1/p —m—1+s+1/p

invoking Theorem 6.32 we may then find w € Bm I+s+1/p (£2) with the property
that Lw = v — L(@@f) Hence, if we set u (= w + @@f it follows that u €
B (2), Lu = v, and tr,,_ju = f, by (3.171) and Theorem 3.9. Thus,

m—1+s+1/p
u solves (6.281). The fact that this u also satisfies
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lelgrs @ =C(WIaz_ @+ 1 s, o). (6.283)

m— —m—14s+1

for some finite constant C = C(§2, L, p, q, s) > 0 independent of u, v, f , 1s implicit
in the way u has been constructed. Finally, uniqueness for (6.281) is a direct
consequence of (3.171) and Theorem 6.32. The same type of reasoning applies to the
boundary value problem (6.282), and this completes the proof of the theorem. O

The following may be regarded as a companion result to Theorem 6.33.
Compared to the latter, the main novelty is the inclusion of a larger range of indices
for which the inhomogeneous Dirichlet problem is well-posed, under appropriate
additional conditions on the underlying Lipschitz domain.

Theorem 6.34. Let §2 be a bounded Lipschitz domain in R". Assume that the
differential operator L, of order 2m, is as in (4.1)—(4.2), and satisfies the Legendre—
Hadamard ellipticity condition (4.15). In addition, suppose that L is self-adjoint
and that n > 2m. Finally, assume that

s €(0,1) and p,q € (1,00) are given. (6.284)

Then there exists ¢ > 0, depending only on the indices s, p, q, the Lipschitz
character of §2, and the differential operator L, with the property that if the outward
unit normal v to §2 satisfies

limsup% sup][ ][ v(Y) —v(Z)|do(Y)do(Z); <&, (6.285)
r—o0t (xeiJ BXr)NniRd B(X,r)Nnie

then the inhomogeneous Dirichlet problem on Besov spaces

ue BIZ’ZI-I—S-FI/p(Q)’

Lu=we Bl . () (6.286)

try_u= f € B” (382),

m—1,s

is well-posed. That is, there exists a unique solution u of (6.286) and, for some finite
constant C = C(82, p,q,s, L) > 0, there holds

m— m—1,

llggs, o < C(Wlses @+ 1320, 0m))-  (6287)
As a consequence, if the outward unit normal v to §2 satisfies
v € vmo(d2) (6.288)

(hence, in particular, if §2 is actually a bounded C! domain), then the above well-
posedness result is valid for every s € (0,1) and p,q € (1, 00).
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Analogous results to those stated above are valid for the inhomogeneous
Dirichlet problem formulated on Triebel-Lizorkin spaces, i.e., for

ue Frgfl-i—s-i-l/p(‘g)’
Lu=weF'_ . (2), (6.289)

try_u = f € BYP, (382).

m—1.s
Finally, when w = 0, the solution of u of either (6.286) or (6.289) admits the
single multi-layer integral representation formula
u= y?(s'—lf') in . (6.290)
Proof. Retain the assumptions formulated in the first part of the statement. In
particular, assume that s € (0, 1) and p, g € (1, 0o) have been given, and consider

1

P'.q" € (1,00) suchthat  + pl =141 (6.291)

In this context, select ¢ > 0 as in Theorem 6.14, relative to the indices considered
above. Such a choice guarantees (cf. (6.124)) that

S:(B”’*q’ (a:z)) — B” (382) is invertible. (6.292)

m—1,1—s m—1,s

Also, the general boundedness results established in Theorem 5.7 ensure that

. ) *
e (Brﬁ_'ql,l_s(aﬂ)) — B 1, (2), (6.293)
. Lo *
7 (B,ﬁ_*’j,l_s(asz)) — FPL (), (6.294)
continuously in each case. o
Consider now arbitrary data w € Bf;Z—H-s—H/p (2)and f € Blﬁfl,s (0£2). Based
on (2.167) it is possible to find v € Bf’,;’_lﬂﬂ/p(R”) such that
= X n < 2 X .
Y W ez <2000z L@ (6.295)

and suppw is a compact subset of R”".

Then, with E denoting the fundamental solution for L constructed in Theorem 4.2,
if we set

wi=[Exy]| . (6.296)
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classical results imply that for some C = C(L,n) € (0, 00),

w € BZ’EHH_UP(.Q), Lo=w in £2,

(6.297)
”a)”Bm I+s+1/p (£2) = C”W”B —m— l+s+l/p(‘9)'
In particular,
tty—jw € BL?| (082) and ||trm—1w||é,ﬁ‘ilﬂ\,(3:2) < C||W||Bf'ff1—1+x+1/p(9)’ (6.298)
by (6.297) and Theorem 3.9. The idea is now to define
ui= o+ y?(s'—l[f' _ trm_lw]) in 2, (6.299)

and note that, by (6.292)—(6.293), this function is well-defined, belongs to the space
Blﬁ Its+1/p (£2), and also satisfies (6.287), thanks to (6.298). Furthermore, we have
Lu = Lo = wby (5.5) and (6.297), whereas by (5.44),

try—u = tr,—jw + tl’m_ly(S_lI:f. — trm_la)])

= thy—10 + (f —try_10) = £, (6.300)

This proves existence and estimates for the problem (6.286). Also, the integral
representation formula (6.299) reduces to (6.290) when w = 0 since, in this case,
we may take w = 0 to begin with.

At this stage, as far as the well-posedness of the inhomogeneous Dirichlet
problem (6.286) is concerned, there remains to establish uniqueness. To thi§ end,
observe that, generally speaking, existence for (6.286) implies (by taking f = 0
and invoking Corollary 3.16) that

the operator L : B (2) — B (£2) is onto. (6.301)

m— l+s+l/p —m—1+s+1/p

Let us now assume that ¢ > 0 is small enough so that we may establish existence for
(6.286), via the same type of argument as in (6.292)-(6.300), in the case when this
boundary value problem is formulated using the Holder conjugate exponents p’, ¢’
in place of the given p, g, and using 1 — s in lieu of the original s. Then, much as in
the case of (6.301), we may now conclude that

the operator L : l;,];,/f;+1/p/(9) ., B¥ ,(£2) is onto. (6.302)

—m—. s+1/p

Based on this, Proposition 6.31, the assumption that L is self-adjoint, and standard
functional analysis, we then deduce that
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the operator L : l%fn’ilﬂﬂ/p(ﬂ) — Bf”z_lﬂﬂ/p(.{?) is injective.  (6.303)
In turn, this readily yields uniqueness for the problem (6.286) (again, by relying on
Corollary 3.16). The treatment of the inhomogeneous Dirichlet problem (6.286) is
therefore complete. That the boundary value problem (6.286) is well-posedness for
every s € (0,1) and p,q € (1, 00) under the stronger assumption (6.288) is seen
from what we have proved so far and Theorem 6.12. Finally, the inhomogeneous
Dirichlet problem (6.289) is treated similarly and this finishes the proof of the
theorem. O

Our next theorem contains a more refined analysis in the case of the inhomoge-
neous Dirichlet problem for the biharmonic operator in planar domains. To state it,
recall the principal-value biharmonic double multi-layer operator K 2 introduced
in the discussion preceding Theorem 6.25, and denote by _@Az the biharmonic
double multi-layer defined as in (4.57) for the choice of the tensor coefficient
A = (Agp)|a|=|p|=2 used in the writing of L = A? that has produced K 4.

Theorem 6.35. Assume that §2 is a bounded Lipschitz domain in R* with connected
boundary, and whose unit normal belongs to vimo(32). Then the inhomogeneous
Dirichlet problems

ue B{’—ﬁv-l-l/p(g)’

Au=we BffﬂH/p(.Q), (6.304)
(Tru, Tr(Vu)) = f € Bl (382),

and
ue Flpirqsﬂ/p(g)’
Au=we F_p;ﬂrsﬂ/p(.Q), (6.305)
(Tru, Te(Vu)) = f € B]P(3%2),

are well-posed whenever

0< p,g<oo and (%—1)+<s<1. (6.306)

Moreover; in both cases, the solution corresponding to the case when w = 0 may
be expressed (with the conventions made earlier) as

u= @Az[(%l + KAZ)‘lf'] in £. (6.307)
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Proof. Fix indices p,q,s satisfying the conditions in (6.306) and assume that
arbitrary data w € Bp3'1+‘+l/p({2) and f € B/(22) have been given. Using

(2.167) it is possible to select v € B_3+‘+1/p (R™) such that

x+ +1/p(9)’ (6 308)

and suppw is a compact subset of R2,

v, =w vl gra P, ®) S < 2||w| gra

Recall that a fundamental solution for A? in the plane is given by
1
E(X):= 8—|X|210g|X|, X e R?\ {0}. (6.309)
b4
With E as above, set @ := [E * v] ‘Q Then

we B, (2) ad A0=win 2. (6.310)

Moreover, there exists C € (0, co), with the property that

lollgps ., @ = Clwlpre, (@) (6.311)

In particular,

triw € B'1(382) and ||tr1w||31,,l,sq(m) Clwlprs, . @  (6312)
by (6.297) and Theorem 3.9. Define next
u=w+ 9@[(%1 +Kp) (f - trla))] in Q. (6.313)

It is then straightforward to check based on its definition, (4.58), (4.250), and (4.224)
that u is a solution of (6.304) (satisfying a naturally accompanying estimate).

Turning our attention to proving uniqueness for the boundary problem (6.304)
we start with the observation that, much as in the case of the uniqueness for the
boundary problem (6.286) proved in Theorem 6.34, the fact that the problem (6.304)
has a solution for every p,g € (1,00) and s € (0,1) (which the proof so far
guarantees) implies that uniqueness for the boundary problem (6.286) also holds
for this range of indices.

As for the larger range specified in (6.306), observe first that if p, g, s are as in
(6.306) then an elementary argument based on Proposition 3.8 shows that there exist
p*,.q* € (1,00) and s* € (0, 1) such that

Bl L, (2) = BILA,L (). (6.314)
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Then the uniqueness for (6.304) formulated using the indices p, g, s follows from
the uniqueness for (6.304) formulated using the indices p*, ¢*, s*, already treated
in the previous paragraph.

This finishes the proof of the well-posedness for (6.304). Clearly, the integral
representation formula (6.313) reduced to just (6.307) in the case when w = 0.
Finally, the treatment of the problem (6.305) is similar to that for (6.304), and this
completes the proof of Theorem 6.35. O

In the last part of this section we deal with the inhomogeneous Neumann
boundary value problem. To state our first result in this regard, recall the manner
in which the conormal operator has been introduced in Definition 5.20.

Theorem 6.36. Assume that $2 is a bounded, connected, Lipschitz domain in R",
whose complement is connected. Also, assume that L is a homogeneous differential
operator of order 2m, m € N, associated with a constant (complex) matrix-valued
tensor coefficient A = (Agg)|a|=|p|=m aS in (4.1) which is self-adjoint and satisfies
the S-ellipticity condition (4.16). Then there exists ¢ > 0 with the property that,
whenever

p—2|+1g=2|+1|s—1/2| <e, (6.315)

the inhomogeneous Neumann problem

we B y,(),
ra *
Lu=wl o we (B)Y,,,@) (6.316)

RV *
M w) = A e (B,ﬁ_"fl,l_s(asz)) ,
where 1/p+1/p’ = 1/q+1/q" = 1, and the boundary data satisfies the necessary
compatibility condition

(A, P)=(w P|,), foreach P e P, . (6.317)

is well-posed (with uniqueness understood modulo polynomials of degree < m —1).
Moreover, a similar well-posedness result is valid for the inhomogeneous
Neumann problem involving Triebel-Lizorkin spaces, i.e., for

ue Frff1+s+1/p(9)’

Lu:wLQ, w e (Fp/’q/ /(Q))*,

m—s+1/p (6.318)

diu=ne (B (am)*.

m—1,1—s
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Proof. That the compatibility condition (6.317) is necessary is clear from formula
(5.129) and simple degree considerations. We proceed by discussing a reduction
step, in which it may be assumed that p,q € (1,00) and s € (0, 1) are arbitrary.
As always, let p’, ¢’denote the Holder conjugate indices of p and ¢. Recall the

’o *
restriction operator Zg, from (2.196). Given w € (B ,Z —Ji 1y (.Q)) , observe that

WO%Q € (Bm Y+1/p/(R )) - anz+€ l+l/p(Rn)

and supp (wo Zg) C £2,

(6.319)

hence
woAqg € Bf’,;’ﬂ_lﬂ/p’z(ﬂ). (6.320)

Let E be the fundamental solution associated with the operator L as in Theorem 4.2.
Then

Ex(woZo)e B ., (B") (6.321)
and if
w = [E x (w o%)]‘Q c 7'(Q), (6.322)

then there exists C = C(L,n) € (0, co) so that

w e B (£2), La)zwLQ,

m—14+s+1/p
(6.323)
ool e st/ (2) = C”W“(B,i q\+1/1/(9))*'
In particular,
*
st (B, 02) and

