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Preface

Layer potentials constitute one of the most powerful tools in the treatment of
boundary value problems associated with (elliptic and parabolic) partial differential
equations (PDEs). They have been traditionally employed in the context of second-
order PDE, and one of the main goals of this monograph is to systematically develop
a multilayer theory applicable to the higher-order setting. This extension of the
classical theory is carried out in the context of arbitrary Lipschitz domains and
includes mapping properties of such multilayers associated with complex, matrix-
valued, constant coefficient, homogeneous elliptic systems, in function spaces
suitably adapted to the higher-regularity case (of Besov and Triebel–Lizorkin
type), Carleson measure estimates, non-tangential maximal function estimates,
jump-relations, etc., which turn out to be just as versatile and effective as their
second-order counterparts. In particular, this theory applies to such basic differential
operators like the Laplacian, the bi-Laplacian, the polyharmonic operator, and the
Lamé system of elasticity, though the gist of the present work is constructing, for
the first time, a comprehensive theory (of Calderón–Zygmund type) for singular
integral operators of multilayer type associated with generic higher-order PDEs and
to discuss some of the implications of this multilayer theory to the well-posedness of
boundary value problems for higher-order PDEs. As such, one of the main purposes
of this monograph is to address an obvious gap/discrepancy/imbalance in the present
literature between the second- and higher-order case.

The intended audience consists of any mathematically trained scientist with an
interest in boundary value problems and partial differential equations. While this
is an original research monograph, significant effort has been put in to make the
material as reasonably accessible as possible. In particular, this monograph should
also be useful to junior scientists working in the area of PDE.

Philadelphia, PA Irina Mitrea
Columbia, MO Marius Mitrea
June 2012

vii



•



Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Smoothness Scales and Calderón–Zygmund Theory
in the Scalar-Valued Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.1 Lipschitz Domains and Non-tangential Maximal Function .. . . . . . . . . . 21
2.2 Sobolev Spaces on Lipschitz Boundaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.3 Brief Review of Smoothness Spaces in R

n . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.4 Smoothness Spaces in Lipschitz Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.5 Weighted Sobolev Spaces in Lipschitz Domains . . . . . . . . . . . . . . . . . . . . . . 61
2.6 Stein’s Extension Operator on Weighted Sobolev Spaces

in Lipschitz Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
2.7 Other Smoothness Spaces on Lipschitz Boundaries. . . . . . . . . . . . . . . . . . . 88
2.8 Calderón–Zygmund Theory in the Scalar-Valued Case . . . . . . . . . . . . . . . 108

3 Function Spaces of Whitney Arrays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
3.1 Whitney–Lebesgue and Whitney–Sobolev Spaces . . . . . . . . . . . . . . . . . . . . 125
3.2 Whitney–Besov Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
3.3 Multi-Trace Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
3.4 Whitney–Hardy and Whitney–Triebel–Lizorkin Spaces . . . . . . . . . . . . . . 169
3.5 Interpolation .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
3.6 Whitney–BMO and Whitney–VMO Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

4 The Double Multi-Layer Potential Operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
4.1 Differential Operators and Fundamental Solutions .. . . . . . . . . . . . . . . . . . . 199
4.2 The Definition of Double Multi-Layer and Non-tangential

Maximal Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
4.3 Carleson Measure Estimates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
4.4 Jump Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233
4.5 Estimates on Besov, Triebel–Lizorkin, and Weighted

Sobolev Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245

ix



x Contents

5 The Single Multi-Layer Potential Operator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253
5.1 The Definition of Single Multi-Layer and Non-tangential

Maximal Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253
5.2 Carleson Measure Estimates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260
5.3 Estimates on Besov, Triebel–Lizorkin, and Weighted

Sobolev Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262
5.4 The Conormal Derivative .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 269
5.5 Jump Relations for the Conormal Derivative . . . . . . . . . . . . . . . . . . . . . . . . . . 284

6 Functional Analytic Properties of Multi-Layer Potentials
and BVPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293
6.1 Fredholm Properties of Boundary Multi-Layer Potentials . . . . . . . . . . . . 293
6.2 Compactness Criteria for the Double Multi-Layer

on Whitney–Besov Spaces. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327
6.3 Uniqueness for the Dirichlet Problem with Data

in Whitney–Lebesgue Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 333
6.4 Boundary Problems on Besov and Triebel–Lizorkin Spaces . . . . . . . . . 341
6.5 Boundary Problems for the Bi-Laplacian in Higher Dimensions . . . . . 355

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 405

Symbol Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411

Subject Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 415

Theorem Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 419

Author Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 423



Chapter 1
Introduction

One of the main goals of the present monograph is to develop the framework of a
theory for the multiple layer (or multi-layer, for short) potential operators arising in
the treatment of boundary value problems associated with a higher-order, matrix-
valued (complex) constant coefficient, elliptic differential operator

Lu D
X

j˛jDjˇjDm

@˛A˛ˇ @ˇu (1.1)

(where m 2 N) in a Lipschitz domain ˝ � R
n. As such, our work falls within the

scope of the program outlined by A.P. Calderón in his 1978 ICM plenary address
in which he advocates the use of layer potentials for much more general elliptic
systems [than the Laplacian]—see p. 90 in [19].

Recall that the classical harmonic double layer potential operator in a Lipschitz
domain ˝ � R

n, along with its principal-value version on @˝ , are, respectively,
defined as

.D�f /.X/ WD 1

!n�1

Z

@˝

h�.Y /; Y � Xi
jX � Y jn f .Y / d�.Y /; X 2 R

n n @˝; (1.2)

.K�f /.X/ WD lim
"!0C

1

!n�1

Z

Y 2@˝jX�Y j>"

h�.Y /; Y � Xi
jX � Y jn f .Y / d�.Y /; X 2 @˝; (1.3)

where � D .�j /1�j �n is the outward unit normal defined a.e. with respect to
the surface measure � on @˝ , and !n�1 denotes the surface area of the unit
sphere in R

n. The modern study of these operators originates with [18, 20, 27],
and the fundamental role they play in the treatment of boundary value problems

I. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0 1,
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2 1 Introduction

for the Laplacian in C 1 domains has been brought to prominence in the celebrated
1979 Acta Mathematica paper by E. Fabes et al. [40]. There, these authors have
established many basic properties such as the existence of the principal-value
singular integrals, non-tangential maximal function estimates, boundedness, jump
relations, etc. At the core of their approach for proving well-posedness results for
the Laplacian is the fact that, for bounded C 1 domains, the operator

K� W Lp.@˝/ �! Lp.@˝/ (1.4)

is compact, for each p 2 .1; 1/. Although many other striking advances (an
excellent account of which may be found in [68]) have been made since its
publication, the paper [40] continues to serve as a blue-print in the study of many
other types of elliptic differential operators of second order (including systems).

Here we take the next natural step and explore the extent to which a parallel
theory can be developed for multi-layer potentials associated with constant coeffi-
cient, elliptic, higher-order differential operators, defined as in (1.1), in Lipschitz
and C 1 domains. This multi-layer potential theory should have the same trademark
features as the one corresponding to second-order operators—indeed, the latter
should eventually become a particular case of the former.

In this process, one is confronted with a number of significant issues from
the very outset, as several traditional concepts need to be changed or adapted in
order to accommodate operators of higher order. In this regard, one of the first
tasks is to identify the correct analogues of such classical spaces as Lp.@˝/

(Lebesgue), L
p
1 .@˝/ (Sobolev), H

p
1 .@˝/ (Hardy–Sobolev), B

p;q
s .@˝/ (Besov),

C ˛.@˝/ (the class of Hölder spaces), F
p;q
s .@˝/ (Triebel–Lizorkin), BMO.@˝/

(John–Nirenberg), VMO.@˝/ (Sarason), etc., which are relevant in the treatment
of the higher-order Dirichlet problem formulated for a differential operator L

as in (1.1) in a Lipschitz domain ˝ . The question of determining the correct
function spaces on which singular integral operators (of potential type) associated
with L are well-defined and bounded, was asked by A.P. Calderón on page 95 of
[19]. In Problem 7 on page xvii in [106], N.M. Rivière also raises the issue of
“prescribing classes of boundary data which give existence and uniqueness [for
boundary problems for �2 on C 1 domains].”

Inspired by the classical work of [3, 131], as well as the more recent consider-
ations in [103, 127], we shall employ Whitney arrays adapted to various types of
scales on which the smoothness of scalar-valued functions on Lipschitz surfaces
is traditionally measured. To define these, we shall use the same basic recipe,
irrespective of the nature of the original template space. Namely, given a Lipschitz
domain ˝ � R

n with outward unit normal � D .�j /1�j �n and surface measure � ,
along with a number m 2 N and a space of scalar functions X.@˝/ ,! L1

loc.@˝/,
we let PXm�1.@˝/ be the space of all families Pf D ff˛gj˛j�m�1, indexed by multi-
indices ˛ 2 N

n
0 of length � m � 1, satisfying the following properties:
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Table 1.1 Function spaces of Whitney arrays

X.@˝/ PXm�1.@˝/ Introduced by

Lp.@˝/ PLp
m�1;0.@˝/ Cohen–Gosselin [25] if m D n D 2

L
p
1 .@˝/ PLp

m�1;1.@˝/ Verchota [127]
B

p;q
s .@˝/ PBp;q

m�1;s.@˝/ Maz’ya et al. [76] when p D q > 1

C ˛.@˝/ PCm�1;˛.@˝/ Agmon [3] when n D 2

H
p
1 .@˝/ PH p

m�1;1.@˝/ Pipher–Verchota [103] if n D 3, m D 2

BMO.@˝/ PBMOm�1.@˝/ Pipher–Verchota [103] if n D 3, m D 2

f˛ 2 X.@˝/ 8 ˛ 2 N
n
0 with j˛j � m � 1; and (1.5)

8
<̂

:̂

Z

@˝

.�j f˛Cek
� �kf˛Cej / ' d� D

Z

@˝

f˛ @�kj
' d�;

8 ˛ 2 N
n
0 W j˛j � m � 2; 1 � j; k � n; 8 ' 2 C 1

c .Rn/:

(1.6)

Here N0 WD N [ f0g, ej WD .ıj `/1�`�n, 1 � j � n, and @�jk
is the tangential

derivative operator on @˝ given by �j @k � �k@j , for each j; k 2 f1; : : : ; ng.
Whenever X.@˝/ is equipped with a quasi-norm, we shall endow its associated
Whitney array space with the quasi-norm

k Pf k PXm�1.@˝/ WD
X

j˛j�m�1

kf˛kX.@˝/; 8 Pf D ff˛gj˛j�m�1 2 PXm�1.@˝/: (1.7)

Table 1.1 illustrates what this procedure, associating to a given space of scalar-
valued functions X.@˝/ a Whitney array space PXm�1.@˝/, yields in a number
of cases which have been previously considered in the literature. Succinctly put,
one of the goals of this monograph is to systematically develop a theory for such
function spaces. This includes various characterizations, density results, as well as
interpolation formulas, such as

� PLp
m�1;0.@˝/ ; PLp

m�1;1.@˝/
�

s;q
D PBp;q

m�1;s.@˝/ (1.8)

for 1 < p < 1, 0 < q < 1, 0 < s < 1 (established in Theorem 3.39), and

�� PLp0

m�1;0.@˝/ ; PLp1

m�1;1.@˝/
�
�

;
� PLep0

m�1;0.@˝/ ; PLep1

m�1;1.@˝/
�
e�

�

�;q

D PBp;q
m�1;s.@˝/ (1.9)
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whenever

�;e� 2 .0; 1/ with � 6D e�; p0; p1;ep0;ep1 2 .1; 1/;

p 2 .1; 1/ with
1

p
D 1 � �

p0

C �

p1

D 1 � e�
ep0

C
e�
ep1

;

� 2 .0; 1/; q 2 .0; 1�; and s D .1 � �/� C �e�;

(1.10)

(established in Corollary 3.46).
Having identified and studied the natural function spaces of higher-order smooth-

ness on Lipschitz surfaces, the next order of business is to find the correct concept
of multi-layer associated with an elliptic, constant coefficient differential operator
L as in (1.1). If E denotes a (matrix-valued) fundamental solution for the operator
L, we define the action of the double multi-layer potential operator PD on a Whitney
array Pf D ffıgjıj�m�1 on @˝ by setting, for each X 2 R

n n @˝ ,

PD Pf .X/ WD �
X

j˛jDm

jˇjDm

mX

kD1

X

jıjDm�k

j	 jDk�1

	CıCej D˛

˛Š.m � k/Š.k � 1/Š

mŠ	ŠıŠ
� (1.11)

�
Z

@˝

˝
�j .Y /A˛ˇ.@ˇC	 E/.X � Y /; fı.Y /

˛
d�.Y /:

In the same context, we define the principal-value multiple layer PK by the formula

PK Pf WD
n� PK Pf

�
	

o

j	 j�m�1
(1.12)

where, for each multi-index 	 2 N
n
0 of length � m � 1, and �-a.e. point X 2 @˝ ,

we have set

� PK Pf
�

	
.X/ WD

X

j˛jDm

jˇjDm

j	 jX

`D1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

X

�C!Cej D	

j� jD`�1;j!jDj	 j�`

˛ŠjıjŠj�jŠ	Šj� jŠj!jŠ
mŠ ıŠ �Š j	 jŠ �Š !Š

�

� lim
"!0C

Z

Y 2@˝jX�Y j>"

D
A˛ˇ@�kj .Y /

h
.@ıC!CˇE/.X � Y /

i
; f�C�.Y /

E
d�.Y /
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�
X

j˛jDmjˇjDm

mX

`Dj	 jC1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

˛ŠjıjŠj�jŠ
mŠ ıŠ �Š

� (1.13)

� lim
"!0C

Z

Y 2@˝jX�Y j>"

D
�k.Y /A˛ˇ.@ıCˇE/.X � Y /; f	C�.Y /

E
d�.Y /:

In spite of their seemingly intricate nature, definitions (1.11)–(1.13) are most
natural. For example, they reduce precisely to (1.2)–(1.3) when L D �, and they
also contain as particular cases the multi-layer potentials introduced by S. Agmon in
[3]. In fact, all double layer potential operators historically considered in connection
with basic PDE’s in mathematical physics, such as the Lamé system of elastostatics
and the Stokes system of hydrodynamics, fall under scope of formulas (1.11)–(1.13).
Most importantly, these operators satisfy properties similar to those proved by
E. Fabes, M. Jodeit Jr. and N.M. Rivière in [40] for the classical harmonic layer
potentials (1.2)–(1.3) and this opens the door for extending the applicability of the
classical boundary layer method for higher-order PDE’s (a point we shall return to
later).

Formulas (1.11)–(1.13) are new and, as is already apparent from these defini-
tions, the case of higher-order operators is algebraically much more sophisticated
than the case of second-order operators, which has been studied at length in the
literature. Remarkably, the Calderón–Zygmund-type theory for such multi-layer
potentials developed in this monograph is virtually analogous (in power and scope)
to its more traditional counterpart pertaining to singular integral operators associated
with second-order PDE’s. For the purpose of this introduction, let us highlight some
of these analogies by quoting several basic theorems established here, which extend
well-known results from the second-order case.

Theorem 1.1 (Non-tangential maximal function estimates). Let ˝ be a bounded
Lipschitz domain in R

n and let L be a homogeneous, matrix-valued constant
(complex) coefficient, elliptic differential operator of order 2m as in (1.1). Consider
the double multi-layer potential operator PD associated with L and ˝ as in (1.11).
Then for each p 2 .1; 1/ there exists C D C.˝; p; L/ > 0, a finite constant, such
that if s 2 f0; 1g,

��N .rm�1Cs PD Pf /
��

Lp.@˝/
� C k Pf k PLp

m�1;s.@˝/; (1.14)

for every Whitney array Pf D ff˛gj˛j�m�1 2 PLp
m�1;s.@˝/.

Above, N is the non-tangential maximal operator (cf. (2.13)), and rk is the
collection all partial derivatives of order k. Moving on, given an arbitrary function
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u in ˝ , let us define its higher-order boundary trace u
ˇ̌
ˇ
m�1

@˝
WD

�
@˛u

ˇ̌
ˇ
@˝

�

j˛j�m�1
,

where the restriction to the boundary is taken in the non-tangential limit sense.

Theorem 1.2 (Principal-value integral operators and jump relations). Retain
the same setting as in Theorem 1.1. For each Whitney array Pf 2 PLp

m�1;0.@˝/,

1 < p < 1, the expression PK Pf .X/ in (1.12)–(1.13) is meaningful for �-almost
every point X 2 @˝ . Also, for each p 2 .1; 1/ and s 2 f0; 1g, the singular integral
operator

PK W PLp
m�1;s.@˝/ �! PLp

m�1;s.@˝/; (1.15)

is well-defined, linear and bounded, and (with I denoting the identity operator) the
following jump-relation holds:

PD Pf
ˇ̌
ˇ
m�1

@˝
D . 1

2
I C PK/ Pf ; 8 Pf 2 PLp

m�1;0.@˝/: (1.16)

The formulation of the theorem below makes use of the notion of Carleson
measure (defined in (2.43)).

Theorem 1.3 (BMO-to-Carleson mapping property). Consider an elliptic
homogeneous differential operator L of order 2m with matrix-valued (complex)
constant coefficients. Let ˝ be a bounded Lipschitz domain in R

n and let PD be the
double multi-layer potential operator associated with L and ˝ as in (1.11). Then
for each Pf 2 PBMOm�1.@˝/,

jrm PD Pf .X/j2 dist .X; @˝/ dX is a Carleson measure in ˝ (1.17)

and, for some finite geometric constant C > 0, the following naturally accompany-
ing estimate holds:

0

@ sup
r>0

Y 2@˝

1

rn

Z

˝\B.Y;r/

jrm PD Pf .X/j2 dist .X; @˝/ dX

1

A
1=2

� C k Pf k PBMOm�1.@˝/: (1.18)

To state our next result, recall that given a bounded Lipschitz domain ˝ in R
n,

the restriction to the boundary map, Tr u WD u
ˇ̌
@˝

, originally defined for functions

u 2 C 0.˝/, extends to a bounded linear operator

Tr W B
p;q

sC1=p.˝/ �! Bp;q
s .@˝/; (1.19)

if n�1
n

< p � 1, 0 < q < 1, and max
˚
0; .n � 1/

�
1
p

� 1
�	

< s < 1. In addition,
the operator in (1.19) is onto and

n
u 2 Bp;q

s .˝/ W Tr u D 0
o

is the closure of C 1
c .˝/ in B

p;q

sC1=p.˝/: (1.20)

Finally, similar results are valid for Triebel–Lizorkin spaces.
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When 1 � p; q � 1, these claims have been proved in [58, 62]. The above,
more general, version of these results has been obtained in [73]. For the problems
we have in mind, we are naturally led to considering traces from spaces exhibiting
a larger amount of smoothness than the above results could handle. Thus, the very
nature of such trace results changes in the higher smoothness setting. For now, given
m 2 N, we define the higher-order trace operator by setting

trm�1 .u/ WD
n
Tr Œ@˛ u�

o

j˛j�m�1
; (1.21)

whenever meaningful.

Theorem 1.4 (Mapping properties of multi-layers on Besov and Triebel–
Lizorkin spaces). Let ˝ be a bounded Lipschitz domain in R

n, L an elliptic
differential operator of order 2m as in (1.1), and consider the double multi-
layer potential operator defined in (1.11). Then, if the indexes p; q; s satisfy
n�1

n
< p � 1, 0 < q � 1, max

˚
0; .n � 1/

�
1
p

� 1
�	

< s < 1, the operator

PD W PBp;q
m�1;s.@˝/ �! B

p;q

m�1CsC1=p.˝/ (1.22)

is well-defined, linear and bounded. Furthermore,

trm�1 ı PD D 1
2
I C PK in PBp;q

m�1;s.@˝/: (1.23)

Finally, analogous results are valid for Triebel–Lizorkin spaces in ˝ .

Let us momentarily digress in order to explain a remarkable application of the
above result to the trace theory for higher-order smoothness spaces in Lipschitz
domains. Part of our motivation stems from the observation that the higher-order
trace operator trm�1 plays a key role in the context of Theorem 1.4. Specifically, we
shall prove the following result.

Theorem 1.5 (Multi-trace theory). Let ˝ � R
n be a bounded Lipschitz domain

and assume that 0 < p; q � 1, max
˚
0; .n � 1/

�
1
p

� 1
�	

< s < 1. Also, fix
m 2 N. Then the higher-order trace operator (1.21) induces a well-defined, linear
and bounded mapping

trm�1 W B
p;q

m�1CsC1=p.˝/ �! PBp;q
m�1;s.@˝/: (1.24)

Moreover, this operator is onto, in fact it has a bounded linear right-inverse

Em�1 W PBp;q
m�1;s.@˝/ �! B

p;q

m�1CsC1=p.˝/; (1.25)

and its null-space, i.e.,

n
u 2 B

p;q

m�1CsC1=p.˝/ W trm�1.u/ D 0
o
; (1.26)
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may be described in the case when max fp; qg < 1 as

the closure of C 1
c .˝/ in B

p;q

m�1CsC1=p.˝/: (1.27)

Finally, similar results are valid on the Triebel–Lizorkin scale.

Theorem 1.5 is proved in 
 3.2. Here we would only like to comment on the role
played by our multi-layer potentials in the construction of a linear, bounded, right-
inverse for the operator (1.24). Concretely, let PD˙ be the versions of the double
layer potential associated with the polyharmonic operator L WD �m in the Lipschitz
domains ˝C WD ˝ and ˝� WD R

n n ˝ , respectively (assuming that the exterior
version of the double multi-layer is suitably truncated at infinity). Also, set R˝˙

for
the operators restricting distributions in R

n to ˝˙, and let E˝˙
stand for Rychkov’s

universal extension operator for the Besov and Triebel–Lizorkin scales (extending
distributions in ˝˙ to R

n with preservation of smoothness; cf. [108]). If we now set

Em�1 WD PDC � R˝C
ı E˝�

ı PD� (1.28)

it can be verified, based on (1.22)–(1.23), written for both domains ˝C and ˝�, that
the operator Em�1 maps PBp;q

m�1;s.@˝/ boundedly into the space B
p;q

m�1CsC1=p.˝/ and

trm�1 ıEm�1 D . 1
2
I C PK/� .� 1

2
I C PK/ D I on PBp;q

m�1;s.@˝/, as desired. Compared
with other, more traditional methods, used in the study of the trace operator, this
is a conceptually new approach, which highlights the important role played by the
multi-layer theory developed in this monograph.

Returning to the main topic of discussion, it should be noted that, given a
differential operator L of order 2m, there are infinitely many ways of expressing it as
in (1.1), corresponding to various choices of the coefficient tensor A WD �

A˛ˇ

�
˛;ˇ

.
In turn, each such choice of the coefficient tensor A leads to (typically) different
operators PD D PDA and PK D PKA (associated with A as in (1.11) and (1.12)–(1.13)).
Hence, schematically,

a given differential

elliptic operator L
H) infinitely many writings of

the operator L as in (1.1)
H) infinitely many

multi-layers:
(1.29)

Remarkably, these distinctions play no role in the broad picture of the Calderón–
Zygmund-type theory developed here, in the sense that all the theorems stated so far
are valid for any multiple layer potential, corresponding to any choice of a tensor
coefficient in the writing of the differential operator L.

In contrast to the case of the double multi-layer potential operators discussed
so far, the so-called single multi-layer operator associated with a
homogeneous, elliptic, matrix-valued (complex) constant coefficient, higher-order
system L in a bounded Lipschitz domain ˝ � R

n, i.e.,
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. PS �/.X/ WD


�.�/;

n
@˛

: ŒE.X � �/�
ˇ̌
ˇ
@˝

o

j˛j�m�1

�
; X 2 ˝; (1.30)

is uniquely determined by the differential operator L itself, and not by the choice
of the coefficient tensor used to represent L as in (1.1). For this genre of integral
operator, we shall prove several basic mapping properties such as

PS W
� PBp0;q0

m�1;1�s.@˝/
�� �! B

p;q

m�1CsC1=p.˝/; (1.31)

PS WD trm�1 ı PS W
� PBp0;q0

m�1;1�s.@˝/
�� �! PBp;q

m�1;s.@˝/; (1.32)

boundedly, whenever 1 < p; q < 1, 0 < s < 1, 1
p

C 1
p0 D 1

q
C 1

q0 D 1. The reader

is referred to the discussion in 
 5 for a more detailed analysis and further results.
The second major aim of this monograph is to explore the extent to which multi-

layer singular integral operators, of potential type, are useful in the treatment of
boundary value problems for a homogeneous elliptic operator L of higher order
(say 2m, where m 2 N), with constant, matrix-valued, coefficients in a Lipschitz
domain ˝ � R

n. For the sake of the present discussion, let us formulate several
basic problems of this nature. For example, consider

8
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂:

Lu D 0 in ˝;

N .rm�1Cj u/ 2 Lp.@˝/;

u
ˇ̌
ˇ
m�1

@˝
D Pf 2 PLp

m�1;j .@˝/;

j 2 f0; 1g; (1.33)

which reduces to the Dirichlet problem when j D 0 and to the so-called Regularity
problem when j D 1. The strategy for proving that these problems are well-posed
is to search for a solution represented in the form

u.X/ D PD
h�

1
2
I C PK

��1 Pf
i
.X/; X 2 ˝: (1.34)

As such, the crux of the matter becomes inverting the operator 1
2
I C PK on the

Whitney–Lebesgue space PLp
m�1;0.@˝/, in the case when j D 0, and the Whitney–

Sobolev space PLp
m�1;1.@˝/, in the case when j D 1. Granted this, our earlier

estimates for multi-layer potentials then ensure that the function u is indeed a
solution to (1.33) which satisfies

kN .rm�1Cj u/kLp.@˝/ � C.˝; L; p/k Pf k PLp
m�1;j .@˝/: (1.35)

Variants of (1.33), involving boundary data from Whitney–Besov spaces, include
the inhomogeneous Dirichlet problem in which the solution is sought in a higher-
order Besov space in ˝ , i.e.,
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8
ˆ̂̂
<̂

ˆ̂̂
:̂

Lu D w 2 B
p;q

�m�1CsC1=p.˝/;

u 2 B
p;q

m�1CsC1=p.˝/;

trm�1u D Pf 2 PBp;q
m�1;s.@˝/;

(1.36)

where

n�1
n

< p < 1; 0 < q < 1; .n � 1/ max
n

1
p

� 1 ; 0
o

< s < 1; (1.37)

and the inhomogeneous Dirichlet problem in which the solution is sought in a
higher-order Triebel–Lizorkin space in ˝ , i.e.,

8
ˆ̂̂
<̂

ˆ̂̂
:̂

Lu D w 2 F
p;q

�m�1CsC1=p.˝/;

u 2 F
p;q

m�1CsC1=p.˝/;

trm�1u D Pf 2 PBp;p
m�1;s.@˝/;

(1.38)

with p; q; s as before. Here, the crucial aspects are the boundedness and invertibility
of the multi-layers on Besov and Triebel–Lizorkin spaces.

Other basic types of boundary problems involve boundary conditions of Neu-
mann type. One example from this category which we shall be concerned with reads
as follows:

8
ˆ̂̂
<

ˆ̂̂
:

Lu D 0 in ˝;

u 2 B
p;p

m�1CsC1=p.˝/;

@A
� u D � 2

� PBp0 ;p0

m�1;1�s.@˝/
��

;

(1.39)

where 1 < p; p0 < 1, 1=p C 1=p0 D 1, 0 < s < 1 and @�A denotes the so-called
conormal derivative for the operator L (written as in (1.1)). A precise definition is
given in 
 5.4 and here we want to mention that the distinguishing feature of @A

� u is
the property that for any reasonable null-solution u of L in ˝ one has

B.u; v/ D
Z

@˝

h@A
� u; trm�1vi d�; 8 v 2 C 1

c .Rn/; (1.40)

where B is a bilinear form naturally associated to the differential operator L. For
the purpose of this introduction we shall illustrate this concept by briefly discussing
the case m D 2 (i.e., when L a fourth-order operator). First, consider the biharmonic
operator in a bounded Lipschitz domain ˝ � R

n and consider the family of bilinear
forms B� associated to �2 (and indexed by � 2 R) given by
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B� .u; v/ D 1

1 C 2� C n�2
� (1.41)

�
nX

i;j D1

Z

˝

�
.@i @j C � ıij �/u

�
.X/

�
.@i @j C � ıij �/v

�
.X/ dX;

where u; v are any two reasonably behaved (real-valued) functions in ˝ . Set

N� .u/ WD @.�u/

@�
C 1

2.1 C 2� C n�2/

nX

i;j D1

@�ij

� @

@�
@�ij u

�
;

M� .u/ WD 2� C n�2

1 C 2� C n�2
�u C 1

1 C 2� C n�2

@2u

@�2
:

(1.42)

Then, if v 2 C 1
c .Rn/ and u is a reasonably behaved biharmonic function in ˝ ,

identity (1.40), on the one hand, and direct integrations by parts, on the other hand,
give

Z

@˝

h@A
� u; trm�1vi d� D B� .u; v/ D

Z

@˝

h
M�.u/

@v

@�
� N� .u/v

i
d�: (1.43)

Therefore,

L D �2 for the choice of bilinear form B� ) @A
� u WD

��
@A

� u
�

j




0�j �n

where
�
@A

� u
�

0
WD �N�.u/ and

�
@A

� u
�

j
WD �j M� .u/ for 1 � j � n:

(1.44)

More generally, consider the anisotropic plate bending operator, i.e.

Lu D
2X

i;j;k;`D1

@2

@xk@x`

�
aijk`

@2u

@xi @xj

�
; (1.45)

in a Lipschitz domain ˝ � R
2, where

A D
�
aijk`

�

i;j;k;`
has constant, real, entries satisfying aijk` D ak`ij : (1.46)

Above in (1.45) the function u models the displacement vector of the plate and, with
� WD .�1; �2/ D .��2; �1/ denoting the unit tangent vector to @˝ ,
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NA.u/ WD
2X

i;j D1

�j

@

@xi

2

4
2X

k;`D1

aijk`

@2u

@xk@x`

3

5 C @�

2

4
2X

i;j;k;`D1

aijk`

@2u

@xk@x`

�i �j

3

5 ;

MA.u/ WD
2X

i;j;k;`D1

aijk`

@2u

@xk@x`

�i �j ;

(1.47)

stand, respectively, for the Kirchhoff transverse force and the normal bending
moment, respectively. Also,

2X

i;j;k;`D1

aijk`

@2u

@xk@x`

�i �j (1.48)

stands for the twisting moment, while

2X

k;`D1

aijk`

@2u

@xk@x`

(1.49)

denotes the symmetric bending moment. In particular,

2X

i;j D1

�j

@

@xi

2

4
2X

k;`D1

aijk`

@2u

@xk@x`

3

5 (1.50)

is the transverse shear force. The operators NA, MA play a similar role in the current
case as the operators N� , M� did in the case of the biharmonic operator. Indeed, for
any reasonably behaved null-solution u of the anisotropic plate bending operator L

in ˝ , a direct calculation gives

BA.u; v/ WD
2X

i;j;k;`D1

Z

˝

˝
aijk`@i @j u; @k@`v

˛
dX (1.51)

D
Z

@˝

h
MA.u/

@v

@�
� NA.u/v

i
d�;

for every v 2 C 1
c .R2/, which is analogous to (1.43). Furthermore, when special-

ized to

aijk` WD 1

1 C 2� C 2�2

h
ıikıj ` C .2� C 2�2/ıij ık`

i
; (1.52)
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the operators NA, MA in (1.47) become, respectively, N� and M� in (1.42)
corresponding to the case n D 2. To conclude, the definition of the conormal
derivative operator for the anisotropic plate bending operator (1.45) corresponding
to the bilinear form BA in (1.51) is

@A
� u WD f�NA.u/ ; �1MA.u/ ; �2MA.u/g : (1.53)

Moving on, another version of the Dirichlet problem for the higher-order
differential operator L, is the limiting case p D 1 and j D 0 of (1.33), i.e.,

8
ˆ̂̂
ˆ̂̂
<

ˆ̂̂
ˆ̂̂
:

Lu D 0 in ˝;

sup
0<r<�; X2@˝

1

rn

Z

˝\B.X;r/

jrmu.Y /j2 dist .Y; @˝/ dY < C1;

u
ˇ̌
ˇ
m�1

@˝
D Pf 2 PBMOm�1.@˝/;

(1.54)

(for some sufficiently small � D �.˝/ > 0) with the naturally accompanying
estimate

0

@ sup
0<r<�

X2@˝

1

rn

Z

˝\B.X;r/

jrmu.Y /j2 dist .Y; @˝/ dY

1

A
1=2

� C k Pf k PBMOm�1.@˝/: (1.55)

Once again, a reasonable approach is to look for a solution represented as in (1.34).
In this approach, the estimates advertised in Theorem 1.3 play a basic role.

Finally, we wish to record the formulation of the Dirichlet problem for a higher-
order differential operator L with boundary data from the Whitney–Hardy–Sobolev
space PH

p;at
m�1;1.@˝/. Specifically, this reads

8
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂:

Lu D 0 in ˝;

N .rmu/ 2 Lp.@˝/;

u
ˇ̌
ˇ
m�1

@˝
D Pf 2 PH

p;at
m�1;1.@˝/;

(1.56)

where p 2 . n�1
n

; 1�.
In order to put matters into a broader perspective, let us now review some

important relevant earlier work, pertaining to the various problems formulated so
far. As alluded to earlier, the case of (1.33) corresponding to L D � and ˝

a bounded C 1 domain in R
n has been dealt with by E. Fabes, M. Jodeit Jr. and

N. Rivière in [40]. The fact that (1.33) has at least one solution when L D �2

and ˝ is a bounded C 1 domain in R
2, has first been established by J. Cohen and

J. Gosselin in [25]. A few years later, B. Dahlberg, C. Kenig and G. Verchota [30]
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were able to solve (1.33) for L D �2 when p D 2, when ˝ � R
n is an arbitrary

Lipschitz domain. Lp-versions, 1 < p < 1, of these results in C 1 domains in
R

n have been subsequently obtained by G. Verchota in [126]. In turn, the results
in [126] have been extended to the polyharmonic operator in [127] in Lipschitz
domains in R

n for 2 � " < p < 2 C ", for some " > 0 which depends on ˝ , p

and L. Let us also mention here that, using a different approach, R. Selvaggi and
I. Sisto [111] have dealt with the case of Lp-Dirichlet problem for the biharmonic
operator, in the domain above the graph of a function with small Lipschitz constant.
Employing Rellich type inequalities, boundary Gårding inequalities and dilation
invariant estimates for solutions to (1.33), J. Pipher and G. Verchota established in
[104] the well-posedness of (1.33) when L is as in (1.1) with real, scalar coefficients,
2 � " < p < 2 C ", and ˝ is a bounded Lipschitz domain in R

n. See also [128],
where G. Verchota has extended these results to the case of higher-order systems.
The parabolic version of the main results in [104] have been worked out by R. Brown
and W. Hu in [14]. In [115–117], Z. Shen developed a new approach for establishing
well-posedness results for (1.33) in the case j D 0, L D �m or a second-order
system with real coefficients, and ˝ a bounded Lipschitz domain in R

n, n � 4, in
the range 2 � " < p <

2.n�1/

n�3
C " for some " D ".˝; L; p/ > 0. A related well-

posedness result for (1.33) with j D 1 in the case when L D �2 may be found in
[69]. The problem (1.33) for j D 0 has also been studied using Mellin transform
techniques. For example, in [37], L. Diomeda and B. Lisena have considered the
case L D �2 and ˝ is a square in R

2. In [38], the same authors have treated the
case when L D �2 and ˝ is the first quadrant in R

2. See also [105] where R. Pisani
and M. Tucci have dealt with (1.33) for L D �m, m 2 N, m � 2, and ˝ the first
quadrant in R

2. The reader is also referred to [70] for a wealth of related results.
Let us also mention that the version of (1.33) formally corresponding to p D 1

has been studied by J. Pipher and G. Verchota in [102, 103], when L D �m,
m � 2, and ˝ a bounded Lipschitz domain in R

n if n D 2; 3, or a C 1 domain
in R

n if n � 2. In this setting, these authors establish the following weak maximum
modulus principle. If �mu D 0 in ˝ , rm�1u

ˇ̌
@˝

2 L1.@˝/ and N .rm�1u/ 2
L2.@˝/, then

krm�1ukL1.˝/ � C.@˝/krm�1ukL1.@˝/: (1.57)

In particular, the above estimate implies the solvability of (1.33) when j D 0,
L D �m, m 2 N, m � 2, 2 � " < p < 1, and ˝ bounded Lipschitz domain
in R

3. Other related L1-estimates are as follows. When specialized to the case
of the bi-Laplacian, Theorem 3.3 on p. 329 of J. Nečas’ book [98] yields that if
˝ � R

3 satisfies a uniform exterior ball condition then, with G denoting the Green
operator for the bi-Laplacian with homogeneous Dirichlet boundary conditions (i.e.,
the solution operator w 7! u for the problem �2u D w in ˝ and u D @�u D 0 on
@˝), one has

rG W W �1;2.˝/ �! L1.˝/ boundedly: (1.58)
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See also J. Seo’s paper [113] for related estimates. More recently, S. Mayboroda and
V. Maz’ya have proved in [75] that if ˝ � R

3 is an arbitrary bounded open set then

rG W L
3
2 ;1

�1 .˝/ �! L1.˝/; (1.59)

where L
p;q
�1 .˝/ consists of first order derivatives of functions from the Lorentz

space Lp;q.˝/. Moreover, as pointed out in [75], it is not generally the case that
the function rGu is continuous on ˝ for each u 2 L

3=2;1
�1 .˝/ if the open set ˝

lacks any smoothness.
Concerning the Dirichlet boundary value problem stated in (1.56), J. Pipher and

G. Verchota have shown in [102, 103] that (1.56) is well-posed when L D �m,
m 2 N, m � 2, p D 1 and ˝ is a bounded Lipschitz domain in R

3.
As regards the problem (1.54), a well-posedness result when L D � and ˝ is

a bounded C 1 domain in R
n, has first been established by E. Fabes and C. Kenig in

[42]. On the other hand, the version of the above result corresponding to L D �2

and ˝ a bounded C 1 domain in R
2, has been proved by J. Cohen in [24]. The BMO–

Carleson measure estimate (1.55) for the solution of (1.54) has been obtained by
J. Pipher and G. Verchota in [103] in the case when L D �2 and ˝ is a bounded
Lipschitz domain in R

3.
Let us now comment on the inhomogeneous Dirichlet problems with boundary

data from Besov spaces (cf. (1.36) and (1.38)). From the classical work of S. Agmon,
N. Douglis and L. Nirenberg [5] such problems are well-understood in the case of
smooth domains. See also Theorem 14 on p.145 in [44] (as well as the discussion on
p. 134 in [107]) for an extension to the entire scale of Besov and Triebel–Lizorkin
spaces in C 1 domains. Following the successful treatment by D. Jerison and
C. Kenig [58] of the inhomogeneous Dirichlet problem for L D � with Sobolev-
Besov data on Lipschitz domains, V. Adolfsson and J. Pipher in [2] have extended
the scope of this theory as to include the case of the biharmonic operator in the
three-dimensional setting. The work in [2] has been further extended by I. Mitrea,
M. Mitrea, and M. Wright in [88], where a larger, sharp, range of indices for the
spaces involved was considered for Lipschitz domains in R

3. A very general result
of this type has been proved in [76] by V. Maz’ya, M. Mitrea and T. Shaposhnikova
for Lipschitz domains whose unit normal has small oscillations, in the higher
dimensional setting, for systems with (complex) bounded measurable coefficients
sufficiently close to VMO, in the case when 1 < p D q < 1 and the solution
belongs to a weighted Sobolev space. The particular case when p D q D 1
deserves special mention, since Hölder spaces occur on the Besov scale precisely
for this end-point. This corresponds to the boundary value problem

8
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂:

Lu D 0 in ˝;

u 2 C m�1Cs.˝/;

u
ˇ̌
ˇ
m�1

@˝
D Pf 2 PCm�1;s.@˝/;

(1.60)
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where s 2 .0; 1/. Theorem 14.2 on p. 238 in Agmon’s paper [3] proves that the
problem (1.60) is well-posed in the case when the domain ˝ is assumed to be of
class C 1Cr for some r 2 . 1

2
; 1/. The reader may also consult [54] for a very general

uniqueness statement for (1.38) corresponding to p D q D 1=s D 2 and L D �m,
formulated in arbitrary bounded open subsets in R

n.
Our last set of comments pertains to the Neumann problem for the bi-

Laplacian, i.e.,

8
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂:

�2u D 0 in ˝;

N .rru/ 2 Lp.˝/;

M�.u/ D f 2 Lp.@˝/;

N�.u/ D � 2
�
L

p0

1 .@˝/
��

;

(1.61)

where � 2 R, 1 < p; p0 < 1, 1=p C 1=p0 D 1, and M� , N� are as in (1.42). This
has been solved by G. Verchota in [129] in the case when ˝ � R

n, n � 2, bounded
Lipschitz domain, for 2 � " < p < 2 C ". Shortly thereafter, Z. Shen has proved
in [118] Lp versions of Verchota’s results when ˝ is a bounded Lipschitz domain
in R

n, n � 4, and 2.n�1/

nC1
� " < p < 2. Another recent development is the work in

[89], where I. Mitrea and G. Verchota have employed Mellin transform techniques
to study spectral properties of the 2 � 2 matrix of singular integral operators with
entries of the type (1.42) when ˝ is an infinite sector in R

2 of arbitrary aperture.
This is relevant in the context of the Neumann problem (1.61) for the biharmonic
operator on curvilinear polygons.

Here we continue this line of work and establish several new well-posedness
results. The main tools are the multi-trace theory in arbitrary Lipschitz domains and
the Calderón–Zygmund theory for multi-layer operators of potential type associated
with higher-order operators, developed here. For the purpose of this introduction
we wish to quote two such results pertaining to the bi-Laplacian. The first result
deals with the inhomogeneous Dirichlet problem in Lipschitz domains in R

n with
boundary data from Whitney–Besov spaces and may be regarded as a higher
dimensional version (as well as a refinement) of the work of V. Adolfsson and
J. Pipher in [2] for Lipschitz domains in R

3.

Theorem 1.6 (The inhomogeneous Dirichlet problem). Assume that ˝ � R
n,

n � 2, is a bounded Lipschitz domain with connected boundary. Then there exists
" > 0 such that the inhomogeneous Dirichlet problem

8
ˆ̂̂
<̂

ˆ̂̂
:̂

u 2 B
p;q

sC 1
p C1

.˝/;

�2u D w 2 B
p;q

sC 1
p �3

.˝/;

�
Tr u ; Tr .ru/

� D Pf 2 PBp;q
1;s .@˝/;

(1.62)
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is well-posed whenever 0 < q � 1 while p 2 .1; 1/ and s 2 .0; 1/ satisfy

n�3�"
2

< n�1
p

� s < n�1C"
2

when n � 4; (1.63)

0 < 1
p

� �
1�"

2

�
s < 1C"

2
when n 2 f2; 3g: (1.64)

In the class of Lipschitz domains, this well-posedness result is sharp if n 2 f4; 5g.
Moreover, if w D 0 then the unique solution u of (1.62) admits an integral
representation of the form (1.34) for a suitable choice of double multi-layer for
the bi-Laplacian.

Furthermore, given any exponents p 2 .1; 1/, q 2 .0; 1�, and s 2 .0; 1/, there
exists " > 0, depending only on p; q; s, and the Lipschitz character of ˝ , with the
property that if the outward unit normal � to ˝ satisfies

lim sup
r!0C

�
sup

X2@˝

Z
�

B.X;r/\@˝

Z
�

B.X;r/\@˝

ˇ̌
�.Y / � �.Z/

ˇ̌
d�.Y /d�.Z/



< " (1.65)

then the problem (1.62) is well-posed. As a consequence, the problem (1.62) is well-
posed for any p 2 .1; 1/, q 2 .0; 1�, and s 2 .0; 1/ if

� 2 vmo.@˝/; (1.66)

hence, in particular, if ˝ is a C 1 domain.
Finally, similar results are valid for the inhomogeneous Dirichlet problem on

Triebel–Lizorkin spaces, i.e., for

8
ˆ̂̂
<̂

ˆ̂̂
:̂

u 2 F
p;q

sC 1
p C1

.˝/;

�2u D w 2 F
p;q

sC 1
p �3

.˝/;

�
Tr u ; Tr.ru/

� D Pf 2 PBp;p
1;s .@˝/:

(1.67)

It should be also noted that Theorem 1.6 is of the same flavor as the well-
posedness results obtained by D. Jerison and C. Kenig in [58] for the inhomogeneous
Dirichlet problem for the Laplacian in Lipschitz domains in R

n, formulated on
Sobolev spaces and diagonal Besov spaces B

p;p
˛ with 1 � p � 1. Although

the methods employed by D. Jerison and C. Kenig in [58] yield sharp results in
this case, they rely in an essential fashion on the maximum principle and, as such,
do not readily adapt to other types of problems, such as higher-order PDE’s, or
boundary conditions of Neumann type. In fact, the latter issue was singled out
as open problem # 3.2.21 in Kenig’s book [68]. In the case of the Laplacian this
has been subsequently solved by E. Fabes, O. Mendez and M. Mitrea in [41] via
an approach which relies on a systematic use of singular integral operators. The
reader is also referred to the work of M. Mitrea and M. Taylor in [91] for an
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extension to variable coefficient differential operators of second order, and to the
work of S. Mayboroda and M. Mitrea in [73] for a refinement (having to do with
the consideration of Besov spaces with p < 1) which, in particular, has led to
a solution of a conjecture formulated by D.-C. Chang, S. Krantz and E. Stein in
[22, 23], regarding the regularity of the harmonic Green potentials on Hardy spaces
in Lipschitz domains.