(6.324)

A *

R A L e

*
by Definition 5.20. Furthermore, if A € (Blﬁ ql - Y(8.(2)) satisfies the compatibil-
ity condition (6.317), then

A— 0w, w) € (Bp « (89))* satisfies

m—1,1—s

(6.325)
(A —0X(w,w), P) =0 foreach P € 2, ,(0R2),
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thanks to (5.129). In summary, working with # — @ in place of u (and keeping in
mind that 34 (u — w,0) = 32 (u, w) — 34 (w, w)), as far as the well-posedness of the
inhomogeneous Neumann problem (6.316) is concerned, matters have been reduced
to proving the well-posedness of (6.316) in the particular case when w = 0 and the
compatibility condition (6.317) takes the form

(A, P) =0 foreach P € Z,_,(382). (6.326)

Assume that this is the case and select € > 0 as in Theorem 6.17. In addition,
s *
suppose now that p, ¢, s are as in (6.315). Given A € (B,‘Z_’ql,l_s (8.(2)) satisfying
the compatibility condition (6.326), define

~ . ]7/ q/ . *
A e (Bm_*lyl_s(asz) / ym_l(ag)) (6.327)
by setting
(A, 1f):=(A, f), YV [eBl _09), (6.328)
where [ f ] denotes the equivalence class of the Whitney array f € Bg’_”{l_s(asz)
in the quotient space B;i/—’ql/,l—s (0£2) / P,_1(92). Thanks to (6.326), this definition
is unambiguous.
Going further, let
7B (09) — Bl (092) / D_1(382) (6.329)

denote the canonical projection operator, taking an arbitrary Whitney-Besov array
f e B”Y (39) into [f] € B (09) /@m_l(ag). Its adjoint then

m—1,1—s m—1,1—s
becomes
[ . * ol *
7 (B L092) [ 20102) — (B4L02) . (6330
and we proceed to define
w— y(n*(— IEN S B 71) in 2, (6.331)
where the inverse operator is understood in the sense of (6.175). Then we have that
u € BZ’ZHH_UP(.Q) and Lu = 0 in £2 by (5.43) and (5.5). Moreover, by the

continuity of the operators involved,

llull gra = CllA]l

145 41/p(82) = (6.332)

(824 o)
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for some finite constant C = C(§2,L) > 0 independent of A. Next, based on
(6.331) and (5.152) we obtain

m—1,1—s

0= (=11 + K*)(n*(— T+ kY Z) in (B""‘f’ (3:2))*. (6.333)

To further understand the nature of the functional in the right-hand side of (6.333),
pick an arbitrary / € B”- _ (3£2) and compute

m—1,1—s
b+ B b+ £ ) )
(=31 + KA (314 K) 7)

= (-4 + &)X 231 + K) /)

(=31 + K*)‘IZ, (=31 + K)[f]>

~

<
(
= ((~ 31+ KA (41 + K) £
<
<A, (=i +K) (=41 + K)[f]>

= (A.[f]) = (4. /). (6.334)

Hence, ultimately,
*
) (6.335)

m—1,1—s

Mu=A in (BP”’/ (asz))

which finishes the proof of the fact that u in (6.331) is a solution for the Neumann
problem (6.316) when w = 0.

Regarding the well-posedness of the problem (6.316), there remains to establish
uniqueness (in the sense specified in the statement). To this end, if u is a solution of
(6.316) with w = 0 and A = 0, then Green’s formula (5.141) gives

U= Pty u) —.L(0u) = D(tt,—u) in 2, (6.336)

where for the second equality we have used that afu = 0. Applying tr,,—; to both
sides of (6.336) and using (4.250) then yields

tty—iu = (31 + K)(tr,—u), (6.337)

hence, (—%I + K)(tr,—u) = 0. Using (6.126) in Theorem 6.15 this further implies
that tr,,—ju € B.Zm_l. In particular, there exists a polynomial P € £, such



354 6 Functional Analytic Properties of Multi-Layer Potentials and BVPs

that tr,,—ju = tr,,—; P. Combining this with (6.336) and (4.62) finally gives that
u= P(tty_u) = Y(tr,_ P) = P, as desired.

Finally, the well-posedness of the problem (6.318) is handled similarly, and this
finishes the proof of the theorem.

A more nuanced well-posedness result for the inhomogeneous Neumann prob-
lem may be proved for the biharmonic operator in planar domains.

Theorem 6.37. Assume that 2 is a bounded Lipschitz domain in R* with connected
boundary, and whose unit normal belongs to vmo(952). Let A = (Agp)a|=|p|=2
be the coefficient tensor in the writing of L = A% which produces K x> (from the
discussion preceding Theorem 6.25). Then the Neumann problem for the biharmonic
operator

ue B (),

1+s+1/p
Au=w|, we (B;j;/+1 /p,(fz))*, (6.338)
oiu= e (BI62)
where the boundary datum satisfies the necessary compatibility condition
(A, P)=(w, P|,), foreach P e 2, (6.339)

is well-posed, with uniqueness understood modulo polynomials of degree < 1,
whenever
1

s€(0,1) and 1< p,q,.p',q < oo aresuch that %+7 =§+% =1. (6.340)

Moreover, a similar well-posedness result holds for the Neumann problem

ue FlpJ}lis+1/p('Q)v

*
ki

Mu=wl o we (BLY,,,(2) (6.341)

*

Mu=Ae (B{j}f;(ag))

In particular, the above well-posedness results hold for any bounded C' domain
2 C R? with connected boundary.

Proof. All claims may be established along the lines of the proof of Theorem 6.36,
with the help of the invertibility results established in Theorem 6.26. O

We conclude this section by recording a well-posedness result for the inhomo-
geneous Dirichlet problem for the bi-Laplacian in Lipschitz domains in R? (the
higher-dimensional setting is considered separately, in the next section).
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Theorem 6.38. Assume that 2 C R3 is a bounded Lipschitz domain (of arbitrary
topology). Then there exists ¢ = (82) € (0, 1] with the following property. Suppose
that 0 < q < oo and that s, p are such that either of the following two conditions
holds:

I : O§%<%+% and 0 <s <e,
(6.342)
(Il): —5<5-5<4° and e<s<1
Then the inhomogeneous Dirichlet problem
P
ue Bs+%+l(9)’
Au=we B’:_ql 3(.(2), (6.343)
s ;—

(Tru, Tr(Vu)) = f € Bl (382),

is well-posed. In particular, there exists a finite constant C = C(£2,s, p) > 0 with
the property that the solution u of (6.343) satisfies

lul o (Q)gc(nwn)_,,p.q1 (Q)+||f||3f.sp(m)). (6.344)
stp+l st5-3 »

Furthermore, a similar well-posedness result is valid for the version of the above
boundary problem formulated on Triebel-Lizorkin spaces, that is, for

pa

ue F‘s+%+l(9)’

Mu=feF (). (6.345)
s ;—

(Tru, Te(Vu)) = f € Bl (392),

granted that, this time, max{p, q} < oo.

This is the main result in [88], to which the reader is referred to for a proof.

6.5 Boundary Problems for the Bi-Laplacian in Higher
Dimensions

The discussion in this section is largely motivated by the classical free-plate problem
arising in the Kirchhoff-Love theory of thin plates. In the case of a domain §2 in the
two dimensional setting, this problem reads as follows:

A’y =0 in £2, with Mu and Nu prescribed on 952, (6.346)



356 6 Functional Analytic Properties of Multi-Layer Potentials and BVPs

where the boundary operators M, N are defined by

2
Mu = nAu+ (1 — n)ﬂ,
ov?
(6.347)
0Au 3u
Nu:= v +d=n a2’

where 7 is the Poisson coefficient of the plate, and v, t denote, respectively, the
outward unit normal and unit tangent to d£2. See, e.g., [4], [10, (3.29)—(3.31),
p. 6791, [9, (10)—(11), p. 12371, [50, p.6], [51], [97, Proposition 3.1], [99, (2.2)-
(2.3), p.24], [109, (2.12), p. 136], [32, pp. 420—423], [98] as well as the informative
discussion in [96] where it is indicated that the above problem has been first solved
by Gustav Kirchhoff in a variational sense. Indeed, it is now folklore that, for
boundary data in appropriate function spaces (and by imposing suitable bounds
on the Poisson coefficient), the problem (6.346) has a unique variational solution
ue W?2(2)/ 2.

One of our main goals is to study further regularity properties of such a solution,
measured on Besov and Triebel-Lizorkin scales. We shall do so working in the
higher dimensional setting and the starting point is to establish well-posedness
results when the size of the solution is measured using the non-tangential maximal
operator. The final results are then obtained via interpolation.

To set the stage, fix n € N with n > 2 and, as in the past, denote by {e; }i<;<x
the standard orthonormal basis in R”. As before, we continue to canonically identify
these vectors with multi-indices from Njj. Given an arbitrary number 6 € R,
consider the coefficient tensor

Ag = (Aap(0)) 51— (6.348)

with scalar entries, defined for every pair of multi-indices o, 8 € Nfj with the
property that |o| = |8]| = 2 by the formula

1 - u
App(0) i= ————— 8B(ci4e;) + 0 8ij 3p(2e 6.349
#(0) 1+29+n92i]z=:1< Blertey) T J]; ﬂ(2k))x ( )

X(Sa(€i+€j) + 038 Xn: 5a(2ek))

k=1

where, generally speaking,

8ap 1= (6.350)

1 if a =b,
0 if a #b,
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stands for the usual Kronecker symbol. Next, consider a bounded Lipschitz domain
£2 C R" and, in relation to the coefficient tensor (6.348)—(6.349), for each 6 € R
introduce the bilinear form (with A := 3% +---402 denoting, as usual, the Laplacian
inR")

Bo(u.v) = Y / Aap (0)(@Pu)(X)(3°v)(X) dX (6.351)
lal=1pl=2"¥
1 n
= T > /[(a,-a,- + 0 8;; Au|(X)[(9;9; + 0 8;; A)v](X) dX,
ij=1g

where u, v are any two reasonably behaved (real-valued) functions in £2. See, e.g.,
[10, Lemma 3.4, p. 680], [50, p. 5], [99, (2.13), p.25], [129, (10.2)]. Then it can be
readily verified that for each 6 € R the bi-Laplacian may be written as

AZ = Z 3 Aup(0) 3. (6.352)
ol =81=2

In particular, for each 6 € R the bilinear form %y (-, -) introduced in (6.351) satisfies
B(u,v) = / (A%u)(X)v(X)dX, Yu,ve CX(£2). (6.353)
Q2

Indeed, it is easy to check that

1

2
1420 +no et

Let us also note that
A? s S-elliptic, (6.355)
since, as a direct calculation based on (6.349) shows,
D Awp(0)EtF = |g|*, foreach £ € R”. (6.356)
la|=[8]=2

Going further, given a bounded Lipschitz domain £2 C R” with outward unit
normal v = (v;)i<j<, and a function u € C 1(.(2), define the normal derivative,
dyu, of u on the boundary of §2 by the formula

n

it =Y v (Qw) | (6.357)

i=1
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whenever the boundary traces in the right-hand side are meaningful. Hence,
dyu=v- ((Vu)[ag). (6.358)

In a similar manner, let us agree that for a function u € C?(£2),

Ru= Y v (@;0,u)| (6.359)

ij=1

Finally, if u € C3(2), for each 6 € R set (in analogy with (6.347), following [129])

1 n n
No(u) = 8y(Au) + —————— S . 3. deu).
o0 = 0,80+ Sy 2 b (2 it )

(6.360)

20 + nb? 1 !
V0 0k,
1+ 260 + no2 u+1+29+n92jk2=:1v")k’ K

M@(u) =

where all spacial partial derivatives of u in the right-hand sides are understood
as being restricted (either in a non-tangential pointwise sense, or as tangential
derivatives of such traces) to d£2. Simple algebraic manipulations show that the
above operators may be alternatively expressed as

No(u) = 8, (Au) + m 3 a., (Z V; 9, 8ku)
ij=1 k=1

1 n n
= 81, (AM) + m i]z::l 8117 (kz=:l V,'atkj 8ku), (6361)
and
1 n
Mo(u) = Au + T ,%::1 V; 8y, Opc. (6.362)

The relationship between the operators Ny, My and the bilinear form %y (-, -)
is brought to prominence in the following result, describing a Green-type formula
for the bi-Laplacian (cf. [10, Lemma 3.4, p. 680] and [99, (2.20), p.26] for a proof
in domains in R?, and [129, (10.2)] for a statement in the setting of biharmonic
functions in domains in R"?, n > 2).
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Proposition 6.39. Assume that 2 C R" is a bounded Lipschitz domain with
outward unit normal v = (v;) 1< < and surface measure o. Let 6 € R and recall
the operators Ng and My introduced in (6.360), relative to this setting. Then for any
u,v e C®(R) there holds

By (u.v) = / (Mo (). No@). 3y, =) dor + / (A2u)(X)v(X)dX. (6.363)
82 2

where (-,-) denotes the canonical pointwise scalar product between vector-valued
functions.

In particular, if v € C®() and u is a reasonably behaved null-solution of the
bi-Laplacian A2 in 2, then

By (u.v) = /3 ) ((Motw). No@). (3,9, —v)) do (6.364)

Proof. Integrating by parts and using Einstein’s convention of summation over
repeated indices, we may write

/ (3, Bj + 95,‘j Mu - (8, aj + 98,']' A)V dX (6.365)
2

= —/ 8,-(8,-8,~ + QSUA)MaJVdX—f‘/ Vi (8,8, + 95ijA)u'ajde'
2 082

—08;; - {/ 3 (80 + 08, Ayu- devdX + / (0;0; + 085 A)u-d,vdo}.
2 a2
Integrating by parts one more time and using (6.354), identity (6.365) further implies

/(a,‘a]‘ + 95,JA)L£ . (8i8j + H(SUA)VdX - (1 + 26 + I’l@z) /(Azu)vdX
2 2

= —/Vj -8i(8i8,~ + 95ijA)u~vd0 +/Vi (8,8, + QSiJA)u-ajvdo
02 2
(6.366)

— 05 - {/ v 0 (30 + 08; Ayu-vdo + /(a,-a,- + 08 A)u-d,vdo ).
a2 a2

Using that 9; = v,v,d; = v,d,, + v;0d, in the second term in the right-hand side
of (6.366) allows us to express this as
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/ Vi (8,31 +98,'jA)M'adeCT = / (Biaj +95ijA)MUin3VVdG (6.367)
82 282

+/ 8Ij, [Vi u,(aiaj + H(SijA)M]VdO'.
biles
In turn, this and (6.366) give

/;2(81 8,~ + 95,‘j A)u . (8, 8,' + 98,‘j A)V dX (6368)
= (1420 + n@z)/ (A%u)(X)v(X)dX
2

+/ I(u)-vdo +/ I(u) - 0,vdo,
a2 a2
where we have set
L(u) := 0, [viv,(0;0; + 08;; A)u] —v;0;(3;9; + 08;; A)u
—068;j v 0k (0;0; + 05;; A)u, (6.369)

and

I(u) := 06;;(0;0; + 08;j A)u + v;v;(9;0; + 06;j A)u. (6.370)

Next, observe that

d [l),’l),~98,’jAu] =604 [UjUrAM:I =0 (6371)

Tjr Tjr

by symmetry considerations, and that
atjr [U,‘ vra,- 8,» I/t] = %{&jr [Vi Vy 8i 8,' Lt] + 8rrj [Vi Vj 8i aru]} (6372)

= —%atjr [U,'a 8,-14],

Tjr

where the first identity in formula (6.372) follows from rewriting the expression
), [v,- V0,0 u] as 0, [v,- ;0 B,u] and the second one uses the definition of 9., .
Based on (6.369) and (6.371)-(6.372), straightforward algebraic manipulations
yield

I(u) = —(1 4260 + n6%)d, Au— 39, [vicdr,; Opcu] (6.373)

= —(1 4 20 + n6*) Ny (u).
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Also, a simple inspection of (6.370) reveals that
(u) = (20 4+ n0?) Au+ *u = (1 + 20 + n6*) My (u). (6.374)

At this stage, (6.364) follows form (6.368) and (6.373)—(6.374). O

In our next proposition we identify the formula for the conormal derivative
associated with the writing of the bi-Laplacian as in (6.352) for the tensor coefficient
given in (6.348)—(6.349). As a preamble, the reader is reminded that the trace
operator of order one on the boundary of a Lipschitz domain is defined by (cf.
(3.100))

= {Tr[8%u]} (6.375)

loe|<1”
whenever meaningful.

Proposition 6.40. Let 2 C R” be a bounded Lipschitz domain with outward unit
normal v = (v;)1<;<n and surface measure o. Pick 6 € R and recall the operators
No and My from (6.360), corresponding to this setting. Then for any reasonably
well-behaved biharmonic function u in §2 there holds:

coefficient tensor Ag as in (6.348)—(6.349) = 3(}914 = {(3{}9 u) }
r)0<r<n

(6.376)
where (8(}914)0 = —Nyg(u) and (8{}%) =v,Mg(u) for 1 <r <n.

Proof. Let u be as in the statement and pick and arbitrary function v € C*®(£2).
Based on formula (5.91) (used here with L = A?) and identity (1.40) we may
conclude that

/ (afeu,trlv) do = Bo(u,v) = / [M@(M)B\,v— N@(u)v] do (6.377)
90 902

:/ ((_NO(M)»VlMG(u)a---,VnMe(u)),tr1v>do.
EYe)

Therefore, (6.376) follows. O

It is useful to record the explicit expressions of the components of the conormal.
Indeed, making use of the first formula in (6.361) and the second formula in (6.360),
it follows that the components of afeu described in (6.376) are (using the usual
summation convention over repeated indices):

1
A E—— - - 9
(aveu)o_ 0, (Au) 1+29+n928m(wv,8]34u) and
26 + no” 1
(00), = Tz A T for 15 <,

(6.378)
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again, with the understanding that all derivatives in the right-hand sides are restricted
to the boundary.

We continue by recording a result whose relevance is going to be apparent
shortly.

Proposition 6.41. Assume that §2 is a bounded Lipschitz domain in R" and denote
byv = (vj)1<j<n its outward unit normal. Then for every p € (1, 00), the mapping

v L,092) — LI @2) x LP0),  w(f)i=(fo. K] vi i),
(6:379)

for every Whitney array f = (fo, fi,.-., fu) € Lf,O(BQ),
is an isomorphism, whose inverse may be described as

ol LY(002) x LP(92) — LY (382), ¢N(F.g) = f:=(fo. fi..- o J)
where fo:=F and f;:=—v;g+ Y vy F for 1 <j <n,
k=1

forevery (F,g) € L7(382) x LP(32).

(6.380)
Furthermore, if v : 2 — R is a function with the property that
N W), N (V) € LP(082), 3v|,, and I(VV)| ,,. (6.381)
then
U (v s =0v) = (g (VW) 4g) = . (6.382)

Proof. This is a version of Proposition (3.5) corresponding to the case m = 2. O

We shall also need to use the adjoint of the operator ¥. Its main properties are
summarized below.

Proposition 6.42. Retain the same background hypotheses as in Proposition 6.41
and denote by W* the adjoint of the operator ¥ defined in (6.379). Then, for each
pair of indices p, p' € (1,00) with 1/p+ 1/p’ =1,

w* L (02) x L7 (32) — (L7 (092))", (6.383)
is an isomorphism. Moreover, for each (G, f) € Lf/l (082) x L (082) one has

UG, f) = (G, —(vj i<j<n). (6.384)
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in the sense that

(U*(G. f).8) = (G.go) — Z/ v, fg; do.
ji=l1 (6.385)

forall § = (go.(gj)1<j=n) € Llp,o(ag)'

Furthermore, the inverse of W* in (6.383) may be described as

(III*)—l (A) = (7’}0 - Z Az (viem ), Z Vj r),) (6.386)

Jjk=1
if the functional A € (L'fo(a.(z))* is given by paring against the (n + 1)-tuple 1
where 71 = (0. (1;)1<j<n) € Lpl(a-Q) x [L7 (02)]".
Proof. This follows by unraveling definitions, in a straightforward manner. O

Moving on, let E be the canonical fundamental solution for A in R” given at
each X € R" \ {0} by

1

X|*"if n =3, if n>4,
2(n—4)(n—2)a),,_1| |7 if n or if n

1
E(X) = —mlog|X| if n=4, (6.387)
3

1
——|X[*(1 —log|X|) if n=2,
8

where w,_; denotes the surface area of the unit sphere "' in R”. In particular,

1
— | X|P"if n >3,
(Z_n)wn—l
(AE)(X) := (6.388)
1
— log | X| if n=2.
2

In relation to the latter, given a bounded Lipschitz domain £2 C R” with outward
unit normal v and surface measure o, recall that the harmonic double and single
layer operators are, respectively, given by

Daf(X) = /m Jl(AE)X — V) f(Y)do(Y). X €R"\ %2, (6.389)

Faf(X) = /BQ(AE)(X —Y)f(Y)do(Y), X eR"\dQ. (6.390)
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Based on definitions, if f € L?(9§2) for some p € (1,00) and £ € {1,...,n}, then
the following identities may be readily verified at each point X € R" \ 9£2:

0 (Zaf)(X) = Za a0, S ) (X), (6.391)

i=1

3 (Faf)(X) = =(Fa@x, (v [))(X) = (Zae f))(X). (6.392)

We are now prepared to make the following basic definition.

Definition 6.43. Let §2 be a bounded Lipschitz domain in R” with outward unit
normal v = (v;)i<; <, and surface measure o. Also, fix 0 € R. In this context, the
biharmonic double multi-layer Dy is defined according to the general recipe from
Definition 4.4 implemented for the writing of A? as in (6.352) corresponding to the
tensor coefficient A9 = (Aa,g (6’))|&|:|/8|:2 from (6.349) (and with E as in (6.387)).

Specifically, for each Whitney array f = (fo, fi,- .., fn), define the biharmonic
double multi-layer

70700 =—4 Y atdn® Y [ wm@ B - am)
lo|=2 i, so that

1Bl=2 eitej=a

+@P* Ey(X — Y)fO(Y)} do(Y) (6.393)

for X € R"\ 0£2. Also, as in the past, denote by 9} the restrictions of the
biharmonic double multi-layer (6.393) to £24.

Finally, denote by Ky the boundary biharmonic double multi-layer, defined as
in Definition 4.13 for the writing of A? from (6.352) using the tensor coefficient
Ag = (Aa,g (9))‘0[‘:“%:2 from (6.349), and with E as in (6.387).

Concretely, the action of the boundary double multi-layer operator Ky on an
arbitrary Whitney array f = (fo. fi..... fu) € L} (382) is

Kof = ((Kaf)y (Ko /), (Ko f),) (6.394)

where, for o a.e. X € 052,

(Ko i= tim [ 0.0 [AE)X = V)oY do(h) (6:395)

yeie
|X=Y|>e
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- [ @B =N Y@ ) do)
k=1

1 / ‘
t i 3o O E)YX = Y)]f;(Y)do(Y),
1120 + 10 mj; GO EYX = Y)]£;(Y) do(Y)
while foreach £ € {1,...,n},

(Rofx) = tim [ {00 (AEX = 1)1A1)

YeiR
| X—=Y|>¢

+ 3 b [(AE)X = V) f(Y) (6.396)

i=1

1 n
NEEEr P UG CE LI YIS0} do(¥).

To explain the rationale behingi the definition (6.394)—(6.396) of the boundary
biharmonic double multi-layer Ky recall formula (4.164) from Theorem 4.14 which,
in the context of the above definition, reads (with 1 < p < 00)

(gzg:flm, (vgzgtf')[m) — (I + Ky f, Vel 092). 6397)

This may be used to identify a concrete formula for Ky, and the fact that formulas
(6.394)—(6.396) are natural may be seen by combining (6.397) with (6.404) and
(6.420) (proved later).

In addition to the operator .@9 defined above, with Ny, My as in (6.360), consider
the integral operator acting on each pair (F,g) € L7 (3£2) & L”(352), where the
index p € (1, 00), according to the formula

ToFo) = [ {MaECX = 100)e) (6.398)
+NoE(X = )I(X)F(V)| do(¥),

ateach X € R" \ 952, The goal now is to elaborate on the relationship between
the operators Py and 99 just introduced. In this vein, it is worth recalling the
isomorphism ¥ described in Proposition 6.41.
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Proposition 6.44. Assume that §2 is a bounded Lipschitz domain in R" and fix
6 € R. Then

Dy = DgoW in R'\ IR, (6.399)

when both operators are acting on arbitrary Whitney arrays from Lf,O(E).Q) with
p € (1,00).

Proof. Thanks to Definition 6.43 and the density result established in Proposi-
tion 3.3, it suffices to show that the two operators from (6.399) act identically on
Whitney arrays of the form

f =trv, ve C®(R). (6.400)

Assume that this is the case, i.e., f = (fo, fi,..., fn) = (v|39,(alv)|m,...,

(0n V)|ag), and introduce
F:=foeL{(0R) and g:=-Y v;f; € LP(82).  (6.401)
j=1
where v = (V;)1<; <, denotes the outward unit normal to 2. Hence,
W(f) = (F.g) = (vaa. —dv). (6.402)

Then, based on definition (6.398), Propositions 6.39, 4.5, and (6.400), for every
point X € R" \ 9£2 we may write

) = TulF. )00 =100 = [[{=MAEC = 1)0,0(Y)
a2

+No[E(X =)W} do(¥)

= Bo(E(X —),v) = v(X) — Dp(tr1v)(X)
= v(X) = (%o f)(X). (6.403)

As such, in light of (6.402) we conclude that (6.399) holds. O

Next we take a closer look at the action of the biharmonic double multi-layer,
originally introduced in Definition 6.43, on Whitney arrays.