The second well-posedness result we wish to quote here pertains to the inhomo-
geneous Neumann problem for the bi-Laplacian in Lipschitz domains in R

n with
boundary data from duals of Whitney–Besov spaces.

Theorem 1.7 (The inhomogeneous Neumann problem). Assume that ˝ � R
n,

n � 2, is a bounded Lipschitz domain with connected boundary and outward
unit normal � D .�j /1�j �n. For each real parameter � > � 1

n
consider the

inhomogeneous Neumann problem for the biharmonic operator formulated as
follows:

Given w 2
�
B

p0 ;q0

2�sC1=p0 .˝/
��

and � 2
� PBp0 ;q0

1;1�s.@˝/
��

satisfying the compati-

bility condition

˝
�; .P; rP /

˛ D ˝
w; P

˛
for each polynomial P of degree � 1; (1.68)

(with h�; �i natural duality brackets) find a function u satisfying

u 2 B
p;q

1CsC1=p.˝/; �2u D w as distributions in ˝; (1.69)

and the boundary condition (written using the summation convention over repeated
indices)

�
�@��u � @�ij

�
�`�i @j @`u

�

1C2�Cn�2 ;
�

2�Cn�2

1C2�Cn�2 �r�u C �r �j �`@j @`u
1C2�Cn�2

�

1�r�n

�
D �: (1.70)

Then there exists " > 0 with the property that the inhomogeneous boundary
value problem (1.68)–(1.70) is well-posed, with uniqueness understood modulo
polynomials of degree � 1, whenever the exponents p; p0; q; q0 2 .1; 1/, s 2 .0; 1/

satisfy 1=p C 1=p0 D 1=q C 1=q0 D 1 as well as

�nC1�"
2

< � n�1
p

C s < �nC3C"
2

when n � 4; (1.71)

� 1C"
2

< � 1
p

C �
1�"

2

�
s < 0 when n 2 f2; 3g: (1.72)

Moreover, if w D 0 then the problem (1.68)–(1.70) admits a solution of the form

u D PS b�; for a suitable b� 2
� PBp0 ;q0

1;1�s.@˝/
��

; (1.73)

where PS is the single multi-layer associated with the operator L D �2 as in (1.30).
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Furthermore, given any exponents p; q 2 .1; 1/ and s 2 .0; 1/, there exists
" > 0, depending only on p; q; s, and the Lipschitz character of ˝ , with the property
that if the outward unit normal � to ˝ satisfies (1.65) then the problem (1.68)–(1.70)
is well-posed. As a consequence the boundary value problem (1.68)–(1.70) is well-
posed for any exponents p; q 2 .1; 1/ and s 2 .0; 1/ if � 2 vmo.@˝/ (hence, in
particular, if ˝ is a C 1 domain).

Finally, similar results hold for the inhomogeneous Neumann problem formu-
lated in Triebel–Lizorkin spaces.

The reader is referred to the discussion in 
 6 for other theorems of similar nature,
including well-posedness results boundary value problems in which the size of the
solution is measured in terms of the non-tangential maximal function.

Acknowledgements The first named author was supported in part by the US NSF Grant DMS
1201736.



Chapter 2
Smoothness Scales and Calderón–Zygmund
Theory in the Scalar-Valued Case

While one of the main goals of this monograph is the systematic development
of a Calderón–Zygmund theory for multi-layer type operators associated with
higher-order operators with matrix-valued coefficients, the starting point is the
consideration of the scalar-valued case. As such, the aim of this introductory chapter
is to present an account of those aspects of the scalar theory which are most relevant
for the current work.

2.1 Lipschitz Domains and Non-tangential Maximal
Function

We start by recalling that, given a metric space .X ; d /, a function f W X ! R is
called Lipschitz provided there exists some finite constantM 2 Œ0;1/ such that
jf .x/ � f .y/j � M d.x; y/ for all x; y 2 X . By an unbounded Lipschitz
domain ˝ inRn we shall simply understand the upper-graph region for a Lipschitz
function ' W Rn�1 ! R, i.e.,

˝ D ˚X D .x0; xn/ 2 R
n�1 � R W '.x0/ < xn

�
: (2.1)

Below, and elsewhere, N0 WD N [ f0g.
Definition 2.1. A nonempty, open, bounded subset ˝ of Rn is called a bounded
Lipschitz domain (respectively, bounded domain of class C`C˛ for
some ` 2 N0, ˛ 2 Œ0; 1/) if for any X0 2 @˝ there exist r; h > 0 and a coordinate
system .x1; : : : ; xn/ D .x0; xn/ in R

n which is isometric to the canonical one and has
origin at X0, along with a function ' W Rn�1 ! R which is Lipschitz (respectively,
of class C`C˛) and for which the following property holds. If C .r; h/ denotes the
open cylinder

I. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0 2,
© Springer-Verlag Berlin Heidelberg 2013
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˚
X D .x0; xn/ 2 R

n�1 � R W jx0j < r and � h < xn < h
� � R

n; (2.2)

then

˝ \ C .r; h/ D ˚X D .x0; xn/ 2 R
n�1 � R W jx0j < r and '.x0/ < xn < h

�
:

(2.3)

An atlas for @˝ is a finite collection of cylinders fCk.rk; hk/g1�k�N (with
associated Lipschitz maps f'kg1�k�N ) covering @˝ . Having fixed such an atlas, the
Lipschitz character of ˝ is defined as the quartet consisting of numbers
N , max fkr'kkL1.Rn�1/ W 1 � k � N g, min frk W 1 � k � N g, and min fhk W
1 � k � N g.

In the context of the above definition, it turns out that condition (2.3) further
entails

@˝ D @˝; (2.4)

as well as

@˝ \ C .r; h/ D ˚X D .x0; xn/ 2 R
n�1 �R W jx0j < r and xn D '.x0/

�
(2.5)

and

�
R
n n˝� \ C .r; h/D ˚X D .x0; xn/ 2 R

n�1 �R W jx0j<r and � h<xn <'.x0/
�
:

(2.6)

Throughout, by a Lipschitz domain we shall understand an open set which
is either a bounded Lipschitz domain or an unbounded Lipschitz domain, in the
sense previously defined. As is well-known, for a Lipschitz domain ˝ , the surface
measure � is well-defined on @˝ and may be described as

� DH n�1b@˝; (2.7)

where H n�1 stands for the .n�1/-dimensional Hausdorff measure in R
n. For each

index p 2 .0;1� we shall denote by Lp.@˝/ the Lebesgue space of �-measurable,
p-th power integrable functions on @˝ (with respect to �). In addition, we shall
denote by Lpcomp.@˝/ the subspace of Lp.@˝/ consisting of functions which vanish
outside of a compact subset of @˝ , and byLploc.@˝/ the space of locally p-th power
integrable functions on @˝ .

As a consequence of the classical Rademacher theorem, the outward pointing
normal vector � D .�1; � � � ; �n/ to a given Lipschitz domain ˝ � R

n exists at
�-almost every point on @˝ . In fact, in the case when ˝ � R

n is the domain lying
above the graph of a real-valued Lipschitz function ' defined in R

n�1, we have
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�.X/ D .r'.x0/;�1/
p
1C jr'.x0/j2 and d�.X/ Dp1C jr'.x0/j2dx0;

for X D .x0; '.x0// 2 @˝:
(2.8)

Given a Lipschitz domain ˝ � R
n, by a surface ball Sr.X/ (or �.X; r/)

we shall understand a set of the form Br.X/ \ @˝ , with X 2 @˝ and 0 < r <

diam .@˝/. When the center is already specified, or is of no particular importance,
we simplify the notation by writing Sr . When equipped with the surface measure
and the Euclidean distance, @˝ becomes a space of homogeneous type (in the sense
of Coifman and Weiss [28]). Hence, the associated Hardy–Littlewood maximal
operator

Mf .X/ WD sup
r>0

1

�
�
Sr.X/

�
Z

Sr .X/

jf .Y /j d�.Y /; X 2 @˝; (2.9)

is bounded onLp.@˝/ for each p 2 .1;1�. Furthermore, there exists some constant
C D C.@˝/ 2 .0;1/ such that

�
�
fX 2 @˝ W Mf .X/ > �g

�
� C ��1kf kL1.@˝/; (2.10)

for every f 2 L1.@˝/ and � > 0.
Given a Lipschitz domain˝ , we shall set

˝C WD ˝ and ˝� WD R
n n˝: (2.11)

Then, for a fixed parameter � > 0 define the non-tangential approach
regions with vertex at X 2 @˝ (corresponding to ˝˙) as

R�̇ .X/ WD
˚
Y 2 ˝˙ W jX � Y j < .1C �/ dist .Y; @˝/

�
; (2.12)

and, further, the non-tangential maximal operator of a given function
u in ˝˙ by

N ˙
� .u/.X/ WD supfju.Y /j W Y 2 R�̇ .X/g: (2.13)

When unambiguous, we agree to drop the superscripts ˙. As we shall see
momentarily, the dependence ofR�̇ and N ˙

� on � plays only an auxiliary role (and
will be eventually dropped as well). We elaborate on this issue in the case when
˝ � R

n is the domain lying above the graph of a real-valued Lipschitz function '
defined in R

n�1, i.e.,

˝ WD ˚X D .x0; xn/ 2 R
n W xn > '.x0/

�
; where

' W Rn�1 �! R has M WD kr'kL1.Rn�1/ <1;
(2.14)
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as the case of a bounded Lipschitz domain requires only minor alterations. To this
end, it is convenient to also introduce the following variant of (2.12)–(2.13):

fN � .u/.X/ WD sup
˚ju.Y /j W Y 2 X C 	�

�
; � 2 .0; 1=M/; (2.15)

where

	� WD fZ D .z0; zn/ 2 R
n W jz0j < � zng (2.16)

is a circular, upright cone, with vertex at the origin in R
n, of aperture arctan � .

Elementary geometrical considerations show that for every � 2 .0; 1=M/ there
exists � D �.�;M/ > 0 such that

X C 	� � R�.X/ for every X 2 @˝: (2.17)

Conversely, if � is sufficiently large (e.g., � > �1Cp1CM2 will do) then there
exists � D �.�/ 2 .0; 1=M/ such that (2.17) holds. After these preparations, we are
ready to prove the following result.

Proposition 2.2. Let ˝ be an unbounded Lipschitz domain as in (2.14). Then for
every �; �0 > 0, �; � 0 2 .0; 1=M/, and p 2 .0;1/, one has

kN�ukLp.@˝/ � kN�0ukLp.@˝/ � kfN �ukLp.@˝/ � kfN � 0ukLp.@˝/; (2.18)

uniformly in the real-valued function u defined in ˝ .

Proof. Pick an arbitrary � 2 .0; 1=M/ and fix some � > 0 such that (2.17) holds.
Our immediate goal is to prove that there exists C D C.M; n; �; �/ > 0 such that

kN�ukLp.@˝/ � CkfN �ukLp.@˝/; (2.19)

for any real-valued function u defined in ˝ . To this end, we shall adapt a point-of-
density argument of Fefferman and Stein [43]. Specifically, fix � > 0 and consider
the open subsets of @˝ given by

O� WD
n
X 2 @˝ W N�u.X/ > �

o
; eO� WD

n
X 2 @˝ W fN �u.X/ > �

o
: (2.20)

In particular,

A WD @˝ n eO� (2.21)

is closed. For each 
 2 .0; 1/, letA�

 be the collection of points of (global) 
 -density

for the set A, i.e.,

A�

 WD fX 2 @˝ W �.A \�.X; r// 	 
�.�.X; r//; 8 r > 0g; (2.22)

where�.X; r/ WD B.X; r/\ @˝ .
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We now claim that there exists 
 2 .0; 1/ such that

O� � @˝ n A�

 : (2.23)

To justify this inclusion, fix an arbitrary point X 2 O� . Then X 2 @˝ and there
exists Y D .y0; yn/ 2 R�.X/ such that ju.Y /j > �. Fix next 0 < �o < � and let the
pointW D .w0; '.w0// 2 @˝ be such that Y 2 W C 	�o . We claim that there exists
t D t.M; �/ > 0 such that

Z 2 �.W; t jY �W j/ H) Y 2 Z C 	� : (2.24)

Indeed, let Z D .z0; '.z0// 2 @˝ be such that jZ � W j < t jY �W j, with t to be
specified below. Since Y 2 W C 	�o , it follows that jy0 � w0j < �o.yn � '.w0//.
Hence,

jy0 � z0j � jy0 � w0j C jw0 � z0j < �o.yn � '.w0//C jw0 � z0j
D �o.yn � '.z0//C �o.'.z0/� '.w0//C jw0 � z0j
� �o.yn � '.z0//C .1C �o M/ jw0 � z0j: (2.25)

On the other hand,

jz0�w0j2 C .zn � '.w0//2 < t2jY �W j2 D t2
�
jy0 � w0j2 C .yn � '.w0//2

�
(2.26)

� t2.1C �2o /.yn � '.w0//2

� 2t2.1C �2o /.yn � '.z0//2 C 2t2M2.1C �2o /jz0 � w0j2;
which further yields

jz0 � w0j �
s

2t2.1C �2o /
1 � 2t2M2.1C �2o /

�
yn � '.z0/

�
(2.27)

granted that 0 < t < M�1Œ2.1 C �2o /�
�1=2. Assuming that this is the case, a

combination of (2.25) and (2.27) gives

jy0 � z0j <
 

�o C .1C �oM/

s
2t2.1C �2o /

1 � 2t2M2.1C �2o /

!
�
yn � '.z0/

�
: (2.28)

This implies

jy0 � z0j < �.yn � '.z0//; (2.29)

i.e., Y 2 Z C 	� , provided t is small enough. This finishes the proof of (2.24).
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Our next claim is that, with X , Y , W , t , as before,

�.W; t jY �W j/ � �.X; .2C t C �/jY �W j/: (2.30)

To see this, we note that if Z 2 @˝ and jZ �W j < t jY �W j then

jX �Zj � jX � Y j C jY �W j C jW �Zj
� .1C �/ dist .Y; @˝/C .1C t/jY �W j
D .2C t C �/jY �W j: (2.31)

In concert, (2.24), (2.30) and the fact that ju.Y /j > � yield

�.W; t jY �W j/ � eO� \�
�
X; .2C t C �/jY �W j�; (2.32)

so that

�
�
eO� \�

�
X; .2C t C �/jY �W j�

�

�
�
�
�
X; .2C t C �/jY �W j�

� 	
�
�
�.W; t jY �W j/

�

�
�
�
�
X; .2C t C �/jY �W j�

�

	 c
�

t

2C t C �
�n�1

; (2.33)

where c 2 .0; 1/ is a constant which depends only on ˝ and n. In particular, if we
set r WD .2C t C �/jY �W j, then

�
�
A\�.X; r/

�

�
�
�.X; r/

� � 1 � c
�

t

2C t C �
�n�1

: (2.34)

Thus, if we select 
 such that

1 � c
� t

2C t C �
�n�1

< 
 < 1; (2.35)

then (2.34) entails X … A�

 . This proves the claim (2.23).

Moving on, let M be the Hardy–Littlewood maximal operator as in (2.9). Then,
based on (2.23) and (2.10), we may write

�.O� / � �.@˝ nA�

 / D �

�
fX 2 @˝ W M .�@˝nA/.X/ > 1 � 
g

�

� C

1 � 
 �.@˝ n A/ D C.
;M/�.eO� /: (2.36)
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Hence,

�.O�/ � C.�; �;M/�.eO� /; (2.37)

and (2.19) readily follows from this. Thanks to (2.17), the opposite inequality
in (2.19) holds as well so, all in all,

8 � 2 .0; 1=M/ 9 � D �.�;M/ > 0 so that kN�ukLp.@˝/ � kfN �ukLp.@˝/:
(2.38)

Since whenever 0 < �1 < �2 < 1, we have R�1.X/ � R�2.X/, for each
X 2 @˝ , a slight variant of the above reasoning shows that

kN�1ukLp.@˝/ � kN�2ukLp.@˝/: (2.39)

Now (2.18) follows easily from (2.38) and (2.39). ut
Remark. Proposition 2.2 continues to hold for a bounded Lipschitz domain˝ , with
only minor alterations. In the latter setting, the definition of the non-tangential
approach regions remains unchanged and, indeed,

kN�ukLp.@˝/ � kN�0 ukLp.@˝/ (2.40)

for every �; �0 > 0 and 0 < p < 1. As for the concept of non-tangential cone,
we continue to assume that their (common) aperture, encoded by the parameter
� , is not too large (we shall refer to such value of � as admissible). Besides this
requirement, we will, nonetheless, incorporate a couple of genuinely new features.
First, the cones need to be uniformly truncated, at a sufficiently small height as
to ensure their containment in ˝ . Second, the axis of the cone is taken along the
vertical direction relative to the coordinate system used to describe @˝ locally as a
piece of a Lipschitz graph. We are going to denote such a family of non-tangential
cones f	�.X/gX2@˝ , with � the parameter describing the uniform aperture of the
cones. If fN � is now defined much as before, relative to this family of cones then,
for every p 2 .0;1/ and any admissible �; � 0, we also have

kfN �ukLp.@˝/ � CkfN � 0ukLp.@˝/ C C sup
X2O
ju.X/j; (2.41)

for some finite constant C > 0 and some relatively compact subset O of ˝ ,
independent of the function u. Similar estimates also hold for fN �u and N�u. �

In the sequel, it is going to be useful to derive global integrability properties
for a function u in ˝ , based on the integrability properties of N u on @˝ . While
Proposition 2.3 below, which addresses this issue, has been first proved in [36], we
choose to present an alternative argument, discovered during some discussions with
S. Hofmann.
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Proposition 2.3. Let ˝ be a Lipschitz domain in R
n and assume that the measur-

able function u, taking finite values at almost every point in ˝ , satisfies N u 2
Lp.@˝/ for some p 2 .0;1/. Then

kuk
L

np
n�1 .˝/

� C.˝; p/kN ukLp.@˝/: (2.42)

Let us first dispense with a number of prerequisites. Given a Lipschitz domain
˝ � R

n, a Borelian measure � on ˝ is called a Carleson measure provided

k�kCar WD sup
n
R1�n�.B.X;R/ \˝/ W X 2 @˝; 0 < R < diam .@˝/

o
(2.43)

is finite. In the sequel, we shall refer to k�kCar as the Carleson constant
of �. Two properties of Carleson measures are going to be of importance for us at
this stage. First,

f 2 Ln.˝/ H)
(
� WD jf j dX is a Carleson measure on˝

and the estimate k�kCar � Ckf kLn.˝/ holds:
(2.44)

This can be readily verified from definitions. Second, if � is a Carleson measure in
˝ , then there exists C D C.˝/ > 0 such that

ˇ
ˇ
ˇ
Z

˝

F d�
ˇ
ˇ
ˇ � Ck�kCarkN F kL1.@˝/: (2.45)

When ˝ D R
nC this is well-known (see, e.g., [21]). Here we present an argument

well-suited to the setting of Lipschitz domains. To begin with, it suffices to show
that, for each � > 0,

�.fX 2 ˝ W jF.X/j > �g/ � Ck�kCar �.fQ 2 @˝ W N�F.Q/ > �g/ (2.46)

To prove this, for an arbitrary open subset O of @˝ define the associated “tent”
region

T�.O/ WD ˝ n
h [

P2@˝nO

R�.P /
i

D fX 2 ˝ W dist.X;O/ � .1C �/�1 dist .X; @˝ nO/g; (2.47)

and observe that

fX 2 ˝ W jF.X/j > �g � T�.fQ 2 @˝ W N�F.Q/ > �g/: (2.48)
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Another property of the tent regions which is going to be of importance for us here
is as follows. Decompose a given open subset O of @˝ into a finite-overlap family
of Whitney surface balls fSkgk. Next, for each surface ball � WD BR.Q/ \ @˝ ,
Q 2 @˝ , 0 < R < diam˝ and each fixed t > 0, consider the Carleson region

Ct .�/ WD BtR.Q/\˝: (2.49)

Then choosing t large enough ensures

T�.O/ �
[

k

Ct .Sk/: (2.50)

Using (2.48) and (2.50) with O WD fX 2 @˝ W N�F.X/ > �g we may now write

�.fX 2 ˝ W jF.X/j > �g/ � �.T�.fX 2 @˝ W N�F.X/ > �g//

� �.[kCt .Sk// �
X

k

�.Ct .Sk//

� Ck�kCar

X

k

�.Sk/

� Ck�kCar �.fX 2 @˝ W N�F.X/ > �g/: (2.51)

This finishes the proof of (2.45).
After this preamble, we are ready to present the

Proof of Proposition 2.3. By homogeneity, the general case is easily reduced to the
case when p D 1, which we shall assume from now on. Let us prove (2.42) under
the additional assumption that u 2 Ln=.n�1/.˝/. This implies (cf. (2.44)) that

� WD juj 1
n�1 dX is a Carleson measure on ˝ and k�kCar � CkukL n

n�1 .˝/
:

(2.52)

Based on (2.45) and (2.52) we may therefore write
Z

˝

juj n
n�1 dX D

Z

˝

juj d� � Ck�kCarkN ukL1.@˝/

� CkN ukL1.@˝/
�Z

˝

juj n
n�1 dX

� 1
n
: (2.53)

Thus, if
R
˝
juj n

n�1 dX <1, (2.42) follows from (2.53).
There remains to explain how to a posteriori eliminate the assumption that the

function u 2 L n
n�1 .˝/. Let

˚
Oj

�
j2N be a nested family of open, relatively compact

subsets of ˝ , such that [jOj D ˝ . Also, for each j 2 N, set

Ej WD fX 2 ˝ W ju.X/j � j g: (2.54)
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Then uj WD �Oj �Ej u 2 L1.˝/ has compact support and, by the argument in the
first part of the proof, there exists C > 0 independent of j such that

kujkL n
n�1 .˝/

� CkN ujkL1.@˝/ � CkN ukL1.@˝/: (2.55)

Then the desired conclusion follows from Lebesgue’s Monotone Convergence
Theorem, by letting j !1 in (2.55). ut

We wish to briefly elaborate on a related concept. Given a Lipschitz domain˝ �
R
n, a Borelian measure � on ˝ is called a vanishing Carleson measure

provided it is a Carleson measure and

lim
R!0C

�
sup

n
r1�n�.B.X; r/ \˝/ W X 2 @˝; 0 < r < R

o�
D 0: (2.56)

Assume that ˝ is a bounded Lipschitz domain in R
n and set


.X/ WD dist .X; @˝/; X 2 R
n: (2.57)

Then, for any real-valued, measurable function f in ˝ , it is elementary to check
that

jf j � C
� for some � > �1=n H)
( jf j dX is a vanishing

Carleson measure on˝:
(2.58)

Going further, let us define the non-tangential boundary trace of a
function u defined in ˝˙ as

u
j

@˝
.X/ WD lim

Y!X

Y2R˙

� .X/

u.Y /; X 2 @˝; (2.59)

whenever meaningful.
We shall frequently use the Divergence Theorem in the context of Lipschitz

domains. A version well-suited for our purposes reads as follows.

Proposition 2.4. Let ˝ be a Lipschitz domain in R
n and assume that U D

.u1; : : : ; un/ is a vector field with components in L1loc.˝/ and such that divU D
nP

jD1
@j uj 2 L1.˝/ (with the divergence operator considered in the sense of

distributions). If, in addition, N U 2 L1.@˝/ and U
	
@˝

exists at �-a.e. point,
then

Z

@˝

� � �U 	
@˝

�
d� D

Z

˝

divU dX; (2.60)

where � and � denote, respectively, the outward unit normal and surface measure
on @˝ .
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Furthermore, if ˝ is a bounded Lipschitz domain then the same type of result
holds in R

n n˝ under the additional decay assumption

jU.X/j D O.jX j�.n�1C"//; for some " > 0; as jX j ! 1: (2.61)

This is a particular case of a result valid for a much more general class of domains
established in [84].

2.2 Sobolev Spaces on Lipschitz Boundaries

Assume that ˝ � R
n is a Lipschitz domain and consider the first-order tangential

derivative operators @�jk acting on a compactly supported function  of class C1 in
a neighborhood of @˝ by

@�jk WD �j .@k /
ˇ
ˇ
ˇ
@˝
��k.@j /

ˇ
ˇ
ˇ
@˝
; j; k D 1; : : : ; n: (2.62)

Lemma 2.5. Suppose that ˝ � R
n is a Lipschitz domain and '; 2 C1

c .R
n/.

Then for every j; k 2 f1; : : : ; ng,
Z

@˝

' .@�jk / d� D
Z

@˝

.@�kj '/  d�: (2.63)

Proof. Assuming first that '; 2 C1
c .R

n/, we use successive integration by parts
in order to write

Z

@˝

' .@�jk / d� D �
Z

@˝

'
�
�k@j � �j @k 

�
d�

D
Z

˝

�
@j .' @k / � @k.' @j /

�
dX

D
Z

˝

�
@k. @j '/ � @j . @k'/

�
dX

D
Z

@˝

.@�kj '/  d�: (2.64)

Finally, the more general case when '; 2 C1
c .R

n/ is easily reduced to the previous
situation using a standard mollifying and limiting argument. ut

We shall now make use of (2.63) in order to prove that, if  2 C1
c .R

n/, then
@�jk actually depends only on  j@˝ . More specifically, we have:

Lemma 2.6. Assume that ˝ � R
n is a Lipschitz domain and that  2 C1

c .R
n/

satisfies  
 0 on @˝ . Then @�jk 
 0 on @˝ for every j; k 2 f1; : : : ; ng.
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Proof. If  is as above and ' 2 C1
c .R

n/ is arbitrary, (2.63) gives that

Z

@˝

' .@�jk / d� D 0: (2.65)

Then the density result below finishes the proof of the lemma. ut
Lemma 2.7. If ˝ � R

n is a Lipschitz domain then the inclusion

f'j@˝ W ' 2 C1
c .R

n/g ,! Lp.@˝/ has dense range (2.66)

for every p 2 Œ1;1/.
Proof. Denote by Lipc.@˝/ the space of Lipschitz functions with compact support
on @˝ . In this regard, two properties are going to be important for us. First,
Lipc.@˝/ ,! Lp.@˝/ densely (see [56] for a proof of this elementary result).
Second, any function f 2 Lipc.@˝/ may be extended to a compactly supported
Lipschitz function F in R

n with control of the Lipschitz constant. See, e.g., [6] for a
proof in the more general context of quasi-metric spaces (as well as other pertinent
references on this topic). Next, mollify F in order to produce a sequence fF"g">0 of
C1 smooth functions, supported in a fixed compact subset of Rn, which converges
uniformly to F . Clearly, this can be used to conclude that the embedding (2.66) has
dense range. ut

Inspired by (2.63), for every f 2 L1loc.@˝/ we next define the functional @�kj f
by setting

@�kj f W C1
c .R

n/ 3  7!
Z

@˝

f .@�jk / d�: (2.67)

Indeed, when f 2 L1loc.@˝/ has @�kj f 2 L1loc.@˝/, the following integration by
parts formula holds:

Z

@˝

f .@�jk / d� D
Z

@˝

.@�kj f /  d�; 8 2 C1
c .R

n/: (2.68)

Let us also point out that the “distributional” version of @�kj from (2.67) agrees with
the “point-wise” definition considered in (2.62).

Moving on, for each p 2 Œ1;1� we then define the Lp-based Sobolev type space
of order one on @˝ as

L
p
1 .@˝/ WD

n
f 2 Lp.@˝/ W @�jkf 2 Lp.@˝/; j; k D 1; : : : ; n

o
; (2.69)

which becomes a Banach space when equipped with the natural norm

kf kLp1 .@˝/ WD kf kLp.@˝/ C
nX

j;kD1
k@�jk f kLp.@˝/: (2.70)
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Finally, givenp 2 Œ1;1�, we shall denote byLp1;loc.@˝/ the space of all measurable
functions f W @˝ ! R with the property that �f 2 Lp1 .@˝/ for every � 2 C1

c .R
n/.

Proposition 2.8. Assume that ˝ � R
n is a Lipschitz domain and that 1 < p,

p0 <1 satisfy 1
p
C 1

p0
D 1. Then

L
p
1 .@˝/ D



f 2 Lp.@˝/ W there exists a constant c > 0 such that if ' 2 C1

c .R
n/

then

ˇ
ˇ
ˇ
ˇ

Z

@˝

f .@�jk'/ d�

ˇ
ˇ
ˇ
ˇ � ck'kLp0

.@˝/ for j; k D 1; : : : ; n
�
:

(2.71)

Proof. Fix a function f belonging to the right-hand side of (2.71) and note that
the functional �jk W f'j@˝ W ' 2 C1

c .R
n/g ! R, given by �jk.'j@˝/ WDR

@˝
f @�jk' d� , is well-defined (by Lemma 2.6), linear and bounded (by assump-

tions). Based on this, (2.66) and Riesz’s Representation Theorem we may then
conclude that f 2 L

p
1 .@˝/. This proves the right-to-left inclusion in (2.71).

Since the opposite inclusion is clear from (2.67)–(2.69), the proof of the lemma is
finished. ut

We continue our discussion of the Sobolev space Lp1 .@˝/ by presenting the
following pull-back result.

Proposition 2.9. Let ˝ � R
n be the domain lying above the graph of a Lipschitz

function � W Rn�1 ! R. Then, for each p 2 .1;1/,
f 2 Lp1 .@˝/ ” f .�; �.�// 2 Lp1 .Rn�1/; (2.72)

with equivalence of norms.

Proof. As a preamble, we shall establish two auxiliary results. Let p0 be the Hölder
conjugate exponent of p. We first claim that given  2 C1

c .R
n�1/ then

9 G" 2 C1
c .R

n/ so that G".�; �.�//!  in Lp
0

1 .R
n�1/ as "! 0C:

(2.73)

To justify this claim, fix  2 C1
c .R

n�1/ and consider � 2 Lipc.R
n/ given by

�.x0; xn/ WD  .x0/�.xn � �.x0//; (2.74)

where � 2 C1
c .R/ is such that � 
 1 near zero. If P is a standard mollifier in

R
n, we set P".x/ WD 1

"n
P.x="/ for " > 0, and G" WD � � P" 2 C1

c .R
n/. Then,

using (2.74), we obtain

G".x
0; �.x0//�  .x0/ D

Z

Rn

h
�..x0; �.x0//� Y / � �.x0; �.x0//

i
P".Y / dY:

(2.75)
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A straightforward application of the mean value theorem in (2.75) readily gives that

kG".�; �.�//�  kL1.Rn�1/ � C"kr�kL1.Rn/ ! 0 as "! 0C; (2.76)

which further implies

G".�; �.�//!  in Lp
0

.Rn�1/; as "! 0C: (2.77)

Next, let 1 � j � n � 1 and Y D .y0; yn/ 2 B".0/. Since � 
 1 near zero, it
follows that

@j ŒG".x
0; �.x0// �  .x0/� D

Z

Rn

.@j /.x
0 � y0/� .@j /.x0/�P".Y / dY; (2.78)

if " > 0 is small enough. Thus, much as before k@j ŒG".�; �.�//�  �kL1.Rn�1/ ! 0

as "! 0C and, ultimately,

@j ŒG.�; �.�//�! @j in Lp
0

.Rn�1/; as "! 0C: (2.79)

Now (2.73) follows from (2.77) and (2.79).
The second claim is that, if the functions f 2 Lp1 .@˝/ and G 2 C1

c .R
n/ then

for any 1 � j � n � 1 we have

ˇ
ˇ
ˇ
Z

Rn�1

f .x0; �.x0//@j ŒG.x0; �.x0//� dx0
ˇ
ˇ
ˇ

� Ck@�jnf kLp.@˝/kG.�; �.�//kLp0

1 .R
n�1/

: (2.80)

To prove (2.80), set g WD G
ˇ
ˇ
ˇ
@˝
2 Lp0

1 .@˝/ and recall that, for each j 2 f1; : : : ;
n � 1g,

@�jng D �j .@nG/
ˇ
ˇ
ˇ
@˝
� �n.@jG/

ˇ
ˇ
ˇ
@˝

on @˝: (2.81)

Hence, using (2.8) and integration by parts, we may write
Z

@˝

@�jnf .X/g.X/ d�.X/ D �
Z

@˝

f .X/.�j @nG � �n@jG/.X/ d�.X/

D �
Z

@˝

f .X/.@�jng/.X/ d�.X/

D �
Z

Rn�1

f .x0; �.x0//
h
@j �.x

0/.@nG/
�
x0; �.x0/

�

C .@jG/
�
x0; �.x0/

�i
dx0

D �
Z

Rn�1

f
�
x0; �.x0/

�
@j
�
G.x0; �.x0//



dx0:

(2.82)
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Consequently, (2.80) follows from (2.82) and the Hölder inequality.
With (2.73) and (2.80) in hand, we are ready to prove the left-to-right implication

in (2.72). Concretely, fix f 2 L
p
1 .@˝/,  2 C1

c .R
n�1/, and consider G" 2

C1
c .R

n/, " > 0, as in (2.73). Employing (2.73) and (2.80) we may then conclude
that for each 1 � j � n � 1,

ˇ
ˇ
ˇ
Z

Rn�1

f .x0; �.x0//@j .x0/ dx0
ˇ
ˇ
ˇ D lim

"!0C

ˇ
ˇ
ˇ
Z

Rn�1

f .x0; �.x0//@j ŒG".x0; �.x0//� dx0
ˇ
ˇ
ˇ

� Ck@�jnf kLp.@˝/ lim
"!0C

kG".�; �.�//k
L
p0

1 .R
n�1/

D Ck@�jnf kLp.@˝/k kLp0

1 .R
n�1/

: (2.83)

This shows that f .�; �.�// 2 Lp1 .Rn�1/, as desired.
Turning our attention to the right-to-left implication in (2.72), let f W @˝ ! R

be such that f .�; �.�// 2 Lp1 .Rn�1/. Then, there exists C > 0 such that, for each
 2 C1

c .R
n�1/, we have

ˇ
ˇ̌
Z

Rn�1

f .x0; �.x0//@j .x0/ dx0
ˇ
ˇ̌ � Ckf .�; �.�//kLp1 .Rn�1/k kLp0

.Rn�1/: (2.84)

Since functions in Lipc.R
n�1/ can be arbitrarily well approximated, in the norm

of Lp
0

1 .R
n�1/, by functions in C1

c .R
n�1/, it follows that (2.84) holds, in fact, for

each  2 Lipc.R
n�1/. Next, pick an arbitrary function G 2 C1

c .R
n/ and set g WD

G
ˇ
ˇ
ˇ
@˝

. In particular, g 2 Lipc.@˝/ and g.�; �.�// 2 Lipc.R
n�1/. Using the last three

identities in (2.82) then invoking (2.84) yields, for each 1 � j � n � 1,

ˇ
ˇ
ˇ
Z

@˝

f .X/@�jng.X/ d�.X/
ˇ
ˇ
ˇ � Ckf .�; �.�//kLp1 .Rn�1/kgkLp0

.@˝/: (2.85)

This proves that @�jkf 2 Lp.@˝/ if 1 � j � n � 1 and k D n.
We aim to prove the same conclusion in the case when the indices j; k 2 N

satisfy 1 � j; k � n � 1. To this end, retaining the same setting as above we write

that @�jkg D �j .@kG/
ˇ
ˇ̌
@˝
� �k.@jG/

ˇ
ˇ̌
@˝

for 1 � j; k � n � 1. Based on (2.8) we

have
Z

@˝

f .X/@�jkg.X/ d�.X/ D
Z

Rn�1

f .x0; �.x0//
h
@j �.x

0/@kŒG.x0; �.x0//�
i
dx0

(2.86)

�
Z

Rn�1

f .x0; �.x0//
h
@k�.x

0/@j ŒG.x0; �.x0//�
i
dx0:
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Consider next H" 2 C1
c .R

n�1/, " > 0, such that H" ! G.�; �.�// as " ! 0C in

L
p0

1 .R
n�1/ and suppH" is contained in a fixed compact set in R

n�1. Then (2.86)
gives

Z

@˝

f .X/@�jkg.X/ d�.X/ D lim
"!0C

Z

Rn�1

f .x0; �.x0//@j Œ�.x0/@kH".x
0/� dx0

(2.87)

� lim
"!0C

Z

Rn�1

f .x0; �.x0//@kŒ�.x0/@jH".x
0/� dx0:

Note that for each " > 0 and each j 2 f1; : : : ; n � 1g we have that the function
�.�/@jH".�/ 2 Lipc.R

n�1/. Consequently, (2.84) and (2.87) further imply that there
exists C D C.@˝/ > 0 such that

ˇ
ˇ̌
Z

@˝

f .X/@�jk g.X/ d�.X/
ˇ
ˇ̌ � C kf .�; �.�//kLp1 .Rn�1/ lim

"!0C

kH"kLp0

.Rn�1/

D C kf .�; �.�//kLp1 .Rn�1/kG.�; �.�//kLp0

.Rn�1/

� C kf .�; �.�//kLp1 .Rn�1/kgkLp0

.@˝/: (2.88)

Now (2.88) gives that @�jkf 2 Lp.@˝/, 1 � j; k � n � 1, and this completes the
proof of the fact that f 2 Lp1 .@˝/. ut
Corollary 2.10. Let ˝ be a bounded Lipschitz domain in R

n. Then,

Lip.@˝/ ,! L
p
1 .@˝/ and C1.Rn/

ˇ
ˇ̌
@˝
,! L

p
1 .@˝/ densely (2.89)

whenever 1 < p <1.

Proof. Since Lipc.R
n�1/ ,! L

p
1 .R

n�1/ densely, the first part of (2.89) follows from
Proposition 2.9. With this in hand, for the second part of (2.89) it suffices to show

that any f 2 Lip.@˝/ can be approximated inLp1 .@˝/ by functions inC1.Rn/
ˇ̌
ˇ
@˝

.

To see this, fix f and, as in the past, construct F 2 Lipc.R
n/ such that F

ˇ
ˇ
ˇ
@˝
D f .

Then a standard mollification argument yields the desired conclusion. ut
Going further, we set

rtanf WD
� nX

kD1
�k@�kj f

�

1�j�n; 8 f 2 Lp1 .@˝/; (2.90)
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Proposition 2.11. Consider a Lipschitz domain ˝ in R
n with surface measure �

and outward unit normal � D .�1; : : : ; �n/. Then for each function f 2 Lp1 .@˝/,

@�jk f D �j .rtanf /k � �k.rtanf /j ; j; k D 1; : : : ; n; (2.91)

�-a.e. on @˝ .

Proof. By Corollary 2.10, it suffices to establish (2.91) in the case in which f WD
F
ˇ
ˇ
ˇ
@˝

for some F 2 C1
c .R

n/. Assuming that this is the case, (2.62) gives

@�jkf D �j .@kF /
ˇ̌
ˇ
@˝
� �k.@j F /

ˇ̌
ˇ
@˝
: (2.92)

Consequently, for each j; k 2 f1; : : : ; ng, we have

�j .rtanf /k � �k.rtanf /j D �j
nX

`D1
�`@�`k f � �`

nX

rD1
�r@�rj f (2.93)

D �j
� nX

`D1
�2`

�
.@kF /

ˇ
ˇ̌
@˝
� �j �k

� nX

`D1
�`.@`F /

ˇ
ˇ̌
@˝

�

��k
� nX

rD1
�2r

�
.@j F /

ˇ
ˇ̌
@˝
C �j �k

� nX

rD1
�r.@rF /

ˇ
ˇ̌
@˝

�
;

where the first equality follows from (2.90) and the second equality is a direct
consequence of (2.62). Using that j�j D 1, then (2.93) and (2.62) further imply

�j .rtanf /k � �k.rtanf /j D �j .@kF /
ˇ
ˇ̌
@˝
� �k.@jF /

ˇ
ˇ̌
@˝
D @�jk f: (2.94)

Therefore the identity (2.91) holds as stated. ut
Among the consequences of (2.90), we note here that for each p 2 .1;1/,

jrtanf j �
nX

j;kD1
j@�jkf j; pointwise �-a.e. on @˝; (2.95)

krtanf kLp.@˝/ �
nX

j;kD1
k@�jkf kLp.@˝/ �

n�1X

jD1
k@�jnf kLp.@˝/; (2.96)

kf kLp1 .@˝/ � kf kLp.@˝/ C krtanf kLp.@˝/; (2.97)

uniformly in f 2 Lp1 .@˝/.
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Corollary 2.12. Let˝ be a bounded Lipschitz domain in R
n, with surface measure

� , and assume that 1 < p; p0 < 1 satisfy 1=p C 1=p0 D 1 and that j; k 2
f1; : : : ; ng. Then

Z

@˝

.@�jkf / g d� D
Z

@˝

f .@�kj g/ d� (2.98)

for every f 2 Lp1 .@˝/ and g 2 Lp0

1 .@˝/.

Proof. By Corollary 2.10, it can be assumed that g 2 C1
c .R

n/
ˇ
ˇ
ˇ
@˝

, in which

case (2.98) follows from (2.68). ut
For each 1 < p < 1, Lp1 .@˝/ is a Banach space, densely embedded into

Lp.@˝/ (cf. (2.89)). Furthermore, since the mapping

J W Lp1 .@˝/ �!
h
Lp.@˝/

i1C .n�1/n
2
; Jf WD

�
f; .@�jk f /1�j;k�n

�
; (2.99)

is bounded both from above and below, its image is closed. Now, Lp1 .@˝/ is
isomorphic to the latter space and, hence, is reflexive. Thus, if for each 1 < p <1,
we set

L
p
�1.@˝/ WD

�
L
p0

1 .@˝/
��
; 1=p C 1=p0 D 1; (2.100)

it follows that

�
L
p
�1.@˝/

�� D Lp0

1 .@˝/; 1=p C 1=p0 D 1: (2.101)

Corollary 2.13. Let ˝ be a bounded Lipschitz domain in R
n, 1 < p < 1 and fix

two indices j; k 2 f1; : : : ; ng. Then the operator

@�jk W Lp1 .@˝/ �! Lp.@˝/ (2.102)

extends in a (unique) compatible fashion to a bounded, linear mapping

@�jk W Lp.@˝/ �! L
p
�1.@˝/: (2.103)

Proof. For every f 2 Lp.@˝/, set

h@�jkf; gi WD
Z

@˝

f @�kj g d�; 8 g 2 Lp0

1 .@˝/; (2.104)

where 1=p C 1=p0 D 1. Then the desired conclusion follows from Corollary 2.12.
ut
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Corollary 2.14. Let ˝ be a bounded Lipschitz domain in R
n and fix p 2 .1;1/.

Then for every f 2 Lp�1.@˝/ there exist g0; gjk 2 Lp.@˝/, 1 � j; k � n (not
necessarily unique) with the property that

f D g0 C
nX

j;kD1
@�jk gjk in L

p
�1.@˝/: (2.105)

Furthermore,

kf kLp
�1.@˝/

� inf
h
kg0kLp.@˝/ C

nX

j;kD1
kgjkkLp.@˝/

i
; (2.106)

where the infimum is taken over all representations of f as in (2.105).