Proposition 6.45. Assume that §2 is a bounded Lipschitz domain in R" with
outward unit normal v = (v;)i<j<n and surface measure o. Also, fix a number
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0 € R. Then the action of the double multi- layer Dy introduced in Definition 6.43

on a Whitney array f = (fo. fi,.... f.) from L7 1.0(082), with 1 < p < 0o, may be
described as

(T /)(X) = /a _DonlAE)X =YV do () (6.404)

- [ @B -1 Y ) ) da(r)
a0 P

+m / Zark,m(akE)(X V) (Y) do(Y).

foreach X € R" \ 052.
In particular, using the notation introduced in (6.389)—(6.390),

(G0 /)X = (s f) (X0 = Fa (Y v fi) (X) (6.405)
k=1

+m / Zark,m(akE)(X V) (Y) do(Y).

foreach X € R" \ 052.

Proof. For every f = (fo. fi..... f) e LV 1.0(0§2), based on (6.399), (6.379), and
(6.447), atevery X € R"\ 052 we may wr1te (using the summation convention over
repeated indices)

10 = Dol for = S0 = [ f-aB)X =)

1
g g D [GE)X =YV £, (V) do (¥)

+ [ fpal@apa -y (6.406)
082

1
35 o o (9 s, o [ EYX = Y)) | fo(Y) do(Y)

= /a B [(AEYX = D) = (AEYX = Y)w(D) fi(7)

1

g gt [ @EYX =), fo - vyu fi) () do (D).
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thanks to (6.361)—(6.362) and an integration by parts on the boundary. Now, the
claim made in (6.404) follows from (6.406) after observing that

vidg,; fo+vivi fi = vivi fi —v;fi) +vivifi = [, (6.407)

by the compatibility conditions satisfied by the components of the Whitney array
f. O

It is also instructive to derive formula (6.404) directly from (6.351), based on
the recipe from (4.59). Concretely, fix an arbitrary point X € £2 and, with E as
in (6.387), set EX := E(X —-) in £2. Then, given any v € C*®(£2), successive
integrations by parts give (using the summation convention over repeated indices)

/ (8i8j + 95,‘jA)EX . (8i8j + HSUA)VdX
2

= —/(aiBiaj + 95,‘]'8,'A)EX 'adeX
2

—/(aka,'aj + 98,-j3kA)EX . 98,-,-8kvdX
2

+/Ui(a,’3]’ +95ijA)EX 'adeCT +/Uk(3iaj + 98,-]-A)EX '95,‘j3k\1d0
a2 a2

:—(1+29+n92)/ d;AEX . 9;vdX
2
+/ avajEX-ajvda+(2e+n02)/ AEX -v;0;vdo
982 982
= (1420 +n6*)v(X)—(1+26 +n92)/ AEX .vdo
282
+/ BVBjEX-ijda+(29+n92)/ AEX'UjadeG
82 a2
= (1420 +n6*w(X)—(+26 +n92)/ 0AEX .vdo
282

+/ atkjakEX-ijda+(l+29+n92)/ AE* .v;d;vdo.  (6.408)
82 82
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This shows that

Bo(EX.,v) = v(X)—/ 0AEX -vdo
a2

1
+m /;Q 3ij3kEX~8jvd0+/i;Q AEX 'VjadeU.
= v(X) = T f(X), (6.409)

if Zp is as in (6.404) and f = (v|se, d1v|se. ... Iuv]se).

The next order of business is to study the mapping properties for the conormal
derivative of the biharmonic double multi-layer. Our first result in this regard is the
following theorem (we shall return to this topic later, after completing a necessary
detour).

Theorem 6.46. Let §2 be a bounded Lipschitz domain in R" and ﬁx 6 € R. Also,
assume that p, p’' € (1,00) are such that 1/p + 1/ p’ = 1. Recall 9y introduced in
Definition 6.43 and the conormal 3% from Proposition 6.40. Then the operator

0l 71 11, 02) — (L7,02))° (6.410)

is well-defined, linear and bounded. Moreover, this operator further extends as a
linear and bounded mapping in the context

04 1 L7 (992) — (L'ffl 092)) . (6.411)
Proof. For each f € Lf 1(052) we know from Theorem 4.7 that
14 (Do NlLraey + 14 (VDo f)lLr ) (6.412)

HA (V2D PHlragy < CIUF g oy
for some finite constant C > 0 independent of f . Moreover, (4.66) ensures that

8V99ft exists for every f € L7, (392)
02 ’ (6.413)

whenever y € Njj satisfies |y| < 2.

However, the conormal entails up to_three derivatives on _@9. Indeed, as seen from
(6.378), the components of 3¢ %, f are given by (here and elsewhere the usual
summation convention over repeated indices is used)
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Ao = _ - - g,
(av %f)o = ~0.A% ) = T O (W, 0,07 f).  (6414)
and, forl1 <r <mn,
20 + nb? . 1 ..
Ag _eerer - ) )
(a %f), 1720 1082 A% Y Tag s ngr w09 Ze ) (6415

with the understanding that all derivatives in the right-hand sides are restricted to
the boundary. Note that, thanks to (6.412) and (6.413), the map

L0,02) 5 f— 0 8@929f'bge LP(382) (6.416)
is well-defined, linear and bounded, for every £, € {1,...,n}. As such, the
mapping

LP,092) 5 f — by (Wv,-a,- 3(.@9f.) e L’ (02) (6.417)
is also well-defined, linear and bounded, for every i, j, £ € {1,...,n}.

We propose to take a closer look at the structure of the derivatives of the
biharmonic double multi-layer operator. In a first stage, fix an arbitrary Whitney
array f = (fo, fi,-.-, fn) € I;fqo((')[?) then for every £ € {1,...,n} and every
X e R"\ 9£2 compute

(Do £)(X) = 3e(Za fo)(X) — 3¢ La(vi f1)(X) (6.418)

+m/ Oy (e EYX = Y)]f;(Y) do(Y).

Upon observing that, for every X € R" \ 42, identity (6.391) and the compatibility
conditions satisfied by the components of the Whitney array f allow us to write

3e(Za fo)(X) — 8¢ La(vi £;)(X)
= —0; LA (05, S0)(X) — 0 La(vi 1;)(X)
= —0; La(vi fo)(X) + 8 La(ve fi)(X) — B¢ La(vi fi)(X)

= (Z4f))(X) + /3 i [AE)X = V)] fiY) do(¥)

= (24 f1)(X) + La(3z, f;)(X). (6.419)
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we deduce from (6.418) that, at each point X € R" \ 942,

3 (Do f)(X) = (Za 1) (X) + Fa(3e, 1) (X) (6.420)

+m/ e (e EY(X = Y)]f; (Y) do(Y).

= /BQ{WY)[(AE)(X = VNfe(Y) + 0 [(AE)(X = V)] fi(Y)

1

g g PG E)X =YL do ().

In the case when the array / = (fy, fi...., f,) actually belongs to the Whitney—
Sobolev space LY 1.1(082), we may integrate by parts on the boundary in (6.418) in
order to write, for every £ € {1,...,n},

(2o )(X) = (Za f1)(X) + /m{(AE)(X —Y)(@, f)(Y) (6.421)

1
s e A ENX = V)@, /)X ) do ().

foreach X € R" \ 0£2. In this scenario, we may take one extra derivative while still
retaining control of the finiteness of the L”-norm of the non-tangential maximal
function. Concretely, for each j, £ € {1, ..., n} we obtain (with the help of (6.391))

3;00(Z6 £)(X) = —0; L 4(3s, fi)(X) + /m{(a,»AE)(X —Y) (0., £)(Y)

(6.422)
1

20 n02 (000 EN(X — Y)(E?Tl.kfi)(Y)} do(Y),

at each X € R" \ 92, whenever /' = (f, Ji,-... fn) belongs to the Whitney—
Sobolev space LY, (3£2). Concisely, forevery f = (fo. fi..... fx) € L{{l(asz) we
have

;009 f = —0;.2(0x, o) + 0;5a(0z, 1) (6.423)

+ / 0,000 E)(- — ¥) (0 £)(Y)do(Y) in R"\ 02,

l—|—29+ 62
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In particular, summing up over j = £ yields

ADyf = ———— . 9a(0,, fi) in R"\ 082,

V= foo fieeeos fu) € LY (392),

and, further,

.o 1

<t (tim [ @AY =)@ (1) da (D)

Yein
|X=Y|>e

in R" \ 082, for every f = (fo, fi,..., fu) € qul((')[?). Consequently,
LY (32) > f +—> 3,49 f € L? (3%2) (6.426)

is a well-defined, linear and bounded mapping.
In summary, from (6.414)—(6.417), (6.426) we deduce that the mapping

LY () > f (6.427)

— ((ag‘@% f)o, (afe 7 f') ) e L”,(32) & [L"(02)]"

1<r=n

is well-defined, linear and bounded. Furthermore, it is clear from (6.415) that
(83999]")1 =(—vifi....—v,f) foreach f e L7 (382), where
<r<n ’

20 + n6? . 1
A, N
1420 +no2 of 1420 +no2

(6.428)

f= Ujv[f)ja[.@@f. € L7 (0£2).

At this stage, the fact that the operator 83’9 @9 is well-defined, linear and bounded
in the context of (6.410) follows from (6.427)—(6.428) and Proposition 6.42. Lastly,
that this operator further extends as a linear and bounded mapping in the context of
(6.411), follows from what we have proved so far, the second claim in the statement
of Proposition 5.32, and duality. O

Let £2 be a bounded Lipschitz domain in R" and fix p € (1,00). Recall
from (5.1) that the bi-Laplacian single multi-layer operator .% acts on an arbitrary

. *
functional A € (Lf,o(aﬂ)) according to the formula (with E as in (6.387))
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(S A)X) = <(E(X — )|y —(VE)(X — -)\m) , A>, X eR"\ 002, (6.429)

where the expression in round parentheses is regarded as a Whitney array in
L7,(292).

Proposition 6.47. Let §2 be a bounded Lipschitz domain in R" and assume that
p € (1,00). Fix 6 € R and recall the conormal 34 from Proposition 6.40. Also, let
< stand for the bi-Laplacian single multi-layer operator from (6.429). Then

84 7 (L{{O(a:z))* _ (L'fqo(asz))* (6.430)

is a well-defined, linear and bounded operator.
As a corollary, for each p € (1, 0),

. . . *
a7 = —%I + K as operators on (Lf,o(aﬂ)) . (6.431)
Proof. As usual, let p’ denote the Holder conjugate exponent of p. As far as the
claim pertaining to the operator in (6.430) is concerned, the crux of the matter is

establishing the estimate
0,07 4]

ClA (6.432)

’ < *
L7 092) = ”(L'f_o(a:z))
. *
for some finite constant C > 0 independent of A € (Lfo(a.Q)) . Once this has

been done, the same type of reasoning as in Theorem 6.46 (which also uses the
non-tangential maximal function estimates for generic single multi-layers proved in
Proposition 5.2) may then be used to complete the proof of the boundedness of the
operator in (6.430).

. k
Given an arbitrary A € (Lfo(a.Q)) , the reasoning from (5.8)—(5.10) leads to

the conclusion that there exist (go, g1,...,8x) € [L”/ (8.9)]"—H with the property
that

Yo llgi i aoy < 140G, = (6.433)
j=0

and such that, for each X € R" \ 042,

FAX) = /a i E(X —Y)go(Y)do(Y) (6.434)

-3 /m(BJ-E)(X —Y)g;(Y)do(Y).

J=1
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As such, we may write
. n
ASA=Spg0— Y 0;5ag; in L2, (6.435)
j=1

where .7, is the harmonic single multi-layer in £2 (cf. (6.390)). To proceed, recall
that if S4 denotes the boundary harmonic single layer, then the identity

0, P28 =1 04,54(0r,8). (6.436)
ik=1

is valid for any g € L?(052). Consequently, based on (6.392), (6.435), and (6.436),
we may compute

WAL A =0,Sa80+ Y 0,520, (vig)) + Y 0,Za(v;g))

i,j=1 j=1
n
= (=31 +KDgo+ Y (=31 + KH(0r, (vig))
i.j=1
3 ) 00, Sa(9g, (vig))). (6.437)
i.jk=1

where K7 is the adjoint of the boundary harmonic double layer from (1.3). Since
the operators

K% LY (02) — LY, (09),

K% L7 (382) — L7 (382), (6.438)
Sa: L7 (322) > L7 (082),

are bounded, estimate (6.432) now follows from (6.437) and (6.433). This completes
the proof of the boundedness of the operator in (6.430).

With this in hand, identity (6.431) follows from (5.152) and a density argument.