Proof. Let p0 2 .1;1/ be such that 1=p C 1=p0 D 1. If f 2 Lp�1.@˝/ is regarded

as a functional f W Lp0

1 .@˝/ ! R, then f ı J�1 W ImJ ! R is well-defined,
linear and bounded (where J is as in (2.99) with p0 in place of p). At this stage, the
Hahn–Banach Theorem in conjunction with Riesz’s Representation Theorem ensure
the existence of g0; gjk 2 Lp.@˝/ such that (2.105)–(2.106) hold. ut
Proposition 2.15. Let ˝ � R

n be a bounded Lipschitz domain and assume that
the function u 2 C1.˝/ is such that N .ru/ 2 Lp.@˝/ for some p 2 .1;1/. Then
u has a non-tangential limit at almost every boundary point on @˝ ,

u
j

@˝
2 Lp1 .@˝/ and

nX

j;kD1
k@�jk .ub @˝/kLp.@˝/ � CkN .ru/kLp.@˝/: (2.107)

Furthermore,
�
��u
j

@˝

�
��
L
p
1 .@˝/

� CkN .ru/kLp.@˝/ C CkN ukLp.@˝/: (2.108)

If, in addition, each @j u, 1 � j � n, also has a non-tangential limit at almost
every boundary point on @˝ , then

@�jk .ub @˝/ D �j .@ku/
j

@˝
� �k.@j u/

j

@˝
; 8 j; k 2 f1; : : : ; ng: (2.109)

Proof. Assume that N�.ru/ 2 Lp.@˝/ for some � > 0. We first aim to show
that (2.59) exists for a.e. X 2 @˝ . By Proposition 2.2 and the remark following it,
there is no loss of generality in assuming that � is sufficiently large. In particular,
we can assume that there exists � > 0 with the property that 	�.X/ � R�.X/ for
every X 2 @˝ . Since

ju.P /� u.Q/j � fN � .ru/.X/ jP �Qj
� N�.ru/.X/ jP �Qj; 8P;Q 2 	�.X/; (2.110)
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it follows that u is Lipschitz in each cone 	�.X/ provided N�.ru/.X/ <1. Now,
N�.ru/ 2 Lp.@˝/ ensures that the latter condition is satisfied for �-a.e. X 2 @˝
(where, as usual, � denotes the surface measure on @˝). Hence,

u.X/ WD lim
Y!X

Y2	� .X/
u.Y / exists for �-a.e. X 2 @˝: (2.111)

In order to prove a similar result with R�.X/ in place of 	�.X/, we shall avail
ourselves of a remark made on p. 93 in [59] which entails the following. Given
" > 0, X 2 @˝ and P 2 R�.X/\ B.X; "/, there existsQ 2 	�.X/\ B.X; "/ and
a rectifiable path 
 joining P and Q such that 
 � R�0.X/ for some �0 > 0 and
length .
/ � C". We may then write

ju.P / � u.X/j � ju.P / � u.Q/j C ju.Q/� u.X/j
� C"N�0.ru/.X/C ju.Q/� u.X/j: (2.112)

Now, N�0.ru/ 2 Lp.@˝/ forces N�0.ru/.X/ < 1 for �-a.e. X 2 @˝ .
Also, (2.111) implies that ju.Q/� u.X/j can be made as small as desired by taking
" to be small. Consequently, ju.P /�u.X/j can be made arbitrarily small provided "
is small enough. This proves that u has a non-tangential limit at a.e. boundary point.
The fact that ub @˝2 Lp.@˝/ and

kub @˝kLp.@˝/ � CkN .ru/kLp.@˝/ C CkN ukLp.@˝/ (2.113)

are simple consequences of (2.110) and (2.111). For further use, let us also point
out here that (2.110) implies that N u 2 Lp.@˝/.

Consider next a sequence of domains ˝j , j 2 N, enjoying the following
properties:

(i) Each ˝j is a C1 domain,˝j � ˝jC1 � ˝ for every j and˝ D [j2N˝j ;
(ii) There exist � > 0 and bi-Lipschitz homeomorphism�j W @˝ ! @˝j , j 2 N,

such that �j .X/ 2 R�.X/ for all X 2 @˝ and �j .X/! X as j !1;
(iii) If �j D .�

j
1 ; : : : ; �

j
n / is the outward unit normal vector and �j is the surface

measure on @˝j , then �j .�j .�//! � as j !1 pointwise �-a.e. on @˝;
(iv) There exists a sequence .Jj /j of non-negative, measurable functions on @˝ ,

bounded away from zero and infinity uniformly in j , satisfying Jj .X/! 1 as
j ! 1 for �-a.e. X 2 @˝ , and for which the following change of variable
formula

Z

@˝j

f .X/ d�j .X/ D
Z

@˝

f .�j .X//Jj .X/d�.X/; (2.114)

holds for any f 2 L1.@˝j /.
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For the construction of a sequence of domains .˝j /j2N satisfying properties
.i/–.iv/, we refer the reader to [86, 125]. In the sequel, we shall write ˝j % ˝ in
order to indicate that the family f˝j gj2N satisfies the properties (i)–(iv) above. One
can also construct a family of smooth, bounded domains approximating a given
˝ from the exterior (i.e., with the inclusions in (i) reversed). We abbreviate by
˝j & ˝ the fact that .˝j /j2N is such a family.

Going further, if ˝j % ˝ , for each 1 � k; ` � n and j 2 N we set

@
�
j

kl
WD �jk @` � �j` @k: (2.115)

Also, we fix 1 � k; ` � n along with g 2 C1
c .R

n/. On the one hand, (2.114), the
properties of u and Lebesgue’s’ Dominated Convergence Theorem allow us to write

Z

@˝

u.@�k`g/ d� D lim
j!1

Z

@˝j

u.@
�
j
k`
g/ d�j : (2.116)

On the other hand, for each j we have uj@˝j 2 Lip .@˝j /, so integrating by parts
on @˝j , then changing variables back to @˝ , yields

ˇ
ˇ
ˇ
Z

@˝j

u.@
�
j
k`
g/ d�j

ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
Z

@˝j

g.@
�
j
k`

u/ d�j
ˇ
ˇ
ˇ (2.117)

D
ˇ
ˇ
ˇ
Z

@˝

�
j

` .�j .X//.@ku/.�j .X//g.�j .X//Jj .X/ d�.X/

�
Z

@˝

�
j

k .�j .X//.@`u/.�j .X//g.�j .X//Jj .X/ d�.X/
ˇ
ˇ
ˇ;

� CkN�.ru/kLp.@˝/kgkLp0

.@˝/;

where 1=p C 1=p0 D 1. This implies that @�k`u 2 Lp.@˝/ for all k; ` 2 f1; : : : ; ng
and the estimate in (2.107) holds. Thus, uj@˝ 2 Lp1 .@˝/ and (2.108) holds.

Finally, for two arbitrary indices j; k 2 f1; : : : ; ng and  2 C1
c .R

n/ we may
invoke the Divergence Theorem twice in order to write

Z

@˝

u.@�kj  / d� D
Z

@˝

u.�k@j � �j @k / d�

D
Z

˝

�
@ku@j � @ju@k 

�
dX

D
Z

@˝

�
�j .@ku/j@˝ � �k.@j u/j@˝

�
 d�: (2.118)

That the hypotheses of Proposition 2.4 are verified, is ensured by the properties of u
and Proposition 2.3. Since  is arbitrary, (2.118) proves (2.109). ut



42 2 Smoothness Scales and Calderón–Zygmund Theory in the Scalar-Valued Case

Corollary 2.16. Let ˝ � R
n be a bounded Lipschitz domain with surface

measure � . If the functions u; v 2 C1.˝/ are such that N .ru/ 2 Lp.@˝/ and
N .rv/ 2 Lp0

.@˝/ with p; p0 2 .1;1/ conjugate exponents, then

Z

@˝

u .@�jkv/ d� D
Z

@˝

.@�kj u/ v d�: (2.119)

Proof. This is a direct consequence of Proposition 2.15 and Corollary 2.13. ut

2.3 Brief Review of Smoothness Spaces in R
n

Recall that, for each p 2 .1;1/ and s 2 R, the Bessel potential space
L
p
s .R

n/ is defined by

Lps .R
n/ WD

n
.I ��/�s=2g W g 2 Lp.Rn/

o

D
n
F�1.1C j�j2/�s=2Fg W g 2 Lp.Rn/

o
(2.120)

and is equipped with the norm

kf kLps .Rn/ WD kF�1.1C j�j2/s=2Ff kLp.Rn/; (2.121)

where F denotes the Fourier transform in R
n. As is well-known, when the

smoothness index is a natural number, say s D k 2 N, this can be identified with
the classical Sobolev space

W k;p.Rn/ WD
n
f 2 Lp.Rn/ W kf kW k;p.Rn/ WD

X

j
 j�k
k@
f kLp.Rn/ <1

o
; (2.122)

i.e.,
L
p

k .R
n/ D W k;p.Rn/; k 2 N0; 1 < p <1: (2.123)

For further reference, we define here the Hölder space C s.Rn/, s > 0, s … N,
consisting of functions f for which

kf kCs.Rn/ WD
X

j˛j�Œs�
k@˛f kL1.Rn/C

X

j˛jDŒs�
sup
x¤y
j@˛f .x/ � @˛f .y/j
jx � yjs�Œs� <1: (2.124)

Here Œ�� stands for the integer-part function.
Next we turn our attention to Hardy-type spaces in R

n. Fix a function  in
C1
c .R

n/ with supp � fX 2 R
n W jX j < 1g and

R
Rn
 .X/ dX D 1, and set

 t .X/ WD t�n .X=t/ for each t > 0 and X 2 R
n: (2.125)
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Given a tempered distribution u 2 S 0.Rn/ we define its radial maximal function and
its truncated version, respectively, by setting

uCC WD sup
0<t<1

j t � uj; uC WD sup
0<t<1

j t � uj: (2.126)

Forp 2 .0;1/, the classical homogeneousHardy space Hp.Rn/, and its local
version, hp.Rn/, introduced in [52], are then defined as

Hp.Rn/ WD fu 2 S 0.Rn/ W kukHp.Rn/ WD kuCCkLp.Rn/ <1g; (2.127)

hp.Rn/ WD fu 2 S 0.Rn/ W kukhp.Rn/ WD kuCkLp.Rn/ <1g: (2.128)

Different choices of the function yield equivalent quasi-norms so (2.127), (2.128)
viewed as topological spaces, are intrinsically defined. Also,

Hp.Rn/ D hp.Rn/ D Lp.Rn/; 1 < p <1: (2.129)

In analogy with (2.122), Hardy-based Sobolev spaces hpk .R
n/, with

0 < p <1 and k 2 N0, are then defined as

h
p

k .R
n/ WD ˚u 2 S 0.Rn/ W @
u 2 hp.Rn/; 8 
 2 N

n
0 with j
 j � k�; (2.130)

and are equipped with the quasi-norm kukhpk .Rn/ WD
P

j
 j�k k@
ukhp.Rn/. For each
0 < p <1 and k 2 N we also set

h
p

�k.R
n/ WD

n
u 2 S 0.Rn/ W u D

X

j
 j�k
@
u
 ; where

u
 2 hp.Rn/ 8 
 2 N
n
0 with j
 j � k

o
(2.131)

which we equip with the natural quasi-norm kukhp
�k.R

n/ WD inf
P

j
 j�k ku
khp.Rn/,
where the infimum is taken over all representations of u.

Going further, a function f 2 L2loc.R
n/ is said to belong to the space BMO.Rn/ if

kf kBMO.Rn/ WD sup
Q

�
1

jQj
Z

Q

jf .X/ � fQj2 dX
�1=2

<1; (2.132)

where the supremum is taken over all cubes in R
n and fQ WD 1

jQj
R
Q f .X/ dX . As

is well-known, .H1.Rn//� D BMO.Rn/ (see [43]). The local version of BMO.Rn/
is defined as follows. A function f 2 L2loc.R

n/ belongs to bmo.Rn/ if the quantity
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kf kbmo.Rn/ WD sup

(

sup
QW l.Q/�1

�
1

jQj
Z

Q

jf .X/� fQj2 dX
�1=2

;

sup
QW l.Q/>1

�
1

jQj
Z

Q

jf .X/j2 dX
�1=2)

(2.133)

is finite. Then .h1.Rn//� D bmo.Rn/ (see [52]).
We now briefly review the classical Besov and Triebel–Lizorkin scales in R

n.
Recall that N0 D N [ f0g. By N

n
0 we shall then denote the collection of all multi-

indices ˛ D .˛1; : : : ; ˛n/ with components in N0. As is customary, we let j˛j WDPn
jD1 ˛j . One convenient point of view is offered by the classical Littlewood–Paley

theory (cf., e.g., [107,124] ). More specifically, let� be the collection of all systems
f�j g1jD0 � S with the properties

(a) There exist positive constants A; B; C such that

(
supp .�0/ � fX W jX j � Ag;
supp .�j / � fX W B2j�1 � jX j � C2jC1g if j D 1; 2; 3 : : : :

(2.134)

(b) For every multi-index ˛ there exists a positive number c˛ such that

sup
x2Rn

sup
j2N

2j j˛jj@˛�j .x/j � c˛: (2.135)

(c)
1X

jD0
�j .x/ D 1 for every x 2 R

n: (2.136)

Let s 2 R and 0 < q � 1 and fix some family f�j g1jD0 2 � . Also, let F denote
the Fourier transform in R

n. If 0 < p < 1 then the Triebel–Lizorkin spaces are
defined as

F p;q
s .Rn/ WD

n
f 2 S 0.Rn/ W (2.137)

kf kF p;qs .Rn/ WD
�
�
�
� 1X

jD0
j2sjF�1.�jFf /jq

�1=q��
�
Lp.Rn/

<1
o
:

If 0 < p � 1 then the Besov spaces are defined as

Bp;q
s .Rn/ WD

n
f 2 S 0.Rn/ W (2.138)

kf kBp;qs .Rn/ WD
� 1X

jD0
k2sjF�1.�jFf /kqLp.Rn/

�1=q
<1

o
:
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A different choice of the system f�j g1jD0 2 � yields the same spaces (2.137)–
(2.138), albeit equipped with equivalent norms. Furthermore, the class of Schwartz
functions in R

n is dense in both Bp;q
s .Rn/ and F p;q

s .Rn/ provided the index s 2 R

and 0 < p; q <1.
It has long been known that many classical smoothness spaces are encompassed

by the Besov and Triebel–Lizorkin scales. For example,

C s.Rn/ D B1;1
s .Rn/; 0 < s … Z; (2.139)

Lp.Rn/ D F p;2
0 .Rn/; 1 < p <1; (2.140)

Lps .R
n/ D F p;2

s .Rn/; 1 < p <1; s 2 R; (2.141)

W k;p.Rn/ D F p;2

k .Rn/; 1 < p <1; k 2 N; (2.142)

hp.Rn/ D F p;2
0 .Rn/; 0 < p � 1; (2.143)

bmo.Rn/ D F1;2
0 .Rn/; (2.144)

BMO.Rn/ D PF1;2
0 .Rn/: (2.145)

For a more detailed discussion of the Besov and Triebel–Lizorkin scales of
spaces in R

n, including the definition and properties of their homogeneous counter-
parts, PBp;q

s .Rn/ and PF p;q
s .Rn/, the interested reader is referred to [46, 47, 107, 124],

and the references therein.
A useful lifting result reads as follows

F p;q
s .Rn/ D .I ��/�=2F p;q

sC�.R
n/; 8p; q 2 .0;1� and 8 s; � 2 R:

(2.146)

Also, for any k 2 N,

F p;q
s .Rn/ D ˚

f 2 S 0.Rn/ W @˛f 2 F p;q

s�k.R
n/; 8˛ with j˛j � k� (2.147)

D ˚
f 2 F p;q

s�k.R
n/ W @˛f 2 F p;q

s�k.R
n/; 8˛ with j˛j D k�

and

kf kF p;qs .Rn/ �
X

j˛j�k
k@˛f kF p;qs�m.Rn/

(2.148)

� kf kF p;qs�k.R
n/ C

X

j˛jDk
k@˛f kF p;qs�k .R

n/:
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In particular, for every ˛ 2 N
n
0 ,

@˛ W F p;q
s .Rn/ �! F

p;q

s�j˛j.R
n/ boundedly, 8p; q 2 .0;1�; s 2 R: (2.149)

Similar results are valid for the scale of Besov spaces.
Let us also record here some useful embedding results for Besov and Triebel–

Lizorkin spaces in R
n.

Theorem 2.17. For indices 0 < p0 � p1 � 1, s0; s1 2 R, 0 < q0 � q1 � 1
satisfying s0 � n

p0
D s1 � n

p1
, the inclusion

Bp0;q0
s0

.Rn/ ,! Bp1;q1
s1

.Rn/ (2.150)

is continuous with dense range. In addition, the same holds for the inclusion

F p0;q0
s0

.Rn/ ,! F p1;q1
s1

.Rn/; (2.151)

if either 0 < p0 < p1 <1, 0 < q0; q1 � 1 and s0 � n
p0
D s1 � n

p1
, or 0 < p0 D

p1 <1, 0 < q0 < q1 � 1 and s0 D s1.
Moreover, whenever 0 < p � 1 and s 2 R, one has

Ap;q0s .Rn/ ,! Ap;q1s .Rn/ whenever 0 < q0 � q1 � 1; (2.152)

Ap;1s0 .Rn/ ,! Ap;qs1 .R
n/ whenever s0 > s1: (2.153)

where A 2 fF;Bg. Finally,

B
p;minfp;qg
s .Rn/ � F p;q

s .Rn/ � Bp;maxfp;qg
s .Rn/

for 0 < p; q � 1; s 2 R
n:

(2.154)

See, e.g., [107]. Later on, we shall also need the following useful membership
criterion for certain types of singular functions to Besov and Triebel–Lizorkin
spaces. To state our next result recall that .a/C WD max fa; 0g, for every a 2 R.

Lemma 2.18. Assume that a > 0, 0 < p; q � 1, s > n.1=p � 1/C, and fix a
function  2 C1

c .R
n/ with  
 1 on B.0; 1/. Then the following equivalences are

true:

 .X/jX ja 2 Bp;q
s .Rn/” either s < n

p
C a; or s D n

p
C a and q D 1;

(2.155)
and

 .X/jX ja 2 F p;q
s .Rn/” s < n

p
C a: (2.156)

Proof. This is a consequence of Lemma 1 on p. 44 in [107].
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In the last part of this section we review some useful mapping properties of
pseudodifferential operators acting on Besov and Triebel–Lizorkin scales. To set
the stage, given 0 � ı; 
 � 1 and m 2 R, let Sm
;ı be the class of symbols consisting
of all functionsp 2 C1.Rn�Rn/ such that for each pair of multi-indicesˇ; 
 2 N

n
0

there exists a finite constant Cˇ;
 > 0 such that

j@ˇ� @
Xp.X; �/j � Cˇ;
.1C j�j/m�
jˇjCıj
 j; (2.157)

uniformly for .X; �/ 2 R
n � R

n. For p 2 Sm
;ı we define the pseudodifferential
operator p.X;D/ by (with F denoting the Fourier transform in R

n)

p.X;D/f .X/ WD .2�/�n
Z

Rn

eihX;�ip.X; �/Ff .�/ d�; f 2 S.Rn/; (2.158)

and write p.x;D/ 2 OPSm
;ı. The following is a consequence of [124, Theo-
rem 6.2.2, p. 258] (cf. also [124, Remark. 3, p. 257]).

Theorem 2.19. Let m 2 R, 0 � ı < 1 and fix ˛ 2 R, 0 < q � 1, arbitrary. Then
any T 2 OPSm1;ı induces a bounded, linear operator

T W F p;q
˛ .Rn/ �! F p;q

˛�m.Rn/ (2.159)

whenever 0 < p <1. Moreover,

T W Bp;q
˛ .Rn/ �! Bp;q

˛�m.Rn/ (2.160)

boundedly, whenever 0 < p � 1.

We now record two consequences of the above result, which are particularly
useful for treating operators akin to the harmonic Newtonian potential operator. The
first of these reads as follows (see also [64] for more details).

Corollary 2.20. Let a 2 S 0.Rn/ be a tempered distribution for which there exists
some R > 0 such that a is smooth for j�j > R and satisfies

j.@
a/.�/j � C
 j�jm�j
 j; j�j > R; 
 2 N
n
0 (2.161)

for some m 2 R such that m > �n, and set T WD a.D/, i.e.

Tf .X/ WD .2�/�n
Z

Rn

eihX;�ia.�/Ff .�/ d�; 8 f 2 S.Rn/: (2.162)

Finally, fix 0 < q � 1, ˛ 2 R and �; 2 C1
c .R

n/ (viewed below as multiplication
operators). Then

�T W F p;q
˛ .Rn/ �! F p;q

˛�m.Rn/ (2.163)
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is a bounded operator whenever 0 < p <1. In fact, so is

�T W Bp;q
˛ .Rn/ �! Bp;q

˛�m.Rn/ (2.164)

if 0 < p � 1.

To state the second corollary alluded to above, assume that

L D
X

j
 jD2m
A
@


 (2.165)

is a homogeneous, (complex, matrix-valued) constant-coefficient, differential oper-
ator of order 2m (with m 2 N) in R

n, which is elliptic, in the sense that there exists
a constant c > 0 such that

.�1/mRe
X

j
 jD2m
A
�


 	 cj�j2m; 8 � 2 R
n: (2.166)

As a consequence of Theorem 2.19 (cf. also [64] for more details) we then have:

Corollary 2.21. If L is a homogeneous, constant coefficient, elliptic operator of
order m and �; 2 C1

c .R
n/, then �L�1 has mapping properties similar

to (2.159)–(2.160).

2.4 Smoothness Spaces in Lipschitz Domains

Given an arbitrary open subset ˝ of R
n, denote by f j˝ the restriction of a

distribution f in R
n to ˝ . For 0 < p; q � 1 and s 2 R then set

Ap;qs .˝/ WD ˚f distribution in ˝ W 9g 2 Ap;qs .Rn/ such that gj˝ D f
�
;

(2.167)
equipped with the quasi-norm given by

kf kAp;qs .˝/ WD inf
n
kgkAp;qs .Rn/ W g 2 Ap;qs .Rn/; gj˝ D f

o
; f 2 Ap;qs .˝/;

(2.168)
where A 2 fB;F g. From the corresponding density result in R

n, it follows that for
any bounded Lipschitz domain˝ and any p; q 2 .0;1/, s 2 R,

C1.˝/ ,! Bp;q
s .˝/ and C1.˝/ ,! F p;q

s .˝/ densely: (2.169)

Hardy, Sobolev (or Bessel potential), Hölder and bmo spaces are defined
analogously, namely (recall that D 0.˝/ stands for the space of distributions in the
open set ˝)
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L
p
s .˝/ WD

˚
f 2 D 0.˝/ W 9 g 2 Lps .Rn/ such that gj˝ D f

�
; 1 < p <1; s 2 R;

hp.˝/ WD ˚f 2 D 0.˝/ W 9 g 2 hp.Rn/ such that gj˝ D f
�
; 0 < p � 1; (2.170)

bmo.˝/ WD ff 2 L2loc.˝/ W 9 g 2 bmo.Rn/ such that gj˝ D f g;

equipped, in each case, with the natural, infimum-type, (quasi-)norms. By (2.139)–
(2.144), it follows that

C s.˝/ D B1;1
s .˝/; 0 < s … Z; (2.171)

Lp.˝/ D F p;2
0 .˝/; 1 < p <1; (2.172)

Lps .˝/ D F p;2
s .˝/; 1 < p <1; s 2 R; (2.173)

hp.˝/ D F p;2
0 .˝/; 0 < p � 1; (2.174)

bmo.˝/ D F1;2
0 .˝/; (2.175)

where C s.˝/ and Lp.˝/ are, respectively, the standard Hölder and Lebesgue
spaces in ˝ .

We shall now record a useful characterization of the local Hardy space hp.˝/.
First, we need some notation. Fix a function  2 C1

c .B.0; 1// with the property
that

R
B.0;1/

 .X/ dX D 1 and set  t .X/ WD t�n .X=t/ for each t > 0 and
X 2 R

n. Then the radial maximal function of a distribution u in ˝ is
defined as

uC.X/ WD sup
0<t<dist.X;@˝/

j. t � u/.X/j; X 2 ˝: (2.176)

For u 2 D 0.˝/, k 2 N0 and X 2 R
n introduce

u�
k;˝.X/ WD sup

˚jhu;  ij W  2 �X
�

(2.177)

where the class �X consists of all functions  2 C1
c .R

n/ with the property that
there exists r D r > 0 with supp � B.X; r/ \˝ and k@
 kL1.Rn/ � r�n�j
 j
for each 
 2 N

n
0 , j
 j � k. For a proof of the following theorem, the reader is referred

to [79, 80].

Theorem 2.22. Let ˝ be a bounded Lipschitz domain in R
n. Fix  as above and

define the radial maximal function as in (2.176). Then, for any 0 < p � 1 and any
u 2 D 0.˝/

u 2 hp.˝/ ” uC 2 Lp.˝/; (2.178)

with equivalence of quasi-norms. Furthermore, if k 2 N and n
nCk < p � 1, then

ku�
k;˝kLp.Rn/ � kuCkLp.˝/: (2.179)
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In particular, a different choice of the function  affects the size of uC in Lp.˝/
only up to a fixed multiplicative constant. Finally, similar results are valid in the
range 1 < p <1 provided hp.˝/ is replaced by Lp.˝/.

In analogy with the Hardy-based Sobolev spaces in R
n introduced in (2.130)–

(2.131), for an open set ˝ � R
n, k 2 N0 and 0 < p � 1, we set

h
p

k .˝/ WD fu 2 D 0.˝/ W @
u 2 hp.˝/; 8 
 2 N
n
0 with j
 j � kg; (2.180)

equipped with the quasi-norm kukhpk .˝/ WD
P

j
 jDk k@
ukhp.˝/, and

h
p

�k.˝/ WD
n
u 2 D 0.˝/ W u D

X

j
 j�k
@
u
 ; where

u
 2 hp.˝/; 8 
 2 N
n
0 with j
 j � k

o
(2.181)

equipped with kukhp
�k.˝/

WD inf
P

j
 j�k ku
khp.˝/, where the infimum is taken over
all representations of u. Then the following higher-order smoothness version of the
identification in (2.174) holds. A proof is found in [64].

Theorem 2.23. Let˝ be a bounded Lipschitz domain in R
n. Assume that 0 < p �

1 and that k 2 Z is either � 0, or else satisfies k > n.1=p � 1/. Then

h
p

k .˝/ D F p;2

k .˝/: (2.182)

We continue by recording a couple of useful lifting results on Besov and Triebel–
Lizorkin spaces on bounded Lipschitz domains. The following has been proved in
[83].

Proposition 2.24. Let 1 < p; q <1, k 2 N and s 2 R. Then for any distribution
u in the bounded Lipschitz domain˝ � R

n, the following implication holds:

@˛u 2 Ap;qs .˝/ for every ˛ 2 N
n
0 with j˛j D k H) u 2 Ap;qsCk.˝/; (2.183)

where, as usual, A 2 fB;F g.
This should be compared to the following result, proven on p. 173 in [58].

Proposition 2.25. Let˝ be a bounded Lipschitz domain in R
n. Suppose that ˛ > 0

and 1 � p � 1. Then

u 2 Bp;p
1C˛.˝/ ” u 2 Lp.˝/ and ru 2 Bp;p

˛ .˝/: (2.184)

As an application of Proposition 2.27 (discussed later) and Proposition 2.25 we
record here the following.



2.4 Smoothness Spaces in Lipschitz Domains 51

Proposition 2.26. Let ˝ be a bounded Lipschitz domain in R
n, k 2 N0, and

assume that 0 < s < 1. Then

B
1;1
kCs .˝/ D CkCs.˝/; (2.185)

where

CkCs.˝/ WD
n
u 2 Ck.˝/ W kukCkCs .˝/ <1; where (2.186)

kukCkCs .˝/ WD
kX

jD1
krj ukL1.˝/ C

X

j˛jDk
sup

X 6DY2˝
j@˛u.X/ � @˛u.Y /j
jX � Y js

o
:

Proof. Fix an integer k 2 N0 and some s 2 .0; 1/. It is well known (see e.g., [107])
that B1;1

kCs .Rn/ D CkCs.Rn/ and, consequently, B1;1
kCs .˝/ � CkCs.˝/. A key

observation in showing the opposite inclusion is that

B1;1
s .˝/ D C s.˝/: (2.187)

This can be seen from the intrinsic characterization of the space B1;1
s .˝/ given

by Proposition 2.27 in which we take M D 1. Then, the inclusion CkCs.˝/ �
B

1;1
kCs .˝/, and consequently (2.185), follows from Proposition 2.25. ut
Moving on, recall that, in general, .a/C WD max fa; 0g for each a 2 R.

An intrinsic characterization of the spaces Bp;q
s .˝/ with 0 < p; q � 1 and

n
�
1
p
� 1�C < s is given in [39] on p. 30 where the following is proved.

Proposition 2.27. Let˝ be a bounded Lipschitz domain in R
n. Assume that indices

p; q; s satisfy 0 < p; q � 1, n. 1
p
� 1/C < s and suppose that M 2 N is such that

M > s. Then

u 2 Bp;q
s .˝/ ” kf kLp.˝/ C

��
�t�s sup

jhj�t
k�M

h ukLp.˝/
��
�
Lq
�
.0;1/; dtt

� <1;
(2.188)

with naturally accompanying quasi-norm estimates, where, if u W ˝ ! C, M 2 N

and h 2 R
n,

�M
h u.X/ WD

MX

jD0

�
M

j

�
.�1/M�j u.X C jh/ (2.189)

if X;X C h; : : : ; X CMh 2 ˝ , and �M
h u.X/ WD 0 otherwise.

Another, related, intrinsic characterization of the space Bp;p
˛ .˝/ for the case

when n=.nC 1/ < p <1 and n. 1
p
� 1/C < ˛ < 1 is presented in the proposition

below.

Proposition 2.28. Assume that ˝ is an arbitrary nonempty open subset in R
n and

suppose that n=.n C 1/ < p < 1 and n.1=p � 1/C < ˛ < 1. Also, fix k 2 N0.
Then there exists a finite constant C > 0 such that
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X

j
 j�k
k@
ukLp.˝/ C

X

j
 jDk

�Z

˝

Z

˝

j.@
u/.X/� .@
u/.Y /jp
jX � Y jnC˛p dX dY

�1=p

� CkukBp;p˛Ck.˝/
: (2.190)

Moreover, in the case when ˝ is a bounded Lipschitz domain in R
n and k D 0,

the converse inequality also holds. Consequently, in the situation when ˝ is a
bounded Lipschitz domain in R

n and under the assumption that n=.nC1/ < p <1
and n.1=p � 1/C < ˛ < 1, one has

kukBp;p˛ .˝/ � kukLp.˝/ C
�Z

˝

Z

˝

ju.X/� u.Y /jp
jX � Y jnC˛p dX dY

�1=p
; (2.191)

uniformly in u.
Finally, if ˝ is a bounded Lipschitz domain in R

n, p 2 .1;1/, ˛ 2 .0; 1/ and
k 2 N0 then

kukBp;p
˛Ck

.˝/ �
X

j
 j�k
k@
ukLp.˝/ (2.192)

C
X

j
 jDk

�Z

˝

Z

˝

j.@
u/.X/ � .@
u/.Y /jp
jX � Y jnC˛p dX dY

�1=p
;

uniformly in u.

Proof. Assume that u 2 Bp;p

˛Ck.˝/. Then there exists a function w 2 Bp;p

˛Ck.Rn/ with
the property that w

ˇ
ˇ
˝
D u and such that kwkBp;p˛Ck .R

n/ � 2kukBp;p˛Ck.˝/
. In concert with

a well-known characterization of the Besov quasi-norm in the entire Euclidean space
(cf., e.g., [107]) this allows us to estimate

X

j
 jDk

Z

˝

Z

˝

j.@
u/.X/ � .@
u/.Y /jp
jX � Y jnC˛p dX dY

D
X

j
 jDk

Z

˝

Z

˝

j.@
w/.X/� .@
w/.Y /jp
jX � Y jnC˛p dX dY

�
X

j
 jDk

Z

Rn

Z

Rn

j.@
w/.X/ � .@
w/.Y /jp
jX � Y jnC˛p dX dY

� Ckrkwkp
B
p;p
˛ .Rn/

� Ckwkp
B
p;p

˛Ck
.Rn/

� Ckukp
B
p;p

˛Ck
.˝/
: (2.193)

From this, (2.190) readily follows.
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Consider now the opposite inequality in (2.190), under the assumptions that ˝
is a bounded Lipschitz domain in R

n and k D 0. In such a scenario, we invoke
Corollary 1 from [110] (with m D 1 and r D 1) which gives

kukp
B
p;p
˛ .˝/

� C
Z

X2˝

0

B
B
@

Z 1

0

1

tn

� Z

jX�Y j�t
Y2˝

ju.X/ � u.Y /jp dY
� dt

t1C˛p

1

C
C
A dX C kukp

Lp.˝/

� C
Z

X2˝

Z

Y2˝
ju.X/ � u.Y /jp

�Z 1

jX�Y j
dt

tnC1C˛p
�
dY dX C kukp

Lp.˝/

� C
Z

˝

Z

˝

ju.X/ � u.Y /jp
jX � Y jnC˛p dX dY C kukp

Lp.˝/
: (2.194)

In concert with the result from the first part of the proof, this justifies (2.191).
As regards (2.192), assume that u is a function for which

X

j
 j�k
k@
ukLp.˝/ C

X

j
 jDk

�Z

˝

Z

˝

j.@
u/.X/� .@
u/.Y /jp
jX � Y jnC˛p dX dY

�1=p
<1:

(2.195)
Relying on (2.191), we then deduce that @
u 2 B

p;p
˛ .˝/ for every 
 2 N

n
0

with j
 j D k. Having established this membership, the lifting result from
Proposition 2.24 applies (assuming that 1 < p <1) and gives that u 2 Bp;p

˛Ck.˝/.
This establishes the right-pointing inequality in (2.192). Together with (2.190), this
yields (2.192), thus completing the proof of the proposition. ut

The existence of an universal extension operator for Besov and Triebel–Lizorkin
spaces in an arbitrary Lipschitz domain˝ � R

n has been established by V. Rychkov
in [108]. To state this result, let R˝ denote the operator of restriction to ˝ , which
maps distributions from R

n into distributions in ˝ ,

R˝.u/ WD u
ˇ
ˇ
ˇ
˝
; u distribution in R

n: (2.196)

Theorem 2.29 ([108]). Let ˝ � R
n be either a bounded Lipschitz domain, the

exterior of a bounded Lipschitz domain, or an unbounded Lipschitz domain. Then
there exists a linear, continuous operator E˝ , mapping distributions in ˝ into
tempered distributions in R

n, and such that whenever 0 < p; q � 1, s 2 R
n,

E˝ W Ap;qs .˝/ �! A
p;q
s .Rn/ boundedly;

satisfying R˝.E˝f / D f; 8 f 2 Ap;qs .˝/;
(2.197)

for A D B or A D F , in the latter case assuming p <1.
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Assume that 1 � p � 1 and k 2 N0. Then the standard Lp-based Sobolev
space of order k in an open set ˝ � R

n is defined as

W k;p.˝/ WD
n
f 2 Lp.˝/ W @
f 2 Lp.˝/; 8 
 2 N

n
0 with j
 j � k

o
; (2.198)

and is equipped with the norm

kf kW k;p.˝/ WD
X

j
 j�k
k@
f kLp.˝/: (2.199)

In view of Theorem 2.29, for any Lipschitz domain˝ we have

W k;p.˝/ D F p;2

k .˝/; 1 < p <1; k 2 N0: (2.200)

It is also useful to define Sobolev spaces of negative smoothness. Specifically, given
an open set ˝ � R

n, k 2 N and p 2 .1;1/, let us set (with D 0.˝/ denoting the
space of distributions in ˝)

W �k;p.˝/ WD
n
u 2 D 0.˝/ W u D

X

j
 j�k
@
u
 ; where

u
 2 Lp.˝/ 8 
 2 N
n
0 with j
 j � k

o
(2.201)

equipped with the natural norm kukW�k;p.˝/ WD inf
P

j
 j�k ku
kLp.˝/, where the
infimum is taken over all representations of u as in the right-hand side of (2.201).

Proposition 2.30. Let ˝ be a Lipschitz domain in R
n. Then for every k 2 N and

p 2 .1;1/ there holds

W �k;p.˝/ D F p;2

�k .˝/; (2.202)

with equivalent norms.

Proof. Fix k 2 N and p 2 .1;1/. From (2.146), (2.200), and (2.201) it follows
that

F
p;2

�k .˝/ D
˚
u
ˇ
ˇ
˝
W u 2 F p;2

�k .R
n/
� D ˚uˇˇ

˝
W u 2 .I ��/kF p;2

k .Rn/
�

D ˚
.I ��/kv W v 2 W k;p.˝/

�
,! W �k;p.˝/: (2.203)

Since @
 W Lp.˝/ D F
p;2
0 .˝/ ! F

p;2

�k .˝/ is bounded for every 
 2 N
n
0 with

j
 j � k (cf. (2.149)), it follows from (2.201) that every distribution u 2 W �k;p.˝/
actually belongs to F p;2

�k .˝/. Hence, W �k;p.˝/ ,! F
p;2

�k .˝/ and (2.202) follows.
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Going further, for 0 < p; q � 1, s 2 R, we set

A
p;q
s;0 .˝/ WD

˚
f 2 Ap;qs .Rn/ W suppf � ˝ �

;

kf kAp;qs;0 .˝/ WD kf kAp;qs .Rn/; f 2 Ap;qs;0 .˝/;
(2.204)

where, as usual, either A D F and p <1 or A D B . Thus, Bp;q
s;0 .˝/, F

p;q
s;0 .˝/ are

closed subspaces of Bp;q
s;0 .R

n/ and F p;q
s;0 .R

n/, respectively. In the same vein, we also
define

L
p
s;0.˝/ WD

˚
f 2 Lps .Rn/ W suppf � ˝ �

; 1 < p <1; s 2 R; (2.205)

with the norms inherited from L
p
s .R

n/. Given˝ � R
n and a function f W ˝ ! R,

define

ef .X/ WD
(
f .X/ if X 2 ˝;
0 if X 2 R

n n˝; (2.206)

It follows that if ˝ is a bounded Lipschitz domain in R
n and 0 < p; q < 1,

s 2 R, then

BC1
c .˝/ ,! A

p;q
s;0 .˝/ densely; (2.207)

C1.˝/ ,! Ap;qs .˝/ densely; (2.208)

where, as above, tilde denotes the extension by zero outside ˝ , and A stands for
either B or F . Indeed, the same proof as in the Remark 2.7 on p. 170 of [58]
gives (2.207) and a minor variation of it justifies (2.208) as well.

Next, for 0 < p; q � 1 and s 2 R, we introduce the space

Ap;qs;z .˝/ WD
˚
f distribution in ˝ W 9g 2 Ap;qs;0 .˝/ with gj˝ D f

�
; (2.209)

equipped with the quasi-norm

kf kAp;qs;z .˝/ WD inf
n
kgkAp;qs .Rn/ W g 2 Ap;qs;0 .˝/; gj˝ D f

o
; f 2 Ap;qs;z .˝/;

(2.210)
where, as before, A D F and p < 1 or A D B . In this regard, we wish to note
that if ˝ � R

n is a bounded Lipschitz domain and 0 < p; q < 1, s 2 R, then for
A 2 fB;F g there holds

C1
c .˝/ ,! Ap;qs;z .˝/ densely: (2.211)

This is a consequence of (2.207) and the fact that R˝ maps Ap;qs;0 .˝/ continuously
onto Ap;qs;z .˝/. In keeping with earlier conventions, if 1 < p <1 and s 2 R, let us
also consider
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Lps;z.˝/ WD F p;2
s;z .˝/ D

˚
f 2 D 0.˝/ W 9g 2 Lps;0.˝/ with gj˝ D f

�
; (2.212)

where, as before, by D 0.˝/ we have denoted the set of distributions on ˝ .
For further use, we make the simple yet important observation that the operator of

restriction to˝ induces linear, bounded and onto mappings in the following settings

R˝ W Ap;qs .Rn/ �! Ap;qs .˝/ and R˝ W Ap;qs;0 .Rn/ �! Ap;qs;z .˝/ (2.213)

for 0 < p; q � 1, s 2 R.

Proposition 2.31 ([123]). Assume that˝ is a bounded Lipschitz domain in R
n, and

suppose that

0 < p; q � 1 and s > max
n
1
p
� 1; n

�
1
p
� 1

�o
: (2.214)

Then extension by zero defined in (2.206) induces a linear and bounded operator
from B

p;q
s;z .˝/ to Bp;q

s;0 .˝/ and, if p <1, from F
p;q
s;z .˝/ to F p;q

s;0 .˝/. Furthermore,
if

0 < p; q <1 and max
n
1
p
� 1; n

�
1
p
� 1

�o
< s < 1

p
; (2.215)

this operator also maps the space Bp;q
s .˝/ to Bp;q

s;0 .˝/, and the space F p;q
s .˝/ to

F
p;q
s;0 .˝/ if min fp; 1g � q.

If 1 < p; q <1 and 1=p C 1=p0 D 1=q C 1=q0 D 1, then

�
Ap;qs;z .˝/

�� D Ap0 ;q0

�s .˝/ if s > �1C 1
p
; (2.216)

�
Ap;qs .˝/

�� D Ap0 ;q0

�s;z .˝/ if s < 1
p
: (2.217)

Furthermore, for each s 2 R and 1 < p; q < 1, the spaces Ap;qs .˝/ and Ap;qs;0 .˝/
are reflexive.

There is yet another type of smoothness space which will play a significant role
in this work. Specifically, for ˝ � R

n Lipschitz domain, we set

ı
A
p;q
s .˝/ WD the closure of C1

c .˝/ in Ap;qs .˝/; 0 < p; q � 1; s 2 R;

(2.218)
where, as usual, A D F or A D B . For every 0 < p; q < 1 and s 2 R, we then
have

Ap;qs;z .˝/ ,!
ı
A
p;q
s .˝/ ,! Ap;qs .˝/; continuously: (2.219)

The second inclusion is trivial from (2.218), whereas the first can be justified as
follows. If f 2 Ap;qs;z .˝/ then there exists u 2 Ap;qs;0 .˝/ such that R˝.u/ D f .
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By (2.207), there exists a sequence fuj gj2N � C1
c .˝/ with the property thateuj !

u in Ap;qs .Rn/ as j ! 1, which then implies uj D R˝.euj / ! R˝.u/ D f

in Ap;qs .˝/ j ! 1. This proves that f 2 ı
A
p;q
s .˝/, and the desired conclusion

follows easily from this.
Going further, Proposition 3.1 in [123] ensures that

ı
A
p;q
s .˝/ D Ap;qs .˝/ D Ap;qs;z .˝/; A 2 fF;Bg; (2.220)

if the indices p; q; s satisfy 0 < p; q <1, max
n
1=p � 1; n.1=p � 1/

o
< s < 1=p,

and min fp; 1g � q < 1 in the case A D F . Other cases of interest will be
considered later, in Proposition 3.15.

Recall that .�; �/�;q and Œ�; ��� denote, respectively, the interpolation brackets for
the real and complex method of interpolation. As regards the latter, special care
must be taken when dealing with spaces which are not Banach (which is the
setting in which this method has been originally developed by A.P. Calderón in
[17]) but merely quasi-Banach. Throughout the monograph, the complex method is
understood in the sense described in [63,64] where Calderón’s complex method has
been extended to the class of analytically convex quasi-Banach spaces. The reader
is referred to [63, 64] for more details.

A proof of the following result can be found in [64].

Theorem 2.32. Suppose ˝ is a bounded Lipschitz domain in R
n. Let ˛0; ˛1 2 R,

˛0 ¤ ˛1, 0 < q0; q1; q � 1, 0 < � < 1, ˛ D .1 � �/˛0 C �˛1. Then

.F p;q0
˛0

.˝/; F p;q1
˛1

.˝//�;q D Bp;q
˛ .˝/; 0 < p <1; (2.221)

.Bp;q0
˛0

.˝/; Bp;q1
˛1

.˝//�;q D Bp;q
˛ .˝/; 0 < p � 1: (2.222)

Furthermore, if ˛0; ˛1 2 R, 0 < p0; p1 � 1 and 0 < q0; q1 � 1 are such that

either max fp0; q0g <1; or max fp1; q1g <1; (2.223)

then �
F p0;q0
˛0

.˝/; F p1;q1
˛1

.˝/


�
D F p;q

˛ .˝/; (2.224)

where 0 < � < 1, ˛ D .1 � �/˛0 C �˛1, 1
p
D 1��

p0
C �

p1
and 1

q
D 1��

q0
C �

q1
.

On the other hand, if ˛0; ˛1 2 R, 0 < p0; p1; q0; q1 � 1 are such that

min fq0; q1g <1; (2.225)

then also

�
Bp0;q0
˛0

.˝/; Bp1;q1
˛1

.˝/


�
D Bp;q

˛ .˝/; (2.226)

where �; ˛; p; q are as above.
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Finally, the same interpolation results are valid if the spaces Bp;q
˛ .˝/, F p;q

˛ .˝/

are replaced by Bp;q
˛;0 .˝/ and F p;q

˛;0 .˝/, respectively.

Let us also register here a well-known, elementary sufficient condition for
membership to the Hölder scale. Specifically, if ˝ is a bounded Lipschitz domain
and s 2 .0; 1/ then

u 2 L1.˝/\ C1.˝/ with 
1�sjruj 2 L1.˝/ H) u 2 C s.˝/; (2.227)

plus a natural estimate (where 
 is as in (2.57)).
We continue our discussion concerning interpolation of function spaces in

Lipschitz domains by recording a result which essentially asserts that the property
of being a null-solution for a fixed elliptic differential operator is preserved under
(complex and real) interpolation on Besov and Triebel–Lizorkin scales.

Theorem 2.33. Consider an elliptic, homogeneous, constant coefficient differential
operator L and fix a bounded Lipschitz domain˝ in R

n. Define

KerL WD ˚u 2 L1loc.˝/ W Lu D 0 in ˝
�
: (2.228)

In addition, assume that 0 < q0; q1; q � 1, ˛0; ˛1 2 R, ˛0 6D ˛1, 0 < � < 1, and
suppose that ˛ D .1 � �/˛0 C �˛1. Then, if 0 < p <1,

�
F p;q0
˛0

.˝/\KerL ; F p;q1
˛1

.˝/\ KerL
�

�;q
D Bp;q

˛ .˝/\ KerL; (2.229)

and if 0 < p � 1,

�
Bp;q0
˛0

.˝/\ KerL ; Bp;q1
˛1

.˝/\ KerL
�

�;q
D Bp;q

˛ .˝/\ KerL: (2.230)

Let 0 < p0; p1 <1, 0 < q0; q1 � 1, ˛0; ˛1 2 R, 0 < � < 1, ˛ D .1 � �/˛0 C
�˛1, 1p D 1��

p0
C �

p1
and 1

q
D 1��

q0
C �

q1
. Then

h
F p0;q0
˛0

.˝/\ KerL ; F p1;q1
˛1

.˝/\ KerL
i

�
D F p;q

˛ .˝/\ KerL: (2.231)

Finally, if ˛0; ˛1 2 R and 0 < p0; p1; q0; q1 � 1 are such that min fq0; q1g <
1, then

h
Bp0;q0
˛0

.˝/\ KerL ; Bp1;q1
˛1

.˝/\KerL
i

�
D Bp;q

˛ .˝/\ KerL; (2.232)

where 0 < � < 1, ˛ D .1 � �/˛0 C �˛1, 1
p
D 1��

p0
C �

p1
and 1

q
D 1��

q0
C �

q1
.

See [64, Theorem 1.5].
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We conclude this section with a technical result, pertaining to the membership to
Besov spaces (which is going to play a significant role later), whose proof makes
essential use of tools from interpolation theory.

Lemma 2.34. Let ˝ be a bounded Lipschitz domain in R
n and assume that

� 2 .0; 1/; p 2 .1;1/; and q 2 Œp;1/: (2.233)

Also, having fixed a large geometric constant C > 1, for each r > 0 define

Or WD
˚
X 2 ˝ W dist .X; @˝/ < r=C

�
: (2.234)

Finally, pick an atlas (cf. Definition 2.1) with associated Lipschitz maps f'ig1�i�N
(whose graphs therefore cover @˝), and fix some ro > 0 which is sufficiently small
relative to the quantitative characteristics of this atlas.

Then for each r 2 .0; ro/ there exists a finite constant C D C.˝; r; p; q; �/ > 0
with the property that for every function v 2 C1.O4r / one has

kvkBp;q� .Or /
� Ckrvkq

Lp.O2rnOr=2/
C CkN vkqLp .@˝/ (2.235)

C C

NX

iD1

hZ

jx0
j<r

�Z r

0
j.rv/.x0; 'i .x

0/C s/jq sq.1��C1=p/�1 ds
�p=q

dx0

iq=p

(ignoring the effect of various systems of coordinates in which the graphs of the 'i ’s
are considered).

Proof. As in [58], the proof relies on the so-called trace method of interpolation,
which we shall briefly recall. Specifically, given a compatible couple of Banach
spacesA0;A1 and 1 � q <1, � 2 .0; 1/, set .A0; A1/�;q for the intermediate space
obtained via the standard real interpolation method (cf., e.g., [8, Chap. 3]). Then, if
1 � q0; q1 <1 are such that 1=q D .1 � �/=q0 C �=q1, we have

kwk.A0;A1/�;q (2.236)

� inf
n�Z 1

0

kt � f .t/kq0A0
dt

t

�1=q0 C
�Z 1

0

kt �f 0.t/kq1A1
dt

t

�1=q1o
;

uniformly for w 2 .A0; A1/�;q , where the infimum is taken over all functions

f W .0;1/ �! A0 CA1 (2.237)

with the property that f is locally A0-integrable, f 0 (taken in the sense of
distributions) is locally A1-integrable, and such that lim

t!0C

f .t/ D w in A0 C A1.
See Theorem 3.12.2 on p. 73 in [8].
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To proceed in earnest, fix r > 0 sufficiently small relative to the atlas with
associated Lipschitz maps f'ig1�i�N . In particular, we may assume that Or is a
Lipschitz domain (cf. [86] for a proof). Assuming that this is the case, for every
p 2 .1;1/, q 2 .0;1�, and � 2 .0; 1/ we have (cf. (2.200) and (2.221))

B
p;q

� .Or / D
�
W 1;p.Or / ; L

p.Or /
�
1��;q : (2.238)

Pick an arbitrary function v 2 C1.O4r /. We aim to show that the infimum of

Z 1

0

kt1��f .t/kq
W 1;p.Or /

dt

t
C
Z 1

0

kt1��f 0.t/kqLp.Or /

dt

t
(2.239)

taken over all functions f W .0;1/ ! Lp.Or / C W 1;p.Or / with the property
that f is locally W 1;p.Or /-integrable, f 0 (taken in the sense of distributions) is
locally Lp.Or /-integrable, and satisfying lim

t!0C

f .t/ D v in Lp.Or / C W 1;p.Or /,

may be controlled by the right-hand side of (2.235). Note that since v belongs to
W 1;p.U / for any relatively compact open subset U of˝ , we only need to prove the
corresponding estimate for a small, fixed neighborhood of a point on the boundary.
Since the domain ˝ is Lipschitz, it suffices to do so in the case when the boundary
point is the origin and when Br.0/\ @˝ is part of the graph of a Lipschitz function
' with '.0/ D 0 (where ' is one of the 'i ’s considered earlier). In addition, we may
assume that

dist
�
.x0; xn/; @˝

� � xn � '.x0/; 8X D .x0; xn/ 2 Br.0/: (2.240)

Next, choose

� 2 C1
c .Br .0//; j�j � 1;

�.X/ D 1 for jX j � r=2;
and

� 2 C1
c ..�r; r//; j�j � 1;

�.t/ D 1 for jt j < r=2:
(2.241)

If we now consider the function f such that

.f .t//.X/ WD �.X/v.x0; xn C t/�.t/ if X D .x0; xn/; (2.242)

then clearly the function f is locally W 1;p.Or /-integrable, f 0 is locally Lp.Or /-
integrable, and we have lim

t!0C

f .t/ D �v. Thus, it is enough to bound (2.239) for

this choice of f by the right-hand side of (2.235). To this end, first we note that
since q.1 � �/� 1 > �1 (and ˝ has finite measure),

I WD
Z r

0

�Z

B2r .0/\˝
jv.x0; xn/jp dx0dxn

�q=p
tq.1��/�1 dt

� CkvkqLp.˝/ � CkvkqLpn=.n�1/.˝/
� CkN .v/kqLp.@˝/; (2.243)
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where the last step uses (2.42). Given the goal we have in mind, the estimate just
derived suits our purposes. Second, we have

II WD
Z 1

0

�Z

Or

�
j�.x0; xn/jjrv.x0; xn C t/jj�.t/jt1��

�p
dx0dxn

�q=p dt
t

� C

Z r

0

tq.1��/
�Z

jx0j<r

Z r

t

jrv.x0; '.x0/C s/jp dx0 ds
�q=p dt

t

D C

Z r

0

�Z r

t

h.s/ ds
�q=p

tq.1��/�1 dt; (2.244)

where we have set

h.s/ WD
Z

jx0j<r
jrv.x0; '.x0/C s/jp dx0: (2.245)

To continue, recall Hardy’s inequality (cf. [119, p. 272])

�Z 1

0

�Z 1

t

g.s/ ds
�ˇ
t˛�1 dt

�1=ˇ � ˇ

˛

�Z 1

0

.sg.s//ˇs˛�1 ds
�1=ˇ

; (2.246)

which holds for g 	 0 measurable, ˇ 	 1 and ˛ > 0. When applied with g WD
h�Œ0;r�, ˛ WD q.1 � �/ and ˇ WD q=p, in the case when q 	 p this inequality gives

Z r

0

�Z r

t

h.s/ ds
�q=p

tq.1��/�1 dt

� C
Z 1

0

�
sh.s/�Œ0;r�.s/

�q=p
sq.1��/�1 ds

D C
Z r

0

h.s/q=psq�1 ds (2.247)

� C
hZ

jx0j<r

�Z r

0

jrv.x0; '.x0/C s/jqsq.1��C1=p/�1 ds
�p=q

dx0
iq=p

;

where the last step in (2.247) uses Minkowski’s inequality, which once again
requires that q 	 p. Since the format of the last term above suits our goals, this
completes the proof of the lemma. ut

2.5 Weighted Sobolev Spaces in Lipschitz Domains

Fix a nonempty, open, proper subset ˝ of Rn and, as in (2.57), denote by 
 the
distance function to the boundary of˝ . For each p 2 Œ1;1�, a 2 .�1=p; 1� 1=p/,
and k 2 N0, then set
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W k;p
a .˝/ WD

n
u W ˝ ! R W u locally integrable, and (2.248)

kuk
W
k;p
a .˝/

WD
X

j˛j�k

�Z

˝

j@˛u.X/jp
.X/ap dX
�1=p

<1
o
:

Let us assume that ˝ � R
n is a bounded Lipschitz domain. Then it is not difficult

to check that there exists some open, relatively compact set O � ˝ for which

kuk
W
k;p
a .˝/

�
X

j˛jDk

�Z

˝

j@˛u.X/jp
.X/ap dX
�1=p C kukLp.O/: (2.249)

In relation to the standard Besov scale in R
n, we would like to point out that, thanks

to Theorem 4.1 in [58] on the one hand, and Theorems 1.4.2.4 and 1.4.4.4 in [53]
on the other, for each p 2 .1;1/, s 2 .0; 1/ and k 2 N0 we have:

a WD 1 � s � 1
p
2 .0; 1 � 1=p/ H) W

k;p
a .˝/ ,! B

p;p

k�1CsC1=p.˝/;

a WD 1 � s � 1
p
2 .�1=p; 0/ H) B

p;p

k�1CsC1=p.˝/ ,! W
k;p
a .˝/:

(2.250)

Of course,W k;p
a .˝/ is just the classical Sobolev spaceW k;p.˝/ (cf. (2.198)) when

a D 0.
Next, let L be a homogeneous, elliptic differential operator of even order with

(possibly matrix-valued) constant coefficients, say

L WD
X

j˛jDjˇjDm
@˛A˛ˇ @

ˇ; (2.251)

and fix an open set ˝ � R
n. Denote by KerL the space of locally integrable

functions u satisfying Lu D 0 in ˝ . Also, recall that given j 2 N0, rj stands for
the vector of all mixed-order partial derivatives of order j . Then, for 0 < p � 1
and s 2 R, denote by H

p
s .˝IL/ the space of functions u 2 KerL subject to the

size/smoothness condition

kuk
H
p
s .˝IL/ WD

�
�
�
hsi�sjrhsiuj

�
�
�
Lp.˝/

C
hsi�1X

jD0
krj ukLp.˝/ <1: (2.252)

Here and elsewhere, given s 2 R we set

hsi WD

8
ˆ̂<

ˆ̂
:

s if s 2 N0;

Œs�C 1 if s > 0; s … N;

0 if s < 0;

(2.253)
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where Œ�� is the integer-part function. That is, hsi is the smallest nonnegative integer
greater than or equal to s.

The above weighted Sobolev spaces behave reasonably well under real and
complex interpolation. Specifically, with .�; �/�;p and Œ�; ��� standing, respectively,
for the real and the complex method of interpolation, we have:

Theorem 2.35. Let L be a homogeneous, constant-coefficient, elliptic differential
operator and suppose that ˝ is a bounded Lipschitz domain in R

n, s0; s1 2 R,
0 < p <1, 0 < � < 1 and s D .1 � �/s0 C �s1. Then the following interpolation
formulas hold with equivalent norms:

�
H
p
s0
.˝IL/ ; Hp

s1
.˝IL/

�

�;p
D H

p
s .˝IL/; (2.254)

h
H
p
s0
.˝IL/ ; Hp

s1
.˝IL/

i

�
D H

p
s .˝IL/: (2.255)

When the Lipschitz domain in question is star-like this result has been established
in [64] and the slightly more general case recorded above follows from that.

For further reference, let us now record a well-known interior estimate and
a reverse Hölder inequality (cf., e.g., [122]). To state this result, we make the
convention that a barred integral indicates averaging. One instance, frequently used
throughout the paper, is as follows. For a given measurable set S � @˝ we define

Z
�
S

f .X/ d�.X/ WD 1

jS j
Z

S

f .X/ d�.X/; where jS j WD �.S/: (2.256)

Lemma 2.36. Let L be an elliptic differential operator as in (2.251) and assume
that ˝ is an arbitrary nonempty open set in R

n. Then for each function u 2 KerL,
0 < p <1, � 2 .0; 1/, k 2 N0, X 2 ˝ , and 0 < r < 
.X/,

sup
Z2B.X;�r/

jrku.Z/j � C

rk

�Z
�
B.X;r/

ju.Y /jp dY
�1=p

; (2.257)

where C D C.L; p; k; �; n/ > 0 is a finite constant.
Moreover, for any number q 2 .0;1/ there exists a finite constant C D

C.L; p; q; �; n/ > 0 such that, with p; �;X; r as before, one has

�Z
�
B.X;�r/

ju.Y /jq dY
� 1
q � C

�Z
�
B.X;r/

ju.Y /jp dY
� 1
p
; (2.258)

for every u 2 KerL.

These local estimates should be contrasted with the following global weighted
interior estimates and reverse interior estimates, which are going to be relevant
shortly (more general results of this type have been obtained in [85]).
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Lemma 2.37. Assume that L is a constant coefficient elliptic differential operator
as in (2.251) and that ˝ is a bounded Lipschitz domain in R

n. Also, fix k 2 N0,
0 < p <1, and s 2 R with sp > �1. Then there exists a relatively compact subset
O of ˝ and C > 0 such that

�Z

˝

ju.X/jp
.X/sp dX
�1=p � C

h�Z

˝

jrku.X/jp
.X/.sCk/p dX
�1=p

C sup
X2O
ju.X/j

i
; (2.259)

uniformly for u 2 KerL.

Lemma 2.38. Let ˝ be a Lipschitz domain in R
n and assume that L is a constant

coefficient elliptic differential operator as in (2.251). Also, fix 0 < p < 1, s 2 R,
and k 2 N0. Then for any u 2 KerL,

�Z

˝

jrku.X/jp
.X/.sCk/p dX
�1=p � C

�Z

˝

ju.X/jp
.X/sp dX
�1=p

; (2.260)

where C D C.L;˝; p; s; k/ > 0 is a finite constant.

In particular, the above lemmas are useful in establishing the following result.

Corollary 2.39. Let ˝ be a bounded Lipschitz domain in R
n and assume that L

is a constant coefficient elliptic differential operator as in (2.251). Also, fix s 2 R

along with p 2 .0;1/. Then there exists an open, relatively compact set O in ˝
with the following property. If r 2 N0 is such that

s � 1
p
< r � hsi (2.261)

then, with 
 as in (2.57), there holds

kuk
H
p
s .˝IL/ �

�
�
r�s jrruj��

Lp.˝/
C kukLp.O/; (2.262)

uniformly for u 2 KerL.

Proof. The equivalence in (2.262) follows from (2.252), Lemmas 2.37, and 2.38.
ut

A related result is contained in the proposition below.

Proposition 2.40. Suppose that ˝ is a bounded Lipschitz domain in R
n and let L

be a constant coefficient elliptic differential operator as in (2.251). Then, for each
1 � p � 1, a 2 .�1=p; 1� 1=p/ and k 2 N0,

W k;p
a .˝/\KerL D H

p

k�a.˝IL/: (2.263)
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Proof. Consider first the case when 1 � p <1, a 2 .�1=p; 1� 1=p/ and k 2 N0.
Then the identity (2.263) is a consequence of Corollary 2.39 with r D k and s D
k � a, in which case (2.261) holds. When p D 1, (2.263) follows directly from
definitions. ut

The relationship between the spaces H
p
s .˝IL/ and the classical Triebel–

Lizorkin scale is clarified in the theorem below. This extends earlier work in [58]
where the authors have dealt with the case p; q 2 Œ1;1�, s > 0, and L D �, and in
[2] where the case p; q 2 Œ1;1�, s > 0, and L D �2 has been treated. The present
version further builds on, and completes work in, [64].

Theorem 2.41. Let L be a constant coefficient elliptic differential operator as
in (2.251) and let˝ be a bounded Lipschitz domain in R

n. Then for each s 2 R and
p; q 2 .0;1/,

H
p
s .˝IL/ D F p;q

s .˝/\ KerL: (2.264)

As a corollary,

F p;q
s .˝/\KerL D Bp;p

s .˝/\KerL (2.265)

whenever s 2 R and p; q 2 .0;1/.
Proof. We divide the proof into a number of steps, starting with the following claim.

Step 1. For each function u which satisfies Lu D 0 in ˝ , one has

u 2 Lp.˝/” u 2 hp.˝/; 8p 2 .0; 1�: (2.266)

Let us deal with the left-to-right implication in (2.266). Since membership to hp.˝/
is a local property, it suffices to check that everyXo 2 @˝ has an open neighborhood
O � R

n such that u 2 hp.O \ ˝/. To see this, identify Xo with the origin in R
n

and consider a Lipschitz function ' W Rn�1 ! R such that '.0/ D 0 and for which
there exist M;R > 0 with

˙R WD f.x0; '.x0// W x0 2 R
n�1; jx0j < Rg � @˝; (2.267)

DR;M WD fX C ten W x 2 ˙R; 0 < t < 2M g � ˝:

As pointed out before, it suffices to check that u 2 hp.DR;M /. To this end, note
that there exists a vertical, circular, truncated cone 	 with vertex at 0 2 R

n such
that the cone 	 .X/ WD X C 	 is contained in ˝ whenever X 2 DR;M . We fix
 2 C1

c .B.0; 1// such that
R
B.0;1/  .X/ dX D 1 and set  t.X/ WD t�n .X=t/

for each t > 0 and each X 2 R
n. Furthermore, we shall assume that supp �

B.0; 1/ \ .�	 /. Then, for each X 2 DR;M and 0 < t < dist .X; @DR;M /, we
may write
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j. t � u/.X/j D
ˇ
ˇ
ˇ̌
Z

˝

u.X � Y / t .Y / dY
ˇ
ˇ
ˇ̌

� kukL1.	 .X/\DR;M /
Z
j t.Y /j dY �N u.X/; (2.268)

where N is a version of the non-tangential maximal operator defined by the formula

.N u/.X/ WD kukL1.	 .X//; X 2 DR;M : (2.269)

Consequently,

uC.X/ � N u.X/ for every X 2 DR;M ; (2.270)

where, in the present context,

uC.X/ WD sup
0<t<dist.X;@DR;M /

j. t � u/.X/j; X 2 DR;M : (2.271)

Next, we propose to show that

kN ukLp.DR;M / � CkukLp.˝/: (2.272)

In the proof of (2.272) we shall adapt an argument from [120]. Begin by considering
the Whitney decomposition of˝ , i.e. a countable family of balls fBj gj which cover
˝ , whose concentric doubles have finite overlap, and such that for each j there
holds diamBj � dist .Bj ; @˝/ (cf. [119]). Then Fatou’s lemma implies

Z

DR;M

N .jujp/.X/ dX � C
X

j

Z

DR;M

N .�j jujp/.X/ dX; (2.273)

where �j denotes the characteristic function of the ball Bj . Next, we set

bBj WD fX 2 DR;M W 	 .X/\ Bj ¤ ;g (2.274)

and note that N .�j jujp/ D 0 on DR;M n bBj and that kN .�j jujp/kL1.bBj / �
kukpL1.Bj /

. Also, jbBj j � C jBj j. Consequently,

Z

DR;M

N .�j jujp/.X/ dX � C jBj j sup
X2Bj

ju.X/jp � C
Z

2Bj

ju.X/jp dX;

(2.275)

where the last inequality follows from interior estimates for u (cf. Lemma 2.36;
here we make use of the fact that Lu D 0 in ˝). Recalling that no point of
˝ is contained in more than a fixed number of the balls 2Bj , (2.272) follows
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from (2.273) and (2.275). Now, (2.270) and (2.272) give that uC 2 Lp.DR;M / so
that u 2 hp.DR;M /, as desired. This proves the left-to-right implication in (2.266).

To see the converse implication, assume that u 2 hp.˝/ is arbitrary. Fix a
function  2 C1

c .B.0; 1// such that
R
B.0;1/

 .X/ dX D 1 and write

ju.X/j D lim
t!0C

j.u �  t /.X/j � uC.X/; a.e. X 2 ˝; (2.276)

by Lebesgue’s Differentiation Theorem applied to the locally integrable function u.
Since uC 2 Lp.˝/, this forces u 2 Lp.˝/, as wanted.

Step 2. We claim that for every p 2 .0;1/ and s 2 R there holds

H
p
s .˝IL/ ,! F p;2

s .˝/\ KerL: (2.277)

Fix p 2 .0;1/. The plan is to check that (2.277) holds whenever s 2 Z with
jsj sufficiently large. Then the fact that (2.277) holds for the larger range s 2 R

follows by interpolation, based on Theorem 2.35 and Theorem 2.33. To begin with,
we observe that

KerL \Lp.˝/ ,! hp.˝/; 0 < p <1: (2.278)

This is, of course, trivial if 1 < p < 1 and it follows from Step 1 if 0 < p � 1.
Consider first the case when s 2 N satisfies s > n

�
1
p
� 1�C. Now, the fact that

the function u 2 H
p
s .˝IL/ entails u;rsu 2 Lp.˝/ \ KerL so u;rsu 2 hp.˝/

by (2.278). Thus, u 2 hps .˝/ D F
p;2
s .˝/ by Theorem 2.23 (cf. also its proof in

[64]) and this justifies the embedding (2.277) in the case we are considering.
Next, we propose to prove (2.277) when s 2 Z is negative. For the sake of

clarity, let us deal with the situation when s WD �1 and then indicate the alterations
necessary to treat the general case. Thus, fix u 2 H

p
�1.˝IL/ so that Lu D 0 in ˝

and u; 
 � u 2 Lp.˝/ (with 
 as in (2.57)). Our goal is to show that u 2 F p;2
�1 .˝/.

Retaining the notation introduced in the discussion in Step 1, it suffices to prove a
local version of this claim, i.e., that u 2 F p;2

�1 .DR;M /. To this end, for each given
function w defined in DR;M we set

w1.X/ WD �
Z M

0

w.X C ten/ dt; X 2 DR;M=2; (2.279)

and, inductively, wkC1 WD .wk/1 for each k 2 N. Note that in the case when
w 2 KerL it follows that Lwk D 0 in DR;M=2 for every k 2 N. Returning to
the mainstream discussion, observe that

@nu1.X/ D u.X/� u.X CMen/; X 2 DR;M=2: (2.280)
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In particular, granted the current assumptions on the function u, we may conclude
that, on the one hand, 
 @nu1 2 Lp.DR;M=2/. On the other hand, Lemma 2.37 (with
s WD 0) yields

Z

DR;M=2

ju1.X/jp dX � C
Z

DR;M=2


.X/pj@nu1.X/jp dX C l.o.t. <1; (2.281)

where “l.o.t.” (lower order terms) are expressions which can be dominated in terms
of the supremum of juj on compact subsets of ˝ . As such, v 2 Lp.DR;M=2/

and, consequently, u1 2 hp.DR;M=2/ by Step 1. As a result, @nu1 2 hp�1.DR;M=2/

which further implies that u 2 hp�1.DR;M=2/ as well. Thus, u 2 F p;2
�1 .DR;M=2/ by

Theorem 2.23, as desired.
When s D �k, k D 2; 3; : : :, we work with the function uk which satisfies the

identity @knuk D uC l:o:t: in DR;M and, instead of (2.281), we have
Z

DR;M=2

juk.X/jp dX � C
Z

DR;M=2


.X/kpj@knuk.X/jp dX C l.o.t. <1; (2.282)

which serves our purposes well. This finishes the proof of (2.277) when s 2 R and
0 < p <1.

Step 3. We claim that if p 2 .0;1/ and s 2 N satisfies s > n.1=p�1/C then

F p;2
s .˝/\ KerL ,! H

p
s .˝IL/: (2.283)

In the case we are currently considering we have F p;2
s .˝/ D h

p
s .˝/, thanks to

Theorem 2.23. Consider now an arbitrary u 2 hps .˝/\KerL. Then u; @su 2 Lp.˝/
by Step 1 and, ultimately, u 2 H

p
s .˝IL/, given that s 2 N. Hence, (2.283) follows.

Step 4. We claim that (2.283) holds whenever p 2 .0;1/ and s 2 Z n N0. In
this scenario, fix � 2 C1

c .R
n/ such that � 
 1 in a neighborhood of ˝, and select

some N 2 N sufficiently large so that s C 2Nm > n.1=p � 1/C where m is as
in (2.251). In order to continue, let ˘L be the Newtonian potential operator defined
as in (2.162) with a.�/ WD L.�i�/�1. Also, let E˝ denote Rychkov’s extension
operator from Theorem 2.29. Then, given an arbitrary u 2 F p;2

s .˝/ \ KerL, it
follows that (with � viewed as a multiplication operator)

v WD �.�˘L�/
N .E˝u/


ˇ̌
ˇ
˝

(2.284)

H) v 2 F p;2
sC2Nm.˝/\ KerLNC1 ,! H

p
sC2Nm.˝ILNC1/;

where the inclusion is a consequence of our assumptions on N and Step 3. From
the implication in (2.284) we further deduce that v 2 H

p
sC2Nm.˝ILNC1/ which,

in turn, entails rsC2Nmv 2 Lp.˝/. In concert with Lemma 2.38, this allows us to
conclude that 
�sr2Nmv 2 Lp.˝/. Since LN v D u andLN is a constant coefficient
differential operator of order 2Nm, this ultimately yields 
�su 2 Lp.˝/. With this
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in hand, the conclusion that u 2 H
p
s .˝IL/ readily follows from the definition of

H
p
s .˝IL/ and this finishes the proof of (2.283) in the case when p 2 .0;1/ and

s 2 Z n N0.
Step 5. The inclusion (2.283) holds whenever p 2 .0;1/ and s 2 R. Indeed,
this is a consequence of Step 3, Step 4, Theorem 2.33, and Theorem 2.35.

Step 6. If p 2 .0;1/ and s 2 R then

H
p
s .˝IL/ D F p;2

s .˝/\ KerL; (2.285)

H
p
s .˝IL/ D F p;p

s .˝/\KerL: (2.286)

Formula (2.285) is an immediate consequence of the inclusions proved in Step 2
and Step 5. Formula (2.286) then follows from (2.285), formula (2.254) in Theo-
rem 2.35, and formula (2.229) (with p D q).

Step 7. We claim that if

k 2 N0; 0 < p <1; 0 < q � 1; n
�

1
min fp;qg � 1

�

C � k < ˛ < 1 (2.287)

and if u 2 L1loc.˝/ satisfies Lu D 0 in ˝ as well as


1�˛jrkC1uj C juj 2 Lp.˝/; (2.288)

then necessarily u 2 F p;q

˛Ck.˝/, and a naturally accompanying estimate holds.

The starting point is the observation that, as a consequence of [110, Corollary 1
p. 398], if

0 < p <1; 0 < q � 1; s > n
�

1
min fp;qg � 1

�

C (2.289)

and if N is an integer such that N > s then

kukF p;qs .˝/ � kukLp.˝/ C
�
�
��
�
�

 Z 1
2 
.�/

0

�
oscN�1.u; �; t/
q dt

t1Csq

!1=q��
��
�
�
Lp.˝/

; (2.290)

where, generally speaking, for a locally integrable function u in ˝ , each integer
M 2 N0, each point X 2 ˝ , and each scale 0 < t < dist .X; @˝/, the M -th order
oscillation of u is defined by

oscM .u; X; t/ WD inf
P2PM

Z
�
Bt .X/

ju.Y /� P.Y /j dY; (2.291)

where PM stands for the space of all polynomials of degree�M in R
n.
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In order to estimate the .N � 1/-th order oscillation of u, we shall employ a
higher-order Poincaré-type inequality, proved in [35, Theorem 3.4, p. 18] to the
effect that there exists C D C.n;N / > 0 such that for any ball BR and any
u 2 W N;1.BR/ one can find P 2PN�1 with the property that

Z

BR

ju.Y / � P.Y /j dY � C RN
X

j
 jDN

Z

BR

j@
u.Y /j dY: (2.292)

In concert with Lemma 2.36, for any X 2 ˝ and 0 < t < 1
2

.X/, this entails

oscN�1.u; X; t/ � C tN
Z
�
B.X;t/

jrN u.Y /j dY

� C tN
�

sup
B.X;t/

jrN uj
�
� C tN

�
sup

B.X;
.X/=2/

jrN uj
�

� C tN
�Z
�
B.X;7
.X/=8/

jrN u.Y /jq dY
�1=q

: (2.293)

Given p; q; ˛; k as in the setup to Step 7, choose N WD k C 1, s WD k C ˛. Based
on (2.290), (2.293), we may then write

�
�
�
�
��

 Z 1
2 
.�/

0

�
osck.u; �; t/
q dt

t1C.kC˛/q

!1=q��
�
�
��
Lp.˝/

� C
�
�
�
�
��

 Z 1
2 
.X/

0

�Z
�
B.X;7
.X/=8/

jrkC1u.Y /jq dY
�

dt

t1Cq.˛�1/

!1=q��
�
�
��
L
p
X .˝/

� C
�
��
�
�

.X/1�˛

�Z
�
B.X;7
.X/=8/

jrkC1u.Y /jq dY
�1=q���

�
�
L
p
X .˝/

: (2.294)

By the reverse Hölder estimate (2.258), the last expression above may be further
dominated by

C

��
�
�
�

.X/1�˛

�Z
�
B.X;8
.X/=9/

jrkC1u.Y /jp dY
�1=p��

�
�
�
L
p
X .˝/

(2.295)

� C
�Z

˝

Z

˝


.X/p.1�˛/�njrkC1u.Y /jp �jX�Y j�8
.X/=9 dXdY
�1=p

:
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Next, letX 2 ˝ be arbitrary and pickX� 2 @˝ such that jX��X j D 
.X/. Then,
for each Y 2 ˝ with jX � Y j � 8
.X/=9, we have


.Y / D dist .Y; @˝/ � jY �X�j � jX � Y j C jX �X�j
� 8
.X/=9C 
.X/ D 17
.X/=9: (2.296)

On the other hand, if given Y 2 ˝ with jX � Y j � 8
.X/=9 we pick Y � 2 @˝
such that 
.Y / D jY � Y �j we then have


.Y / D jY �Y �j 	 jX �Y �j � jX �Y j 	 
.X/� 8
.X/=9 D 
.X/=9: (2.297)

Thus, altogether, jX � Y j � 8
.X/=9 ) 9
.Y /=17 � 
.X/ � 9
.Y /. Availing
ourselves of this equivalence back in (2.295) yields

�Z

˝

Z

˝


.X/p.1�˛/�njrkC1u.Y /jp �jX�Y j�8
.X/=9 dXdY
�1=p

� C
�Z

˝

Z

˝


.Y /p.1�˛/�njrkC1u.Y /jp �jX�Y j�8
.Y / dXdY
�1=p

� C
�Z

˝


.Y /p.1�˛/jrkC1u.Y /jp dY
�1=p

: (2.298)

Collectively, (2.290), (2.294), (2.295), and (2.298) imply that

kukF p;q
˛Ck

.˝/ � C
�
�
1�˛jrkC1uj��

Lp.˝/
C CkukLp.˝/: (2.299)

This finishes the proof of the claim made in Step 7.

Step 8. We claim that if 0 < p < 1, 0 < q � 1, and ˛ > n
�

1
min fp;qg � 1

�

C,

then

H
p
˛.˝IL/ � F p;q

˛ .˝/\KerL: (2.300)

When, additionally, ˛ 62 N, this is just a rephrasing of the result proved in Step 7.
The larger range described above follows from this, Theorem 2.35, Theorem 2.33,
and complex interpolation.

Step 9. If 0 < p < 1, 0 < q � 1 and ˛ 2 R then (2.300) holds true. To see
this, first recall that (2.300) holds if the indices are as in Step 8. The extension to ˛ 2
R can then be obtained by interpolating via the complex method (cf. Theorems 2.33
and 2.35) between H

p
˛1.˝IL/ � F

p;2
˛1 .˝/ \ KerL for 0 < p < 1, ˛1 2 R

and (2.300) with ˛ > n
�

1
min fp;qg � 1

�

C and 0 < p; q < 1. When q D 1, use

the monotonicity of the Triebel–Lizorkin scale in the second integrability exponent
(cf. (2.152)).
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Step 10. We claim that

F
p;2
˛ .˝/\KerL D F p;q

˛ .˝/\KerL;

if 0 < p <1; 0 < q � 2; and ˛ 2 R:
(2.301)

Indeed, the right-to-left inclusion in (2.301) follows from the monotonicity of the
Triebel–Lizorkin scale in the second integrability exponent, whereas the opposite
inclusion follows from Step 9 and the fact that F p;2

˛ .˝/ \ KerL D H
p
˛.˝IL/,

by (2.285) in Step 6.

Step 11. We claim that

F
p;2
˛ .˝/\KerL D F p;q

˛ .˝/\KerL;

whenever 0 < p; q <1 and ˛ 2 R:
(2.302)

To prove this claim, observe first that, as a consequence of (2.285)–(2.286) we have

F p;2
˛ .˝/\ KerL D F p;p

˛ .˝/\KerL for any p 2 .0;1/ and ˛ 2 R:

(2.303)

Then (2.302) follows by interpolating between (2.303) and (2.301), while making
use of formula (2.231) in Theorem 2.33.

At this stage, formula (2.264) follows by combining (2.285) in Step 6
with (2.302) in Step 11, while (2.265) follows from this by writing

F p;q
s .˝/\ KerL D H

p
s .˝IL/ D F p;p

s .˝/\ KerL D Bp;p
s .˝/\ KerL;

(2.304)

for every p; q 2 .0;1/ and s 2 R. This finishes the proof of the theorem. ut
Corresponding to p D 1, we also have the following result.

Proposition 2.42. If L is a constant coefficient elliptic differential operator as
in (2.251) and if ˝ is a bounded Lipschitz domain in R

n, then

H
1
kCs.˝IL/ D B1;1

kCs .˝/\ KerL (2.305)

for each k 2 N0 and s 2 .0; 1/.
Proof. This formula is a consequence of definitions, standard interior estimates and
Proposition 2.26. ut

We conclude this section by singling out a useful consequence of Theorem 2.41.

Corollary 2.43. Assume that ˝ is a bounded Lipschitz domain in R
n and that L

is a constant coefficient elliptic differential operator as in (2.251). Then, whenever
1 � p <1, a 2 .�1=p; 1� 1=p/, q 2 .0;1/, and k 2 N0,

W k;p
a .˝/\ KerL D F p;q

k�a.˝/\ KerL D Bp;p

k�a.˝/\KerL: (2.306)

Proof. This is a direct consequence of Proposition 2.40 and Theorem 2.41. ut
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2.6 Stein’s Extension Operator on Weighted Sobolev Spaces
in Lipschitz Domains

Extension results from a domain ˝ � R
n to the entire Euclidean space play a

fundamental role in analysis. In the class of Lipschitz domains, two results which
have historically influenced much of the development of the theory on this topic are
Calderón’s and Stein’s extension theorems (see [16, 119] ).

Other pertinent references and a broader perspective may be found in the
excellent monographs [119] by E.M. Stein, [74] by V.G. Maz’ya, and [62] by
A. Jonsson and H. Wallin, and in the informative survey by V. Burenkov in [15],
among many others. The interested reader may also consult the influential work of
P. Jones [61], V. Rychkov [108], and D. Jerison and C. Kenig [58].

Two attractive features of the extension operator constructed by E. Stein are:
(1) its universality (i.e., its format does not change as the amount of smoothness
considered increases), and (2) its apparent simplicity. The latter makes it tempting to
consider the possibility that the same operator continues to work for other classes of
smoothness spaces than originally intended (i.e., classical Sobolev spaces). A case
in point is the article [66] where the author shows that Stein’s extension operator
preserves smoothness measured on the Triebel–Lizorkin scales.

In this section, the goal is to further explore this issue and study the action of
Stein’s extension operator on the weighted Sobolev spaces in Lipschitz domains
considered in the previous section. Our main result in this regard (cf. Theorem 2.46)
shows that Stein’s extension operator continues to preserve smoothness measured
in this weighted fashion. The presentation in this section follows that from [13].

To get started, let  W Œ1;1/! R be the function given by

 .�/ WD e

��
� Im ˚

e�e�i�=4�.��1/1=4�; 8� 	 1: (2.307)

Then according to [119, Lemma 1, p. 182], this function enjoys the following
properties:

 2 C0.Œ1;1//; (2.308)
Z 1

1

 .�/ d� D 1; (2.309)

Z 1

1

�k .�/ d� D 0; 8 k 2 N; (2.310)

 .�/ D O.��N /; 8N 2 N as �!1: (2.311)

In particular, (2.311) guarantees that j j decays at infinity faster than the reciprocal
of any polynomial. Parenthetically, we wish to point out that a function satisfying
similar conditions to (2.308)–(2.311) has been constructed in [22, Lemma 3.4,
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p. 309]. The function in question has compact support though one needs to specify
a priori the number of vanishing moments.

On a different topic, recall from [119, Theorem 2, p. 171] that for any closed set
F � R

n there exists a function 
reg W Rn ! Œ0;C1/ such that


reg 2 C1.Rn n F /; 
reg � dist.�; F / on R
n; (2.312)

and, with N0 WD N [ f0g,

j@˛
reg.X/j � C˛
�
dist.X; F /


1�j˛j
; 8˛ 2 N

n
0 and 8X 2 R

n n F: (2.313)

To proceed, let ˝ be an unbounded Lipschitz domain in R
n and denote by

C1
b .˝/ the vector space of restrictions to ˝ of functions from C1

c .R
n/. Also,

if 
reg stands for the regularized distance function associated with ˝ , we set

ı WD C
reg; (2.314)

where C > 0 is a fixed constant chosen large enough so that

ı.Z � sen/ > 2s; 8Z 2 @˝ and 8 s > 0; (2.315)

where the family fej g1�j�n denotes the standard orthonormal basis in R
n (hence,

in particular, en WD .0; : : : ; 0; 1/ 2 R
n). The above normalization condition on ı

ensures that

X C �ı.X/en 2 ˝; 8X 2 R
n n˝ and 8� 	 1: (2.316)

Let us also note that in the current case (i.e., when F WD ˝ where ˝ is an
unbounded Lipschitz domain in R

n), there holds1

ı 2 Lip .Rn/; (2.317)

where Lip .Rn/ stands for the set of Lipschitz functions in R
n. Indeed, given that

˝ is a Lipschitz domain, for any two points X; Y 2 R
n n ˝ it is possible to find a

rectifiable curve 
X;Y W
�
0;LX;Y


! R
n n˝ , parametrized by arc-length, joiningX

in Y and whose length LX;Y satisfies

LX;Y � C jX � Y j; (2.318)

1A quick inspection reveals that the same result and proof are valid in the more general case of
domains whose complement is regular in the sense of Whitney (in the terminology of [57, p. 52];
cf. also [101, p. 1372] where the notion of quasi-Euclideanity is employed), i.e., subsets of Rn with
the property that any two points X; Y in the complement may be joined with a rectifiable curve

X;Y disjoint from the set in question and which satisfies (2.318).
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for some finite constant C D C.˝/ > 0. Using the fact that 
reg 2 C1.Rn n ˝/
(cf. (2.312)) we may estimate, keeping in mind (2.313) and the fact that j P
 j D 1

j
reg.X/� 
reg.Y /j D
ˇ
ˇ
ˇ
Z LX;Y

0

d

ds

�

reg.
.s//



ds
ˇ
ˇ
ˇ

�
Z LX;Y

0

jr
reg.
.s// � P
.s/j ds

� CLX;Y ; 8X; Y 2 R
n n˝: (2.319)

From (2.318), (2.319) we deduce that there exists a finite constant C > 0 such that

j
reg.X/ � 
reg.Y /j � C jX � Y j; (2.320)

whenever X; Y 2 R
n n ˝. In fact, (2.312) shows that (2.320) continues to hold in

the case when X; Y 2 ˝. When X 2 ˝ and Y 2 R
n n˝ , pick Y� 2 @˝ such that

dist .Y; @˝/ D jY � Y�j, and note that this forces jY � Y�j � jX � Y j. Then,

j
reg.X/ � 
reg.Y /j D 
reg.Y / D j
reg.Y�/ � 
reg.Y /j
� C jY � Y�j � C jX � Y j; (2.321)

where the first inequality above follows from reasoning as in (2.320). Finally, the
case when X 2 R

n n ˝ and y 2 ˝ is treated similarly. Hence, 
reg 2 Lip .Rn/
which immediately yields (2.317).

On a different topic, given m 2 N, we shall let Am stand for the collection
of all ordered m-tuples A D .˛.1/; : : : ; ˛.m// consisting of nonzero multi-indices
˛.1/; : : : ; ˛.m/ 2 N

n
0 n f.0; : : : ; 0/g. For each such m-tuple A D .˛.1/; : : : ; ˛.m// 2

Am define

#A WD m and jAj WD
mX

iD1

ˇ̌
˛.i/

ˇ̌
: (2.322)

Corresponding to the case when m D 0 we shall take the set A0 to be a
singleton, namely the null multi-index 0 WD .0; : : : ; 0/ 2 N

n
0 . We also agree that

#0 WD j0j WD 0. Finally, set

A WD
[

m2N0
Am: (2.323)

Next, for each A 2 A and each k 2 N0 we introduce the operator Rk;A acting
on functions f 2 C1

b .˝/ at each X 2 R
n n˝ according to



76 2 Smoothness Scales and Calderón–Zygmund Theory in the Scalar-Valued Case

.Rk;Af /.X/ WD
(

#AY

iD1
.@˛

.i/

ı/.X/

) Z 1

1

f
�
X C �ı.X/en

�
�k .�/ d�; (2.324)

assuming the ˛.i/’s are the components of A, and with the convention that the
product is omitted if A D 0.

The main role of the family fRk;Agk;A is to facilitate the understanding of the
operator

E WD R0;0 (2.325)

which is the main object of interest. This is because Ef , which naturally extends to
R
n by considering

.Ef /.X/ D
Z 1

1

f
�
X C �ı.X/en

�
 .�/ d�; 8X 2 R

n; (2.326)

is precisely Stein’s extension operator (cf. [119, (24), p. 182]) acting on the function
f 2 C1

b .˝/. Incidentally, the fact that

Ef 2 Lip .Rn/ and .Ef /
ˇ
ˇ̌
˝
D f; 8 f 2 C1

b .˝/; (2.327)

is a direct consequence of (2.317), (2.326) and (2.309).
In relation to the family fRk;Agk;A, we note that

Rk;Af 2 C1
b .R

n n˝/ for each f 2 C1
b .˝/: (2.328)

To proceed, we claim that

Rk;Af vanishes of infinite order on @˝;

for each f 2 C1
b .˝/; each k 2 N; and each A 2 A ;

(2.329)

i.e., for each N 2 N one can find a finite constant C D C.N; ; k; A; f / > 0 such
that

ˇ
ˇ.Rk;Af /.X/

ˇ
ˇ � C dist .X;˝/N ; 8X 2 R

n n˝ (2.330)

(of course, this is not the case when k D 0). To justify this claim we first note that,
for each number N 2 N, Taylor’s formula gives

f
�
X C �ı.X/en

� D
N�1X

jD0

.� � 1/j ı.X/j
j Š

.@jnf /
�
X C ı.X/en

�
(2.331)

C 1

N Š

Z �ı.X/

ı.X/

.�ı.X/ � t/N�1.@Nn f /
�
X C ten

�
dt;



2.6 Stein’s Extension Operator on Weighted Sobolev Spaces in Lipschitz Domains 77

for eachX 2 R
nn˝ and each � 2 Œ1;1/. Using this in concert with (2.313) and the

fact that
R1
1
�k.� � 1/j  .�/ d� D 0 for any j 2 N0 and any k 2 N, we therefore

obtain

ˇ̌
.Rk;Af /.X/

ˇ̌ � CNı.X/#A�jAjCN kf kCN .˝/
�Z 1

1

.� � 1/N�kj .�/j d�
�

� C.N; ; k; A; f / dist .X;˝/#A�jAjCN ; 8X 2 R
n n˝:

(2.332)

Since N 2 N has been arbitrarily chosen, (2.329) follows.
To formulate the next claim about the operators introduced in (2.324), fix some

arbitrary k 2 N0 along with A 2 A and ˛ 2 N
n
0 . Then there exists a family of

finitely many nonzero constant coefficients fC`;ˇ;Bg`;ˇ;B with the property that for
every function f 2 C1

b .˝/ we have

@˛.Rk;Af / D Rk;A.@
˛f /C

j˛jX

`D0

X

ˇ;B

C`;ˇ;B RkC`;B.@ˇf / in R
n n˝; (2.333)

where the second sum is performed over ˇ 2 N
n
0 and B 2 A such that

jˇj � j˛j and jBj � #B C jˇj D jAj � #AC j˛j: (2.334)

Furthermore,

if A D 0 then the first sum in the

right-hand side of (2.333) starts from ` D 1:
(2.335)

This follows by a routine induction argument once we observe that for every
A 2 A , k 2 N0, j 2 f1; : : : ; ng, and every function f 2 C1

b .˝/ we have

@j .Rk;Af / D Rk;A.@j f /C
#AX

iD1
Rk;A0

ij
f CRkC1;A00

j
.@nf / in R

n n˝; (2.336)

(with the natural convention that the sum in the right-hand side of (2.336) is
discarded if #A D 0, i.e., if A D 0), where, if m WD #A and A D .˛.1/; : : : ; ˛.m//

then
A0
ij WD .˛.1/; : : : ; ˛.i�1/; ˛.i/ C ej ; ˛.iC1/; : : : ; ˛.m//; (2.337)

A00
j WD .˛.1/; : : : ; ˛.m/; ej / if A 6D 0; and A00

j WD .ej / if A D 0: (2.338)

The key features of the newly assigned tuples A0
ij ; A

00
j 2 A to each given A 2 A

are

#A0
ij � jA0

ij j D #A� jAj � 1 and #A00
j � jA00

j j D #A� jAj: (2.339)
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Indeed, it is (2.339) which allows us to iterate (2.336) (while keeping proper count
of how the various indices change) and obtain (2.333).