O
Moving on, assume that £2 C R" is a bounded Lipschitz domain, with outward

unitnormal v = (V)< <, and surface measure 0. Also, fix € Rand 1 < p < oo.
In this setting, consider the 2 x 2 matrix-valued singular integral operator

Ko :L'(02) @ L7 (02) — LT(02) & L”(3%2). (6.439)
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A BV
Ko = , (6.440)
Ve

where the entries in the above matrix,
%0}1 : Lf(a.Q) — Lf(a.Q),
%’})2 LP(082) — Lf(a.Q),
(6.441)
%ﬁl : Lf(a.Q) — L7(082),
%’52 1 LP(082) —> LP(0£2),

are the principal-value singular integral operators given at o-a.e. X € 952 by

@) = tim [ oo [AE)X - VIF() (6.442)
IXY—€)§S|?>8
1
gt @ E)X = D (V)(0r, F)Y)} do(D).
(#78)(X) = lim, / {(AE)(X —Y)g(Y) (6.443)
IXY—G)izT;a
1

T3 g @ E)NX =Vl (g do(Y).

(%' F)(X) := lir(1)1+ / vg(X){—(B,-AE)(X—Y)(8mF)(Y) (6.444)

IXY—GI(7/S|?>8

1
1T 20 500 ey (1) [(0e 0 EN(X — Y )]vi (Y)(9y, F)(Y)} do(Y).
and

(#5°8)(X) := lim / ve(X){—(agAE)(X —Y)g(Y) (6.445)

IXY—G)izT;a

1

+ o @ E)X = V)]o;(V)g(V)} do(Y),

— 0
1420+ no?
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for each F € L7(3£2) and each g € L”(3£2). Here the summation convention over
repeated indices has been used.

Proposition 6.48. Retain the same setting as above, and recall the definition of the
boundary biharmonic double multi-layer operator Ky on 382 from Definition 6.43.
Also, recall the mapping ¥ from Proposition 6.41. Then, for each p € (1,00), the
following diagram is commutative:

Ky
L7(02) & L7 (0R2) LP(32) & L7 (0R2)
v W
L7,(3%2) _ L7,(3%2)
Ko

Proof. Fix an arbitrary pair of functions, (F, g) € L} (32)®L”(352), along with an
arbitrary point X € R” \ 02. Based on (6.398) and (6.361)—(6.362) we may write,
in a manner analogous to (6.406) (using the summation convention over repeated

indices),

Fo(F.g)(X) = /3 Q{(AE)(X —Y) (6.446)

1
T3 " W0 (@)X = V)] g(Y) do(Y)

+ [ fruntarx -

1

135 g (3, [ EYX = D)) F (V) do (),

where we have also integrated by parts on the boundary. Hence, for every pair of
functions (F, g) € LY (052) & LP(952) we have

Z4(F. ) (X) = (ZaF)(X) + (S28)(X) (6.447)

1
+m /ag{afkj(Y)[(BkE)(X —Y)] x

X (v,-BTI.jF - ng)(Y)} do(Y),
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atevery X € R"\ 0£2. Consequently, for every number £ € {1,...,n}, at each point
X € R"\ 0§2 we may write

3 (%(F, g)) (X) (6.448)

= [ {@aB)X =)0, PO+ @AENX = 1))

1

— 0
+1+29+n92

o [@ O EYX = V)(vide, F = v;) (V) do(¥),
based on (6.447) and (6.391).
From (6.447)—(6.448), on the one hand, and (6.439)—(6.445), on the other hand,

we deduce, by also making use of the general jump-formula (2.530), that (cf. [129,
(14.2) on p.253))

(Zo(F.9)| 1 =0.0(F.8)) = (31 + Ko)(F.2).

(6.449)
for each F € L?(32) and each g € L7 (382).
As such, forevery f € L7 (352) we may compute
(31 + Ko (/) = ([Zo o WD 1 - ~0[ T 0 ¥()])
= (907 Lsp- 0.9 1)
= llf(trl%f)
- w((%l 4 K@)f), (6.450)

where the first equality is (6.449) written for (F, g) := ¥( f ), the second equality
has been established in Proposition 6.44, the third equality makes use of (6.382),
and the fourth equality is a consequence of Theorem 4.14. Now the claim about the
commutativity of the diagram in the statement of the proposition readily follows
from (6.450). |

We are now prepared to state and prove a basic invertibility result, extending
work in [118, 129].

Theorem 6.49. Assume that 2 C R", with n > 2, is a bounded Lipschitz domain
with connected boundary, and fix 0 € R with 6 > —’%. Also, recall the boundary
biharmonic double multi-layer operator Kg on 082 from Definition 6.43. Then there
exists € > 0 with the property that
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%I + Ky : Lf,o(asz) — Lf,O(B.Q) is an isomorphism
whenever p € (2 —¢, % + 8) if n>4, (6.451)
and whenever p € (2— g, oo) if ne{2,3},

and

%I + Ky : Lf,l(asz) — L{"l(a.Q) is an isomorphism

whenever p € (2;"_;11) —-&2+ 5) if n>4, (6.452)

and whenever p € (1,2 + 8) if ne{2,3}.

In addition, the inverses of the isomorphisms in (6.451) and (6.452) act in a
compatible manner on the intersection of their domains.
Furthermore,

LI+ Ky L7 ,(092) / P(02) — L7 (392) / 2,(32)
(6.453)

is an isomorphism

if pe(2—e 2("_1)—}—8) for n >4, and p € (2—e,00) for n€{2,3},

> n—3

and

YES L'f‘l(asz)/gél 0Q) — L{’,l(arz)/%(arz)
(6.454)

is an isomorphism

if pe (X —e2+¢) for n>4, and pe(1.2+¢) for n€{2,3},

and once again the inverses of the isomorphisms in (6.453) and (6.454) act in a
compatible manner on the intersection of their domains.

Proof. Given ¢ € (0, 1), consider the open intervals

2(n—1) 2(n—1) .
(ﬁ _—1_) if n>4,

I, = (6.455)
(1, 20D if nef23})

> n—l—e
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and

2(n—1) 2(n—1) .
(n—l+s ’ n—3—s) if n = 4’

1] := (6.456)
(222D o0) if n e 2.3}
Hence, for any p, p’ € (1, 00) with % + % = 1 we have
pell < p'el. (6.457)

__ The starting point is the result asserting that there exists ¢ € (0, 1) such that, with
Ky as in (6.439)-(6.445), the operators

:t%l + K L7(382) @ LP(082) —> LV (082) & LP(352) (6.458)
are Fredholm with index zero whenever p € I/. '

This result (which uses 6 > —nl) has been established first when p € (2—¢,2+¢) by
G. Verchota in [129], and the extension to the larger range p € I/ is due to Z. Shen
in [118]. Moreover, it has been established in [118] that, for some ¢ € (0, 1),

4+ Ko LU(32) @ LP(32) — LY (32) & L7 (3R2)
(6.459)
is an isomorphism whenever p € I/.

Granted this, the invertibility of the operator in (6.451) then follows from (6.459),
Propositions 6.48, and 6.41. Concerning the operator in (6.453), in a first stage the
same circle of ideas give, based on (6.458), that

the operator — %I + Ky : L'f’O(EJ.Q) - L'f’O(EJ.Q)

(6.460)
is Fredholm with index zero foreach p € I..
In turn, thanks to (6.460) and Proposition 4.17, we also have that
nYES L{’,O(ag)/%(ag) — L‘f,o(asz)/%(am .

is Fredholm with index zero whenever p € I/.

Given that the embedding Bf;f/z(asz) — quo((')[?) is well-defined, continuous and
with dense range, for each p € I, provided that £ > 0 is small enough, we deduce
from the invertibility of (6.174), Lemma 6.18, (6.461), and Corollary 6.5 (keeping
in mind (6.355)) that
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—3 + Ko s 1,02) [ 102) — L1,02) [ 71092)
(6.462)
is an injective operator for each p € I/.

In passing, let us also note that the same type of reasoning, based on (6.126),
Lemma 6.18 and (6.460), gives

{f' € L0)(092): (L1 + Ko) f = o} = 209), Ypel.  (6463)

This is going to be useful later on.
Let us now consider the claims made in (6.452) and (6.454). To this end, we first
note that, thanks to (6.458), Propositions 6.48, and 6.41, we have that

+11 4+ Ko : LY (02) — L1 (082)

(6.464)
are Fredholm with index zero for each p € I/.
Thus, by duality,
1 > % a4 * P *
IRy oF (LI,O(B.Q)) N (quo(asz)) 6.465)
are Fredholm with index zero for each p € I/.
Let us also remark that, as seen from (6.464), the composition
(31 + Ko)o(— 11+ Kp): L7,(02) — L7,(0R2) 6466
is Fredholm with index zero foreach p € s’ ,
hence by duality,
1 > % 1 >k 4 * 24 *
(31 + K)o (=3I +Kj): (LLO(B.Q)) — (LI,O(a'Q)) (6.467)

is Fredholm with index zero for each p € I].

To proceed, denote by S the boundary version of the biharmonic single multi-
layer (associated with L = A? as in (5.19)). Hence, if p, p’ € (1, 00) are such that
1/p + 1/p’ = 1, then Theorem 5.4 ensures that

S (L{’,’l(am) — L?,(32) boundedly, and (6.468)

S (L{’,O(am)* — L¥,(3%2) boundedly. (6.469)
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Based on these and Theorem 6.46 we may therefore conclude that, for each index
p € (1, 00), the operators

*
)

007508 (L1,092)) — (£1,69)) (6.470)
04 Gy 0§ : (L{{l(a:z))* — (L'fql(asz))*, (6.471)
Sod Dy : LT (082) — L7 (382), (6.472)
So0d" Dy : LT (02) — L7, (382), (6.473)

are well-defined, linear and bounded (where, as usual, 1/p + 1/p’ = 1). Having
established these boundedness results, we may then conclude from (6.470), (6.467),
formula (5.176), and the density results proved in Propositions 3.3 and 3.7, that

040 Gy 0 S - (L{{O(ag))* s (L{{O(am)*

(6.474)
is Fredholm with index zero for each p € I].
In turn, (6.474), (6.469), and (6.410) readily imply that
84 G 1 (902 7 02))
the operator 0/ i L — (L has
p v 20 1,1( ) ( 1,0( )) (6.475)

closed range, of finite codimension, if p € I/ and % + % =1.

With this in hand and availing ourselves of the fact that the operators in (6.410) and
(6.411) are adjoint to one another, it follows from (6.475) and duality that

. . i *
the operator 940 9 : Lfo(a.Q) — (Lf,l(aﬂ)) has

(6.476)
finite dimensional kernel, if p € I/ and % + % =1
Next we claim that
Vp' el. 3qel suchthat L7 (02) — L (3%2). (6.477)

To justify this claim, assume first that n > 4 and note that this forces p’ € (1,n—1)
for any p’ € I.. As such, the embedding L{’,l(asz) — L?O(B.Q) holds whenever

~1
q:= (% — ﬁ) . On the other hand, it may be verified without difficulty that

{(# - ﬁ)_l e 18} =1 (6.478)
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This, of course, proves the claim in (6.477) when n > 4. When n = 2, the
embedding in (6.477) holds for any p’,q € (1, 00), while when n = 3 is obviously
true whenever indices p’ € [2,00) and g € (1, c0). Finally, in the remaining case,

—1
ie., forn =3 and p’ € (1,2), we may take ¢ := (l — l) € (2,00) C I.. This

o2
finishes the proof of (6.477).
Moving on, we may then deduce from (6.476), (6.477), and (6.475), that

. - . *
the operator 949 9, : L‘il(a.Q) — (Lf,o(aﬂ)) has both

closed range, of finite codimension, and finite dimensional kernel (6.479)

whenever p € I/ and % + % =1

In other words,

. . . *
01 9Dy - LY (082) — (LY ,(082)) is Fredholm
o 1,02 — (L09) (6.480)
provided p € I and % + # =1

In particular, the operator 8;‘9929 has, in the above context, a quasi-inverse. In

concrete terms, this means that whenever p € IS’ and % + # = 1, there exist a

. * Y
Fredholm operator R : (Lfo(a.Q)) — L‘il(a.Q), and a linear compact operator

Comp mapping Lf ,/1 (0£2) into some Banach space 2", with the property that

Ro 3" = I + Comp on LV (382). (6.481)

Composing the Fredholm operator in (6.474) to the left with the Fredholm operator
R just considered, and keeping in mind that the class of Fredholm operators is
closed under composition as well as additive compact perturbations, we arrive at
the conclusion that

. . * o/
$+ (Lfo(02)) —> L{1(92) is a Fredholm operator (6.482)

whenever p € I and %—i— # =1

In light of the self-adjointness of the single multi-layer (cf. (5.22)), we may take the
dual of (6.482) in order to also obtain that

. . * .
$ : (L11082)) — L7,(32) is a Fredholm operator (6.483)

whenever p € I and %+ # =1
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At this stage, taking the composition of the Fredholm operators in (6.480) and
(6.482) leads to the conclusion that

Sodl gy L{’fl(a.cz) — Llp’/l (082) is a Fredholm operator

(6.484)
whenever p € I and %—i— # =1

Granted this, from (5.177) and the density results proved in Propositions 3.3 and
3.7, we deduce that

(AT + Ky) o (=41 + Ko) : L7, (02) — L7\ (3R2) is Fredholm 6455
l 1 I _ '
whenever p € [ and - + 5 = 1.
In turn, this readily implies that the operators :b%] + Ky (which commute with
one another) have both closed ranges of finite codimension and finite dimensional
kernels, thus, ultimately,

:I:%I + Ky : Lffl (02) — ijl (0§2) are Fredholm operators (6.486)
whenever p € I/ and %+ # =1 .
Going further, we make use of Proposition 5.30 (and the same type of boundedness
and density results as before) in order to obtain the following intertwining identity
. . . . . *
So(& 4l +Kj) = (3 +Ke)oS on (L1,02)) (6.487)

. . .7 . . *
in which S is as in (6.482), Ky acts on L‘il(a.Q), and K acts on (Lfo(a.Q)) .