Going further, combining (2.333) with (2.329) gives

@˛.Rk;Af /vanishes of infinite order on @˝;

for each f 2 C1
b .˝/; each k 2 N; each ˛ 2 N

n
0 and each A 2 A :

(2.340)

Hence, if for each k 2 N, ˛ 2 N
n
0 , and A 2 A , we now introduce

eRk;Af WD
(

Rk;Af in R
n n˝;

0 in ˝;
(2.341)

it follows from (2.340) and the fact that ˝ is a Lipschitz domain (cf. [119, p. 186]
for more details) that

eRk;A W C1
b .˝/ �! C1

c .R
n/ is a well-defined, linear operator

for each k 2 N; and each A 2 A :
(2.342)

Specializing (2.333) to the case when A WD 0 and k WD 0 yields, on account
of (2.325) and (2.335), that for every function f 2 C1

b .˝/ and every ˛ 2 N
n
0 ,

@˛.Ef / D E.@˛f / (2.343)

C
j˛jX

`D1

X

jˇj�j˛j

X

B2A so thatjBj�#BDj˛j�jˇj

C`;ˇ;B R`;B.@
ˇf / in R

n n˝:

In turn, (2.343), (2.329), and (2.327), allow us to conclude (compare with (2.342))
that

E W C1
b .˝/ �! C1

c .R
n/ is a well-defined, linear operator; (2.344)

and that

@˛.Ef / D E.@˛f /C
j˛jX

`D1

X

jˇj�j˛j

X

B2A so thatjBj�#BDj˛j�jˇj

C`;ˇ;B eR`;B .@
ˇf / in R

n;

(2.345)
for every function f 2 C1

b .˝/ and every multi-index ˛ 2 N
n
0 .

We shall work with the weighted Sobolev spaces W m;p
a .˝/ which have been

considered in the previous section. In addition, we make the following definition.

Definition 2.44. If p 2 Œ1;1�, a 2 .�1=p; 1� 1=p/ and m 2 N0 are given and˝
is a nonempty, proper, open subset of Rn, consider the weighted Sobolev space
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W m;p
a .Rn/ WD

n
u 2 L1loc.R

n/ W @˛u 2 L1loc.R
n/ for j˛j � m; and (2.346)

kukW m;p
a .Rn/ WD

X

j˛j�m

�Z

Rn

j.@˛u/.X/jp dist .X; @˝/ap dX
�1=p

<1
o
:

We wish to stress thatW m;p
a .Rn/ is notW m;p

a .˝/ corresponding to˝ D R
n (which,

incidentally, is not a permissible choice since˝ is assumed to be a proper subset of
R
n). Instead, the named space should always be understood in the sense of (2.346).
Moving on, fix an unbounded Lipschitz domain ˝ � R

n and assume that p 2
Œ1;1� and a 2 .�1=p;1/. We claim that for each k 2 N and each A 2 A there
exists a finite constant C D C.˝; k;A; a; p/ > 0 with the property that

kRk;Af kLp.Rnn˝; dist .�;@˝/ap dX/

� C
X

j˛jDjAj�#A

k@˛f kLp.˝; dist .�;@˝/ap dX/; (2.347)

for every function f 2 C1
b .˝/. To justify (2.347), select a positive integer N

and a real number M > 1. Then, by arguing as in (2.332) we deduce that there
exists a finite constant C D C.N;M; k;A; / > 0 with the property that for each
f 2 C1

b .˝/ we have

ˇ
ˇ.Rk;Af /.X/

ˇ
ˇ � Cı.X/#A�jAjCN�1

Z 1

1

�Z �ı.X/

ı.X/

j.@Nn f /.X C ten/j dt
� d�
�M

D Cı.X/#A�jAjCN�1
Z 1

ı.X/

j.@Nn f /.X C ten/j
�Z 1

t=ı.X/

d�

�M

�
dt

� Cı.X/#A�jAjCNCM�2
Z 1

ı.X/

j.@Nn f /.X C ten/j
dt

tM�1 ; (2.348)

at each point X 2 R
n n˝. Above, the first inequality is derived much as in (2.332),

the subsequent equality is based on Fubini’s Theorem, while the last step utilizes
M > 1. Moreover, a direct argument based on (2.324) and the decay condition for
 , shows that the estimate

ˇ
ˇ.Rk;Af /.X/

ˇ
ˇ � Cı.X/#A�jAjCNCM�2

Z 1

ı.X/

j.@Nn f /.X C ten/j
dt

tM�1 (2.349)

at each pointX 2 R
n n˝ , is also valid in the case whenN D 0. Having established

this, for each fixed Z 2 @˝ and any p 2 Œ1;1�, a 2 .�1=p;1/ we may estimate,
for any k 2 N0, N 2 N0, and M > 1,
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� 1Z

0

ˇ̌
.Rk;Af /.Z � sen/

ˇ̌p
dist .Z � sen; @˝/ap ds

�1=p

� C
� 1Z

0

�
s#A�jAjCNCM�2

1Z

ı.Z�sen/

j.@Nn f /.Z C .t � s/en/j
tM�1 dt

�p
sap ds

�1=p

� C
� 1Z

0

�
s#A�jAjCNCM�2

1Z

ı.Z�sen/�s

j.@Nn f /.Z C ren/j
.r C s/M�1 dr

�p
sap ds

�1=p

� C
� 1Z

0

�
s#A�jAjCNCM�2

1Z

s

j.@Nn f /.Z C ren/j
rM�1 dr

�p
sap ds

�1=p
; (2.350)

where the last inequality above makes use of (2.315). In turn, Hardy’s inequality (cf.,
e.g., [119, p. 272]) together with the version of the estimate (2.350) corresponding
to the choicesN WD jAj � #A andM WD 2, permits us to estimate (for each k 2 N0

and A 2 A )

�Z 1

0

j.Rk;Af /.Z � sen/jp dist .Z � sen; @˝/ap ds
�1=p

� C
�Z 1

0

j.@jAj�#A
n f /.Z C sen/jpsap ds

�1=p
(2.351)

� C
�Z 1

0

j.@jAj�#A
n f /.Z C sen/jp dist .Z C sen; @˝/ap ds

�1=p
;

where C > 0 is a finite constant independent of f 2 C1
b .˝/ and Z 2 @˝ . Let us

now recall two useful estimates to the effect that, given p 2 .0;1� along with two
measurable functions F W Rn n˝ ! R and G W ˝ ! R, we have

�Z

Rnn˝
jF.X/jp dX

�1=p
�
�Z

@˝

Z 1

0

jF.Z � sen/jp ds d�.Z/
�1=p

(2.352)

and

�Z

˝

jG.X/jp dX
�1=p

�
�Z

@˝

Z 1

0

jG.Z C sen/jp ds d�.Z/
�1=p

: (2.353)
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Based on (2.351)–(2.353), we then deduce that, given p 2 Œ1;1�,
�Z

Rnn˝

ˇ̌
.Rk;Af /.X/

ˇ̌p
dist .X; @˝/ap dX

�1=p

� C
�Z

˝

j.@jAj�#A
n f /.X/jp dist .X; @˝/ap dX

�1=p
; (2.354)

where C > 0 is a finite constant independent of f 2 C1
b .˝/. This finishes the

proof of (2.347).
Let k 2 N0, A 2 A , N 2 N0, p 2 Œ1;1�, and a 2 .�1=p;1/ be given. Having

dispensed with (2.347), we may then proceed to estimate for any f 2 C1
b .˝/

X

j˛j�N

�
�@˛.Rk;Af /

�
�
Lp.Rnn˝; dist .�;@˝/apdX/

�
X

j˛j�N

�
�Rk;A.@

˛f /
�
�
Lp.Rnn˝; dist .�;@˝/apdX/ (2.355)

C
X

j˛j�N

j˛jX

`D0

X

ˇ;B

C`;ˇ;B
��RkC`;B.@ˇf /

��
Lp.Rnn˝; dist .�;@˝/apdX/;

and thus

X

j˛j�N

�
�@˛.Rk;Af /

�
�
Lp.Rnn˝; dist .�;@˝/apdX/

� C
X

j˛j�N

X

j
 jDjAj�#ACj˛j

��@
f
��
Lp.˝; dist .�;@˝/apdX/

CC
X

j˛j�N

X

ˇ;B

X

j� jDjBj�#BCjˇj

��@�f
��
Lp.˝; dist .�;@˝/apdX/

� C
X

j
 j�jAj�#ACN

�
�@
f

�
�
Lp.˝; dist .�;@˝/apdX/; (2.356)

thanks to (2.333), (2.347) and (2.334). In summary, the analysis so far shows that
for any k 2 N0, A 2 A , N 2 N0, p 2 Œ1;1� and a 2 .�1=p;1/ there exists a
finite constant C D C.k;A;N; a; p;˝/ > 0 with the property that

��Rk;Af
��
W
N;p
a .Rnn˝/ � Ckf kW jAj�#ACN;p

a .˝/
; 8 f 2 C1

b .˝/: (2.357)

We are now prepared to formally state the following result.



82 2 Smoothness Scales and Calderón–Zygmund Theory in the Scalar-Valued Case

Proposition 2.45. Let ˝ be an unbounded Lipschitz domain in R
n and

recall (2.341) and (2.326). Then for any k 2 N, A 2 A , N 2 N0, p 2 Œ1;1�, and
any a 2 .�1=p;1/, there exists a finite constant C D C.k;A;N; a; p;˝/ > 0

such that

�
�eRk;Af

�
�
W
N;p
a .Rn/

� Ckf k
W

jAj�#ACN;p
a .˝/

; 8 f 2 C1
b .˝/: (2.358)

Moreover, for every N 2 N0, p 2 Œ1;1� and a 2 .�1=p;1/ there exists a finite
constant C D C.N; a; p;˝/ > 0 for which

�
�Ef

�
�
W
N;p
a .Rn/

� Ckf k
W
N;p
a .˝/

; 8 f 2 C1
b .˝/: (2.359)

Proof. We deduce from (2.357) that (2.358) holds, thanks to (2.342) and (2.341).
Finally, (2.359) follows from (2.345), (2.358), (2.357), (2.344), as well as the fact
that Ef coincides with f on ˝ , for every f 2 C1

b .˝/. ut
Further elaboration on the theme of Proposition 2.45 requires some density

results. In this vein, first recall from [1, Theorem 3.22, p. 68] that, since the Lipschitz
domain˝ satisfies the so-called segment condition, the inclusion operator

C1
b .˝/ ,! W N;p.˝/ has dense range, if p 2 Œ1;1/; N 2 N0: (2.360)

On the other hand, in the weighted case, given any Lipschitz domain˝ ,

C1
b .˝/ ,! W

N;p
a .˝/ has dense range;

if p 2 .1;1/; N 2 N0; and a 2 .�1=p; 1� 1=p/:
(2.361)

This is proved much as in (2.360), the new key technical ingredient being the fact
that, given any Lipschitz domain˝ � R

n,

dist .�; @˝/ap is a MuckenhouptAp-weight in R
n

whenever p 2 .1;1/ and a 2 .�1=p; 1� 1=p/: (2.362)

See [93] for more details on this. For the convenience of the reader, let us recall that,
if 1 < p <1, a measurable, a.e. positive function w defined in R

n is said to belong
to the Muckenhoupt class Ap provided

Œw�Ap WD sup
Bball in Rn

�Z
�
B

wdX
��Z
�
B

w�1=.p�1/ dX
�p�1

< C1: (2.363)

In fact, (2.362) also permits us to show that

C1
c .R

n/ ,! W
N;p
a .Rn/ has dense range;

if p 2 .1;1/; N 2 N0; and a 2 .�1=p; 1� 1=p/:
(2.364)

We now arrive at the main result in this section.
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Theorem 2.46. Let ˝ be a Lipschitz domain in R
n. Then for any k 2 N, A 2 A ,

and N 2 N0, the operator eRk;A initially considered as in (2.342) extends to a
bounded mapping

eRk;A W W jAj�#ACN;p
a .˝/ �! ˚

u 2 W N;p
a .Rn/ W supp u � R

n n˝�; (2.365)

provided

either p 2 .1;1/ and a 2 .�1=p; 1� 1=p/;
or p D 1 and a D 0: (2.366)

Moreover, for each N 2 N0 and a; p as in (2.366), the operator E initially defined
as in (2.344) may be extended to a bounded mapping

E W W N;p
a .˝/ �! W N;p

a .Rn/ such that
�
Ef

�ˇˇ̌
˝
D f; 8 f 2 W N;p

a .˝/:

(2.367)

Proof. Consider first the case when˝ is an unbounded Lipschitz domain. Then the
first claim in the statement of the theorem follows by combining (2.360)–(2.361)
with (2.358), while the second claim is proved in a similar fashion, this time making
use of (2.360)–(2.361) and (2.359).

The above results continue to hold in the case when ˝ is an arbitrary bounded
Lipschitz domain. One way to see this is to glue together results proved for various
unbounded Lipschitz domains via arguments very similar to those in [119, � 3.3,
p. 189–192]. As far as the extension operator is concerned, another, perhaps more
elegant argument, is to change formula (2.326) to

.Ef /.X/ WD
Z 1

1

f
�
X C �ı.X/h.X/� .�/ d�; 8X 2 R

n; (2.368)

where h 2 C1
c .R

n;Rn/ is a suitably chosen vector field. In particular, it is assumed
that h is transversal to @˝ in a uniform fashion, i.e., that for some constant � > 0

there holds

� � h 	 � �-a.e. on @˝; (2.369)

where � is the outward unit normal to ˝ . The vector field h is a replacement of
en and this permits us to avoid considering a multitude of special local systems of
coordinates. ut

A noteworthy consequence of the above theorem is the following corollary.

Corollary 2.47. Let ˝ be a Lipschitz domain in R
n. Given k 2 N, A 2 A , s 2

Œ0;1/, and p 2 .1;1/, the operator

eRk;A W LpjAj�#ACs.˝/ �! L
p
s;0.R

n n˝/
is well-defined, linear and bounded:

(2.370)
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Also, the operator

E W Lps .˝/ �! L
p
s .R

n/ is well-defined, linear, bounded,

and satisfies
�
Ef

�ˇ̌
ˇ
˝
D f; 8 f 2 Lps .˝/:

(2.371)

Proof. This is obtained from Theorem 2.46 (used with a WD 0) via interpolation.
Specifically, for each p 2 .1;1/, � 2 .0; 1/ and N 2 N0, we have

�
W N;p.˝/;Lp.˝/



�
D LpN� .˝/: (2.372)

This completes the proof of the corollary. ut
In the last part of this section we shall show that our earlier estimates in weighted

Sobolev spaces for Stein’s extension operator on an unbounded Lipschitz domain
continue to hold in the range 0 < p < 1 with a suitable interpretation of the
weighted Sobolev spaces involved. We begin by clarifying the latter issue.

Definition 2.48. Assume that ˝ is an unbounded Lipschitz domain in R
n and

consider three numbers, p 2 .0; 1/, a 2 .�1=p;1/, and m 2 N0. Given any
u W ˝ ! R, define its associated radial maximal function u� W ˝ ! Œ0;1� by the
formula

u�.X/ WD sup
�>0

ˇ
ˇu.X C � en/

ˇ
ˇ; 8X 2 ˝: (2.373)

Also, for any u 2 C1
b .˝/ set

kukW m;p
a .˝/ WD

�X

j˛j�m

Z

˝

j.@˛u/�.X/jp dist .X; @˝/ap dX
�1=p

: (2.374)

Then the space W m;p
a .˝/ is defined as the completion of C1

b .˝/ in the quasi-
norm (2.374).

Finally, with ˝;p; a;m as above, the space W
m;p
a .Rn/ is defined as the

completion of C1
c .R

n/ with respect to the quasi-norm

kukW m;p
a .Rn/ WD

�X

j˛j�m

Z

Rn

j.@˛u/�.X/jp dist .X; @˝/ap dX
�1=p

(2.375)

where, this time, the understanding is that for any u W Rn n @˝ ! R the radial
maximal function u� W Rn n @˝ ! Œ0;1� is defined as

u�.Z ˙ �en/ WD sup
�>0

ˇ̌
u.Z ˙ .� C �/en/

ˇ̌
; 8Z 2 @˝ and 8 � > 0: (2.376)

Our next result is the following companion to Theorem 2.46.
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Theorem 2.49. Let ˝ be an unbounded Lipschitz domain in R
n and assume that

N 2 N0, p 2 .0; 1/, and a 2 .�1=p;1/. Then for any A 2 A and k 2 N, the
operator eRk;A initially considered as in (2.342) extends to a bounded mapping

eRk;A W W jAj�#ACN;p
a .˝/ �! W N;p

a .Rn/: (2.377)

Moreover, the operator E initially defined as in (2.344) may be extended to a
bounded mapping

E W W N;p
a .˝/ �! W N;p

a .Rn/: (2.378)

Proof. Fix A 2 A , k 2 N, and let f 2 C1
b .˝/ be arbitrary. Writing the

estimate (2.348) for N and M WD 2 at the point X WD Z � .s C �/en for some
fixed Z 2 @˝ and s; � > 0 yields

ˇ
ˇ.Rk;Af /.Z� .sC�/en/

ˇ
ˇ � C

1Z

ı.Z�.sC�/en/

ˇ
ˇ.@Nn f /.ZC .t � .sC�//en/

ˇ
ˇ dt
t
: (2.379)

Changing variables in the right-hand side of (2.348), we let � WD t � .s C 2�/ and
obtain

ˇ̌
.Rk;Af /.Z � .s C �/en/

ˇ̌
(2.380)

� C
1Z

ı.Z�.sC�/en/�.sC2�/

ˇ
ˇ.@Nn f /.Z C .� C �//en/

ˇ
ˇ d�

� C .s C 2�/ :

However, thanks to (2.315) there holds

ı.Z � .s C �/en/ � .s C 2�/ > 2.s C �/ � .s C 2�/ D s: (2.381)

In particular � 	 ı.Z � .sC �/en/� .sC 2�/ guarantees that � 	 0. Since s; � > 0
this further implies that 1=.� C .s C 2�// � 1=� whenever

� 	 ı.Z � .s C �/en/ � .s C 2�/: (2.382)

Combining this with (2.381) and (2.380) yields

ˇ
ˇ.Rk;Af /.Z � .s C �/en/

ˇ
ˇ � C

Z 1

s

ˇ
ˇ.@Nn f /.Z C .� C �//en/

ˇ
ˇ d�
�

(2.383)

� C
Z 1

s

.@Nn f /
�.Z C �en/ d�

�
;
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where the last inequality follows from the definition of the maximal operator
from (2.376). Taking supremum in (2.383) over � > 0 and using again (2.376)
gives

.Rk;Af /
�.Z � sen/ WD sup

�>0

ˇ
ˇ.Rk;Af /.Z � .s C �/en/

ˇ
ˇ (2.384)

� C

Z 1

s

.@Nn f /
�.Z C �en/ d�

�
:

Now, based on (2.384), we may write

�Z 1

0

�
.Rk;Af /

�.Z � sen/
�p

dist .Z � sen; @˝/ap ds
�1=p

(2.385)

� C
�Z 1

0

�Z 1

s

.@Nn f /
�.Z C ren/dr

r

�p
sap ds

�1=p
:

Having established (2.385), we shall utilize that Hardy’s inequality continues to
hold even when p 2 .0; 1/ provided that the function in question is nonincreasing
(which is the case for r 7! .@Nn f /

�.ZCren/). Keeping this in mind and proceeding
as in the case of (2.347) we arrive at the conclusion that there exists a finite constant
C D C.˝; k;A; a; p/ > 0 with the property that

k.Rk;Af /
�kLp.Rnn˝; dist .�;@˝/ap dX/ (2.386)

� C
X

j˛jDjAj�#A

k.@˛f /�kLp.˝; dist .�;@˝/ap dX/;

for every f 2 C1
b .˝/. At this stage, from (2.333)–(2.334), (2.386), and (2.341)–

(2.342) we deduce that

keRk;Af kW N;p
a .Rn/

� Ckf k
W

jAj�#ACN;p
a .˝/

; 8 f 2 C1
b .˝/: (2.387)

From this and Definition 2.48, the claim about the operator (2.377) follows. Finally,
the claim about the operator (2.378) is handled similarly, and this completes the
proof of the theorem. ut

In our last result in this section we take up the issue of proving that the weighted
Sobolev scale is stable under complex interpolation. Specifically, we shall prove the
following theorem.

Theorem 2.50. Let ˝ be a Lipschitz domain in R
n and assume that 1 < pi < 1

and �1=pi < ai < 1 � 1=pi for i 2 f0; 1g. Fix � 2 .0; 1/ and suppose that p 2
.0;1/ and a 2 R are such that 1=p D .1��/=p0C�=p1 and a D .1��/a0C�a1.
Then for each m 2 N0 there holds
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�
W m;p0
a0

.˝/;W m;p1
a1

.˝/


�
D W m;p

a .˝/; (2.388)

where Œ�; ��� denotes the usual complex interpolation bracket.

Proof. The proof is organized into a number of steps. Throughout, ˝ is a fixed
Lipschitz domain in R

n.

Step I. There holds

�
Lp0.Rn; dist.�; @˝/a0p0 dX/;Lp1.Rn; dist.�; @˝/a1p1 dX/


�
(2.389)

D Lp.Rn; dist.�; @˝/ap dX/;

granted that the indices involved are as in the statement of the theorem. This formula
follows from well-known interpolation results for Lebesgue spaces with change of
measure (cf. [8, Theorem 5.5.3, p. 120]).

Step II. For each ˛ > 0, let G˛ stand for the Bessel kernel of order ˛ in R
n.

That is, G˛ 2 C 1.Rn n f0g/ is the (positive, radial, decreasing) function whose
Fourier transform is given by

bG˛.�/ D .1C j�j2/�˛=2 for all � 2 R
n: (2.390)

Also, for each p 2 .1;1/ and any Muckenhoupt weight w 2 Ap.Rn/, define the
weighted Sobolev spaces of order m 2 N in R

n as

W m;p.Rn;wdX/ WD
n
f 2 L1loc.R

n/ W kf kW m;p.Rn;w dX/ < C1
o
;

(2.391)

where (with derivatives taken in the sense of distributions),

kf kW m;p.Rn;w dX/ WD
X

j
 j�m

�Z

Rn

j@
f jpwdX

�1=p
: (2.392)

Then

Lp.Rn; wdX/ 3 f 7! Gm � f 2 W m;p.Rn; wdX/ (2.393)

is a well-defined, linear, bounded isomorphism. Indeed, this is [81, Theorem 3.3].

Step III. Assume that X0;X1 and Y0; Y1 are two compatible pairs of Banach
spaces such that fY0; Y1g is a retract of fX0;X1g (as above, the “extension” and
“restriction” operators are denoted by E and R, respectively). Then for each
parameter � 2 .0; 1/ one has

ŒY0; Y1�� D R
�
ŒX0;X1��

�
: (2.394)

This is a folklore interpolation result.
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Step VI. Proof of (2.388). From (2.362) and Steps I–II we obtain that

�
W m;p0
a0

.Rn/;W m;p1
a1

.Rn/


�
D W m;p

a .Rn/; (2.395)

provided the indices involved are as in the statement of the theorem. With this in
hand, (2.388) follows from (2.367) in Theorem 2.46 and the abstract retract-type
result from Step III.

2.7 Other Smoothness Spaces on Lipschitz Boundaries

Recall that for each a 2 R we have set .a/C WD maxfa; 0g. Consider three
parameters p; q; s subject to

0 < p; q � 1; .n � 1/
�
1
p
� 1

�

C < s < 1: (2.396)

Assume first that˝ � R
n is the upper-graph of a Lipschitz function ' W Rn�1 ! R.

We then define Bp;q
s .@˝/ as the space of locally integrable functions f on @˝ for

which the assignment Rn�1 3 x 7! f .x; '.x// belongs to Bp;q
s .Rn�1/ (cf. �2.3).

This space is equipped with the natural quasi-norm

kf kBp;qs .@˝/ WD kf .�; '.�//kBp;qs .Rn�1/: (2.397)

As far as Besov spaces with a negative amount of smoothness are concerned, in the
same context as above we set

f 2 Bp;q
s�1.@˝/” f .�; '.�//

p
1C jr'.�/j2 2 Bp;q

s�1.R
n�1/; (2.398)

kf kBp;qs�1.@˝/ WD kf .�; '.�//
p
1C jr'.�/j2kBp;qs�1.Rn�1/: (2.399)

As is well-known, the case when p D q D 1 corresponds to the usual (non-
homogeneous) Hölder spaces C s.@˝/, defined by the requirement that

kf kCs.@˝/ WD kf kL1.@˝/ C sup
X¤Y

X;Y2@˝

jf .X/ � f .Y /j
jX � Y js < C1: (2.400)

All the above definitions then readily extend to the case of (bounded) Lipschitz
domains in R

n via a standard partition of unity argument.
We now recall several properties of the Besov scales just introduced above which

are going to be of importance for us later on.
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Proposition 2.51. Let ˝ be a Lipschitz domain in R
n. For .n � 1/=n < p � 1

and .n � 1/.1=p � 1/C < s < 1, one then has

kf kBp;ps .@˝/ � kf kLp.@˝/ C
�Z

@˝

Z

@˝

jf .X/ � f .Y /jp
jX � Y jn�1Csp d�.X/d�.Y /

�1=p
;

(2.401)
uniformly for f 2 L1loc.@˝/.

The equivalence (2.401) is well-known when @˝ is flat and the more general case
considered here may be derived from this by (locally) making a suitable bi-Lipschitz
change of variables. In this vein, let us also point out that, for each fixed � > 0,
another quasi-norm equivalent to the expression in the right-hand side of (2.401) is

kf kLp.@˝/ C

0

B
B
B
@

“

.X;Y /2@˝�@˝

jX�Y j<�

jf .X/ � f .Y /jp
jX � Y jn�1Csp d�.X/d�.Y /

1

C
C
C
A

1=p

: (2.402)

Also, if

!p.f I t/ WD
� “

.X;Y /2@˝�@˝

jX�Y j<t

jf .X/ � f .Y /jp d�.X/d�.Y /
�1=p

; (2.403)

is the Lp-modulus of continuity of f , then for indices p; s satisfying the conditions
.n � 1/=n < p � 1 and .n � 1/.1=p � 1/C < s < 1 we also have

kf kBp;ps .@˝/ � kf kLp.@˝/C
� Z 1

0

!p.f I t/p
tn�1Csp dt

�1=p

� kf kLp.@˝/C
� Z 1

0

!p.f I t/p
tn�1Csp dt

�1=p
: (2.404)

To state our next result, given 0 < p � 1, set

p0 WD

8
ˆ̂
<

ˆ̂:

p

p�1 if 1 < p <1;
1 if 0 < p � 1;
1 if p D 1;

(2.405)

for the conjugate exponent of p.

Proposition 2.52. Let ˝ be a Lipschitz domain in R
n and assume that 0 < p; q <

1 and .n � 1/. 1
p
� 1/C < s < 1. Then
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�
B
p;q
s�1.@˝/

�� D Bp0 ;q0

1�sC.n�1/. 1p�1/C.@˝/;

�
B
p;q
s .@˝/

�� D Bp0;q0

�sC.n�1/. 1p�1/C.@˝/;
(2.406)

where the pairing between f in a Besov space and g in its dual is a natural extension
of the bilinear form .f; g/ 7! R

@˝ fg d� .

Proof. This may be proved by reducing matters (via localization using a smooth
partition of unity and flattening the boundary via a bi-Lipschitz map) to classical
duality results in the entire Euclidean space (cf., e.g., [107] for the latter setting).

ut
The following theorem has been proved in [73].

Theorem 2.53. Let˝ be a Lipschitz domain in R
n and assume that the indices p; s

satisfy n�1
n
< p � 1 and .n � 1/. 1

p
� 1/C < s < 1. Then the following hold:

(i) The restriction to the boundary extends to a linear, bounded operator

Tr W Bp;q

sC 1
p

.˝/ �! Bp;q
s .@˝/ for 0 < q � 1: (2.407)

Moreover, for this range of indices, Tr is onto and has a bounded right inverse

Ex W Bp;q
s .@˝/ �! B

p;q

sC 1
p

.˝/: (2.408)

(ii) Similar considerations hold for

Tr W F p;q

sC 1
p

.˝/ �! Bp;p
s .@˝/ (2.409)

with the convention that q D 1 if p D1. More specifically, Tr in (2.409) is a
linear, bounded, operator which has a linear, bounded right inverse

Ex W Bp;p
s .@˝/ �! F

p;q

sC 1
p

.˝/: (2.410)

Remark. (i) Assume that ˝ is a bounded Lipschitz domain in R
n. Then a

pointwise description of the trace operator from part .i/ of Theorem 2.53 is

�
Tru

�
.X/ D lim

r!0C

Z
�
B.X;r/\˝

u.Y / dY; (2.411)

where the limit exists at �-a.e. X 2 @˝ .
(ii) Let ˝ be a bounded Lipschitz domain in R

n and fix p; q; s as in the statement
of Theorem 2.53. Also, assume that u 2 F

p;q

sC 1
p

.˝/ \ C0.˝/ is such that

ub @˝ , the non-tangential restriction to the boundary, exists almost everywhere
on @˝ . Then
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Tr .u/ D u
j

@˝
almost everywhere on @˝: (2.412)

Since the statement (2.412) is local, using a suitable partition of unity matters
can be reduced to the case in which˝ is a bounded Lipschitz domain, star-like
with respect to the origin. In this case, for each " > 0 we set u".X/ D u

�
X
1C"

�
,

X 2 ˝ . It follows that u" 2 F p;q

sC 1
p

.˝/\ C0.˝/ and

u"
ˇ
ˇ
ˇ
@˝
! u

j

@˝
pointwise on @˝; as "! 0C;

and u" ! u in F
p;q

sC 1
p

.˝/; as "! 0C:
(2.413)

Employing Theorem 2.53, the second convergence in (2.413) implies that

Tr .u"/ �! Tr .u/ in Bp;p
s .@˝/ ,! L1.@˝/ as "! 0C: (2.414)

Now, the claim formulated in (2.412) becomes a consequence of (2.414) and
the first convergence in (2.413).

�

We now proceed to discuss Triebel–Lizorkin spaces defined on the boundary of
a Lipschitz domain ˝ � R

n, denoted in the sequel by F p;q
s .@˝/. Compared with

the Besov scale, the most important novel aspect here is the possibility of allowing
the endpoint case s D 1 as part of the general discussion if q D 2. To discuss this
in more detail, assume that either

0 < p <1; 0 < q � 1; .n � 1/
� 1

min fp; qg � 1
�

C < s < 1; (2.415)

or

n � 1
n

< p <1; q D 2; s 2 f0; 1g: (2.416)

In this scenario, the Triebel–Lizorkin scale inRn�1 is invariant under pointwise mul-
tiplication by Lipschitz maps as well as composition by Lipschitz diffeomorphisms.

When ˝ is a Lipschitz domain as in (2.14), we may therefore define the space
F
p;q
s .@˝/ as the collection of all locally integrable functions f on @˝ such that

f .�; '.�// 2 F p;q
s .Rn�1/; (2.417)

endowed with the quasi-norm

kf kF p;qs .@˝/ WD kf .�; '.�//kF p;qs .Rn�1/: (2.418)
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Also, F p;q
s�1.@˝/ is defined (for the same range of indices p; q; s as in (2.415)–

(2.416)) as the collection of all functionals f 2 .Lipc .@˝//
0 such that

f .�; '.�//
p
1C jr'.�/j2 2 F p;q

s�1.R
n�1/; (2.419)

and we equip this space with the quasi-norm

kf kF p;qs�1.@˝/
WD kf .�; '.�//

p
1C jr'.�/j2kF p;qs�1.R

n�1/: (2.420)

Finally, when ˝ � R
n is a bounded Lipschitz domain and .s; p; q/ are as

in (2.415)–(2.416), we define F p;q
s .@˝/ and F p;q

s�1.@˝/ via localization (using a
smooth, finite partition of unity) and pull-back to R

n�1 (in the manner described
above, for graph-Lipschitz domains). When equipped with the natural quasi-
norms, the Triebel–Lizorkin spaces just introduced are quasi-Banach, and different
partitions of unity yield equivalent quasi-norms. Two basic identities, relating
Triebel–Lizorkin spaces to Sobolev spaces on @˝ read as follows:

F
p;2
0 .@˝/ D Lp.@˝/; F

p;2
1 .@˝/ D Lp1 .@˝/; 8p 2 .1;1/; (2.421)

The above formulas have natural counterparts for values of p � 1, more specifically

F
p;2
0 .@˝/ D hpat .@˝/; F

p;2
1 .@˝/ D h1;pat .@˝/; n�1

n
< p � 1; (2.422)

where hpat .@˝/ is the inhomogeneous Hardy space and h1;pat .@˝/ is the inhomoge-
neous Hardy-based Sobolev space of order one on @˝ , considered in greater detail
further below. For now, we wish to note that introducing

hp.@˝/ WD
8
<

:

h
p
at .@˝/ if n�1

n
< p � 1;

Lp.@˝/ if 1 < p <1;

h
p
1 .@˝/ WD

8
<

:

h
1;p
at .@˝/ if n�1

n
< p � 1;

L
p
1 .@˝/ if 1 < p <1;

(2.423)

allows us to combine (2.421)–(2.422) into

F
p;2
0 .@˝/ D hp.@˝/ and F

p;2
1 .@˝/ D hp1 .@˝/; n�1

n
< p <1: (2.424)

Since these identifications involve working with a multitude of Hardy-type spaces,
we shall devote the next few pages to reviewing them, and to discussing their basic
properties.

In a first stage, we shall assume that˝ is as in (2.14), i.e., the unbounded domain
in R

n lying above the graph of the Lipschitz function ' W Rn�1 ! R. For the case
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when n�1
n
< p � 1, the homogeneous Hardy space is then defined by

H
p
at .@˝/ WD

n
f D

X

j

�j aj W aj .p; po/-atom, .�j /j 2 `p
o
; (2.425)

where the series converges in
�
Lipc.@˝/

�0
, the dual of Lipc.@˝/, and equip the

space in (2.425) with the usual infimum quasi-norm. Here, 1 < po � 1 is a fixed
parameter and a measurable function a W @˝ ! R is called a .p; po/-atom if there
exists a surface ball Sr � @˝ such that

suppa � Sr ; kakLpo .@˝/ � r�.n�1/
�
1
po

� 1
p

�
and

Z

@˝

a d� D 0: (2.426)

Corresponding to one unit more on the smoothness scale we have H1;p
at .@˝/,

defined for n�1
n
< p � 1 as the `p-span of ‘regular’ atoms. More specifically, if ˝

is as in (2.14) and Œf � denotes the class of f modulo constants, define

H
1;p
at .@˝/ WD

n
Œf � W f 2 L1loc.@˝/ and 9 .�i /i 2 `p and ai regular.p; po/-atoms

with @�jnf D
1X

iD1
�i@�jnai whenever 1 � j � n � 1

o
; (2.427)

where the series converges in
�
Lip .@˝/

�0
. Here, if .n � 1/=n < p � 1 < po � 1,

a function a 2 Lpo1 .@˝/ is called a regular .p; po/- atom if there exists a surface
ball Sr so that

supp a � Sr ; krtanakLpo .@˝/ � r.n�1/
�

1
po

� 1
p

�

: (2.428)

Also, set

�
�Œf �

�
�
H
1;p
at .@˝/

WD inf
�X

i2N
j�i jp

�1=p
; Œf � 2 H1;p

at .@˝/; (2.429)

where the infimum is taken over all possible representations of the tangential
derivatives of f as in the definition of H1;p

at .@˝/. It can be shown that

Œf � 2 H1;p
at .@˝/” Œf .�; '.�//� 2 PF p;2

1 .Rn�1/; (2.430)

the homogeneous Triebel–Lizorkin space in R
n�1. In particular, this shows that

different choices of the parameter po in (2.428) yield the same vector space and
topology on H1;p

at .@˝/. An alternative characterization of this space is
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H
1;p
at .@˝/ D

n
Œf � W f 2 L1loc.@˝/ and @�jnf 2 Hp

at .@˝/; 1 � j � n � 1
o
;

(2.431)
and, in fact,

kŒf �k
H
1;p
at .@˝/

�
n�1X

jD1
k@�jnf kHp.@˝/; (2.432)

whenever n�1
n
< p � 1.

The spaceH1;p
at .@˝/ in (2.427) is defined modulo constants. A realization of this

as a space of genuine functions is as follows. If n�1
n
< p � 1 and p� 2 .1;1/ is

such that

1
p�
D 1

p
� 1

n�1 (2.433)

we set

eH1;p
at .@˝/ WD

n
f 2 Lp�

.@˝/ W f D
1X

jD1
�j aj in Lp

�

.@˝/; (2.434)

.�j /j 2 `p; aj regular.p; po/-atom
o
;

and equip it with the natural infimum quasi-norm. It can then be checked that, for
each p 2 . n�1

n
; 1�, the application

eH1;p
at .@˝/ 3 f 7! Œf � WD f C R 2 H1;p

at .@˝/ (2.435)

is an isomorphism. As a consequence, the definition of eH1;p
at .@˝/ is independent of

the particular choice of po 2 .1;1�. Let us also point out here that, when used in
concert with (2.432), the fact that (2.435) is an isomorphism further entails

kf keH1;p
at .@˝/

� kŒf �k
H
1;p
at .@˝/

�Pn�1
jD1 k@�jnf kHp

at .@˝/

uniformly for f 2 eH1;p
at .@˝/:

(2.436)

A distinctive feature of eH1;p
at .@˝/ is that this space is local, in the sense that if ˝ is

as in (2.14) and p 2 . n�1
n
; 1� then

f 2 eH1;p
at .@˝/ H)  f 2 eH1;p

at .@˝/; (2.437)

plus a naturally accompanying estimate, for every  2 Lipc .@˝/.
The spaces Hp

at .@˝/ and H1;p
at .@˝/ have inhomogeneous counterparts, denoted

by hpat .@˝/ and h1;pat .@˝/, respectively. To be precise, fix a graph Lipschitz domain
˝ � R

n as in (2.14) and assume that n�1
n
< p � 1 < po � 1. Also, fix a threshold
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� > 0. Call a function a 2 L1loc.@˝/ an inhomogeneous .p; po/-atom if for
some surface ball Sr � @˝

supp a � Sr; kakLpo .@˝/ � r.n�1/
�
1
po

� 1
p

�
; and

either r D �; or r < � and
Z

@˝

a d� D 0:
(2.438)

We then define hpat .@˝/ as the `p-span of inhomogeneous .p; po/-atoms, and equip
it with the natural infimum-type quasi-norm. One can check that this is a “local”
quasi-Banach space, in the sense that

h
p
at .@˝/ is a module over C˛.@˝/ for any ˛ > .n � 1/

�
1
p
� 1

�
: (2.439)

Different choices of the parameters po, � lead to equivalent quasi-norms and

�
h
p
at .@˝/

�� D C .n�1/
�
1
p

�1
�
.@˝/: (2.440)

It is also useful to note that

H
p
at .@˝/ ,! h

p
at .@˝/; Lqcomp.@˝/ � hpat .@˝/; if n�1

n
< p � 1; q > 1:

(2.441)
Furthermore, for each p 2 . n�1

n
; 1�,

f 2 hpat .@˝/” f .�; '.�//
p
1C jr'.�/j2 2 F p;2

0 .Rn�1/; (2.442)

f 2 Hp
at .@˝/” f .�; '.�//

p
1C jr'.�/j2 2 PF p;2

0 .Rn�1/; (2.443)

These characterizations show that as far as the spaces hpat .@˝/, H
p
at .@˝/ are

concerned, the particular value of the parameter po (used in the normalization of
atoms) is immaterial.

Let us briefly digress for the purpose of recalling the local BMO space. As before,
we make the convention that a barred integral indicates averaging. Now, for some
fixed 0 < � < diam .@˝/, the local BMO space alluded to above is introduced as

f 2 bmo .@˝/
def” f 2 L2.@˝/ and sup

Sr surface ball
with r��

Z
�
Sr

jf � fSr j d� <1

(2.444)
where fSr WD

R�
Sr
f d� , and is equipped with the natural norm

kf kbmo .@˝/ WD kf kL2.@˝/ C

0

B
@ sup
Sr surface ball

with r��

Z
�
Sr

jf � fSr j d�

1

C
A : (2.445)
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Then (cf. [28]),

�
h1at .@˝/

�� D bmo .@˝/ and h1at .@˝/ D
�

vmo .@˝/
��
; (2.446)

where Sarason’s space vmo .@˝/ of functions of vanishing mean oscillation on @˝
is defined by the requirement that f 2 vmo .@˝/ if and only if

f 2 bmo .@˝/ and lim
R!0

0

B
@ sup
Sr surface ball

with r�R

Z
�
Sr

jf � fSr j d�

1

C
A D 0: (2.447)

Let us point out that, for each s 2 .0; 1/, an alternative characterization of the latter
space is

vmo .@˝/ D the closure of C s
c .@˝/ in bmo .@˝/: (2.448)

Also,
�
h1;1at .@˝/

�� D bmo�1.@˝/; (2.449)

where

bmo�1.@˝/ WD
n
g� C

nX

j;kD1
@�jk gjk W g� 2 Ln�1.@˝/ and

gjk 2 bmo.@˝/ for 1 � j; k � n
o
: (2.450)

Above, the term g� C
nP

j;kD1
@�jkgjk should be understood in the following sense.

Given f 2 h1;1at .@˝/ we have

D
f; g� C

nX

j;kD1
@�jkgjk

E
WD hf; g�i C

nX

j;kD1
h@�jkf; gjki; (2.451)

where the first pairing h�; �i in the right hand-side of (2.451) is understood in the
sense of the duality between L

n�1
n�2 .@˝/  - h1;1at .@˝/ and Ln�1.@˝/ while the

second denotes the duality pairing between h1at .@˝/ and bmo.@˝/.
Moving on, with ˝ , p, po as before, fix an arbitrary small � > 0 then define

h
1;p
at .@˝/ WD

n
f 2 �Lipc.@˝/

�0 W f D
X

j

�j aj ; .�j /j 2 `p and 8 j (2.452)

aj regular.p; po/-atom supported in a surface ball of radius � �
o
;
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where the series converges in
�
Lipc.@˝/

�0
, and equip it with the natural infimum

quasi-norm. Next, if p� is as in (2.433) then, by Poincaré’s inequality,

a regular .p; po/-atom H) kakLp�

.@˝/ � C.@˝; p; po/; (2.453)

a regular .p; po/-atom supported

in a surface ball of radius � �

)

) kakLp.@˝/ � C.@˝; �; p; po/:

(2.454)

Thus, if f D
1P
jD1

�j aj is the atomic decomposition of f 2 h1;pat .@˝/, it follows that

the series
1P
jD1

�j aj converges both in Lp
�

.@˝/ and Lp.@˝/. As a consequence,

h
1;p
at .@˝/ ,! Lp.@˝/ \Lp�

.@˝/ (2.455)

and, hence,

h
1;p
at .@˝/ ,! eH1;p

at .@˝/ ,! Lp
�

.@˝/ (2.456)

boundedly, for each p 2 . n�1
n
; 1�. Let us also record here the fact that, if n�1

n
< p �

1, we have

f 2 h1;pat .@˝/” f .�; '.�// 2 F p;2
1 .Rn�1/: (2.457)

In particular, various choices of the parameter po in (2.452) yield the same vector
space and topology on h1;pat .@˝/. The equivalence (2.457) also shows that the space
h
1;p
at .@˝/, p 2 . n�1

n
; 1�, is local, in the sense that

f 2 h1;pat .@˝/ H)  f 2 h1;pat .@˝/; (2.458)

plus a natural estimate, for every function  2 Lipc .@˝/. The fact that

F
p;2
1 .Rn�1/ D

n
f 2 Lp.Rn�1/ \ S 0.Rn�1/ W (2.459)

Œf � 2 PF p;2
1 .Rn�1/

o
; n�1

n
< p � 1;

yields another alternative characterization of h1;pat .@˝/, namely

h
1;p
at .@˝/ D

n
f 2 L1loc.@˝/ W f 2 Lp.@˝/ and (2.460)

@�jnf 2 Hp
at .@˝/; 1 � j � n � 1

o
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and, moreover,

kf k
h
1;p
at .@˝/

� kf kLp.@˝/ C
n�1X

jD1
k@�jnf kHp.@˝/: (2.461)

We shall now review the definitions and some of the most basic properties of
Hardy–Sobolev spaces in the setting of bounded Lipschitz domains. For a bounded

Lipschitz domain and p 2 . n�1
n
; 1�, the spaces Hp

at .@˝/, eH
1;p

at .@˝/, h
p
at .@˝/ and

h
1;p
at .@˝/ can be defined as before. Thus, when ˝ � R

n is a bounded Lipschitz
domain and n�1

n
< p � 1, we have:

h
p
at .@˝/ D Hp

at .@˝/C R D Hp
at .@˝/C Lq.@˝/ for each q > 1;

L
q
1.@˝/ ,! h

1;p
at .@˝/ D eH

1;p

at .@˝/ ,! Lp
�

.@˝/; for each q > 1;

h
p
at .@˝/; h

1;p
at .@˝/ are modules over Lip .@˝/:

(2.462)

Let ˝ be Lipschitz domain (bounded or unbounded) in R
n. Also, fix a function

 2 Lipc .@˝/ and assume that n�1
n
< p � 1 < po � 1. It is then trivial to check

that, for a fixed 0 < � � diam @˝ , there exists C D C.@˝; ; �; p; po/ > 0 such
that

A regular .p; po/-atom supported in a surface ball of radius � �
H) C�1 A is a regular .p; po/-atom on @˝:

(2.463)

A slightly more refined version of this result (allowing for atoms supported in
surface balls of arbitrary radii) is as follows.

Lemma 2.54. Let ˝ be Lipschitz domain (bounded or unbounded) in R
n and

assume that n�1
n
< p � 1 and p� � po � q � 1, where p� is as in (2.433). If

 2 Lipc .@˝/ then  A is, up to a fixed multiplicative constant, a regular .p; po/-
atom on @˝ whenever A is a regular .p; q/-atom on @˝ .

Proof. To fix ideas, let us assume that supp � S1, a surface ball of radius 1, and
that k kL1.@˝/ C krtan kL1.@˝/ � 1. Fix a regular .p; q/-atom A on @˝ , i.e. a
function A 2 Lq1.@˝/ satisfying suppA � Sr , for some r > 0, and such that the

inequality krtanAkLq.@˝/ � r.n�1/
�
1
q � 1

p

�
holds. In particular, Poincaré’s inequality

gives

kAkLq.@˝/ � CrkrtanAkLq.@˝/ � C r1C.n�1/
�
1
q� 1

p

�
: (2.464)

Next, introduce Qr WD min fr; 1g > 0 and note that supp . A/ � SQr . Going further,
write rtan. A/ D  rtanAC .rtan /A DW I C II , and use Hölder’s inequality in
order to estimate
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kIkLpo .@˝/ � k kL1.@˝/krtanAkLpo .S
Qr / � C Qr.n�1/

�
1
po

� 1
q

�
krtanAkLq.@˝/

� C Qr.n�1/
�
1
po

� 1
q

�
r
.n�1/

�
1
q� 1

p

�
� C Qr.n�1/

�
1
po

� 1
p

�
(2.465)

and

kIIkLpo .@˝/ � krtan kL1.@˝/kAkLpo .S
Qr / � C Qr.n�1/

�
1
po

� 1
q

�
kAkLq.@˝/

� C Qr.n�1/
�
1
po

� 1
q

�
r
1C.n�1/

�
1
q� 1

p

�
� C Qr.n�1/

�
1
po

� 1
p

�
: (2.466)

It is only in the last step above that po 	 p� is needed (when r is large). Altogether,

the estimates (2.465)–(2.466) give krtan. A/kLpo .@˝/ � C Qr.n�1/
�
1
po

� 1
p

�
, so

C�1 A is a regular .p; po/-atom. ut
Let ˝ � R

n be a bounded Lipschitz domain and assume that n�1
n
< p � 1.

Let ˙ � R
n be the graph of a real-valued Lipschitz function, suitably rotated and

translated as to agree with @˝ for an non-empty, open subset of @˝ . Finally, let
� 2 Lipc.˙ \ @˝/. Then there exists C > 0 such that

kf�f k
h
1;p
at .@˝/

� Ckf keH1;p
at .˙/

; (2.467)

kf�f k
h
1;p
at .@˝/

� Ckf k
h
1;p
at .˙/

; (2.468)

kf�f keH1;p
at .˙/

� Ckf�f k
h
1;p
at .˙/

� Ckf k
h
1;p
at .@˝/

; (2.469)

where tilde denotes the extension by zero outside the support (naturally interpreted
in each case). Indeed, (2.467) is implied by Lemma 2.54, whereas (2.468) is a direct
consequence of (2.463), and (2.469) follows from (2.456) and (2.463). In turn, the
estimates (2.467)–(2.469) permit to prove that many of the properties established for
the scale h1;pat .@˝/ when ˝ is a graph Lipschitz domain have natural counterparts
in the setting of bounded Lipschitz domains.

Proposition 2.55. Let ˝ be a bounded Lipschitz domain in R
n. Then the

embedding

h
p
at .@˝/ ,! L

p�

�1.@˝/ (2.470)

is well-defined and bounded for each n�1
n
< p � 1, where p� is as in (2.433).

Proof. First, let a be .p;1/-atom in hpat .@˝/, i.e., a function satisfying suppa �
Sr and kakL1.@˝/ � r

� n�1
p for some r > 0. In addition, if 0 < r < �, it is also

required that
Z

@˝

a d� D 0. Thus, if r 2 .0; �/, then for each f 2 Lq�

1 .@˝/ with

1=p� C 1=q� D 1 we have
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ˇ
ˇ
ˇ
Z

@˝

af d�
ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
Z

Sr

a
�
f �

Z
�
Sr

f d�
�
d�
ˇ
ˇ
ˇ � r� n�1

p

Z

Sr

ˇ
ˇ
ˇf �

Z
�
Sr

f d�
ˇ
ˇ
ˇ d�

� Cr1� n�1
p

Z

Sr

jrtanf j; (2.471)

where the last estimate follows from applying Poincaré’s inequality. Going fur-
ther, (2.471) and Hölder’s inequality give

ˇ
ˇ
ˇ
Z

@˝

af d�
ˇ
ˇ
ˇ � Cr1� n�1

p C.n�1/.1� 1
q�
/krtanf kLq�

.@˝/ � Ckrtanf kLq�

.@˝/:

(2.472)
Hence, any .p;1/-atom a with small support satisfies

a 2 Lp�

�1.@˝/ and kak
L
p�

�1 .@˝/
� C D C.@˝; p/ <1: (2.473)

Consider next the case in which the atom a is supported in Sr with r > �. In this
scenario, we write

ˇ̌
ˇ
Z

@˝

af d�
ˇ̌
ˇ � r� n�1

p

Z

Sr

jf j d� � Cr�1kf kLq�

.@˝/ �
C

�
kf kLq�

.@˝/; (2.474)

where the second estimate follows from Hölder’s inequality and the fact that p� and
q� are conjugate exponents. Hence, once again, (2.473) holds.

Now, for each f D P
j �j aj 2 h

p
at .@˝/, with f�j gj 2 `p and each aj a

.p;1/-atom, we set

�f W Lq
�

1 .@˝/! R; �f .g/ WD
X

j

�j

Z

@˝

aj g d�: (2.475)

Our goal is to show that the mapping (2.475) is well-defined (i.e., it does not
depend on the atomic representation of f ), linear and bounded. Concerning the
well-definiteness of (2.475) it suffices to show that

X

j

�j aj D 0 in h
p
at .@˝/ H)

X

j

�j

Z

@˝

aj g d� D 0 8 g 2 Lq�

1 .@˝/;

(2.476)
where f�j gj 2 `p and aj , j 2 N, are as before. With this goal in mind, fix a

function g 2 Lq�

1 .@˝/ and let  ˛ 2 Lip.@˝/ be such that  ˛ ! g in Lq
�

1 .@˝/ as
˛ !1. Since

P
j �j aj D 0 in hpat .@˝/ we have that, for each ˛,

lim
N!1

Z

@˝

� NX

jD1
�j aj

�
 ˛ d� D 0: (2.477)

Fix for the moment ˛ 2 N. Using the triangle inequality we have
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ˇ̌
ˇ
NX

jD1
�j

Z

@˝

aj g d�
ˇ̌
ˇ �

ˇ̌
ˇ
NX

jD1
�j

Z

@˝

aj ˛ d�
ˇ̌
ˇC

NX

jD1
j�j j

ˇ̌
ˇ
Z

@˝

aj .g �  ˛/ d�
ˇ̌
ˇ

D W I C II: (2.478)

Invoking (2.472) and (2.474) we may write

II � Ckg �  ˛k
L
q�

1 .@˝/

NX

jD1
j�j j

� Ckf�j gjk`pkg �  ˛k
L
q�

1 .@˝/
! 0 as ˛ !1: (2.479)

Then, by passing to the limit as ˛ ! 1 and N ! 1 in (2.478), using (2.477)
and (2.479) we finally obtain (2.476). The boundedness of the mapping �f

in (2.475) readily follows from (2.472) and (2.474). This finally gives f 2 Lp�

1 .@˝/

and the desired estimate and completes the proof of Proposition 2.55. ut
We continue by recording the analogue of (2.460) in the case when ˝ � R

n is a
bounded Lipschitz domain.

Proposition 2.56. Assume that ˝ � R
n is a bounded Lipschitz domain, fix some

exponent p 2 � n�1
n
; 1



and suppose that p� is as in (2.433). Then

h
1;p
at .@˝/ D

n
f 2 Lp�

.@˝/ W @�jkf 2 Hp
at .@˝/; 1 � j; k � n

o

D
n
f 2 Lp�

.@˝/ W @�jkf 2 hpat .@˝/; 1 � j; k � n
o

(2.480)

and, in addition,

kf k
h
1;p
at .@˝/

� kf kLp�

.@˝/ C
nX

j;kD1
k@�jk f kHp.@˝/ (2.481)

� kf kLp�

.@˝/ C
nX

j;kD1
k@�jk f khp.@˝/:

Proof. To get started, we claim that for each j; k 2 f1; : : : ; ng the tangential
derivative operator

@�jk W h1;pat .@˝/ �! H
p
at .@˝/ (2.482)

is well-defined, linear and bounded. To prove this, fix 1 < po � 1 and observe that
@�jk a is a .p; po/-atom whenever a is a regular .p; po/-atom. It is therefore natural
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to try to define the operator in (2.482) as

@�jkf WD
X

i

�i@�jk ai whenever f D
X

i

�iai in h
1;p
at .@˝/: (2.483)

Nonetheless, due to the redundancy in the atomic representations of functions in
h
1;p
at .@˝/ the above observation alone does not guarantee that this operator is well-

defined. See, e.g., the discussion in [11]. In order to overcome this difficulty, it
suffices to show that if f�j gj 2 `p and aj , j 2 N are .p; po/-regular atoms, then

X

i

�iai D 0 in h
1;p
at .@˝/ H)

X

i

�i @�jk ai D 0 in hpat .@˝/: (2.484)

This, however, is a consequence of (2.455), Proposition 2.55 and (2.103). Hence,
the operator (2.482) is well-defined and bounded.

Turning to the identity (2.480), let us note that, thanks to (2.462), (2.482),
the three spaces are listed in increasing order. Hence, it suffices to show that if
f 2 Lp

�

.@˝/ has @�jkf 2 h
p
at .@˝/ for 1 � j; k � n, then f 2 h

1;p
at .@˝/.

Using a smooth partition of unity, matters can be reduced to the case when @˝
is replaced by ˙ � R

n, the graph of a real-valued Lipschitz function, defined in
R
n�1, and f is compactly supported on ˙ . By further flattening ˙ to R

n�1 using a
bi-Lipschitz change of variables, we arrive at the following question. Prove that if

f 2 Lp�

comp.R
n�1/ ,! h

p
at .R

n�1/ has @j f 2 hpat .Rn�1/ for every j D 1; : : : ; n � 1,
then f 2 F p;2

1 .Rn�1/. However, since hpat .R
n�1/ D F

p;2
0 .Rn�1/ for n�1

n
< p � 1,

this latter claim follows from well-known lifting results for Triebel–Lizorkin spaces.
Finally, the equivalences in (2.481) are implicit in the above reasoning. ut

As already mentioned, the Besov and Triebel–Lizorkin spaces have been defined
in such a way that a number of basic properties from the Euclidean setting carry
over to spaces defined on @˝ in a rather direct fashion. We continue by recording an
interpolation result which is going to be very useful for us here. To state it, recall that
.�; �/�;q and Œ�; ��� stand, respectively, for the real and complex interpolation brackets.

Proposition 2.57. Suppose that ˝ is a bounded Lipschitz domain in R
n. Also,

assume that 0 < p; q; q0; q1 � 1 and that

either .n � 1/
�
1
p
� 1

�

C < s0 ¤ s1 < 1;

or � 1C .n � 1/
�
1
p
� 1

�

C < s0 ¤ s1 < 0:
(2.485)

Then, with 0 < � < 1, s D .1 � �/s0 C �s1,
�
Bp;q0
s0

.@˝/; Bp;q1
s1

.@˝/
�
�;q
D Bp;q

s .@˝/: (2.486)
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Furthermore, if s0 6D s1 and 0 < pi ; qi � 1, i D 0; 1, satisfy min fq0; q1g <1 as
well as either of the following two conditions

either .n� 1/
�
1
pi
� 1

�

C < si < 1; i D 0; 1;

or � 1C .n� 1/
�
1
pi
� 1

�

C < si < 0; i D 0; 1;
(2.487)

then �
Bp0;q0
s0

.@˝/; Bp1;q1
s1

.@˝/


�
D Bp;q

s .@˝/; (2.488)

where 0 < � < 1, s WD .1 � �/s0 C �s1, 1p WD 1��
p0
C �

p1
and 1

q
WD 1��

q0
C �

q1
.

Next, consider

O WD
n
.p; q; s/ 2 .0;1/ � .0;1� � Œ0; 1� W either .n � 1/� 1

min fp;qg � 1
�
C < s < 1;

or n�1
n < p; q D 2 and s 2 f0; 1g

o
: (2.489)

Then given any .p; q0; s0/ and .p; q1; s1/ in O along with � 2 .0; 1/ it follows that

8
<

:

�
F
p;q0
s0 .@˝/; F

p;q1
s1 .@˝/

�
�;q
D Bp;q

s .@˝/;

�
F
p;q0
s0�1.@˝/; F

p;q1
s1�1.@˝/

�
�;q
D Bp;q

s�1.@˝/;
(2.490)

provided s0 6D s1 and s D .1 � �/s0 C �s1.
Finally, with O as in (2.489), assume that .pi ; qi ; si / 2 O , i D 0; 1, and fix a

number � 2 .0; 1/. Also, set s WD .1��/s0C�s1, 1p WD 1��
p0
C �

p1
and 1

q
WD 1��

q0
C �

q1
.

Then

�
F p0;q0
s0

.@˝/; F p1;q1
s1

.@˝/


�
D F p;q

s .@˝/ (2.491)

provided min fq0; q1g <1.

As an application of the above proposition, we shall establish the following useful
result.

Proposition 2.58. Let ˝ � R
n be a bounded Lipschitz domain and fix p; q; s such

that .n � 1/=n < p < 1, 0 < q � 1, and .n � 1/. 1
p
� 1/C < s < 1. Then, for

each j; k 2 f1; : : : ; ng, the tangential derivative operator

@�jk W Bp;q
s .@˝/ �! B

p;q
s�1.@˝/ (2.492)

is well-defined, linear and bounded.
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Proof. Call a point in the plane, whose coordinates .s; 1=p/ satisfy .n � 1/=n <
p <1 and .n � 1/. 1

p
� 1/C < s < 1, “good” if

@�jk W F p;2
s .@˝/ �! F

p;2
s�1.@˝/ (2.493)

is well-defined, linear and bounded, for each j; k D 1; : : : ; n. Likewise, call a
subregion of the plane “good” if all its points are so. Then Proposition 2.57 ensures
that the collection of all good points is a convex set in the plane. Also, from (2.480)
and Corollary 2.12, the (open) segments with endpoints .1; 0/, .1; n

n�1 / and .0; 0/,
.0; 1/ are good. The bottom line is that all points whose coordinates .s; 1=p/ satisfy
.n � 1/=n < p < 1 and .n � 1/. 1

p
� 1/C < s < 1 are good. Having established

this, the desired conclusion about the operator (2.492) follows from (2.490). ut
Proposition 2.59. Let ˝ � R

n be an unbounded Lipschitz domain (cf. (2.14)) and
assume that u 2 C1.˝/ is such that N .ru/ 2 Lp.@˝/ for some p 2 . n�1

n
; 1�.

Then u has a non-tangential limit at almost every boundary point on @˝ ,
h
u
j

@˝

i
2 H1;p

at .@˝/ and
�
�Œub @˝�

�
�
H
1;p
at .@˝/

� CkN .ru/kLp.@˝/:
(2.494)

Proof. The pointwise existence of the non-tangential boundary trace ub @˝ almost
everywhere on @˝ is established as in the proof of Proposition 2.15. Let us show
that

u
j

@˝
2 L1loc.@˝/: (2.495)

Indeed, this follows from the sequence of implications

N .ru/ 2 Lp.@˝/ H) ru 2 L np
n�1 .˝/ H) u 2 W 1;

np
n�1

loc .˝/

H) Tr u 2 Lp�

loc .@˝/ H) u
j

@˝
2 L1loc.@˝/: (2.496)

Above, the first implication follows from Proposition 2.3, the second one can
be justified using Proposition 2.24, the third one is a consequence of (2.200),
Theorem 2.53, and the embedding

B
np
n�1 ;

np
n�1

1� n�1
np

.@˝/ ,! Lp
�

.@˝/ (2.497)

where p� is as in (2.433), and the fourth one is implied by the remark following the
statement of Theorem 2.53.

Having dealt with (2.495), we now proceed to show that if the domain ˝ is as
in (2.14) and � 2 .0; 1=M/ then there exists a constantC > 0 with the property that

ju.X/� u.Y /j � C jX � Y j
�
fN � .ru/.X/CfN � .ru/.Y /

�
; 8X; Y 2 @˝:

(2.498)
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To prove (2.498), fix a point X D .x0; '.x0// 2 @˝ , Y D .y0; '.y0// 2 @˝ , where
x0; y0 2 R

n�1, and set t WD jx0�y0j. We now claim that there exists � D �.M; �/ >
0 such that

X� WD .x0; '.x0/C �t/ 2 Y C 	� and Y � WD .y0; '.y0/C �t/ 2 X C 	� :
(2.499)

We shall only check the first membership in (2.499), as the second one is proved in
a very similar fashion. We need .x0 � y0; '.x0/�'.y0/C�t/ 2 	� or, equivalently,
jx0 � y0j < �.'.x0/� '.y0/C �t/. Since

'.x0/� '.y0/C �t 	 �t �M jx0 � y0j D .� �M/t; (2.500)

the desired conclusion follows by taking � > M C 1=� . With (2.499) in hand, we
now make repeated use of the Fundamental Theorem of Calculus and the fact that
the sets X C	� , Y C	� and .X C	�/\ .Y C	�/ are convex, in order to estimate

ju.X/� u.Y /j � ju.X/� u.X�/j C ju.X�/� u.Y �/j C ju.Y �/ � u.Y /j
� jX �X�jfN � .ru/.X/C jX� � Y �jfN � .ru/.X/

CjY � � Y jfN � .ru/.Y /: (2.501)

Since jX �X�j � jX��Y �j � jY ��Y j � r � jX �Y j, (2.501) implies (2.498).
Consider now the functions f; g W Rn�1 ! R given by

f .x0/ WD u.x0; '.x0// and g.x0/ WD fN � .ru/.x0; '.x0//; 8 x0 2 R
n�1:
(2.502)

Then (2.498) can be rephrased as

jf .x0/ � f .y0/j � C jx0 � y0j.g.x0/C g.y0//; 8 x0; y0 2 R
n�1: (2.503)

Also, f 2 L1loc.R
n�1/ by (2.495), and g 2 Lp.Rn�1/ from assumptions. In the

language of Sobolev spaces on metric spaces, (2.503) expresses the fact that g is a
generalized gradient for f . According to Theorem 1 in [71], we then have

Œf � 2 PF p;2
1 .Rn�1/ and kŒf �k PF p;21 .Rn�1/

� CkgkLp.Rn�1/: (2.504)

Now (2.494) readily follows from (2.504) and (2.430). ut
Proposition 2.60. Let ˝ � R

n be a bounded Lipschitz domain and assume that
the function u 2 C1.˝/ is such that N .ru/ 2 Lp.@˝/ for some p 2 . n�1

n
; 1�.

Then u has a non-tangential limit at almost every boundary point on @˝ and, for
any q 2 .0;1�,

u
j

@˝
2 h1;pat .@˝/ and

�
�ub @˝

�
�
h
1;p
at .@˝/

� CkN .ru/kLp.@˝/ C CkukLq.O/;
(2.505)
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for some relatively compact subset O � ˝ . In particular,

kub @˝kh1;pat .@˝/ � CkN .ru/kLp.@˝/ C CkN ukLp.@˝/: (2.506)

Furthermore,

nX

j;kD1
k@�jk .ub @˝/kHp

at .@˝/
� CkN .ru/kLp.@˝/: (2.507)

Proof. First, let us point out that there exists a finite family of balls Bj , j D
1; : : : ; N , in ˝ and C D C.˝/ > 0 such that (recall that a barred integral indicates
averaging)

N .u/ � CN .ru/C C max
jD1;:::;N

�Z
�
Bj

jujq dX
�1=q

: (2.508)

This can be proved by starting with (2.110), raising all terms to the q-th power,
average inQ over a suitable ball, then take supremum in P and, finally, take the q-th
root of all terms involved. In particular (2.508) shows that N .u/ 2 Lp.@˝/. Next,
let us consider a open cover fB.Xi ; ri /giD1;:::;M of @˝ where for each 1 � i � M
we haveXi 2 @˝ and ri > 0 is small enough. Next, let i 2 C1

c .R
n/, be a partition

of unity subordinated to the cover. Going further, for each i 2 f1; : : : ;M g we
considerDi to be a graph Lipschitz domain as in (2.14) such thatDi \B.Xi ; ri / D
˝ \ B.Xi ; ri /. Let wi WD e iu

ˇ
ˇ
ˇ
Di
2 C1.Di /, where as before, tilde denotes the

extension by zero to R
n. Using (2.508) we obtain that NDi .rwi / 2 Lp.@Di / and

kNDi .rwi /kLp.@Di / � C
�
kN .ru/kLp.@˝/ C kN .u/kLp.@˝/

�
; 1 � i �M:

(2.509)
Above, NDi denotes the non-tangential maximal operator for the graph Lipschitz
domainDi . Then, employing Proposition 2.59 together with (2.509), we obtain that
Œwi b @Di � 2 H1;p

at .@Di / and

kŒwi b @Di �kH1;p
at .@Di /

� C
�
kN .ru/kLp.@˝/ C kN .u/kLp.@˝/

�
: (2.510)

In particular, there exists ci 2 R such that wi j@Di C ci 2 eH1;p
at .@Di / ,! Lp

�

.@Di /,
where the last inclusion is a consequence of (2.456) with p� as in (2.433). Since
wib @Di is compactly supported this readily gives that ci D 0 and hence the
membership wi j@Di 2 eH1;p

at .@Di / holds. At this point, (2.467), (2.510) and (2.508)
allow us to conclude that (2.505) holds. Then (2.506) follows from this and
Proposition 2.3.

There remains to justify (2.507). To this end, pick q WD np=.n�1/ 2 .1;1/ and
for c WD 1

jOj
R
O u.X/ dX write, based on (2.505) for u�c and Poincaré’s inequality,
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nX

j;kD1
k@�jk .ub @˝/kHp

at .@˝/
� CkN .ru/kLp.@˝/ C CkrukLq.O/: (2.511)

Employing now Proposition 2.3, applied to ru, finishes the proof of (2.507). ut
We conclude this section with a boundedness result for the trace operator

mapping into Triebel–Lizorkin spaces on the boundary of a Lipschitz domain.

Proposition 2.61. Let ˝ � R
n be a bounded Lipschitz domain. Then the trace

operator from Theorem 2.53 induces a bounded, linear mapping

Tr W Bp;1

sC1=p.˝/ �! F p;q
s .@˝/ (2.512)

whenever 1 < p <1, 0 � s � 1 and 2 � q � 1.

Proof. It is enough to show that if 1 < p <1 and 0 � s � 1 then

Tr W Bp;1

sC1=p.˝/ �! Lps .@˝/ (2.513)

boundedly, since (2.512) is a consequence of (2.513) and standard embedding
results.

As far as (2.513) is concerned, the case s D 0, i.e., the well-definiteness and
boundedness of

Tr W Bp;1

1=p.˝/ �! Lp.@˝/; 1 < p <1; (2.514)

follows from the corresponding result proved in [45] for ˝ D R
nC, localization and

bi-Lipschitz changes of variables. With this in hand, for a function w 2 Bp;1

1C1=p.˝/
and for j; k 2 f1; : : : ; ng we may write

@�jk ŒTr w� D �j Tr Œ@kw� � �k Tr Œ@jw� 2 Lp.@˝/: (2.515)

To justify this identity, pick a sequence fw`g`2N � C1.˝/ with the property that
w` ! w in Bp;1

1C1=p.˝/ as `!1. For every ' 2 C1
c .R

n/ we may then write

�
Z

@˝

.Tr w/.@�jk '/ d� D � lim
`!1

Z

@˝

.Tr w`/.@�jk'/ d�

D � lim
`!1

Z

@˝

w`.@�jk'/ d�

D lim
`!1

Z

@˝

h
�j .@kw`/� �k.@jw`/

i
' d�

D lim
`!1

Z

@˝

h
�jTr .@kw`/ � �kTr .@jw`/

i
' d�

D
Z

@˝

h
�jTr .@kw/� �kTr .@jw/

i
' d�; (2.516)
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proving (2.515). It follows from identity (2.515) that @�jk ŒTr w� 2 Lp.@˝/ for every
j; k 2 f1; : : : ; ng so that, ultimately, Tr w 2 Lp1 .@˝/, plus a natural estimate. This
shows that the operator (2.513) is well-defined and bounded in the case s D 1. Then
the full claim about the operator (2.513) follows from what we have proved so far
and complex interpolation. ut

2.8 Calderón–Zygmund Theory in the Scalar-Valued Case

The aim in this section is to discuss those aspects of the Calderón–Zygmund
theory of scalar-valued singular integral operators which are most relevant for our
subsequent work. We start by reviewing issues concerning the existence of principal-
value limits and the boundedness of maximal operator associated with singular
integrals considered in the entire Euclidean space. Below and elsewhere, given two
quasi-Banach spaces

�
X ; k � kX

�
and

�
Y ; k � kY

�
we denote by L

�
X ! Y

�
the

space of linear and bounded operators from X into Y , and set

kT k
L
�
X !Y

� WD sup
˚kTf kY W f 2X with kf kX � 1

�
; (2.517)

for every T 2 L
�
X ! Y

�
.

For the proof of the following basic result the reader is referred to [78, 119].

Theorem 2.62. Let A W Rn ! R
m be a Lipschitz function with Lipschitz constant

M , and assume that F W Rm ! R, F 2 CN .Rm/, N 	 5 C m, F is an odd

function. For x; y 2 R
n with x 6D y set K.x; y/ WD 1

jx�yjn F
�
A.x/�A.y/

jx�yj
�

, and for

" > 0, f 2 Lipc.R
n/, define the truncated operator

T"f .x/ WD
Z

jx�yj>"
K.x; y/f .y/ dy: (2.518)

Then, for each 1 < p <1, the following assertions hold:

1. The maximal operator T�f .x/ WD sup fjT"f .x/j W " > 0g is bounded from
Lp.Rn/ into Lp.Rn/. Moreover,

kT�kL .Lp!Lp/�CpCCp.1CM4Cm/ sup fjD˛F.z/j W jzj �MC1; j˛j � 5Cmg:
(2.519)

2. If f 2 Lp.Rn/ then the limit lim
"!0

T"f .x/ exists for almost every x 2 R
n and the

operator
Tf .x/ WD lim

"!0C

T"f .x/ (2.520)

is bounded from Lp.Rn/ into Lp.Rn/.
Furthermore, if B W Rn ! R

n is a bi-Lipschitz function then
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Tf .x/ WD lim
"!0C

Z

jB.x/�B.y/j>"
K.x; y/f .y/ dy (2.521)

for all f 2 Lp.Rn/ and for almost every x 2 R
n.

3. The operator (2.520) is bounded from L1.Rn/ into BMO.Rn/.
4. The operator (2.520) is bounded from L1.Rn/ into L1;1.Rn/.
5. The operator (2.520) is bounded from H1.Rn/ into L1.Rn/.

The next result in this section deals with non-tangential maximum function
estimates, non-tangential limits, etc., for integral operators defined on Lipschitz
surfaces. As such, this is essentially due to Coifman, McIntosh and Meyer [27].
More general results of this type may be found in [33] and [56].

Proposition 2.63. There exists a positive integer N D N.n/ with the following
significance. Consider a Lipschitz domain˝ � R

n and fix some function

k 2 CN .Rn n f0g/ such that k.�X/ D �k.X/
and k.�X/ D ��.n�1/k.X/ 8� > 0; 8X 2 R

n n f0g:
(2.522)

Next, with � denoting the surface measure on @˝ , define the singular integral
operator

T f .X/ WD
Z

@˝

k.X � Y /f .Y / d�.Y /; X 2 ˝; (2.523)

as well as

T�f .X/ WD sup
">0

jT"f .X/j; X 2 @˝; where (2.524)

T"f .X/ WD
Z

Y2@˝jX�Y j>"

k.X � Y /f .Y / d�.Y /; X 2 @˝: (2.525)

Then for each p 2 .1;1/ there exists a finite constant C D C.@˝; p; n/ > 0

such that

kT�f kLp.@˝/ � CkkjSn�1kCN kf kLp.@˝/ (2.526)

for each f 2 Lp.@˝/. Furthermore, for each parameter � > 0 there exists a finite
constant C D C.@˝; p; �; n; / > 0 such that

kN�.T f /kLp.@˝/ � CkkjSn�1kCN kf kLp.@˝/; if 1 < p <1; (2.527)

and

kN�.T f /kLp.@˝/ � CkkjSn�1kCN kf kHp
at .@˝/

; if n�1
n
< p � 1: (2.528)
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Finally, for each p 2 .1;1/, f 2 Lp.@˝/, the limit

Tf .X/ WD lim
"!0C

T"f .X/ (2.529)

exists for �-a.e. X 2 @˝ , and the jump-formula

lim
Z!X

Z2R�.X/
T f .Z/ D 1

2
p�1

bk.�.X//f .X/C Tf .X/ (2.530)

is valid at �-a.e. X 2 @˝ , where � is the outward unit normal to @˝ and “hat”
stands for the Fourier transform in R

n.

We continue with a result about the mapping properties of integral operators
given by singular integrals from Besov spaces into weighted Sobolev spaces. This
is a particular case of a more general result found in [85].

Proposition 2.64. Let ˝ be a bounded Lipschitz domain in R
n with surface

measure � , and consider the integral operator

Rf .X/ WD
Z

@˝

r.X; Y /f .Y / d�.Y /; 8X 2 ˝; (2.531)

whose kernel satisfies the estimates

jrkXrjY r.X; Y /j � C jX � Y j�.n�2CjCk/; j D 0; 1; 1 � k � N; (2.532)

for some positive integer N . Also, recall that 
.X/ WD dist .X; @˝/ for every point
X 2 R

n. Then

�
��
k� 1

p�s jrkRf j
�
��
Lp.˝/

C
k�1X

jD0
krjRf kLp.˝/ � Ckf kBp;ps�1.@˝/; k D 1; 2; : : : ; N;

(2.533)
granted that n�1

n
< p � 1 and .n � 1/. 1

p
� 1/C < s < 1.

Moving on, recall that ˝j % ˝ and ˝j & ˝ as j ! 1 indicate that the
family of domains f˝j gj2N approximate ˝ in the manner described in the proof
of Proposition 2.15. As usual, we set ˝j;C WD ˝j and ˝j;� WD R

n n ˝j for each
j 2 N.

Proposition 2.65. Fix a sufficiently large N 2 N and assume that k is a function
as in (2.522). Also, let ˝ be a bounded Lipschitz domain in R

n and consider the
integral operators

Tk̇ f .X/ WD
Z

@˝

k.X � Y /f .Y / d�.Y /; X 2 ˝˙; (2.534)
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where ˝˙ are as in (2.11). Analogously, given a family of bounded Lipschitz
domains f˝j gj2N, define the integral operators

Tk̇;j f .X/ WD
Z

@˝j

k.X � Y /f .Y / d�j .Y /; X 2 ˝j;˙; (2.535)

for each j 2 N (where �j stands for the surface measure on @˝j ). Finally, fix an
arbitrary ˚ 2 C1

c .R
n/ and some p 2 .1;1/.

Then, if ˝j % ˝ , there holds

h
T �
k;j

�
˚ j@˝j

�i ˇˇ
ˇ
@˝
�!

h
T �
k

�
˚ j@˝

�i j

@˝
in Lp.@˝/; as j !1:

(2.536)
If, on the other hand,˝j & ˝ then

h
T C
k;j

�
˚ j@˝j

�i ˇˇ
ˇ
@˝
�!

h
T C
k

�
˚ j@˝

�i j

@˝
in Lp.@˝/; as j !1:

(2.537)

Proof. We shall only present the proof of (2.536), as (2.537) can be justified in
a similar fashion. With this goal in mind, consider the set of all odd spherical
harmonics f�i` W ` 2 2NC 1; 1 � i � H`g, where

H1 WD n; and H` WD
�nC ` � 1

`

�
�
�nC ` � 3

` � 2
�

if ` 	 3: (2.538)

In particular,

H` � Cn.` � 1/ � ` � � � .nC ` � 2/ � .nC ` � 3/ � Cn `n�1 (2.539)

and, whenever ` 2 2NC 1 and 1 � i � H`,

�Sn�1�i` D �`.nC ` � 2/�i` and �i`

� X
jX j

�
D Pi`.X/

jX j` (2.540)

for some homogeneous, odd, harmonic polynomial Pi` of degree ` in R
n. Thus, if

we now set

ai` WD
Z

Sn�1

k.!/�i`.!/ d!; ` 2 2NC 1; 1 � i � H`; (2.541)

it follows that

jai`j � CnkrN kkL1.Sn�1/`
�2N ; ` 2 2NC 1; 1 � i � H`: (2.542)
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Also, for any X 2 R
n n f0g we have

k.X/ D 1

jX jn�1 k
� X
jX j

�
D

X

`22NC1

HX̀

iD1
ai`

1

jX jn�1 �i`
� X
jX j

�

D
X

`22NC1

HX̀

iD1
ai`ki`.X/; (2.543)

where

ki`.X/ WD 1

jX jn�1 �i`
� X
jX j

�
D Pi`.X/

jX jn�1C` (2.544)

is a kernel which satisfies (2.522) (with N D 1). Let us also point out here that,
once an even integer d > N C .n � 1/=2 has been fixed, then for each ` 2 2NC 1
and 1 � i � H`,

kki`jSn�1kCN � Cnk.I ��Sn�1 /d=2.ki`jSn�1/kL2.Sn�1/ � Cn`d ; (2.545)

thanks to (2.540), Sobolev’s Embedding Theorem, and the fact that ki` D �i` on
Sn�1.

Fix p 2 .1;1/ and ˝j % ˝ as j ! 1. Our claim is that in order to
prove (2.536) it suffices to show that for each ` 2 2N C 1, i 2 f1; : : : ;H`g, and
˚ 2 C1

c .R
n/ we have

h
T �
ki`;j

�
˚ j@˝j

�i ˇ̌
ˇ
@˝
! �

T �
ki`

�
˚ j@˝

�
 j

@˝
in Lp.@˝/ as j !1: (2.546)

Indeed, for each M 2 N, (2.543) entails

h
T �
k;j

�
˚ j@˝j

�i ˇˇ
ˇ
@˝
D

X

`�MC1

` odd

HX̀

iD1
ai`

h
T �
ki`;j

�
˚ j@˝j

�i ˇˇ
ˇ
@˝
C �RM;j

�
˚ j@˝j

�
 ˇˇ
ˇ
@˝
;

(2.547)
where

RM;j f .X/ WD
X

`�MC1

` odd

HX̀

iD1
ai`T

�
ki`;j

f .X/; X 2 ˝j;�: (2.548)

Now, if N �
j denotes the non-tangential maximal function for Rn n ˝j , it follows

from (2.548), (2.545), (2.527), (2.542) and (2.539) that
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�
�
�
h
RM;j f

iˇˇ
ˇ
@˝

�
�
�
Lp.@˝/

� kN �
j

�
RM;j f

�kLp.@˝j /

� C
X

`�MC1

` odd

HX̀

iD1
ai`kki`jSn�1kCN kf kLp.@˝j /

� C
X

`�MC1

` odd

HX̀

iD1
ai`kki`jSn�1kCN kf kLp.@˝j /

� C
� X

`�MC1

` odd

`�NC3.n�1/=2C2�kf kLp.@˝j /: (2.549)

Thus, ifN is large enough, the following holds. Given " > 0, the last term in (2.547)
is � C"k˚kL1.Rn/, provided M is sufficiently large. Since considerations similar

to (2.547)–(2.549) also apply to
h
T �
k

�
˚ j@˝

�ij

@˝
, we may conclude that (2.536)

holds if (2.546) holds for each fixed ` 2 2NC 1 and i 2 f1; : : : ;H`g.
There remains to establish (2.546) for each fixed ` 2 2NC1 and i 2 f1; : : : ;H`g.

If we now let �j denote the surface measure on @˝j , then

T �
ki`;j

�
˚ j@˝j

�
.X/ D

Z

@˝j

ki`.X � Y / Œ˚.Y / �˚.X/� d�j .Y /

C˚.X/
Z

@˝j

ki`.X � Y / d�j .Y /

DW Ij .X/C IIj .X/; X 2 ˝j;�: (2.550)

Since @˝ � ˝j;�, an application of the Lebesgue Dominated Convergence
Theorem gives

lim
j!1 Ij

ˇ
ˇ
ˇ
@˝
D
�Z

@˝

ki`.� � Y / Œ˚.Y / �˚.�/� d�.Y /
�j

@˝
in Lp.@˝/; (2.551)

and, therefore, in order to prove (2.546) it suffices to show that, for each ` 2 2NC1
and i 2 f1; : : : ;H`g,

T �
ki`;j

.1/
ˇ
ˇ
ˇ
@˝
�! T �

ki`
.1/
j

@˝
in Lp.@˝/ as j !1: (2.552)

At this point, we digress for the purpose of reviewing some basic facts and
terminology from Clifford analysis which we shall employ in our proof. To get
started, the Clifford algebra with n imaginary units is the minimal enlargement of
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R
n to a unitary real algebra .C`n;C;ˇ/, which is not generated (as an algebra) by

any proper subspace of Rn and such that

X ˇX D �jX j2 for any X 2 R
n: (2.553)

This identity readily implies that, if fej gnjD1 is the standard orthonormal basis in
R
n, then

ej ˇ ej D �1 and ej ˇ ek D �ek ˇ ej for any 1 � j ¤ k � n: (2.554)

In particular, we identify the canonical basis fej gj from R
n with the n imaginary

units generating C`n, so that we have the embedding

R
n ,! C`n; R

n 3 X D .x1; : : : ; xn/ 

nX

jD1
xj ej 2 C`n: (2.555)

Also, any element u 2 C`n can be uniquely represented in the form

u D
nC1X

lD0

X

jI jDl

0
uI eI ; uI 2 R: (2.556)

Here eI stands for the product ei1 ˇ ei2 ˇ � � � ˇ eil if I D .i1; i2; : : : ; il / and we
have set e0 WD e; WD 1 for the multiplicative unit. Also,

P0 indicates that the
sum is performed only over strictly increasing multi-indices, i.e. over multi-indices
I D .i1; i2; : : : ; il / with 1 � i1 < i2 < � � � < il � n. We endow C`n with the natural

Euclidean metric juj WD
hP

I juI j2
i1=2

, if u D P
I uI eI 2 C`n. Next, recall the

Dirac operator

D WD
nX

jD1
ej @j : (2.557)

We shall use DL and DR to denote the action of D on a C1 function u W ˝ ! C`n
(where ˝ is an open subset of Rn) from the left and from the right, respectively.
For any bounded Lipschitz domain ˝ with outward unit normal � D .�1; : : : ; �n/

(identified with the C`n-valued function � D Pn
jD1 �j ej ) and surface measure � ,

and for any C`n-valued function u defined in ˝ , the following integration by parts
formula holds:

Z

@˝

�
ub @˝/.X/ˇ �.X/ d�.X/ D

Z

˝

.DRu/.X/ dX; (2.558)

granted that N u 2 L1.@˝/,DRu 2 L1.˝/, and ub @˝ exists �-a.e. on @˝ . Another
simple but useful observation in this context is that, for any 1 � p � 1,

�ˇ W Lp.@˝/˝ C`n �! Lp.@˝/˝ C`n is an isomorphism: (2.559)
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Indeed, by (2.553), its inverse is ��ˇ. More detailed accounts on these and related
matters can be found in, e.g., [12, 90].

Let us now return to the mainstream discussion. The proof of (2.552), from
which (2.536) follows, proceeds by induction on `. Now, the initial step in the induc-
tion scheme (corresponding to ` D 1, when ki`.X/ 2 fx1=jX jn; : : : ; xn=jX jng) has
been carried out in [82]. Fix next some ` 	 3 with the property that, for each
odd Q̀ 2 N with Q̀ � ` � 2 and each i 2 f1; : : : ;H Q̀g, the convergence (2.552) is
satisfied with Q̀ in place of `. Let Œ��j denote the projection onto the j -th Euclidean
coordinate, i.e., ŒX�j WD xj if X D .x1; : : : ; xn/ 2 R

n. According to a useful
result proved in [112], for each ` as above and i 2 f1; : : : ;H`g, there exist a family
Psr .X/, 1 � s; r � n, of harmonic, homogeneous polynomials of degree ` � 2
in R

n, as well as a family of odd, C1 functions hsr W Rn n f0g ! R
n ,! C `n,

1 � s; r � n, homogeneous of degree �.n � 1/, such that

ki`.X/ D Cn;`;i
nX

s;rD1
Œhsr .X/�r and (2.560)

.DRhsr /.X/ D @

@xs

�
Psr .X/

jX jnC`�3

�
; 1 � s; r � n: (2.561)

As a consequence of (2.561) and (2.558), if we set

hsr .X/ WD Psr .X/

jX jnC`�3 ; (2.562)

and denote by �j D .�j1 ; : : : ; �jn / the unit normal vector to @˝j , then

Z

@˝j

hsr .X/ˇ �j .X/ d�j .X/ D
Z

@˝j

hsr .X/�js .X/ d�j .X/; 1 � s; r � n:
(2.563)

In the above notation, using (2.560) we may express

T �
ki`;j

.1/ D Cn;`;i
nX

r;sD1

h
T �
hsr ;j

.1/
i

r
: (2.564)

Hereafter, given a measure space .E;�/, we shall interpret the action of generic
integral operator T associated with a Clifford algebra-valued kernel h.X; Y / on a
Clifford algebra-valued function f as Tf .X/ D RE h.X; Y /ˇ f .Y / d�.Y /.