From (6.487), (6.486), (6.482), (6.465), and the additivity law for the Fredholm
index, we eventually obtain (cf. also (6.457)) that

the operators + L1 + Ky : L7 (382) — L7 (382
p 2 6 1,1( ) 1,1( ) (6.488)
are Fredholm with index zero if p’ € I,.

In particular,

+17 + Ky are Fredholm with index zero on L” / 2) | 2,02
5+ Ky Lo2 /702 o

whenever p’ € I,.

Using this, the embedding in (6.477), and the injectivity of the operator in (6.451)
it follows that the operator in (6.452) is also injective, thus ultimately invertible
by (6.488). This takes care of the claim made in (6.452). Finally, the same type
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of reasoning, based on the embedding (6.477) and the injectivity of the operator in
(6.453), shows that the operator in (6.454) is also injective, thus ultimately invertible
by (6.489).

Let us now prove that the inverses of the isomorphisms in (6.451) and (6.452) act
in a compatible manner on the intersection of their domains. With this goal in mind,
assume that

fo e LT9(382) with po e I! and f € L7 (32) with p; € I,
' L ’ L (6.490)
are such that (%I + Kg) fo = (%I + Kj) f1.

By (6.477), there exists ¢ € I/ with the property that L}, (02) < L ((352), hence
if we now set p := min {po, ¢} then

pell and LY (382)N LY (02) — L7, (082). (6.491)

From (6.490)-(6.491) and the fact that %I + Ky is invertible on Llp 0(0£2), it follows

that fo = fl, as wanted.

Finally, the compatibility of the inverses of the isomorphisms in (6.453) and
(6.454) on the intersection of their domains is established analogously, completing
the proof of the theorem. O

We now proceed to record several significant consequences of Theorem 6.49 (and
its proof).

Corollary 6.50. Let 2 C R", with n > 2, be a bounded Lipschitz domain with
connected boundary, and fix 6 € R with § > —%. Also, recall the boundary

biharmonic double multi-layer operator Koy on 382 from Definition 6.43. Then there
exists € > O with the property that

{f' € LP,(092): (-3 +Ko)f = o} = 2,00) (6.492)
whenever

pe (P —e2+4¢) if n>4,

(6.493)
and p € (1,2+8) if ne{2,3}.

Proof. This is a consequence of the formula in (6.463) and the embedding result
recorded in (6.477). O

Our second result pertains to the existence, uniqueness, integral representation in
terms of the multi-layers introduced in this monograph, and regularity (measured on
the Besov scale), of the solution of the Dirichlet problem for the bi-Laplacian with
boundary data from Whitney—Lebesgue spaces in Lipschitz domains. As such, this
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completes and refines work in [118, 129]. Before reading the statement, the reader
is advised to recall Definition 6.27.

Corollary 6.51. Consider the biharmonic operator, L. = A% in R" withn > 2,
and assume that §2 is a bounded Lipschitz domain in R" with connected boundary.
Then, in this context, there exists ¢ > 0 such that property G, holds

whenever p € (M—5,2+5) if n>4,

n+1
(6.494)
and whenever p € (1,2 + 8) if ne{2,3}.
As a consequence, there exists € > 0 such that if
pe2—e X +e) if n=4,
(6.495)

and p € (2—¢,00) if n €4{2,3},

then Dirichlet boundary value problem for the bi-Laplacian with data from
Whitney—Lebesgue spaces,

Au=0 in £,
A (Vu) € LP(0£2), (6.496)

(] 4o (V)| ,0) = f € LT,(092),

has a unique solution which, for every 6 € R with 6 > —nl, may be represented as
w(X) = %[(%1 n K"g)_lf](X), VX e (6.497)
In particular, the solution of (6.490) satisfies
el 2 ) = CU Nig o) (6.498)

for some finite constant C = C(S2, p,0,n) > 0.

Proof. The fact that property G, holds for p as in (6.494) is seen from Theo-
rem 6.49 and the discussion in (6.225)—(6.228). As such, the uniqueness part in the
well-posedness of the boundary problem (6.496) follows from what we have just
proved and Theorem 6.29. Next, u in (6.497) is well-defined in light of (6.451), and
solves (6.496) thanks to (4.58), Theorem 4.7, and (4.164). Finally, that u satisfies
(6.498) follows from the integral representation formula (6.497) and (4.85). O

Our third result deals with the role of multi-layer potentials in the solvability
of the so-called regularity problem for the bi-Laplacian in Lipschitz domains. As a
preamble, we first recall the following estimate of Hardy-type.
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Lemma 6.52. Let L be a homogeneous, constant coefficient, W-elliptic operator,
and assume that 2 C R" is a bounded Lipschitz domain. In this context, suppose
that u is a null-solution of L in §2 which satisfies A (Vu) € LP(082) for some
p € (0,n—1). Then

-1
* — (1 1
Nue LV (3RQ) where p* := (; - m) . (6.499)
See [94, Lemma 11.9] for a proof. Here is the well-posedness result advertised
earlier, which refines earlier work in [69, 118, 129].

Theorem 6.53. Assume that 2 C R", with n > 2, is a bounded Lipschitz domain
with connected boundary, and fix 0 € R with 6 > —%. As before, let Dy and Ky
denote the biharmonic double multi-layer operators (relative to S2) introduced in
Definition 6.43.

Then there exists ¢ > 0 with the property that whenever p € (1, 00) satisfies

pe (Pl —e2+4¢) if n>4,

(6.500)
and p € (1.2+¢) if n€{2,3},

the Dirichlet boundary value problem for the bi-Laplacian with data from Whitney—
Sobolev spaces,

Au=0 in £,
N (V?u) € LP(352), (6.501)
(”Larz ) (V”)Lag) =fe Lf,l(ag)s

has a unique solution, which actually admits the integral representation formula

1

w(X) = %[(%1 + Ke)” f'](X), VX e (6.502)

In particular, the solution of (6.501) satisfies
il 22 = C1F 57, o (6.503)

for some finite constant C = C(S2, p,0,n) > 0.

Proof. Let ¢ > 0 be as in Theorem 6.49. That the function u given by (6.502)
is well-defined whenever p is as in (6.500) follows from the invertibility result
recorded in (6.452). Also, the fact that this u actually solves (6.501) is clear from
(4.58), Theorem 4.7, and (4.164). As regards uniqueness, suppose that u solves the
homogeneous version of the boundary problem (6.501) for some p as in (6.500).
Given the nature of the conclusion we seek, there is no loss of generality in assuming
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that the exponent p also satisfies p < n — 1. Granted this, if p* is defined as in
(6.499) then (much as it was the case in the proof of Theorem 6.49) p* satisfies
the conditions listed in (6.495). Furthermore, Lemma 6.52 applied to Vu ensures
that A (Vu) € LP" (382), since we are assuming that .4 (V2u) € L?(352) to begin
with. As such, the uniqueness result established in the second part of Corollary 6.51
applies and yields that u = 0in £2, as wanted. Finally, that u satisfies (6.503) follows
from the integral representation formula (6.502) and (4.86). O

Further invertibility results for multi-layers, complementing those established in
Theorem 6.49, are discussed below.

Corollary 6.54. Suppose that 22 C R, with n > 2, is a bounded Lipschitz
domain with connected boundary, and fix 0 € R with 6 > —nl. As before, let Ky
denote the boundary biharmonic double multi-layer operator on 052 considered in
Definition 6.43. Also, let S denote the boundary version of the biharmonic single
multi-layer associated with L = A? as in (5.19).

Then there exists € > 0 with the property that

. * *
%I + K : (quo(a.(z)) — (Lf,O(BQ)) is an isomorphism
whenever p € (2 — &, % + 5) if n>4, (6.504)

and whenever p € (2 — &, oo) if ne{2,3},
and
. * *
%I + K : (Lf,l(aﬂ)) — (Lfl(a.Q)) is an isomorphism

whenever p € (2;"—_;11) —e2+ 5) if n>4, (6.505)

and whenever p € (1,2+ 8) if ne€{2,3}.

In addition, the inverses of the isomorphisms in (6.504) and (6.505) act in a
compatible manner on the intersection of their domains.
Moreover,

. . *
_%I + K} is an isomorphism on (Lfo(ag)/% (89))
(6.506)
if pe(2—e 2= 1¢) for n>4, and p e (2—e 00) for ne 2,3},

and

_%I + K; is an isomorphism on (Lf,l(BQ)/,@'l(a.Q)) 6507

if pe () —e2+¢) for n =4, and pe(1.24¢) for n €{2.3}.



388 6 Functional Analytic Properties of Multi-Layer Potentials and BVPs

In addition, the inverses of the isomorphisms in (6.506) and (6.507) act in a
compatible fashion on the intersection of their domains.
Finally, ifn > 3 and n # 4, then also

. . * .
S (Lfo(a.Q)) — Lfsl(a.Q) is an isomorphism provided

(6.508)
pe2—e 2(”"__31) +¢) for n>5, and p € (2—¢,00) for n =3,
and
S : (ijl (89))* — Lf,O(B.Q) is an isomorphism provided
(6.509)
pe2—e 2(’1"__31) +¢) for n>5, and p € (2—¢,00) for n =3,

and the inverses of the isomorphisms in (6.508) and (6.509) are compatible on the
intersection of their domains.

Proof. The invertibility (and compatibility) claims concerning the boundary bihar-
monic double multi-layer operator are direct consequence of Theorem 6.49 and
duality. As regards (6.508)—(6.509), these follow from (6.482)-(6.483), Theo-
rem 6.11 when n > 4, and [129, Theorem 17.5] when n = 3, by reasoning as
before. O

It is instructive to formulate and solve the Neumann problem for the bi-Laplacian
with boundary data from the dual of Whitney—Lebesgue spaces. This parallels work
in [118,129] where a different formulation is emphasized.

Theorem 6.55. Suppose that 2 C R", with n > 2, is a bounded Lipschitz
domain with connected boundary, and fix 0 € R with 6 > —nl. As before, let Ky
denote the biharmonic double multi-layer operators (relative to S2) introduced in
Definition 6.43. Finally, recall the biharmonic single multi-layer yfrom (6.429)
and the conormal derivative 349 from Proposition 6.40.

Then there exists € > 0 with the property that whenever p € (1, 00) satisfies

pe(2—s,2("__3l)+e) if n>4,

n

(6.510)
and p € (2—5,00) if ne{2,3},

the Neumann boundary value problem for the bi-Laplacian with data from duals of
Whitney—Lebesgue spaces,

A2u=0 in £,
N (V2u) € L7 (382), (6.511)

o= e (L1,02)
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where 1/p + 1/ p’ = 1 and the boundary data satisfies the necessary compatibility
condition

(A, P) =0 foreach P e 2,(382), (6.512)

is well-posed (with uniqueness understood modulo polynomials of degree < 1).
Moreover, a solution may be given by the integral formula

u(X) = y?[n*( Y K;)_IZ](X), VX e, (6.513)
where
A e (L102) / 9’71(39))* (6.514)
is defined by setting
(A, [f):=(A, f), ¥ fell,09), (6.515)

with [ f | denoting the equivalence class of the Whitney array f € Lf,o(asz) in the
quotient space quo(asz)/%(asz), and

. . * . *
7 (L0,02) [ 21092)) — (L1,02)) (6.516)
is the adjoint of the canonical projection

w1 L7(092) — L7,(02) / 2,00), (6.517)

taking an arbitrary Whimey array [ € quo(ag) into [ f] € L'fqo(asz)/% (0£2).