Hence, in order to prove (2.552) it suffices to show

T �
hsr ;j

.1/
ˇ
ˇ
ˇ
@˝
! T �

hsr
.1/
j

@˝
in Lp.@˝/; as j !1; (2.565)
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a task to which we now turn. In fact, we will prove that for each˚ 2 C1
c .R

n/˝C`n
we have
h
T �
hsr ;j

�
�j ˇ ˚ j@˝j

�i ˇˇ
ˇ
@˝
! �

T �
hsr

�
� ˇ ˚ j@˝

�
 j

@˝
in Lp.@˝/; as j !1:

(2.566)
To see why this implies (2.565), we first note that for any " > 0 there exists a
function � 2 C1

c .R
n/ such that

lim
j!1

�
�
��j � �j@˝j

�
�
�
Lp.@˝j /

D
�
�
�� � �j@˝

�
�
�
Lp.@˝/

< ": (2.567)

Utilizing (2.566) with ˚ WD � yields

lim sup
j!1

�
�
�
h
T �
hsr ;j

�
�j ˇ ˚ j@˝j

�i ˇˇ
ˇ
@˝
� �T �

hsr

�
� ˇ˚ j@˝

�
 j

@˝

�
�
�
Lp.@˝/

< C";

(2.568)
from which the desired conclusion follows easily. Thus, it remains to estab-
lish (2.566).

With this in mind, we note that by employing an identity similar to (2.550)
matters are reduced to proving (2.566) in the particular case when ˚ 
 1. However,
in this situation,

h
T �
hsr ;j

�j
i ˇˇ
ˇ
@˝
D
hZ

@˝j

hsr .� � Y /ˇ �j .Y / d�j .Y /
iˇˇ
ˇ
@˝

D
hZ

@˝j

hsr .� � Y /�js .Y / d�j .Y /
iˇˇ
ˇ
@˝
; (2.569)

by (2.563). If we now pick an arbitrary " > 0 and select � 2 C1
c .R

n/ as in (2.567),
then

lim
j!1

h
T �
hsr ;j

�j
i ˇ̌
ˇ
@˝
D lim

j!1

hZ

@˝j

hsr .� � Y /�js .Y / d�j .Y /
iˇ̌
ˇ
@˝

D lim
j!1

hZ

@˝j

hsr .� � Y /�s.Y / d�j .Y /
iˇˇ̌
@˝
CO."/

D
hZ

@˝

hsr .� � Y /�s.Y / d�.Y /
ij

@˝
CO."/

D
hZ

@˝

hsr .� � Y /�s.Y / d�.Y /
ij

@˝
CO."/

D
hZ

@˝

hsr .� � Y /ˇ �.Y / d�.Y /
ij

@˝
CO."/

D �
T �
hsr
�

 j

@˝
CO."/; (2.570)
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in Lp.@˝/. Above, the first equality is a consequence of (2.569), while the second
one follows from (2.567). The third identity in (2.570) (which is the crucial
step in the proof) is a consequence of the induction’s hypothesis (reviewed just
after (2.559)), given that the integral kernel hsr has the form (2.562), with degPsr �
` � 2. Going further, the fourth identity once again follows from (2.567), while the
fifth one is (2.563) (written for ˝ in place of ˝j ). Finally, the last identity uses
just the definition of T �

hsr
. Since " is arbitrary, we further conclude from (2.570)

that (2.566) holds. This finishes the proof of (2.536). ut
We continue our discussion by proving the following useful result.

Theorem 2.66. Let˝ be a Lipschitz domain in R
n and denote by 
.X/ the distance

fromX 2 ˝ to the boundary @˝ . Assume that k 2 C2.Rnnf0g/ is an even function,
homogeneous of degree 2�n and, for each j; k 2 f1; : : : ; ng, consider the operator

Tjkf .X/ WD
Z

@˝

@�jk.Y /Œk.X � Y /�f .Y / d�.Y /; X 2 ˝: (2.571)

Then, for every j; k 2 f1; : : : ; ng, the following implication holds

f 2 bmo.@˝/ H) jrTjkf j2
 dX is a Carleson measure on ˝

with Carleson constant � Ckf k2bmo.@˝/; (2.572)

for some C 2 .0;1/ independent of f .

In the proof of the above theorem, the following result is going to be useful.

Proposition 2.67. Suppose that k is a real-valued function satisfying

k 2 C2.Rn n f0g/; k is odd, and

k.�X/ D �1�nk.X/ for all � > 0; X 2 R
n n f0g: (2.573)

Let ˝ be a Lipschitz domain in R
n with surface measure � and denote by 
 the

distance function to @˝ . Finally, define the integral operator T acting on functions
f 2 L2.@˝/ by

T f .X/ WD
Z

@˝

k.X � Y /f .Y / d�.Y /; 8X 2 R
n n @˝: (2.574)

Then there exists C 2 .0;1/ with the property that for each f 2 L2.@˝/ one has

Z

Rnn@˝
j.rT f /.X/j2
.X/ dX � C

Z

@˝

jf .X/j2 d�.X/: (2.575)
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This is a particular case of a more general theorem from [55] (which, in turn,
extends results due to G. David and S. Semmes [34]). We are ready to present the

Proof of Theorem 2.66. Let us start by fixing a function f 2 bmo.@˝/, a point
Xo 2 @˝ and a scale r > 0. As usual, let Sr.Xo/ WD B.Xo; r/ \ @˝ be the
surface ball of radius r centered atXo. Consider next a cutoff function � 2 C1

c .R
n/

satisfying

0 � � � 1; � 
 1 on B.Xo; 2r/; � 
 0 outside B.Xo; 4r/;

j@˛�.X/j � C˛r�j˛j; 8X 2 R
n and 8˛ 2 N

n
0:

(2.576)

Going further, recall (2.256) and set fS4r WD
R�S4r .Xo/f d� . Then,

f D �.f � fS4r /C .1 � �/.f � fS4r /C fS4r : (2.577)

Next, fix j; k 2 f1; : : : ; ng. Using that Tjk1 D 0 (which immediately follows
from (2.571)), along with (2.577), yields

rTjkf D Tjk

�
�.f � fS4r /

�CTjk

�
.1� �/.f � fS4r /

�
: (2.578)

Thus, if T .Sr/ WD B.Xo; r/ \˝ , we have

Z
�
T .Sr /

ˇ
ˇ
ˇrTjkf .X/

ˇ
ˇ
ˇ
2

.X/ dX � C

Z
�
T .Sr /

ˇ
ˇ
ˇrTjk

�
�.f � fS4r /

�
.X/

ˇ
ˇ
ˇ
2

.X/ dX

CC
Z
�
T .Sr /

ˇ̌
ˇrTjk

�
.1 � �/.f � fS4r //.X/

ˇ̌
ˇ
2

.X/ dX

DW I C II: (2.579)

Let us point out that (2.572) immediately follows as soon as we establish

I � Cr�1f #.Xo/ and II � Cr�1f #.Xo/; (2.580)

where, if SR.X/ WD B.X;R/ \ @˝ for X 2 @˝ and R > 0, and fSR.X/ WDR�SR.X/f d� , we have set

f #.X/ WD sup
R>0

�Z
�
SR.X/

jf .Y /� fSR.X/j2 dY
�1=2

: (2.581)

This is because, due to the definition of bmo.@˝/ and John–Nirenberg’s inequality,
the following holds:

f 2 bmo.@˝/ ” f # 2 L1.@˝/; (2.582)
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Moreover, there exists a finite geometric constant C > 0 such that

kf #kL1.@˝/ � Ckf kbmo.@˝/: (2.583)

Turning our attention to the first part of (2.580), we write

I � C

rn

Z

˝

ˇ
ˇ̌rTjk

�
�.f � fS4r /

�
.X/

ˇ
ˇ̌2

.X/ dX

� C

rn

Z

@˝

j�.f � fS4r /j2 d� �
C

rn

Z

S4r

j�.f � fS4r /j2 d�

� Cr�1
Z
�
S4r

j�.f � fS4r /j2 d� � Cr�1f #.Xo/: (2.584)

Above, the first inequality follows from the definition of I and the fact that the
n-dimensional measure of the Carleson box T .Sr/ is � rn. The second inequality
follows from Proposition 2.67, the third one is a consequence of the support
properties of the function � introduced in (2.576), the fourth inequality is due to
the fact that �

�
S4r
� � rn�1 and the last one is due to the definition of f # in (2.581).

Next, before estimating the term II, let us make the observation that

X 2 T .Sr/ and Y 2 @˝ n S2r H) jX � Y j � jXo � Y j: (2.585)

With this in hand, we may estimate

ˇ̌
ˇrTjk

�
.1 � �/.f � fS4r //.X/

ˇ̌
ˇ

� C
Z

@˝nS2r
1

jXo � Y jn jf .Y /� fS4r j d�.Y /

� C
1X

jD1

Z

S
2jC1r

nS
2j r

1

.2j r/n
jf .Y /� fS4r j d�.Y /

� C
1X

jD1

1

2j r

Z
�
S
2jC1r

jf � fS4r j d�.Y /

� C
1X

jD1

1

2j r

Z
�
S
2jC1r

h
jf � fS

2jC1r
j C

jX

kD2
jfS

2kC1r
� fS

2kr
j
i
d�

� Cr�1
1X

jD1

1

2j
.1C j /f #.Xo/ � Cr�1f #.Xo/: (2.586)
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Indeed, the first inequality follows from the definition of Tjk

�
.1 � �/.f � fS4r //,

the properties of the function 1� �where � is as in (2.576) and (2.585). The second
inequality is a consequence of writing the integral over @˝ n S2r as the telescopic
sum over S2jC1r n S2j r , j 2 N and the fact that whenever Y 2 S2jC1r n S2j r there
holds jXo � Y j � 2j r . The third inequality is a result of enlarging the domain
of integration from S2jC1r n S2j r to S2jC1r n S2j r and using that �

�
S2jC1r

� �
.2j r/1�n. The fourth inequality follows from the triangle inequality after expanding

f � fS4r as the sum f � fS
2jC1r

C
jP

kD2
.fS

2kC1r
� fS

2kr
/. The fifth inequality is a

consequence of (2.581) from which one can easily deduce that
ˇ
ˇfS

2kC1r
� fS

2kr

ˇ
ˇ �

Cf #.Xo/. Finally, the last inequality is a direct consequence of the fact that the

series
1P
jD1

2�j .1C j / is convergent.

Now, (2.586) immediately gives the second part of (2.580) and completes the
proof of the theorem. ut

Given a; b 2 R, set a _ b WD max fa; bg. The following result (of purely real
variable nature) extends earlier work in [91, 126].

Proposition 2.68. Let ˝ � R
n be a bounded Lipschitz domain and assume that

k 2 CN .Rn n f0g/ such that k.�X/ D �k.X/
and k.�X/ D ��.n�1/k.X/ 8� > 0; 8X 2 R

n n f0g;
(2.587)

for some sufficiently large integerN D N.n/. Associated with this kernel, consider
the integral operator

T f .X/ WD
Z

@˝

k.X � Y /f .Y / d�.Y /; 8X 2 ˝: (2.588)

Then for each p 2 .1;1/ there exists a finite constant C D C.˝; k; p/ > 0

such that

kT f k
B
p;p_2
1=p .˝/

� Ckf kLp.@˝/; 8 f 2 Lp.@˝/: (2.589)

Proof. Assume that 0 2 @˝ and let ' W Rn�1 ! R be a Lipschitz function
satisfying '.0/ D 0 and having the property that its graph coincides with @˝ in
some surface ball Sr D Sr.0/, with r > 0 small. Given p; q 2 .1;1�, consider the
Lq..0; r/; ds=s/-valued operator T defined as the assignment

Lp.Sr/ 3 f 7! sr.T ef /.x0; '.x0/C s/ 2 Lp�fx0 W jx0j < rg; Lq..0; r/; ds=s/�
(2.590)

where ef denotes the extension of f by zero to @˝ .
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The first order of business is to show that the operator T in (2.590) is bounded
wheneverp 2 .1;1/ and q 2 Œ2;1�. Based on well-known interpolation results for
Lebesgue spaces of vector-valued functions (cf. [8, Theorem 5.12, p. 107]) it suffices
to consider only the end-point cases q D 2 and q D 1. Concerning the case when
the index q D 2, the idea is to use the vector-valued Calderón–Zygmund theory
which continues to work the Hilbert space setting. To implement this, consider the
kernel

ks.x
0; y0/ WD s .rk/�x0 � y0; '.x0/� '.y0/C s�; x0; y0 2 R

n�1 near 0; (2.591)

regarded as an Lq..0; r/; ds=s/-valued function in the parameter s. The homogene-
ity and smoothness of the original kernel k ensures that the estimates

ˇ
ˇ.@˛k/.X/

ˇ
ˇ � C˛jX j1�j˛j�n; 8˛ 2 N

n
0 with j˛j � 2; 8X 2 R

n n f0g
(2.592)

are valid. Keeping in mind that

ˇ
ˇ�x0 � y0; '.x0/ � '.y0/C s�ˇˇ � jx0 � y0j C s;

uniformly for x0; y0 2 R
n�1 and s > 0;

(2.593)

for each i; j 2 f0; 1g we may then estimate

�Z r

0

ˇ
ˇr ix0rjy0ks.x

0; y0/
ˇ
ˇ2 ds
s

�1=2 �
0

@
Z 1

0

 
s

� jx0 � y0j C s
nCiCj

!2
ds

s

1

A

1=2

D C jx0 � y0j�.n�1CiCj /; (2.594)

whenever x0 6D y0. In turn, (2.594) ensures that the kernel of the vector-valued
integral operator T in (2.590) is standard when q D 2.

To prove the boundedness of the operator T when p D 2 (while continuing to
assume that q D 2) choose an arbitrary f 2 L2.Sr/ and recall that ef denotes the
extension of f by zero to @˝ . Then

kTf kL2.fx0W jx0j<rg;L2..0;r/;ds=s// �
�Z

jx0j<r

Z r

0

s
ˇ
ˇr.T ef /.x0; '.x0/C s/ˇˇ2 ds dx0�1=2

� C
�Z

˝

dist .X; @˝/jr.T ef /.X/j2 dX
�1=2

� Ckef kL2.@˝/ D Ckf kL2.Sr /: (2.595)
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The crucial step in (2.595) is the square-function estimate in the last inequality,
which follows from Proposition 2.67. At this stage, the vector-valued Calderón–
Zygmund theory (in the Hilbert space setting) applies and allows us to conclude
that

the integral operator T in (2.590) is bounded when q D 2 and p 2 .1;1/:
(2.596)

Consider now the issue of establishing the boundedness of the operator T when
q D 1 and p 2 .1;1/. To this end, let X0 D .x0

0; '.x
0
0// be an arbitrary point in

Sr , and recall the Hardy–Littlewood maximal operator M on @˝ (cf. (2.9)). Then
there exists a finite constant C D C.˝; k/ > 0 with the property that if f is a
function on @˝ supported in Sr and s 2 .0; r/ we have

sjr.T f /.x0
0; '.x

0
0/C s/j

�
Z

jy0j<r
s
ˇ
ˇ.rk/�x0

0 � y0; '.x0
0/ � '.y0/C s�ˇˇ � ˇˇf �y0; '.y0/

�ˇˇ dy0

� sup
s>0

Z

jy0 j<r

s
� jx0

0 � y0j C s
n �
ˇ
ˇf
�
y0; '.y0/

�ˇˇ dy0

� CMf .X0/; (2.597)

where we have used (2.592)–(2.593) and a well-known estimate for the convolution
of the Poisson kernel for the upper-half space R

nC 3 .x0
0; s/ 7! s

.jx0

0jCs/n with

functions on the boundary of RnC (cf. [119, Theorem 2, pp. 62–63]). Thus, (2.597)
implies that for any f as above

sup
s2.0;r/

�
sjr.T f /.x0

0; '.x
0
0/C s/j

� � CMf .X0/; 8X0 D .x0
0; '.x

0
0// 2 Sr :

(2.598)

Using this and the boundedness of M on Lp.@˝/ (recall that 1 < p < 1), it
follows that

�Z

jx0j<r

�
sup
s2.0;r/

ˇ
ˇsr.T f /.x0; '.x0/C s/ˇˇ

�p
dx0

�1=p � Ckf kLp.@˝/; (2.599)

for every function f on @˝ supported in Sr . In turn, estimate (2.599) readily shows
that T in (2.590) is bounded when q D 1 and p 2 .1;1/. In concert with (2.596)
and the interpolation result mentioned earlier, this proves that

the operator T in (2.590) is bounded when q 2 Œ2;1� and p 2 .1;1/: (2.600)
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The above result is one of the key ingredients in the proof of (2.589). Another
basic ingredient is (a special case of) the estimate stated in the conclusion of
Lemma 2.34. In fact, the latter result presents us with a clear strategy for the job
at hand. In order to be specific, pick an arbitrary function f 2 Lp.@˝/, for some
fixed p 2 .1;1/, and set

v WD T f in ˝: (2.601)

Then kvk
B
p;p_2
1=p .˝/

is controlled by several terms which we now begin to analyze.

First, the contribution away from the boundary is easily handled given the format
of (2.588) (since the integral kernel is no longer singular in this case). Second, the
contribution near the boundary is estimated as in the right-hand side of (2.235),
used here with � WD 1=p and q WD p _ 2 	 p. There are two types of terms to be
considered in this regard. One of these terms is

kN vkLp.@˝/ D kN .T f /kLp.@˝/ � Ckf kLp.@˝/; (2.602)

where the last step uses estimate (2.527) from Proposition 2.63. This, of course, suits
our purposes. The other type of term alluded to earlier is a finite sum of expressions
which, given our choice of � , look like (up to an inessential change in scale)

�Z

jx0j<r=2

�Z r=2

0

ˇ
ˇs.rv/.x0; '.x0/C s/ˇˇq ds

s

�p=q
dx0

�1=p
where q WD p _ 2:

(2.603)
To handle such an expression, we write

�Z

jx0j<r=2

�Z r=2

0

ˇ̌
s.rv/.x0; '.x0/C s/ˇ̌q ds

s

�p=q
dx0�1=p

D
�Z

jx0j<r=2

�Z r=2

0

ˇ
ˇs.rT f /.x0; '.x0/C s/ˇˇq ds

s

�p=q
dx0

�1=p

� A1 CA2; (2.604)

where, with f1 WD f�Sr .0/ and f2 WD f�@˝nSr .0/, we have set

Ai WD C
�Z

jx0j<r=2

�Z r=2

0

ˇ
ˇs.rT fi /.x

0; '.x0/C s/ˇˇq ds
s

�p=q
dx0�1=p; i D 1; 2:

(2.605)
Observe that

A1 � C
�Z

jx0j<r

�Z r

0

ˇ
ˇs.rT f1/.x

0; '.x0/C s/ˇˇq ds
s

�p=q
dx0�1=p

� kTf1kLp.fx0W jx0j<rg;Lq..0;r/;ds=s//

� Ckf1kLp.Sr / � Ckf kLp.@˝/; (2.606)
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by (2.600) given that p 2 .1;1/ and q D p _ 2 2 Œ2;1/. As regards A2, we first
note that for each x0; s with jx0j < r=2 and s 2 .0; r=2/ we have the rough estimate

ˇ
ˇr.T f2/.x

0; '.x0/C s/ˇˇ D
ˇ
ˇ̌
Z

@˝nSr .0/
.rk/�.x0; '.x0/C s/ � Y �f .Y / d�.Y /

ˇ
ˇ̌

� C
Z

@˝

jf j d� � Ckf kLp.@˝/; (2.607)

since the distance from .x0; '.x0/ C s/ to @˝ n Sr.0/ is bounded away from zero
uniformly, and @˝ has finite measure. Based on this we may then readily conclude
that

A2 � Ckf kLp.@˝/: (2.608)

In summary, the above analysis shows that if the function v is as in (2.601), for an
arbitrary f 2 Lp.@˝/ then kvk

B
p;p_2
1=p .˝/

� Ckf kLp.@˝/ with C > 0 finite constant

independent of f . This finishes the proof of (2.589). ut



Chapter 3
Function Spaces of Whitney Arrays

Here we discuss how to adapt the traditional ways of measuring smoothness for
scalar functions (defined on the boundary of a Lipschitz domain) to the case of
Whitney arrays.

3.1 Whitney–Lebesgue and Whitney–Sobolev Spaces

Fix a Lipschitz domain˝ � R
n. Givenm 2 N, we say that a family

Pf WD ˚
f˛ W ˛ 2 N

n
0; j˛j � m � 1

�
(3.1)

of functions from L11;loc.@˝/ is a Whitney array if the components satisfy
certain compatibility conditions, henceforth abbreviated as CC . More specifically,

Pf 2 CC ”
8
<

:

@�jkf� D �j f�Cek � �kf�Cej �-a.e. on @˝;

whenever j� j � m � 2 and 1 � j; k � n;

(3.2)

where the multi-index ej WD .0; : : : ; 1; : : : 0/ 2 N
n
0 has the only nonzero component

on the j -th position, j 2 f1; : : : ; ng.
For each p 2 Œ1;1� we then define the Whitney--Lebesgue space

PLpm�1;0.@˝/ WD
n Pf D ff˛gj˛j�m�1 W (3.3)

f˛ 2 Lp.@˝/ if j˛j � m � 1 and Pf 2 CC
o
;

I. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0 3,
© Springer-Verlag Berlin Heidelberg 2013

125
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which we equip with the norm

k Pf k PLpm�1;0.@˝/
WD

X

j˛j�m�1
kf˛kLp.@˝/: (3.4)

Note that, in the light of (3.2),

Pf 2 PLpm�1;0.@˝/ H) f˛ 2 Lp1 .@˝/; whenever j˛j � m � 2 (3.5)

and, hence,

k Pf k PLpm�1;0.@˝/
�

X

j˛j�m�2
kf˛kLp1 .@˝/ C

X

j˛jDm�1
kf˛kLp.@˝/: (3.6)

We shall also work with a more regular version of the space introduced in (3.3),
namely the Whitney–Sobolev space

PLpm�1;1.@˝/ WD
n Pf D ff˛gj˛j�m�1 W (3.7)

f˛ 2 Lp1 .@˝/ if j˛j � m � 1 and Pf 2 CC
o
;

which, for each 1 < p < 1, we endow with the norm

k Pf k PLpm�1;1.@˝/
WD

X

j˛j�m�1
kf˛kLp1 .@˝/: (3.8)

We next elaborate on the operation of multiplication between scalar functions
and Whitney arrays. In this regard, we make the following.

Definition 3.1. Given a Lipschitz domain ˝ � R
n and � 2 C1

c .R
n/, a

scalar-valued function, for each family Pf D ff˛gj˛j�m�1 with locally integrable
components on @˝ , set

� Pf WD
n X

ˇC�D˛

˛Š

ˇŠ�Š
f�
�
@ˇ�

�ˇˇ̌
@˝

o

j˛j�m�1: (3.9)

It is then easy to check that

� Pf C � Pf D .�C �/ Pf ; 8 �; � 2 C1
c .R

n/: (3.10)

Other properties of interest are summarized below.
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Proposition 3.2. Assume that˝ � R
n is a Lipschitz domain. Then for eachm 2 N

and p 2 .1;1/, the spaces PLpm�1;0.@˝/, PLpm�1;1.@˝/ are modules over C1
c .R

n/,
with the multiplication described in Definition 3.1.

Proof. Fix Pf 2 PLpm�1;0.@˝/ along with � 2 C1
c .R

n/. It suffices to show that the

components of � Pf satisfy the compatibility conditions

@�jk .�
Pf /˛ D �j .� Pf /˛Cek � �k.� Pf /˛Cej ; (3.11)

whenever ˛ 2 N
n
0 has j˛j � m�2 and j; k 2 f1; : : : ; ng. Unraveling definitions, this

comes down to verifying that, given ˛ 2 N
n
0 , then for each k 2 f1; : : : ; ng we have

X

ˇC�D˛

˛Š

ˇŠ�Š
.f�Cek @ˇ�C f�@

ˇCek �/ D
X

ŇC N�D˛Cek

˛Š

ŇŠ N�Šf N� @
Ň
�: (3.12)

However, more generally, one has

X

ˇC�D˛

˛Š

ˇŠ�Š

h
F.� C ek; ˇ/C F.�; ˇ C ek/

i
D

X

ŇC N�D˛Cek

˛Š

ŇŠ N�ŠF. N�; Ň/; (3.13)

for any function F WNn0 � N
n
0 ! R. Indeed, by linearity, it suffices to check

that (3.13) holds in the particular case when F.	; �/D ı	 aı� b for some fixed pair
of multi-indices a D .a1; : : : ; an/, bD .b1; : : : ; bn/. In this scenario, (3.13) amounts
to the readily verified identity

˛Š

bŠ.a � ek/Š
C ˛Š

.b � ek/ŠaŠ D .˛ C ek/Š

bŠaŠ
; (3.14)

with the convention that the factorial of a negative number is C1. ut
We now present a basic density result involving Whitney array spaces.

Proposition 3.3. Let ˝ be a bounded Lipschitz domain in R
n and fix 1 < p < 1

andm 2 N. Then for every Pf D ff˛gj˛j�m�1 2 PLpm�1;1.@˝/ there exists a sequence
of functions Fj 2 C1

c .R
n/, j 2 N, such that

Œ@˛Fj �
ˇ
ˇ
ˇ
@˝

�! f˛ in L
p
1 .@˝/ as j ! 1; 8˛ 2 N

n
0 W j˛j � m�1: (3.15)

In particular,

PLpm�1;1.@˝/ D the closure of
n
.@˛F

ˇ
ˇ
@˝
/j˛j�m�1 W F 2 C1

c .R
n/
o

in Lp1 .@˝/˚ � � � ˚ L
p
1 .@˝/: (3.16)



128 3 Function Spaces of Whitney Arrays

On the other hand, for every Pf D ff˛gj˛j�m�1 2 PLpm�1;0.@˝/ there exist
functions Fj 2 C1

c .R
n/, j 2 N, such that

Œ@˛Fj �
ˇ
ˇ
ˇ
@˝

�! f˛ in L
p
1 .@˝/ as j ! 1; 8˛ 2 N

n
0 with j˛j � m � 2;

Œ@˛Fj �
ˇ
ˇ̌
@˝

�! f˛ in Lp.@˝/ as j ! 1; if ˛ 2 N
n
0 has j˛j � m � 1:

(3.17)
Consequently,

PLpm�1;0.@˝/ D the closure of
n
.@˛F

ˇ̌
@˝
/j˛j�m�1 W F 2 C1

c .R
n/
o

in Lp1 .@˝/˚ � � � ˚ L
p
1 .@˝/˚ Lp.@˝/: (3.18)

Proof. Since in all cases, both the hypotheses and the conclusions are stable under
multiplication by a smooth function with compact support as in (3.9), there is no
loss of generality in assuming that ˝ D fX D .x0; xn/ 2 R

n�1 � R W xn > '.x0/g
for some Lipschitz function ' W R

n�1 ! R, and that all the functions f˛ have
compact support. Consider first the case when the Whitney array Pf D ff˛gj˛j�m�1
2 PLpm�1;1.@˝/. In this setting, Proposition 2.9 gives

kf˛kLp1 .@˝/ � kf˛.� ; '.�//kLp1 .Rn�1/; 8˛ 2 N
n
0 W j˛j � m� 1; (3.19)

and the compatibility conditions (3.2) can be written in the form

@
@xj

h
f˛.x

0; '.x0//
i

D f˛Cej .x0; '.x0//C @j '.x
0/f˛Cen .x0; '.x0//

for a.e. x0 2 R
n�1; 8˛ 2 N

n
0 W j˛j � m � 2; 1 � j � n � 1:

(3.20)

For further reference, let us also fix R > 0 with the property that for each multi-
index ˛ of length � m � 1 there holds suppf˛.�; '.�// � fx0 2 R

n�1 W jx0j � Rg.
Next, fix a nonnegative function � 2 C1.Rn�1/, which vanishes identically for

jx0j > 1 and such that
R
Rn�1 �.x

0/ dx0 D 1. Also, for each number " 2 .0; 1/, set
�".x

0/ WD "1�n�.x0="/ for x0 2 R
n�1. Then, for each j˛j � m � 1, " > 0, and each

point X D .x0; xn/ 2 R
n�1 � R D R

n, consider

F "
˛ .X/ WD

0

@
m�1�j˛jX

`D0

1

`Š

h
.xn � '.�//`f˛C` en.� ; '.�//

i
	 �"

1

A .x0/: (3.21)

Clearly, for each multi-index ˛, the functionF "
˛ .X/ isC1-smooth forX D .x0; xn/

in R
n, has compact support in the variable x0 2 R

n�1 (more precisely, F "
˛ .x

0; xn/ D
0 if jx0j > RC 1), and depends polynomially on xn.
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Now, based on the compatibility conditions (3.20), a straightforward calculation
gives that whenever r WD m � 1 � j˛j 
 1 and 1 � j � n � 1,

@j F
"
˛ .X/ D F "

˛Cej .X/

C 1

.r � 1/Š

h�
.xn � '.�//r�1@j '.�/f˛Cr en.� ; '.�//

�
	 �"

i
.x0/

C 1

rŠ

h�
.xn � '.�//rf˛Cr en.� ; '.�//

�
	 .@j �"/

i
.x0/: (3.22)

Thus, if r WD m � 1 � j˛j 
 1, after moving the derivative off of �" in the last term
above we arrive at the recurrence formula

@j F
"
˛ .X/ D

8
<̂

:̂

F "˛Cej .X/C 1
rŠ

h�
.xn � '.�//r@j .f˛Cr en .� ; '.�///

�
	 �"

i
.x0/ if j < n;

F "˛Cen .X/ if j D n:

(3.23)

Let us now pick  2 C1
c .R/ such that  .t/ D 1 if jt j < sup fj'.x0/j W jx0j �

R C 1g, and define F ".X/ WD  .xn/F
"
.0;:::;0/.x

0; xn/ for X D .x0; xn/ 2 R
n. Then,

obviously,
F" 2 C1

c .R
n/ and F".x

0; xn/ D F "
.0;:::;0/.x

0; xn/

if jx0j � RC 1 and xn is near '.x0/:
(3.24)

Thus, an inductive argument based on the formula (3.23) shows that, for any multi-
index ˛ D .˛0; ˛n/ 2 N

n�1
0 �N of length j˛0j C˛n � m� 1, the difference between

@˛F ".X/ and F "
˛ .X/ can be expressed, when X D .x0; xn/ with jx0j � R and xn is

near '.x0/, as a finite, constant coefficient, linear combination of terms of the type

"�j� j h�.xn � '.�//m�1�jˇj�˛n@j .fı.� ; '.�///
�

	 .@��/"
i
.x0/; (3.25)

where
1 � j � n � 1; ˇ; � 2 N

n�1
0 ;

are such that ej C ˇ C � D ˛0;
and ı 2 N

n
0; jıj D m � 1:

(3.26)

Consequently, (3.15) will follow from Proposition 2.9 once we establish that for
every multi-index ˛ 2 N

n
0 of length � m � 1,

F "
˛ .�; '.�// ! f˛.�; '.�// in L

p
1 .R

n�1/ as " ! 0; (3.27)

and that, whenever the indices are as in (3.26) and xn D '.x0/, the expression
in (3.25), viewed as a function of x0 2 R

n�1, converges to zero in Lp1 .R
n�1/

as " ! 0.
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As regards (3.27), we begin by noting that

F "
˛ .x

0; '.x0// D
m�1�j˛jX

`D0

1

`Š

Z

Rn�1

�
'.x0/� '.y0/

�`
f˛C` en.y0; '.y0// �".x0 � y0/ dy0:

(3.28)
Thus, F "

˛ .� ; '.�// ! f˛.� ; '.�// in Lp.Rn�1/ as " ! 0 (indeed, based on
the Lipschitzianity of ' and the fact that supp �" � fx0 2 R

n�1 W jx0j � "g,
one can easily show that any term with `>0 converges to zero in Lp.Rn�1/ as
" ! 0). Consequently, (3.27) is proved as soon as we show that rx0 ŒF "

˛ .� ; '.�//� !
rx0 Œf˛.� ; '.�//� in Lp.Rn�1/ as " ! 0. We remark that this is obviously true if
j˛j D m�1 (cf. (3.28)), so we consider the case when j˛j � m�2. In this situation,
for each k 2 f1; : : : ; n� 1g, we use (3.28) (in which we treat the cases ` D 0, ` D 1

and ` 
 2 separately) to compute

@

@xk

h
F "
˛ .x

0; '.x0//
i

D
Z

Rn�1

@

@yk

h
f˛.y

0; '.y0//
i
�".x

0 � y0/ dy0

C
Z

Rn�1

.@k'.x
0/� @k'.y

0//f˛C en.y
0; '.y0// �".x0 � y0/ dy0

CR.x0/; (3.29)

where (based on the Lipschitzianity of ', the fact that the function �" satisfies
supp�" � fx0 2R

n�1 W jx0j � "g and @k.�"/ D "�1 .@k�/") it can be shown that the
reminder satisfies the pointwise estimate

jR.x0/j � C"
X

j� j�m�1

�
jf�.� ; '.�//j 	 .j�j C jr�j/"

�
.x0/; 8 x0 2 R

n�1: (3.30)

In particular, kRkLp.Rn�1/ goes to zero as " ! 0. Also, the expression in the second
line of the right-hand side of (3.29) converges to zero in Lp.Rn�1/ as " ! 0 (this is
most easily seen by naturally splitting the integrand into two pieces, before passing
to limit). As a result,

@

@xk

h
F "
˛ .x

0; '.x0//
i

! @

@xk

h
f˛.x

0; '.x0//
i

in Lp.Rn�1/ as " ! 0; (3.31)

finishing the proof of (3.27).
Let us now consider the expression (3.25) when ˛ 2 N

n
0 with j˛j � m � 1 is

fixed and the conditions in (3.26) hold. A direct estimate (based on familiar, by
now, support considerations, etc.) shows that, when xn D '.x0/, the Lp-norm of
this quantity (as a function of the variable x0 in R

n�1) is � C"m�j˛j ! 0 as " ! 0.



3.1 Whitney–Lebesgue and Whitney–Sobolev Spaces 131

To finish the proof, take xn D '.x0/ in (3.25) and, for an arbitrary j 2 f1; : : : ; n�1g,
apply @=@xj . Much as we just did, the Lp-norm of this quantity is � C"m�j˛j�1.
Thus, provided that j˛j � m � 2, this converges to zero as " ! 0.

The most delicate case is when j˛j D m � 1. In this situation, we write out the
terms obtained as a result of making xn D '.x0/ in (3.25) and then applying @=@xk
for some fixed k 2 f1; : : : ; n � 1g. They are

"�r
Z

Rn�1

�
'.x0/ � '.y0/

�r
g.y0/.@�Cek �/".x0 � y0/ dy0; (3.32)

and

r "1�r
Z

Rn�1

�
'.x0/ � '.y0/

�r�1
@k'.x

0/g.y0/.@��/".x0 � y0/ dy0; (3.33)

where we have set r WD m� 1� jˇj �˛n and g WD @j .fı.� ; '.�///. Above, we have
used the fact that j˛j D m � 1 forces j� j D r � 1. Our goal is to prove that the
Lp-norm of the sum between (3.33) and (3.32), viewed as functions in x0 2 R

n�1,
converges to zero as " ! 0. To this end, write '.x0/�'.y0/ D 
.x0; y0/ jx0 �y0jC
r'.x0/ � .x0 � y0/, where


.x0; y0/ WD '.x0/� '.y0/ � .r'/.x0/ � .y0 � x0/
jx0 � y0j ; (3.34)

then expand

�
'.x0/ � '.y0/

�r D
X

aCbDr

rŠ

aŠbŠ

.x0; y0/a jx0 � y0ja .r'.x0/ � .x0 � y0//b (3.35)

D
X

aCbDr

X

�2N
n�1
0j� jDb

rŠ

aŠ�Š

.x0; y0/a jx0 � y0ja .r'.x0//� .x0 � y0/� :

Plugging this back into (3.32) finally yields the expression

X

aCbDr

X

�2Nn�1
0 W j� jDb

rŠ

aŠ�Š
.r'.x0//�

Z

Rn�1


.x0; y0/ag.y0/.��;a
�Cek /".x

0 � y0/ dy0;

(3.36)
where we have used the notation

��;a
� .x0/ WD .x0/� jx0ja .@��/.x0/; x0 2 R

n�1; �; � 2 N
n�1
0 ; a 2 N0: (3.37)

Each integral above is pointwise dominated by C.kr'kL1.Rn�1//.Mg/.x0/ uni-
formly with respect to ">0 (where M denotes the Hardy–Littlewood maximal
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operator in R
n�1), and converges to zero as " ! 0 whenever a> 0 and x0 is

a differentiability point for the function '. Thus, since ' is almost everywhere
differentiable, by a well-known theorem of H. Rademacher, and since M is bounded
on Lp.Rn�1/ if 1<p<1, Lebesgue’s Dominated Convergence Theorem gives
that all integrals in (3.36) corresponding to a> 0 converge to zero in Lp.Rn�1/
as " ! 0.

On the other hand, in the context of (3.36), a D 0 forces j� j D r D j�Cekj. Note
that in general, if a D 0 and j� j D j� j, definition (3.37) and repeated integrations
by parts yield

Z

Rn�1

��;0
� .x0/ dx0 D

Z

Rn�1

.x0/� .@��/.x0/ dx0 D .�1/j� j�Š ı�� ; (3.38)

where ı�� is the Kronecker symbol. Consequently, as " ! 0, the portion of (3.36)
corresponding to a D 0 and, hence, the entire expression in (3.36), converges in
Lp.Rn�1/ to

.�1/r rŠ .r'/�Cekg: (3.39)

The analysis of (3.33) closely parallels that of (3.32). In fact, given the close
analogy between (3.33) and (3.32), in order to compute the limit of the former in
Lp.Rn�1/ as " ! 0, we only need to make the following changes in (3.39): replace
�Cek by � , r by r�1 and then multiply the result by r @k'. The resulting expression
is precisely the opposite of (3.39). In summary, the above reasoning shows that the
sum of the expressions in (3.32)–(3.33) is convergent to zero inLp.Rn�1/ as " ! 0,
and this finishes the proof of (3.16).

The proof of (3.18) proceeds largely as before with the most notable differences
being that we will necessarily use (3.22) in place of (3.23), since this time we only
have f˛Cren 2Lp.@˝/ for r Dm � 1 � j˛j. As a result, in the present case we find
ourselves in a situation when, instead of treating residual terms as in (3.25), we need
to show that whenever � 2 N

n�1
0 , r WD j� j C 1 and 1 � k � n � 1, we have

T"g ! 0 in Lp.Rn�1/ as " ! 0; for every g 2 Lp.Rn�1/; (3.40)

where

.T"g/.x
0/ WD r"1�r

h�
.'.x0/� '.�//r�1@k'.�/g.�/

�
	 .@��/"

i
.x0/

C"�r
h�
.'.x0/� '.�//rg.�/

�
	 .@�Cek �/"

i
.x0/: (3.41)

This, in turn, is proved much as we have treated (3.32)–(3.33) (the fact that
@k' is evaluated at x0 in (3.33) as opposed to being evaluated at y0 in (3.41) is
inconsequential). This justifies (3.18) and finishes the proof of Proposition 3.3. ut

Our next theorem sheds further light on the nature of the compatibility conditions
introduced in (3.2).
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Theorem 3.4. Assume that ˝ is a bounded Lipschitz domain in R
n, and fix

two numbers p 2 .1;1/ and m2N. Given .g0; g1; : : : ; gm�1/2Lp.@˝/ ˚ � � � ˚
Lp.@˝/, a necessary and sufficient condition for the existence of a Whitney–
Lebesgue array Ph WD fh˛gj˛j�m�1 2 PLpm�1;0.@˝/ such that

gk D
X

j˛jDk

kŠ

˛Š
�˛ h˛; 0 � k � m � 1; (3.42)

is that 8
<

:

f˛ 2 Lp1 .@˝/; 8˛ 2 N
n
0 with j˛j � m� 2;

f˛ 2 Lp.@˝/; 8˛ 2 N
n
0 with j˛j D m � 1;

(3.43)

where the family ff˛gj˛j�m�1 is defined as follows. Set

f.0;:::;0/ WD g0 (3.44)

and, inductively, if ff�gj� j�`�1 have already been defined for some `2 f1; : : : ;
m � 1g, set

f˛ D �˛g`C˛Š

`Š

X

�CıCejD˛

j	 jDjıj

jıjŠ
ıŠ

j�jŠ
�Š

j	 jŠ
	Š

�ıC	 .rtanf�C	 /j ; 8˛ 2 N
n
0 W j˛j D `;

(3.45)
where .�/j is the j -th component.

Furthermore, if for some m-tuple of functions

.g0; g1; : : : ; gm�1/ 2 Lp.@˝/˚ � � � ˚ Lp.@˝/ (3.46)

the array Pf D ff˛gj˛j�m�1 defined as in formulas (3.44)–(3.45) satisfies (3.43) then
Pf WD ff˛gj˛j�m�1 belongs to PLpm�1;0.@˝/ and

gk D
X

j˛jDk

kŠ

˛Š
�˛ f˛; 0 � k � m � 1: (3.47)

Moreover, Pf D ff˛gj˛j�m�1 is the unique array in PLpm�1;0.@˝/ which satisfies
(3.47).

Proof. Assume that gk 2 Lp.@˝/, 0 � k � m � 1, are such that the functions f˛
defined as in formulas (3.44)–(3.45) satisfy (3.43). The claim that we make is that
Pf WD ff˛gj˛j�m�1 2 PLpm�1;0.@˝/ and (3.47) holds. Of course, the first part of the

claim is proved as soon as we verify (3.2) which we aim to prove by reasoning by
induction on ` WD j˛j 2 f0; : : : ; m � 2g. Based on (3.44)–(3.45), we compute

fej D �j g1 C
nX

kD1
�k@�kj g0 8 j 2 f1; : : : ; ng; (3.48)
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from which we deduce, with the help of

.rtan f /j D
nX

kD1
�k@�kjf; 8 j 2 f1; : : : ; ng; (3.49)

that

�kfej � �jfek D .�k�j g1 C �k�r@�rj g0/ � .�j �kg1 C �j �r@�rk g0/

D @�kjf.0;:::;0/; 8 j; k 2 f1; : : : ; ng; (3.50)

i.e., the version of (3.2) with ˛ D .0; : : : ; 0/. To prove the induction step, assume
that (3.2) holds whenever j˛j � ` � 1. In particular, ff�gj� j�` 2 PLp`;1.@˝/. In
concert with the induction hypothesis, Proposition 3.3 then proves that there exists
a sequence of functions F" 2 C1

c .R
n/, " > 0, such that

j� j � ` H) Œ@�F"�
ˇ
ˇ
ˇ
@˝

! f� in L
p
1 .@˝/ as " ! 0: (3.51)

Let us now digress in order to note an important algebraic identity. Specifically,
for any two multi-indices ˛; ˇ 2 N

n
0 of length `C 1 written as

˛ D ej1 C � � � ej`C1
; ˇ D ek1 C � � � ek`C1

; (3.52)

a direct calculation yields

�ˇ@˛ � �˛@ˇ (3.53)

D
X̀

rD0
�k1 � � � �k`�r �j`�rC2

� � � �j`C1
@�k`�rC1j`�rC1

@j1 � � � @j`�r @k`�rC2
� � � @k`C1

with the convention that products (of components of �, and of partial derivatives)
taken over void sets of indices are discarded. In order to be able to re-write (3.53)
in multi-index notation, it is convenient to symmetrize the right-hand side of this
identity by adding up all its versions obtained by permuting the indices j1; : : : ; j`C1
and k1; : : : ; k`C1 in (3.52). In this fashion, we obtain

�ˇ@˛ � �˛@ˇ D ˛Š

.`C 1/Š

ˇŠ

.`C 1/Š
� (3.54)

�
X̀

rD0

X

�CıCejD˛; jıjDr

�C	CekDˇ; j	 jDr

.` � r/Š
�Š

rŠ

ıŠ

.` � r/Š
�Š

rŠ

	Š
��Cı@�kj @�C	 :
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As a corollary, for every ˛ 2 N
n
0 of length `C 1, from (3.54) and the fact that

X

j� jDr

rŠ

�Š
�2� D 1; 8r 2 N0; (3.55)

we obtain

X

jˇjD`C1

.`C 1/Š

ˇŠ
�ˇ.�ˇ@˛ � �˛@ˇ/

D ˛Š

.`C 1/Š

X

�CıCejD˛

jıjDj	 j

nX

kD1

j�jŠ
�Š

jıjŠ
ıŠ

j� jŠ
�Š

j	 jŠ
	Š
��CıCek@�kj @�C	 : (3.56)

Returning to the mainstream discussion, for each ˛ 2 N
n
0 with j˛j D ` C 1 we

now write

f˛ D �˛g`C1 C ˛Š

.`C 1/Š

X

�CıCejD˛

j	 jDjıj

jıjŠ
ıŠ

j�jŠ
�Š

j	 jŠ
	Š

�ıC	 .rtanf�C	 /j

D �˛g`C1 C lim
"!0

˛Š

.`C 1/Š

X

�CıCejD˛

j	 jDjıj

jıjŠ
ıŠ

j�jŠ
�Š

j	 jŠ
	Š

�ıC	
�
rtanŒ@

�C	F"�
ˇ
ˇ̌
@˝

�

j

D �˛g`C1 C lim
"!0

˛Š

.`C 1/Š

X

�CıCejD˛

j	 jDjıj

nX

kD1

jıjŠ
ıŠ

j�jŠ
�Š

j	 jŠ
	Š

�ıC	Cek @�kj
�
Œ@�C	F"�

ˇ
ˇ
ˇ
@˝

�

D �˛g`C1 C lim
"!0

X

jˇjD`C1

.`C 1/Š

ˇŠ
�ˇ
�
�ˇŒ@˛F"�

ˇ
ˇ
ˇ
@˝

� �˛Œ@ˇF"�
ˇ
ˇ
ˇ
@˝

�
(3.57)

in Lp.@˝/, thanks to (3.45), (3.51), (3.49) and (3.56).
Next, fix an arbitrary ˛ 2N

n
0 with j˛j D `, choose j; k 2 f1; : : : ; ng, and consider

the identity (3.57) written twice, with ˛C ek and ˛C ej , respectively, in place of ˛.
If we multiply the first such identity by �j , the second one by �k and then subtract
them from one another, we arrive at

�j f˛Cek � �kf˛Cej D lim
"!0

X

jˇjD`C1

.`C 1/Š

ˇŠ
�2ˇ @�jk

�
Œ@˛F"�

ˇ
ˇ
ˇ
@˝

�

D lim
"!0

@�jk

�
Œ@˛F"�

ˇ
ˇ̌
@˝

�

D @�jkf˛; (3.58)
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by (3.55) and (3.51). This finishes the proof of the induction step. Thus (3.2) holds
and, as a result, Pf WD ff˛gj˛j�m�1 2 PLpm�1;0.@˝/, as desired.