Proof. That the compatibility condition (6.512) is necessary is clear from formula
(5.129) and degree considerations. As regards existence, let ¢ > 0 be as in
Corollary 6.54. Then the function u given by (6.513) is well-defined whenever p
is as in (6.510) follows from the invertibility result recorded in (6.506). By (5.5),
Proposition 5.2, and (6.431) it may be checked that u solves (6.511) (by reasoning as
in (6.334)). Thus, as far as the well-posedness of the problem (6.511) is concerned,
there remains to establish uniqueness (in the sense specified in the statement of the
theorem). To this end, assume that u is a solution of (6.511) with A = 0, and set

f = (ulag (V)| yg) € LT, (092). (6.518)
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Then Green’s formula (5.141), suitably interpreted in the present setting, gives
u=Df—S@%u) =% f in 2, (6.519)

using 3;‘9 u = 0. Taking the first-order non-tangential boundary trace of both sides
of (6.519) and using (6.397) then yields

f=0G1+Ko)f, (6.520)

which ultimately shows that (—%I + Kg) f = 0. From this and Corollary 6.50 we

deduce that there exists P € | such that f = P. Returning with this back in
(6.519) and making use of (4.62) finally gives thatu = %y P = P in £2, as desired.
0

Our next goal is to explain how the invertibility results for the biharmonic layer
potentials, as well as the well-posedness results for the various boundary problems
for the bi-Laplacian, improve (in the sense that the range of exponents involved
becomes larger) under additional regularity assumptions on the Lipschitz domain
in question. This requires some preparations and we start by recalling that, given
two quasi-Banach spaces 2, %, the space of all bounded linear operators mapping
Z into ¥ is denoted by .Z (3&” - % ) This becomes a quasi-Banach itself when
equipped with the canonical operator norm

IT|22—a) =supi|Tx|lo : x € 2, ||xl|lar <1}, VT € (X — %).
(6.521)

Moreover, let us also define

Comp (2" — %) := the space of all linear compact operators from 2" into %,
(6.522)

and note that Comp (2", %) is a closed subspace of .Z (2", #'). Finally, abbreviate
LX) =ZL(Z > Z). Comp(2") := Comp(2 — Z). (6.523)
The following is a particular case of a much more general result proved in [56,

Theorem 4.36].

Theorem 6.56. Let 2 C R”" be a bounded Lipschitz domain. Denote by o and
v, respectively, the surface measure and outward unit normal on 952. Also, fix an
arbitrary p € (1,00). Then for every ¢ > 0 the following holds. Given a function k
satisfying

k : R"\ {0} — R is smooth, even, and homogeneous of degree —n  (6.524)
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to which one associates the principal-value singular integral operator

Tf(X) = Tim / (X —Y (Y)W k(X —Y)f(Y)do(Y), X €ds,
! Y€, | XY |>n

(6.525)

there exists § > 0, depending only on €, the geometric characteristics of §2, n, p
and ||\k|gn—1||c~ (Where the integer N = N (n) is sufficiently large) with the property
that

T is well-defined, belongs to £ (L7 (952))

dist (v,vmo (0£2)) < § = (6.526)

and dist(T, Comp (LP(aQ))) <

where the distance in the left-hand side is measured in bmo (052), and the distance
in the right-hand side is measured in X(LP(B.Q)).

In particular, under the same background hypotheses, for every p € (1,00) one
has

vevmo (02) = T : L?(082) —> L (382) is compact. (6.527)

Finally, the same claims remain valid when made for the operator

T*f(X) := lim (X =Y v(X) k(X =Y)f(Y)do(Y), X €052,
n—0

Yea
|X=Y|>n

(6.528)

with k as in (6.524), as well as for the operator

Tf(X) = 1im+ /(U(X) — v(Y))?(X -Y)f(Y)do(Y), X €0%2, (6.529)
0 Y€
[X=Y[>n
this time provided that

kR \ {0} — R is smooth, odd, and homogeneous of degree 1 — n. (6.530)

The following theorem augments earlier work in this section (compare with
Theorem 6.49, Corollaries 6.54, 6.51, Theorems 6.53, and 6.55).

Theorem 6.57. Assume that 2 C R", with n > 2, is a bounded Lipschitz domain
with connected boundary, and fix 0 € R with 6 > —’%. Then given any p € (1, 00)
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there exists € > 0, depending only on p, the Lipschitz character of §2, n, and 6, with
the property that if the outward unit normal v to §2 satisfies

limsup% sup][ ][ W(Y)—v(Z)|do(Y)do(Z); <&, (6.531)
r—ot lxese) Bxnnied Bxnnie

the following claims are true:

(i) All invertibility results from Theorem 6.49 and Corollary 6.54 hold for the

given p;
(ii) The well-posedness results from Corollary 6.51, Theorem 6.53, and Theo-
rem 6.55 hold for the given p.

As a consequence, all results mentioned above actually hold for any p € (1, 00) if
v € vimo(0dS2) (6.532)

hence, in particular, if 2 is a C' domain.

Proof. The crux of the matter is establishing that

+11+ Ko = Ry + R,  as operators on L{’yo(asz), (6.533)
where Ry, Ry € f(l;fqo(aﬁ)) satisfy

Ry 1is an invertible operator on L'f,O(E).Q), (6.534)

and

dist (R1 : Comp<Llp!0(8.Q))) < IRoll 4 17, 00y) (6.535)

where the distance in the left-hand side is taken in .Z (Lf 0 (89)). The significance

of the decomposition in (6.533) is that, granted (6.534)—(6.535), this readily implies
that

+ %I + Ky is a Fredholm operator with index zero on L{"()(B.Q). (6.536)

With this in hand, earlier arguments then lead to the same type of invertibility results
as in (6.451), (6.453) for the given p. In turn, the same type of analysis as in
the proof of Theorem 6.49 then permits us to also establish analogous invertibility
results to those stated in (6.452) and (6.454). Once these results are available, it is
straightforward to complete the proof of the claim made in part (i) of the statement
of the theorem. Then the claim made in part (if) of the statement of the theorem
becomes a consequence of the invertibility results from part (i), by reasoning as
before.
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Turning to the justification of the claims made in (6.533)—(6.535), there are two
basic aspects we wish to emphasize. First, with equivalence constants depending
only on the Lipschitz character of £2,

dist (v, vimo (052)) (6.537)

%limsup{ sup ][ ][ |v(Y)—v(Z)\da(Y)da(Z) ,
r—ot+ lxeied Bxrnied Bx.HNie

where the distance in the left-hand side is measured in bmo (d£2). A proof of this
claim may be found in [56, 85] . Hence, the smallness of the infinitesimal mean
oscillation of the unit normal (defined as the limit in the left-hand side of (6.531))
forces the distance from the unit normal v € L°(9£2) to the closed subspace
vmo(dS2), measured in bmo(d52), to be appropriately small. In turn, this opens the
door for the close-to-compact criteria described in Theorem 6.56 to apply.

In the implementation of the aforementioned close-to-compact criteria, we find
it useful to revert from the operator K'g, considered on L{’,O(a.cz), to the operator
K introduced in (6.439)~(6.445), considered on L7(382) & LP(3£2). That this is
permissible is ensured by the intertwining result proved in Proposition 6.48, keeping
in mind the invertibility of the mapping ¥ established in Proposition 6.41. Thus, the
goal becomes identifying various expressions from the makeup of the integral kernel
of Ky which have the desired algebraic structure (indicated in Theorem 6.56).

According to the arguments in [129, §11], there are four types of integral
operators on L”(3§2) whose kernels must be shown to have the algebraic structure
described in Theorem 6.56, namely:

) [(AE)(X = Y)], (6.538)

Vi (V) (V) ve(Y) (09,0 E)(X — V), (6.539)

By (1)) D [E(X — V)] 1= 0 (V) ui (Y, (V) (37000, E)(X —Y)  (6.540)
o (V) (V) v, (Y)(3; 049, E)(X — Y)
—0; (V)0 (V) (Y)(9; 009, E)(X — Y)
0, (Y )0e(Y ), (Y) (9040, E)(X — Y),

and

Vi (Y); (Y) 35,1 [(0:0; E)(X — Y)] = 30,0 [(AE)X — Y)]. (6.541)
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Concerning the kernel in (6.538), observe that (with ¢, denoting a dimensional
constant)

Y)Y - X
hn[(AE)X =Y)] = Cn% (6.542)

and this kernel gives rise to a principal-value singular integral operator 7" of the type
described in (6.525) with k(X) := ¢,|X|™". Such a function is as in (6.524), so this
integral operator satisfies (6.526).

Regarding the kernel in (6.539) we first note that, for each triplet of numbers
a,b,c € {l,...,n}and each point X = (xi,...,x,) € R"\ {0},

Cn XaXpXe
BuB 8CE X)=—— 5 cXa 8ac 5u c
(Budhe EYX) = 150 [Bhexa + Suexs + e =70 |
Based on this, we may then compute
vi(Y)v; (Y)vr(Y)(0; 0,0 E)(X =) (6.543)

_ M X =Y vy (V) = yi) (g —y))
T =y [2-» X —YP i

As such, this kernel gives rise to a principal-value singular integral operator T of
the form

T=To+ ) TyjoM,,, (6.544)
ij=1

where, generally speaking, M, denotes the multiplication by the function 1, and Tq,

Tij,i,j €{1,...,n} are principal-value singular integral operators with kernels
Y) ,X-Y
3, WX 1) (6.545)
|X =Y
and

w@), X -Y)(xi —y)x; —y;)
X — Y| |1 X —Y|?

—ney . dje{l,....n} (6.546)

respectively. Since M,,,; is a bounded operator on L”(952), and since the functions

ko(X) :=3c,|X|™ and k;j(X) = —nc,,x,-leX|_”_2, i,je{l,...,n},
(6.547)

are as in (6.524), the principal-value singular integral operator associated with the
kernel (6.539) also satisfies (6.526).
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Finally, a similar (tedious, but straightforward) analysis shows that the principal-
value singular integral operators associated with the kernels from (6.540) and
(6.541) fit in the class of operators treated in Theorem 6.56 as well, and this finishes
the proof of the theorem. O

In the theorem below, the multi-layers K@ and S are associated with the

bi-Laplacian, A2, as before (cf. the statement of Corollary 6.54).

Theorem 6.58. Assume that 2 C R", with n > 2, is a bounded Lipschitz domain
with connected boundary, and fix 0 € R with 6 > —nl. Then there exists € > 0 with
the property that the operators

11+ Ko : B(02) — B[ (02), (6.548)

LI+ Ky : B (092) / P1(02) — BI(092) / 200),  (6.549)

are isomorphisms whenever 0 < q < oo and the indices p € (1,00) and s € (0,1)

satisfy

n—3—¢ < n—1

n—Il+e¢
— a—_re h n>4
5] 7 s < 3 whnen s

(6.550)

0< %—(l—gs)s < % when n € {2,3}.

Moreover; if indices p, p',q,q’,s satisfy 1 <q,q' < oo, p, p’ € (1,00), s € (0, 1),
aswellas 1/p+1/p' = 1/q + 1/q’ = 1 and (6.550) holds, then the operators

*
s

LKy (B{f;‘f(a:z))* — (B2 02) (6.551)
iRy (Bl oR) [ 9 (39))* — (Btioo) / %(39))*, (6.552)
S (B{l’i's(asz))* S BPUOR) if =3 and n # 4. (6.553)

are also isomorphisms.

Finally, given any p € (1,00), ¢ € (0,00], s € (0,1) there exists ¢ > 0,
depending only on p, the Lipschitz character of §2, n, and 6, with the property
that if the outward unit normal v to §2 satisfies

1imsup% sup ][ ][ (YY) =v(Z)|do(Y)do(Z); <&, (6.554)
r>o0t (xei2J Bx.rNaRJ BX.r)Niw
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all operators in (6.548)-(6.553) are invertible (assuming ¢ > 1 in (6.551)-(6.552)
and1/p+1/p' =1/q +1/q" = 1in(6.553)). As a consequence, all operators in
(6.548)—(6.553) are invertible for any p € (1,00), g € (0,00], and s € (0, 1) (with
the same conventions as above on q, p',q') if

v € vimo(0dS2) (6.555)

hence, in particular, if §2 is a C! domain.

Proof. Fix & > 0 as in the proof of Theorem 6.49 and let /. and I/ be as in (6.455)
and (6.456), respectively. From (6.451)-(6.452) and the compatibility of inverses
stated just below (6.452) we obtain that

(31 + Ko)™' 2 LI (082) —> L(382) boundedly, forall po € I/,

(6.556)
(31 + Ko)™': L' (082) —> L (382) boundedly, forall p; € I..
Based on this and Theorem 3.48 we eventually deduce that
(31 + Ko)™': B"!(32) — BI'(382) is bounded
(6.557)

forevery ¢ € (0,00] and p,s asin (6.550).

Since %I + Ky : Blpf (02) —> Bfif (0£2) is also bounded, thanks to Theorem 4.21,
we finally arrive at the conclusion that the operator in (6.548) is an isomorphism
whenever ¢ € (0, 0c] and p, s are as in (6.550).

In fact, all other claims pertaining to (6.549)—(6.553) may be handled anal-
ogously. Finally, under the additional assumption that (6.554) holds, we reason
similarly, starting with the invertibility results proved in Theorem 6.57. O

The invertibility results established in Theorem 6.58 are the key ingredients in
the proofs of the well-posedness theorems discussed in the remaining portion of
this section. We begin by treating the inhomogeneous Dirichlet problem for the
bi-Laplacian with boundary data from Whitney—Besov spaces.

Theorem 6.59. Assume that 2 C R", with n > 2, is a bounded Lipschitz domain
with connected boundary, and fix 0 € R with 6 > —%. Then there exists € > 0 such
that the inhomogeneous Dirichlet problem

P

ue Bs+%+l(9)’

Au=we B]:_ql 3(9), (6.558)
s ;—

(Tru, Tr(Vu)) = f € Bl (382),
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is well-posed whenever 0 < q < oo while p € (1,00) and s € (0, 1) satisfy

—”_;_5 <=l g < nZle yhen n > 4,
)4 2

(6.559)
0< 4 —(1F5)s <5 when n € {2,3}.
Moreover, if w = 0 then the unique solution u of (6.558) admits the following
integral representation

w(X) = %[(%1 n K"g)_lf](X), VX e (6.560)

Furthermore, given any p € (1,00), ¢ € (0,00], s € (0, 1) there exists ¢ > 0,
depending only on p, q, s, the Lipschitz character of §2, n, and 0, with the property
that if the outward unit normal v to §2 satisfies

limsup% sup][ ][ W(Y)—=v(Z)|do(Y)do(Z); <& (6.561)
r—0+ (xednJ BXx.rHNIJ B(X.r)Nie

then the problem (6.558) is well-posed. As a consequence, the problem (6.558) is
well-posed for any p € (1,00), g € (0,00], and s € (0, 1) if

v € vmo(942), (6.562)
hence, in particular, if §2 is a C'! domain.

Finally, similar results are valid for the inhomogeneous Dirichlet problem on
Triebel-Lizorkin spaces, i.e., for

pa

ue F€+%+I(Q)’

Au=we Fp_:’l ,(82), (6.563)
st,—

(Tru, Te(Vu)) = f € BI'7 (3092).

Proof. All well-posedness claims may be proved by reasoning as in the case of
Theorem 6.35, this time, by relying on the invertibility results from Theorem 6.58.
O

There are three corollaries to the above theorem which we wish to single out. To
state the first, recall the weighted Sobolev spaces Wak’p (£2) from (2.248).

Corollary 6.60. Suppose that 2 C R", with n > 2, is a bounded Lipschitz domain
with connected boundary. Then there exists € > 0 with the property that whenever
0<qg<ooandp € (1,00), s € (0,1) satisfy (6.559), one has

||u||Bf’:L+1(Q) I~ ||T1‘u||3fvv;q(39) =+ ||TT(V”)||BIPV;‘1(39)’ (6.564)
STy
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uniformly for biharmonic functions u belonging to Bf_;_ql_’_l (£2), and
P

”M”le"’ (@) ~ ”M”FSTLJH(Q) ~ ||Tr”||3{f;”(39) + ||Tr(vu)||gl”’:f’(3g)s (6.565)
- P

Ty

uniformly for biharmonic functions u belonging to Fsiql " (£2).

p
Proof. The stated equivalences are consequences of Theorems 6.59, 3.9, and
Corollary 2.43.

Here is the second corollary alluded to above.

Corollary 6.61. Assume that 2 C R", with n > 2, is a bounded Lipschitz domain
with connected boundary. Then there exists ¢ > 0 with the property that if the
number p € (1, 00) satisfies

T <P <t fn =3,
(6.566)
3

3 . _
re <P <i% fn=2

one can find a finite constant C = C (82, p) > 0 such that (with p’ € (1, 00), such
that1/p+1/p' = 1),

[ csup{ /9 AvAudX :ue C2(2) with [ullyy g < 1} (6.567)

for every function v € I/Io/'z’p (£2).
Moreover, if the outward unit normal v to §2 belongs to vimo(9S2) (hence, in
particular; if 32 € C'), it follows that (6.567) holds for any p € (1, 00).

Proof. Let & > 0 be as in Theorem 6.59 and assume that the exponent p is as in

(6.566) and that 1/p + 1/p’ = 1. Finally, pick an arbitrary function v € 1/10/2’1’ (£2).
Note that

(i2r@) = w2 @ = F ) (6.569

where the last equality follows from (2.202). Hence, with (-, -) standing for a natural
duality pairing, there exists a finite constant C = C(£2, p) > 0 with the property
that

/2 .
IV lwrg) < C sup {(v,h): he FL(2) with ] e < 1}. (6.569)

4
Fix an some & € F? 2’2(.(2) with ||h||F » < 1. The incisive observation is that,

i 2(9)
2
together, p’ € (1,00) and s := 1/p € (0, 1) satisfy the conditions in (6.559) and,
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as such, Theorem 6.59 guarantees the existence of u € 1?5/’2(52) = uo/lp’ (£2) with
the property that

Nu=h and |ullysy g < C(L2,p). (6.570)
Consequently,
(v.h) = (v, A%u) = (Av, Au) = / AvAudX. (6.571)
2

At this stage, (6.567) follows from (6.569)-(6.571), and the density of C>°(£2) in
wr' (). O

It is instructive to formulate the well-posedness results from Theorem 6.59 in
a fashion which emphasizes the smoothing properties of the Green operator for
the inhomogeneous Dirichlet problem for the bi-Laplacian. Recall that this Green
operator, call it G, is formally defined as

Gw := u, (6.572)
where u solves
Au=win 2, u=0du=0 on 352. (6.573)

Variational considerations based on the Lax—Milgram lemma and trace results
ultimately yield that

G: W22(2) —s W22(£2) isomorphically, (6.574)

and we wish to explore the extent to which the Green operator continues to be
smoothing of order 4 when considered on more general scales of Besov and Triebel—
Lizorkin spaces. In this regard, we have the following result.

Corollary 6.62. Assume that 2 C R", with n > 2, is a bounded Lipschitz domain
with connected boundary. Then there exists some ¢ = (§2) > 0 such that the Green
operators

. pp4 ° g
G: BT, () — BT, (). (6.575)
G:F", (2)— F", (9. (6.576)

s+5-3 s+1+1



400 6 Functional Analytic Properties of Multi-Layer Potentials and BVPs

are isomorphisms whenever p € (1,00) and s € (0, 1) satisfy

n—3—¢ n—=1 __ n—l+e >
— < > s <= if n>4,

(6.577)
0<5—(F)s <2 if nef23),
and 0 < g < oo for the Besov scale, and min{p, 1} < g < oo for the Triebel-
Lizorkin scale.

In particular,
G: W™2P(Q) — W>P(Q) isomorphically, (6.578)
provided
M _s<p< P teifn>3
n+1 n—1 -

(6.579)

I—e<p<3+eifn=2.

Furthermore, given any p € (1,00), ¢ € (0,00), and s € (0, 1) there exists
e > 0, depending only on p, q, s, and the Lipschitz character of §2 with the property
that if the outward unit normal v to §2 satisfies

limsup% sup][ ][ W(Y)—v(Z)|do(Y)do(Z); <& (6.580)
r—ot |xese ) Bxnnied Bxrnnie

then the operators (6.575)—(6.576) are isomorphisms (also assuming the inequality
min{p,1} < g < oo in the case of (6.576)). As a consequence, the operators
(6.575)—(6.576) are isomorphisms for any p € (1,00), ¢ € (0,00), and s € (0, 1)
(also assuming that 1 = min{p, 1} < g < o0 in the case of (6.576)) if

v € vmo(052), (6.581)

hence, in particular, if §2 is a C! domain.

Proof. The fact that (6.575) is an isomorphism follows from the well-posedness of
(6.558), the definition of the Green operator in (6.572)—(6.573), formula (3.205), and
Corollary 3.16. The argument for (6.576) is similar, relying on the well-posedness
of (6.563) and formula (3.207). Having proved this, (6.578) follows by specializing
(6.576) to the case when s + 1/p = 1 and ¢ = 2 (keeping in the identification
result from Proposition 2.30). The remaining claims in the statement of the corollary
are established similarly, making use of appropriate well-posedness results from
Theorem 6.64. O
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Regarding the optimality of Theorem 6.59, we have the following.

Proposition 6.63. In the class of Lipschitz domains in R", the range of indices p, s
in (6.559) for which the inhomogeneous Dirichlet problems (6.558), (6.563) are
well-posed is sharp when n € {4, 5}.

Proof. We begin by recording the following consequence of [102, Theorem 2.6,
p-623]: If n € {2, 3, 4,5} then for each 6 € (0, ) there exist a bounded Lipschitz
domain £2y in R”, with connected boundary, such that 0 € 9£2y and

260 B, 1) = {X = (X1,...,Xy) € B0, 1) : (6.582)

5y < (0ot0) \xd o2

along with a non-zero function u : £29 — R satisfying

ue C®in 2y away from the origin, (6.583)
uw(X) = | X"Pp(X/|X]) for X near 0, (6.584)
@ e C®(S" and A(0) \ 2 as 6\ 0, (6.585)
Alue C®(2), u=0,u=0o0ndp. (6.586)

Note that, in concert with Lemma 2.18, conditions (6.583)—(6.586) ensure that the
function u € W>2(£2). Hence, if we set f := A’u € C*®(£2;), then G f = u. On
the other hand, (6.583)—(6.586) and Lemma 2.18 give that for any p,q € (0, c0)
ands >n(l/p—1)+

we FIY () = 145+ 5 <2440 < 1-20) <" —s, (6587
and note that, by (6.585),
1—A0) /252 as 6\, 0. (6.588)

This proves that, when n € {4, 5}, the lower bound for ”’%1 — 5 in (6.559) is sharp
as far as the well-posedness of (6.563) is concerned. In fact, the same argument
also shows that the aforementioned lower bound is optimal in relation to G being
boundedly invertible in the context of (6.576) if n € {4,5}. In the later setting,
by relying on the self-adjointness of the operator Green operator G, it follows by
duality that the upper bound for ”’%1 — s in (6.577) is also sharp when n € {4,5}.
Ultimately, this result implies that the range in (6.559) is sharp as far as the well-
posedness of (6.563) is concerned. Finally, the argument on the scale of Besov
spaces is similar.
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We conclude with a well-posedness result for the inhomogeneous Neumann
problem for the bi-Laplacian with boundary data from duals of Whitney—Besov
spaces.

Theorem 6.64. Assume that 2 C R", with n > 2, is a bounded Lipschitz domain
with connected boundary, and fix 0 € R with 6 > —%. Then there exists € > 0 such
that the inhomogeneous Neumann problem for the biharmonic operator

ue B (),

1+s+1/p
2 ra *
Nu=wl o we (BYY,, @), (6.589)
Lo *
Mo(uw) = A e (B{lﬁs(ag)) ,
where the boundary datum satisfies the necessary compatibility condition
(A, P)=(w, P|,), foreach P e 2, (6.590)

is well-posed, with uniqueness understood modulo polynomials of degree < 1,
whenevers € (0, 1)and p, p'.q.q" € (1,00), satisfy 1/ p+1/p' = 1/q+1/q =1,
and

B3 < % —s <=t if n >4,
(6.591)

O<%—(1—;€)s<% if ne{2,3},
Moreover; if w = 0 then a solution u of (6.589) is given by the following integral

formula
u(X) = A7 (- 11+ k)X, vxee (6.592)

where n* and A are as in (6.329)—(6.330) and (6.327)-(6.328), respectively.

Furthermore, given any p € (1,00), ¢ € (1,00), and s € (0, 1) there exists
e > 0, depending only on p, q,s, the Lipschitz character of §2, n, and 8, with the
property that if the outward unit normal v to §2 satisfies

lim sup { sup ][ ][ |v(Y) — v(Z)| do(Y)do(Z); <& (6.593)
r—ot (xeieJ B.nnaed Bxrnee

then the problem (6.589) is well-posed. As a consequence the problem (6.589) is
well-posed for any p € (1,0), g € (1,00), and s € (0,1) if

v € vimo(042), (6.594)

hence, in particular, if 2 is a C' domain.
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Finally, similar results hold for the inhomogeneous Neumann problem formu-
lated in Triebel-Lizorkin spaces, i.e., for

ue Flpfsﬂ/p(g)v

*
2—s+1/p ) (6.595)

Wu=w|, we (FIE,, @)
.

9% (u,w) = A € (B{f}f;(asz))

where the boundary datum satisfies the necessary compatibility condition (6.590).

Proof. The well-posedness claims formulated in the statement of the theorem may
be justified via the same approach as in the proof of Theorem 6.36, making use of
the invertibility results from Theorem 6.58. O
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