As for (3.47), it follows from (3.57) that for each multi-index ˛ with j˛j D `

f˛ D �˛g` C lim
"!0

X

jˇjD`

`Š

ˇŠ
�ˇ
�
�ˇŒ@˛F"�

ˇ
ˇ̌
@˝

� �˛Œ@ˇF"�
ˇ
ˇ̌
@˝

�

D �˛g` C
X

jˇjD`

`Š

ˇŠ
�ˇ .�ˇf˛ � �˛fˇ/: (3.59)

From this, we further deduce that

�˛g` D �˛
X

jˇjD`

`Š

ˇŠ
�ˇfˇ (3.60)

for each multi-index ˛ of length `. Multiplying both sides of (3.60) by `Š
˛Š
�˛ and

summing over all ˛ 2 N
n
0 with j˛j D ` finally yields (3.47), on account of (3.55).

There remains to prove the uniqueness claim made in the last part of the theorem.
To this end, assume that Ph D fh˛gj˛j�m�1; Pf D ff˛gj˛j�m�1 2 PLpm�1;0.@˝/ are such
that (3.42) and (3.47) hold. Of course, our goal is to show that

f� D h� 8 � 2 N
n
0; j� j � m � 1: (3.61)

In the proof of (3.61) we shall proceed by induction on ` WD j˛j 2 f0; : : : ; m � 1g.
From definitions, f.0;:::;0/ D g0 D h.0;:::;0/, proving case ` D 0.

Assume next that (3.61) holds whenever j� j � ` � 1, and fix an arbitrary multi-
index ˛ of length `. Based on (3.45) (which can be seen to hold in this case by
reverse engineering (3.57)) and the induction hypothesis, we may then write

f˛ D �˛g` C ˛Š

`Š

X

�CıCejD˛

j	 jDjıj

jıjŠ
ıŠ

j�jŠ
�Š

j	 jŠ
	Š

�ıC	 .rtanf�C	 /j

D �˛g` C ˛Š

`Š

X

�CıCejD˛

j	 jDjıj

jıjŠ
ıŠ

j�jŠ
�Š

j	 jŠ
	Š

�ıC	 .rtanh�C	 /j

D �˛g` C ˛Š

`Š

X

�CıCejD˛

j	 jDjıj

jıjŠ
ıŠ

j�jŠ
�Š

j	 jŠ
	Š

nX

kD1
�ıC	Cek @�kj h�C	
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D �˛g` C ˛Š

`Š

X

�CıCejD˛

j	 jDjıj

jıjŠ
ıŠ

j�jŠ
�Š

j	 jŠ
	Š

nX

kD1
�ıC	Cek .�kh�C	Cej � �j h�C	Cek /

D �˛g` C
X

jˇjD`

`Š

ˇŠ
�ˇ
�
�ˇ h˛ � �˛ hˇ

�
: (3.62)

The last step above can be justified by invoking (3.56) and a limiting argument
based on Proposition 3.3. Hence, on account of (3.62), (3.42) and (3.55),

f˛ D �˛g` C
X

jˇjD`

`Š

ˇŠ
�ˇ
�
�ˇ h˛ � �˛ hˇ

�

D �˛
X

jˇjD`

`Š

ˇŠ
�ˇhˇ C h˛ �

X

jˇjD`

`Š

ˇŠ
�˛Cˇhˇ

D h˛; (3.63)

as wanted. This justifies (3.61) and finishes the proof of the theorem. ut
We continue to study the nature of the Whitney–Lebesgue and Whitney–Sobolev

spaces introduced in (3.3) and (3.7), respectively.

Proposition 3.5. Assume that˝ � R
n is a Lipschitz domain, and fixm2N,m 
 2,

and 1 < p < 1. Then the mapping


 W PLpm�1;0.@˝/ �! PLpm�2;1.@˝/ � Lp.@˝/ (3.64)

defined for each fh˛gj˛j�m�1 2 PLpm�1;0.@˝/ by the formula



�
fh˛gj˛j�m�1

�
WD
�
fh˛gj˛j�m�2 ;

X

j˛jDm�1

.m � 1/Š
˛Š

�˛h˛

�
(3.65)

is an isomorphism.

Proof. To show that the map (3.64)–(3.65) is onto, fix

�
fh˛gj˛j�m�2 ; g

�
2 PLpm�2;1.@˝/ �Lp.@˝/ (3.66)

and set

gk WD
X

j˛jDk

kŠ

˛Š
�˛ h˛ if 0 � k � m � 2; and gm�1 WD g: (3.67)
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Obviously, we have .g0; g1; : : : ; gm�1/ 2 Lp.@˝/ ˚ � � � ˚ Lp.@˝/ and we claim
that if the family ff˛gj˛j�m�1 is defined according to (3.44)–(3.45), then f� D h�
for every multi-index � of length � m� 2. This claim can be justified by reasoning
much as in the last part of the proof of Theorem 3.4. In turn, this ensures that (3.43)
holds, hence

Pf WD ff˛gj˛j�m�1 2 PLpm�1;0.@˝/ and (3.47) is valid; (3.68)

by Theorem 3.4. In turn, (3.47) and (3.61) give that 
. Pf / D .fh˛gj˛j�m�2 ; g/, i.e.

 is onto.

There remains to show that the map (3.64)–(3.65) is one-to-one. For this it
suffices to prove that the assignment

PLpm�1;0.@˝/ 3 Pf D ff˛gj˛j�m�1 7!
nX

j˛jDk

kŠ

˛Š
�˛ f˛

o

0�k�m�1 2 Lp.@˝/; (3.69)

is one-to-one. In turn, this follows directly from the uniqueness claim made in the
last part of the statement of Theorem 3.4. ut

3.2 Whitney–Besov Spaces

We shall now consider Besov spaces exhibiting higher-order smoothness by adopt-
ing a point of view similar to (3.3)–(3.7). Concretely, fix a Lipschitz domain
˝ � R

n and, for m 2 N and p; q; s as in (2.396), define the Whitney-Besov
space PBp;q

m�1;s.@˝/ via the requirement

Pf 2 PBp;q
m�1;s.@˝/ ” f˛ 2 Bp;q

s .@˝/ if j˛j � m � 1; and Pf 2 CC: (3.70)

For each Pf 2 PBp;q
m�1;s.@˝/ we then set

k Pf k PBp;qm�1;s .@˝/
WD

X

j˛j�m�1
kf˛kBp;qs .@˝/: (3.71)

The case 1 � p D q � 1 has been studied in the literature in [2, 76] (cf. also [62]
for related results).

It can then be shown that the Besov space PBp;q
m�1;s.@˝/ is a module overC1

c .R
n/

(where the multiplication is in the sense of (3.9)). When 1<p<1, we clearly have

k Pf k PBp;pm�1;s .@˝/
�

X

j˛j�m�2
kf˛kLp1 .@˝/ C

X

j˛jDm�1
kf˛kBp;ps .@˝/: (3.72)
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Other properties of interest are summarized below. First, we record an alternative
description of the Whitney–Besov space (3.70) in the case pD q 2 .1;1/ which
has been proved in [76].

Proposition 3.6. Let ˝ � R
n be a Lipschitz domain with surface measure � .

Assume that m 2 N, 1 � p � 1, s 2 .0; 1/ and, for an arbitrary family
Pf D ff˛gj˛j�m�1 of real-valued, �-measurable functions on @˝ , set

R˛.X; Y / WD f˛.X/�
X

jˇj�m�1�j˛j

1

ˇŠ
f˛Cˇ.Y / .X�Y /ˇ; X; Y 2 @˝; (3.73)

for each multi-index ˛ of length � m � 1. Then

k Pf k PBp;pm�1;s .@˝/
�
X

j˛j�m�1
kf˛kLp.@˝/ (3.74)

C
X

j˛j�m�1

�Z

@˝

Z

@˝

jR˛.X; Y /jp
jX � Y jp.m�1Cs�j˛j/Cn�1 d�.X/d�.Y /

�1=p
;

if p < 1 and, corresponding to p D 1,

k Pf k PB1;1
m�1;s .@˝/

�
X

j˛j�m�1
kf˛kL1.@˝/ (3.75)

C
X

j˛j�m�1
sup

X 6DY2@˝
jR˛.X; Y /j

jX � Y jm�1Cs�j˛j :

Let us point out that, with the help of the Lp-modulus of continuity

r˛.t/ WD
�Z Z

.X;Y /2@˝�@˝

jX�Y j<t

jR˛.X; Y /jp d�.X/d�.Y /
�1=p

; j˛j � m�1; t > 0; (3.76)

we have, for n�1
n
< p < 1 and .n � 1/

�
1
p

� 1
�

C < s < 1,

k Pf k PBp;pm�1;s .@˝/
�
X

j˛j�m�1
kf˛kLp.@˝/

C
X

j˛j�m�1

�Z 1

0

r˛.t/
p

tp.m�1Cs�j˛j/Cn�1 dt
�1=p

: (3.77)
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We further elaborate on the nature of the remainder (3.73). Given a family of
functions Pf D ff˛gj˛j�m�1 on @˝ and X 2 R

n, Y;Z 2 @˝ , set

P˛.X; Y / WD
X

jˇj�m�1�j˛j

1

ˇŠ
f˛Cˇ.Y / .X � Y /ˇ; 8˛ W j˛j � m � 1;

(3.78)

P.X; Y / WD P.0;:::;0/.X; Y /: (3.79)

Then
R˛.Y;Z/ D f˛.Y /� P˛.Y;Z/; 8˛ W j˛j � m � 1; (3.80)

and the following elementary identities hold for each multi-index ˛ 2 N
n
0 of length

� m � 1:

@
ˇ
XP˛.X; Y / D P˛Cˇ.X; Y /; jˇj � m � 1 � j˛j; (3.81)

P˛.X; Y /� P˛.X;Z/ D
X

jˇj�m�1�j˛j

1

ˇŠ
R˛Cˇ.Y;Z/.X � Y /ˇ: (3.82)

See, e.g., [119, p. 177] for the last formula.
Moving on, we now state and prove a useful density result (a topic we shall return

to later on, and prove a more general result in Corollary 3.10).

Proposition 3.7. Fix an integer m 2 N along with three numbers p; q; s satisfying
1 < p < 1, 0 < q < 1 and s 2 .0; 1/. Also, suppose that ˝ � R

n is a bounded
Lipschitz domain. Then for every Whitney array Pf D ff˛gj˛j�m�1 2 PBp;q

m�1;s.@˝/
there exists a sequence of functions Fj 2 C1

c .R
n/, j 2 N, such that

Œ@˛Fj �
ˇ
ˇ
ˇ
@˝

�! f˛ in L
p
1 .@˝/ as j ! 1; 8˛ 2 N

n
0 with j˛j � m� 2;

Œ@˛Fj �
ˇ
ˇ̌
@˝

�! f˛ in B
p;q
s .@˝/ as j ! 1; if ˛ 2 N

n
0 has j˛j � m � 1:

(3.83)
Thus,

PBp;q
m�1;s.@˝/ D the closure of

n
.@˛F

ˇ
ˇ
@˝
/j˛j�m�1 W F 2 C1

c .R
n/
o

in Lp1 .@˝/˚ � � � ˚ L
p
1 .@˝/˚ Bp;q

s .@˝/: (3.84)

In particular,
n
.@˛F j@˝/j˛j�m�1 W F 2 C1

c .R
n/
o

is dense in PBp;q
m�1;s.@˝/; (3.85)

and, if q 2 Œ1;1/,

PBp;q
m�1;s.@˝/ is a reflexive Banach space: (3.86)
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Proof. We largely follow the approach described in proof of Proposition 3.3. More
specifically, recall the operators (3.41). The density result we seek will follow as
soon as we show that

T"g ! 0 in Bp;q
s .Rn�1/ as " ! 0; for every g 2 Bp;q

s .Rn�1/; (3.87)

wheneverp 2 .1;1/, 0<q <1 and s 2 .0; 1/. To this end we note that, in addition
to (3.40), we have sup">0 kT"kL .Lp!Lp/ < 1. Next, we make the claim that the
family of operators (3.41) also satisfies

T"g ! 0 in L
p
1 .R

n�1/ as " ! 0; for every g 2 Lp1 .Rn�1/ (3.88)

and
sup
">0

kT"kL .L
p
1!L

p
1 /
< 1: (3.89)

To prove (3.88), first observe that if g 2 L
p
1 .R

n�1/ then T"g ! 0 in Lp.Rn�1/ as
" ! 0 by (3.40). Next, much as we have passed from (3.22) to (3.23), we have

.T"g/.x
0/ D "1�r

h�
.'.x0/� '.�//r.@kg/.�/

�
	 .@��/"

i
.x0/; (3.90)

so that

@j .T"g/.x
0/ D r"1�r

h�
.'.x0/� '.�//r�1.@j '/.x0/.@kg/.�/

�
	 .@��/"

i
.x0/

C"�r h�.'.x0/ � '.�//r .@kg/.�/
�

	 .@�Cej �/"
i
.x0/: (3.91)

The key observation is that the assignment sending @kg into the expression in the
right-hand side of (3.91) is of the same type as T" in (3.41). Hence, the same type
of reasoning that led to (3.40) yields

@j .T"g/ ! 0 in Lp.Rn�1/ as " ! 0; for every g 2 Lp1 .Rn�1/: (3.92)

This justifies (3.88). Also, the proof of (3.89) is implicit in the above reasoning.
Consequently, real interpolation with the counterpart of this result on the Lebesgue
scale yields

sup
">0

kT"kL .B
p;q
s !B

p;q
s / < 1; (3.93)

for each 1 < p < 1, 0 < q < 1 and s 2 .0; 1/. Thus, if g 2 Bp;q
s .Rn�1/ is given,

along with a positive threshold �o, choose h 2 Lp1 .Rn�1/ so that kg�hkBp;qs .Rn�1/ <

�o and estimate

kT"gkBp;qs .Rn�1/ � kT".g � h/kBp;qs .Rn�1/ C kT"hkBp;qs .Rn�1/

� Ckg � hkBp;qs .Rn�1/ C CkT�hkLp1 .Rn�1/

� C�o C CkT"hkLp1 .Rn�1/; (3.94)
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for someC >0 independent of ". Thus, lim sup"!0 kT"gkBp;qs .Rn�1/ �C�o by (3.88).
Since �0 is arbitrary, this finally gives (3.87).

Lastly, when q 2 Œ1;1/, the claim made in (3.86) is a consequence of (3.84) and
the fact that a closed subspace of a reflexive Banach space is itself reflexive. This
finishes the proof of the proposition. ut

We conclude this section with some useful embedding result for Whitney–Besov
spaces. To state it, define

eO WD
n
.p; q; s/ 2 .0;1� � .0;1� � .0; 1/ W .n � 1/

�
1
p

� 1�C < s < 1
o
: (3.95)

Proposition 3.8. Let ˝ be a bounded Lipschitz domain in R
n and fix m 2 N. Also,

with eO as in (3.95), consider two triplets .p0; q0; s0/; .p1; q1; s1/ 2 eO . Then the
inclusion

PBp0;q0
m�1;s0 .@˝/ ,! PBp1;q1

m�1;s1 .@˝/ (3.96)

is continuous with dense range if either

p0 � p1; q0 � q1 and 1
p0

� s0
n�1 D 1

p1
� s1

n�1 ; (3.97)

or
p0 D p1; q0 � q1 and s0 D s1: (3.98)

Moreover, if p0 D p1 DW p and s0 > s1 then also

PBp;q0
m�1;s0 .@˝/ ,! PBp;q1

m�1;s1 .@˝/ continuously with dense range: (3.99)

Proof. This is an immediate consequence of Theorem 2.17. ut

3.3 Multi-Trace Theory

Let ˝ � R
n be an open, nonempty, proper subset of Rn, and fix some m 2 N. In

this context, define the higher-order trace trm�1 (relative to the given set
˝ and order m) as the operator mapping C1.˝/ into Whitney arrays of length m
according to the formula

trm�1 F WD
n
Œ@˛ F �

ˇ
ˇ
ˇ
@˝

o

j˛j�m�1: (3.100)

We are interested in extending the action of this operator to more general spaces.

Theorem 3.9. Assume that ˝ � R
n is a bounded Lipschitz domain and suppose

that
0 < p; q � 1 and .n� 1/

�
1
p

� 1
�

C < s < 1: (3.101)



3.3 Multi-Trace Theory 143

Also, fix m2N. Then the higher-order trace operator introduced above extends by
continuity to a well-defined, linear and bounded operator

trm�1 W Bp;q

m�1CsC1=p.˝/ �! PBp;q
m�1;s.@˝/: (3.102)

In addition, (3.100) is onto and, in fact, has a bounded, linear right-inverse. That is,
there exists a linear, continuous operator

E W PBp;q
m�1;s.@˝/ �! B

p;q

m�1CsC1=p.˝/ (3.103)

such that, with Tr as in Theorem 2.53,

Pf D ff˛gj˛j�m�1 2 PBp;q
m�1;s.@˝/ H) Tr Œ@˛.E Pf /� D f˛; 8˛ W j˛j � m � 1:

(3.104)
Similar results are valid on the Triebel–Lizorkin scale. Concretely, with the

convention that q D 1 if p D 1, the operator

trm�1 W F p;q

m�1CsC1=p.˝/ �! PBp;p
m�1;s.@˝/ (3.105)

is also well-defined, linear and bounded. Moreover, this operator has a linear,
bounded right inverse

E W PBp;p
m�1;s.@˝/ �! F

p;q

m�1CsC1=p.˝/ (3.106)

which is compatible with (3.103).

Proof. We shall first establish the well-definiteness and boundedness of the higher-
order trace operator. The extension of (3.100) in the context of (3.102) is given by

trm�1.F / WD
n
Tr Œ@˛F � W j˛j � m � 1

o
; 8F 2 Bp;q

m�1CsC1=p.˝/; (3.107)

where the traces in the right-hand side are taken in the sense of Theorem 2.53.
That for each F 2Bp;q

m�1CsC1=p.˝/ the family Pf WD fTr Œ@˛F �gj˛j�m�1 satisfies the
compatibility conditions (3.2) is a consequence of the identity

@�jk ŒTr u� D �jTr Œ@ku�� �kTr Œ@j u�; j; k D 1; ::; n; (3.108)

valid for each u 2 Bp;q

1CsC1=p.˝/. In turn, (3.108) is easily checked using (2.208).
Next, we turn our attention to the issue of a linear extension operator, i.e. a linear

right-inverse for the higher-order trace operator. This segment in the proof utilizes
results and notation which will be discussed later. Let PD˙ be a double multi-layer
associated with, say, the polyharmonic operator
m in˝C WD ˝ and˝� WD R

nn N̋ ,
respectively (see � 4 for relevant definitions). Also, fix some  2 C1

c .R
n/ which is

identically one in a neighborhood of ˝ . What we need is that, whenever s satisfies
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0 < .n � 1/. 1
p

� 1/C < s < 1 and 0 < q � 1,

 PD˙ W PBp;q
m�1;s.@˝/ �! B

p;q

m�1CsC1=p.˝˙/ (3.109)

are well-defined, linear and bounded, and

trm�1 ı  PDC � trm�1 ı  PD� D I in PBp;q
m�1;s.@˝/: (3.110)

These are consequences of Theorem 4.19, proved later independently of the current
considerations.

To proceed, recall that R˝
˙

stands for the operator of restriction to ˝˙
(cf. (2.196)), and that

E˝
˙

W Bp;q
s .˝˙/ �! Bp;q

s .Rn/; 0 < p; q � 1; s 2 R; (3.111)

stands for Rychkov’s universal extension operator (see Theorem 2.29). This satisfies

R˝
˙

ıE˝
˙

D I on Bp;q
s .˝˙/: (3.112)

If we now set
E WD  PDC � R˝

C

ıE˝
�

ı  PD� (3.113)

then, thanks to (3.109), (3.113), (3.111), and (2.213), for p; q; s as in (3.101), the
operators

E W PBp;q
m�1;s.@˝/ �! B

p;q

m�1CsC 1
p

.˝/; (3.114)

E W PBp;p
m�1;s.@˝/ �! F

p;q

m�1CsC 1
p

.˝/; (3.115)

are well-defined, linear and bounded. Now, generally speaking, if u 2 B
p;q

sC1=p.Rn/
where 0<p; q� 1 and .n�1/. 1

p
�1/C< s <1, then Tr .R˝

C

.u// D Tr .R˝
�

.u//,

since this obviously holds in the dense subspace of Bp;q

sC1=p.Rn/ consisting of
smooth, compactly supported, functions. Hence, from this, (3.112) and the iden-
tity (3.110),

trm�1 ı E D trm�1 ı  PDC � trm�1 ı R˝
C

ıE˝
�

ı  PD�

D trm�1 ı  PDC � trm�1 ı R˝
�

ıE˝
�

ı  PD�

D trm�1 ı  PDC � trm�1 ı  PD� D I; (3.116)

i.e., E is a linear, bounded, right-inverse for the trace operator trm�1 on Besov and
Triebel–Lizorkin spaces.
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This completes the proof of the portion of Theorem 3.9 dealing with Besov
spaces, and the case of (3.105) is handled similarly. ut

One useful consequence of Theorem 3.9 is singled out below.

Corollary 3.10. Fix an integerm 2 N and assume that n�1
n
< p < 1, 0 < q < 1

and .n � 1/
�
1
p

� 1
�

C < s < 1. Also, suppose that ˝ � R
n is a bounded Lipschitz

domain. Then for every Pf D ff˛gj˛j�m�1 2 PBp;q
m�1;s.@˝/ there exists a sequence of

functions Fj 2 C1
c .R

n/, j 2 N, such that

Tr Œ@˛Fj � �! f˛ in Bp;q
s .@˝/ as j ! 1; 8˛ 2 N

n
0 W j˛j � m � 1:

(3.117)
Hence,

n
.@˛F j@˝/j˛j�m�1 W F 2 C1

c .R
n/
o

is dense in PBp;q
m�1;s.@˝/: (3.118)

Proof. This is an immediate consequence of (2.208) and the fact that the trace
map (3.102) is bounded and onto, for the range of indices specified in the statement
of the corollary. ut

The following is a companion result for Theorem 3.9 in the case in which
the smoothness inside the Lipschitz domain is measured on the scale of weighted
Sobolev spaces.

Theorem 3.11. Let ˝ � R
n be a bounded Lipschitz domain and suppose that

1 < p < 1 and 0 < s < 1: (3.119)

Also, set
a WD 1 � s � 1

p
2 .0; 1/; (3.120)

and fix m 2 N. Then the higher-order trace operator originally considered as
in (3.100) extends by continuity to a well-defined, linear and bounded operator

trm�1 W W m;p
a .˝/ �! PBp;p

m�1;s.@˝/: (3.121)

In addition, trm�1 considered in the above context is onto. In fact, the operator E
defined as in (3.113) with

E˝
�

W W m;p
a .Rn n˝/ �! W m;p

a .Rn/ (3.122)

denoting Stein’s extension operator from Theorem 2.46, is a bounded, linear right-
inverse for the higher-order trace operator from (3.121). That is,

E W PBp;p
m�1;s.@˝/ �! W m;p

a .˝/ (3.123)
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is a linear, continuous operator and has the property that, if Tr is as in Theorem
2.53, then

Pf D ff˛gj˛j�m�1 2 PBp;p
m�1;s.@˝/ H) Tr Œ@˛.E Pf /� D f˛; 8˛ W j˛j � m � 1:

(3.124)

Proof. The fact that the higher-order trace operator from (3.121) is well-defined,
linear and bounded has been established in [76]. In [76] the authors have also
constructed an extension operator in the context weighted Sobolev spaces which
serves as a right-inverse for (3.121). The novelty here is that our old extension
operator E from (3.113) also does the job, when E˝

�

is now viewed as Stein’s
extension operator discussed in � 2.6. Indeed, if this is the case then Theorem 2.46
guarantees that the operator (3.122) is well-defined and bounded. Based on this,
the density result from (2.364) (which continues to hold for arbitrary Lipschitz
domains), and the fact that (with p; s as in (3.119), and any cutoff function  2
C1
c .R

n/)

 PD˙ W PBp;p
m�1;s.@˝/ �! W m;p

a .˝˙/ (3.125)

are well-defined, linear and bounded operators (cf. Theorem 4.20 proved later,
independently of the current considerations), we may then conclude, much as in
the proof of Theorem 3.9, that the operator E from (3.123) is well-defined, linear,
bounded, and satisfies (3.124). ut

It is significant to note that the extension operators given by (3.103) and (3.123)
are universal, i.e., they do not depend on the regularity and integrability indices used
to define the function spaces on which they act.

Moving on, the goal is to characterize the null-space of the higher-order trace
operator (3.100) acting of Besov and Triebel–Lizorkin spaces in Lipschitz domains,
as well as to prove certain basic density results for the space of test functions in this
setting.

Theorem 3.12. Let ˝ be a bounded Lipschitz domain in R
n and fix m 2 N. Also,

suppose that n�1
n
< p < 1, .n� 1/.1=p� 1/C < s < 1 and min f1; pg � q < 1.

Then

F
p;q

m�1CsC1=p; z.˝/ D
n
u 2 F p;q

m�1CsC1=p.˝/ W trm�1 u D 0
o

(3.126)

and

C1
c .˝/ ,!

n
u 2 F p;q

m�1CsC1=p.˝/ W trm�1 u D 0
o

densely: (3.127)

Furthermore, a similar result is valid for the scale of Besov spaces. Specifically,
if m 2 N, n�1

n
< p < 1, .n � 1/.1=p � 1/C < s < 1 and 0 < q < 1, then
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B
p;q

m�1CsC1=p; z.˝/ D
n
u 2 Bp;q

m�1CsC1=p.˝/ W trm�1 u D 0
o

(3.128)

and

C1
c .˝/ ,!

n
u 2 Bp;q

m�1CsC1=p.˝/ W trm�1 u D 0
o

densely: (3.129)

Proof. By (2.218)–(2.219), if u 2 F p;q

m�1CsC1=p; z.˝/ then u 2 F p;q

m�1CsC1=p.˝/ and

there exists a sequence uj 2 C1
c .˝/, j 2 N, such that uj ! u in F p;q

m�1CsC1=p.˝/
as j ! 1. It follows that 0 D trm�1.uj / ! trm�1.u/ in PBp;p

m�1;s.@˝/ as j ! 1,
hence u belongs to the space in the right-hand side of (3.126). This proves the left-
to-right inclusion in (3.126).

Conversely, assume that u 2 F p;q

m�1CsC1=p.˝/ has trm�1.u/ D 0. Since, generally
speaking, trm�1. w/ D  trm�1.w/ for any nice cut-off function  and any
reasonable w (cf. (3.9)), it follows that the problem is local in character. Hence,
matters can be readily reduced to the case when ˝ is the domain in R

n lying above
the graph of a Lipschitz function and

supp u � O (3.130)

for some open, relatively compact set O � R
n. In particular, there exists an infinite,

upright circular cone � , with vertex at the origin in R
n such that X C � � ˝ for

every X 2 ˝. Also, fix  2 C1
c .R

n/ such that  � 1 on O .
In this context, we shall work with Calderón’s extension operator of order m,

which we denote by Em and whose construction we briefly review. The starting
point is the so-called Sobolev’s representation formula to the effect that if

� 2 C1.Sn�1/ is supported in � \ Sn�1 (3.131)

and satisfies Z

Sn�1

�.!/ d! D .�1/m
.m � 1/Š

(3.132)

then for every w 2 Cm.� / with compact support,

w.0/ D
X

j˛jDm

Z

�

mŠ

˛Š
�
� Y

jY j
� Y ˛

jY jn .@
˛w/.Y / dY: (3.133)

Indeed, for such a function w and a fixed ! 2 Sn�1, repeated integrations by
parts give

w.0/ D .�1/m
.m � 1/Š

Z 1

0

tm�1 dm

dtm
Œw.t!/� dt

D .�1/m
.m � 1/Š

X

j˛jDm

mŠ

˛Š

Z 1

0

tm�1!˛.@˛w/.t!/ dt: (3.134)
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Multiplying (3.134) by �.!/ and integrating for ! 2 Sn�1 then readily
yields (3.133), given (3.131)–(3.132).

Now, for every w 2 Cm.˝/ with bounded support we define

Em.w/.X/ WD
X

j˛jDm
 .X/

Z

˝

�˛.X � Y /.@˛w/.Y / dY; X 2 R
n; (3.135)

where, for each ˛ 2 N
n
0 with j˛j D m, we have set

�˛.X/ WD .�1/m mŠ
˛Š
�
�
� X

jX j
� X˛

jX jn ; X 2 R
n n f0g: (3.136)

(As is customary, X˛ WD x
˛1
1 � � �x˛nn if X D .x1; : : : ; xn/ 2 R

n where the multi-
index ˛ D .˛1; : : : ; ˛n/ 2 N

n
0 .)

Observe that, for each multi-index ˛ of length m,

supp�˛ � ��; �˛ 2 C1.Rn n f0g/; �˛.�X/ D �m�n�˛.X/; 8� 2 R:

(3.137)
It is also useful to note that, since supp Œ�.Y=jY j/� � � , the identity (3.133) yields

X

j˛jDm
@˛�˛ D ı; Dirac’s distribution, in R

n: (3.138)

The operator (3.135) enjoys the following properties. First, (3.135) and (3.138)
entail that

w 2 C1
c .˝/ H) Em.w/ � 0 in R

n n˝: (3.139)

Second,

w 2 C1.˝/; with bounded support H) Em.w/
ˇ
ˇ
ˇ
˝

D . j˝/w in ˝: (3.140)

Indeed, given the support condition on �˛ and since �� � X�˝ for everyX 2 ˝ ,
the change of variablesZ WD X � Y in the right-hand side of (3.135) yields

Em.w/.X/ D
X

j˛jDm
 .X/

Z

��
�˛.Z/.@

˛w/.X �Z/ dZ; X 2 ˝: (3.141)

Now (3.140) follows readily from (3.141) and (3.133), after changingZ 7! �Z.
Third, we note that (3.141) can be rephrased as

Em.w/ D
X

j˛jDm
 .�˛ 	 .e@˛w//; (3.142)

for every w 2 C1.˝/ with bounded support, where tilde denotes extension of
functions defined in ˝ to R

n by setting them to be identically zero outside ˝ .
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To proceed, we remark that, as a consequence of (3.137) and Theorem 6.2.2 on
p. 258 of [124] (cf. also Remark 3 on p. 257 of [124] and the discussion in the last
part of � 2.3), the convolution operators f 7! �˛ 	 f , for j˛j D m, are locally
smoothing of orderm on the scale of Triebel–Lizorkin spaces in R

n. Consequently,
for each function w 2 C1.˝/ with bounded support, we may estimate

kEm.w/kF p;qm�1CsC1=p .R
n/ � C

X

j˛jDm

	
	
	 �˛ 	 .e@˛w/

	
	
	
F
p;q

m�1CsC1=p
.Rn/

� C
X

j˛jDm

		e@˛w
		
F
p;q

�1CsC1=p
.Rn/

� C
X

j˛jDm
k@˛wkF p;q

�1CsC1=p.˝/

� CkwkF p;q
m�1CsC1=p

.˝/: (3.143)

The third inequality uses the fact that max
�
1
p

� 1; n
�
1
p

� 1
��
< �1 C s C 1

p
< 1

p

and 0 < min f1; pg � q < 1 which, in turn, ensure that the extension by zero
from˝ to R

n is a bounded operator with preservation of class; cf. Proposition 2.31.
Also, the last inequality in (3.143) follows from the boundedness of the differential
operator @˛ W F p;q

m�1CsC1=p.˝/ ! F
p;q

�1CsC1=p.˝/ if j˛j D m which, in turn, is a
direct consequence of (2.149). Thus, by density (cf. (2.208)),

Em W F p;q

m�1CsC1=p.˝/ �! F
p;q

m�1CsC1=p.R
n/ (3.144)

is a well-defined, linear and bounded operator, whenever the indices are as in the
statement of the theorem.

Returning now to the study of the function u (considered in the second paragraph
of the proof), we pick a sequence uj 2 C1.˝/, j 2 N, such that

uj �! u in F
p;q

m�1CsC1=p.˝/; as j ! 1: (3.145)

Thus, on the one hand,

trm�1.uj / �! trm�1.u/ D 0 in PBp;p
m�1;s.@˝/; as j ! 1: (3.146)

On the other hand, from the continuity of (3.144) and (3.145) we have

Em.uj / �! Em.u/ in F
p;q

m�1CsC1=p.R
n/; as j ! 1: (3.147)

As a consequence,

R˝.Em.u// D lim
j!1.R˝ ı Em/.uj / D lim

j!1 uj D  u D u: (3.148)
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Formula (3.147) also implies that at almost every point X 2 R
n n˝ we have (with

� D .�1; : : : ; �n/ denoting the outward unit normal and � denoting the surface
measure on @˝):

Em.u/.X/ D lim
j!1 Em.uj /.X/ D lim

j!1
X

j˛jDm
 .X/

Z

˝

�˛.X � Y /.@˛uj /.Y / dY

D lim
j!1

X

j˛jDm

X

ˇC�CejD˛
Cˇ;�;j .X/

�
Z

@˝

�j .Y /.@
ˇ�˛/.X � Y /.@�uj /.Y / d�.Y /

C lim
j!1

X

j˛jDm
 .X/

Z

˝

.�1/m.@˛�˛/.X � Y /uj .Y / dY

D lim
j!1

X

j˛jDm

X

ˇC�CejD˛
Cˇ;�;j .X/

�
Z

@˝

�j .Y /.@
ˇ�˛/.X � Y /Œtrm�1.uj /�� .Y / d�.Y /

C lim
j!1.�1/

m .X/euj .X/

D 0: (3.149)

In the third step above, we have used repeated integrations by parts (note that there
is no singularity in the integrands since we are assuming that X … ˝). In the fourth
step we have used the definition of trm�1 and formula (3.138). Finally, the last step
is a consequence of the fact that X … ˝ as well as (3.146) and (3.71) (in this
connection, it is useful to observe that, under the current assumptions on the indices,
there exists r > 1 such that Bp;p

s .@˝/ ,! Lrloc.@˝/).
In summary, the above argument shows that Em.u/2F p;q

m�1CsC1=p.Rn/ is sup-

ported in ˝ , i.e., Em.u/ 2 F p;q

m�1CsC1=p; 0.˝/. Based on this, (3.148) and (2.213) we

may therefore conclude that u 2 F
p;q

m�1CsC1=p; z.˝/. This justifies the right-to-left
inclusion in (3.126) and, hence, finishes the proof of this identity.

At this stage, (3.127) follows from (3.126) and (2.211). The case of Besov spaces
is treated analogously and this finishes the proof of the theorem. ut

To state a consequence of Theorem 3.12 of functional analytic nature, we first
recall some relevant terminology. A closed subspace Y of a Hausdorff topological
vector space X is said to be complemented in X provided there exists a
closed subspace Z of X with the property that Y ˚ Z D X (where the direct
sum is both algebraic and topologic).
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Corollary 3.13. Let ˝ be a bounded Lipschitz domain in R
n and fix m 2 N. Then

F
p;q

m�1CsC1=p; z.˝/ is complemented in F
p;q

m�1CsC1=p.˝/ (3.150)

whenever n�1
n
< p < 1, .n � 1/.1=p � 1/C < s < 1 and min f1; pg � q < 1,

while

B
p;q

m�1CsC1=p; z.˝/ is complemented in B
p;q

m�1CsC1=p.˝/ (3.151)

whenever n�1
n
< p < 1, .n � 1/.1=p � 1/C < s < 1 and 0 < q < 1.

Proof. All claims follow directly from Theorem 3.12, Theorem 3.9 and
Lemma 3.14, stated below.

Here is the abstract functional analytic result invoked above.

Lemma 3.14. Let X , Y be two quasi-Banach spaces and assume that the operator
T W X ! Y is a linear and continuous operator. Then the following two statements
are equivalent:

(i) T has a right-inverse (i.e., there exists a linear and bounded operator S W Y !
X with the property that T ı S D I , the identity on Y );

(ii) T is surjective and its null-space, KerT , is complemented in X .

Proof. Assume first that T has a right-inverse S W Y ! X . We claim that

ImS is closed in X and ImS \ KerT D f0g: (3.152)

To justify this claim, assume that fyj gj2N is a sequence in Y with the property
that fSyj gj2N converges in X to some vector x 2 X . Given that T is continuous
and S is a right-inverse for T , it follows that fyj gj2N D fTSyj gj2N converges
in Y to T x. Hence, since S is continuous, fSyj gj2N converges in X to S.T x/.
Consequently, x D S.T x/ 2 ImS since the topology on X is Hausdorff. Given
that the topology on X is also first-countable, this reasoning shows that ImS is
closed in X . Assume next that x 2 ImS \ Ker T . Then there exists y 2 Y such
that x D Sy which further implies that 0 D T x D T .Sy/ D y. Hence y D 0

which ultimately forces x D Sy to be 0 2 X . This concludes the proof of (3.152).
Granted this, in order to conclude that KerT is complemented in X it suffices to
show that

ImS ˚ KerT D X : (3.153)

To see that this is the case, observe that for each x 2 X

x D �
x�S.T x/�CS.T x/ and

�
x�S.T x/� 2 KerT; S.T x/ 2 ImS: (3.154)
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This takes care of the algebraic aspect of (3.153). On the topological side,
the mappings X 3 x 7! �

x � S.T x/
� 2 X and X 3 x 7! S.T x/ 2 X

are continuous, since both T and S are continuous. Thus, (3.153) holds. Given
that the existence of a right-inverse implies ontoness, this finishes the proof of the
implication .i/ ) .i i/.

As regards the implication .i i/ ) .i/, assume that T is surjective and that there
exists a closed subspace Z of X with the property that

Z ˚ KerT D X : (3.155)

This makes Z a quasi-Banach space and forces T
ˇ̌
Z

, the restriction of T to Z ,
to be bijective. Of course, T

ˇ
ˇ
Z

W Z ! Y remains continuous. As a consequence
of the Open Mapping Theorem (which is still valid in the context of quasi-Banach
spaces; see [65]), �

T
ˇ
ˇ
Z

��1 W Y �! Z is continuous: (3.156)

Denote by � the embedding of Z into X and set

S WD �
T
ˇ
ˇ
Z

��1 ı � W Y �! X : (3.157)

Then S is linear and since � W Z ! X is continuous, it follows from (3.156)–
(3.157) that S W Y ! X is continuous. We now claim that

T ı S D I; the identity on Y : (3.158)

To prove this, assume that y 2 Y is arbitrary. Since T W X ! Y is onto, there
exists x 2 X such that T x D y. Use now (3.155) in order to decompose x D
x1Cx2 with x1 2 Z and x2 2 KerT . In particular, y D T x D T .x1Cx2/ D T x1,
and thus we may conclude that x1 D �

T
ˇ
ˇ
Z

��1
y. In turn, this and (3.157) imply that

Sy D x1 hence, ultimately, T .Sy/ D T x1 D y. Since y 2 Y has been arbitrarily
chosen, this establishes (3.158), thus finishing the proof of the implication .i i/ )
.i/. ut

We now extend formula (2.220) by proving the following result. Recall that,
generally speaking, fxg WD x � Œx� denotes the fractional part of a real number x.
Also, recall the spaces introduced in (2.218) with A WD F .

Proposition 3.15. Let ˝ be a bounded Lipschitz domain in R
n. Then

ı
F
p;q
s .˝/ D F p;q

s;z .˝/ (3.159)

provided
0 < p < 1; min f1; pg � q < 1; and

s � 1
p
> �1 and

n
s � 1

p

o
> .n � 1/

�
1
p

� 1�C :
(3.160)
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Furthermore,
ı
B
p;q
s .˝/ D Bp;q

s;z .˝/ (3.161)

whenever

0 < p; q < 1; s � 1
p
> �1 and

n
s � 1

p

o
> .n� 1/

�
1
p

� 1
�
C : (3.162)

Proof. Both in the context of (3.160) and (3.162), the conditions on the smoothness
parameter s amount to

there exists m 2 N0 such that max
�
1
p

� 1 ; n� 1
p

� 1�
�
< s �m < 1

p
: (3.163)

Indeed,m WD
h
s � 1

p

i
C 1 will do. For the remainder of the proofm will retain this

significance.
To begin in earnest, observe first that, since by (2.207) BC1

c .˝/ is dense in
F
p;q
s;0 .˝/, and since the operator of restriction to˝ maps the latter space boundedly

onto F p;q
s;z .˝/, it follows that

F p;q
s;z .˝/ ,!

ı
F
p;q
s .˝/; 0 < p; q < 1; s 2 R: (3.164)

The opposite inclusion is contained in (2.220) when m D 0 so it suffices to work
under the assumption that m 2 N. Also, there is no loss of generality in assuming
that ˝ is the domain in R

n lying above the graph of a Lipschitz function. Our goal

is to show that if u 2 ı
F
p;q
s .˝/ then u 2 F

p;q
s;z .˝/, plus a natural estimate. For the

rest of the proof we will follow largely the approach in the proof of Theorem 3.12,
and we retain the notation introduced in that setting. In particular, it can be assumed
that u satisfies (3.130).

Recall Calderón’s extension operator Em introduced in (3.135). This satis-
fies (3.139), (3.140), and (3.142). In particular, the latter formula and a similar string
of inequalities as in (3.143) yield

kEmf kF p;qs .Rn/ � Ckf kF p;qs .˝/; (3.165)

so that, analogously to (3.144),

Em W F p;q
s .˝/ �! F p;q

s .Rn/ (3.166)

is a bounded operator whenever the indices are as in (3.160). Next, (3.139)–(3.140)
entail

w 2 C1
c .˝/ H) Em.w/ D  ew in R

n: (3.167)

Consequently, we also have

Em W ı
F
p;q
s .˝/ �! F

p;q
s;0 .˝/; p; q; s as in (3.160): (3.168)
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Now, ifR˝ is the operator of restriction of tempered distributions to the open set˝ ,
it follows from (3.140) that R˝ ı Em W F p;q

s .˝/ ! F
p;q
s .˝/ is simply the operator

of multiplication by  . Hence, u D  u D .R˝ ı Em/u D R˝.Emu/ 2 F
p;q
s;z .˝/

by (3.168) and (2.213), plus a natural estimate. This readily shows that

ı
F
p;q
s .˝/ ,! F p;q

s;z .˝/; p; q; s as in (3.160): (3.169)

Along with (3.164), this proves (3.159), as desired. The case of Besov spaces is
treated analogously and this finishes the proof of the proposition. ut

Let us also record the following description of the null-space of the multi-trace
operator.

Corollary 3.16. Let˝ be a bounded Lipschitz domain in R
n and pickm 2 N. Then

ı
F
p;q

m�1CsC1=p.˝/ D
n
u 2 F p;q

m�1CsC1=p.˝/ W trm�1 u D 0
o
; (3.170)

if n�1
n
<p <1, .n � 1/.1=p � 1/C< s <1 and min f1; pg �q <1. Furthermore,

ı
B
p;q

m�1CsC1=p.˝/ D
n
u 2 Bp;q

m�1CsC1=p.˝/ W trm�1 u D 0
o
; (3.171)

provided n�1
n
< p < 1, .n � 1/.1=p � 1/C < s < 1 and 0 < q < 1.

Proof. This is a direct consequence of Theorem 3.12 and Proposition 3.15. ut
As in the case of Besov and Triebel–Lizorkin spaces, it is also useful to

characterize the null-space of the higher-order trace operator acting from weighted
Sobolev spaces. In the process, we also establish a very useful density result.

Theorem 3.17. Let ˝ be a bounded Lipschitz domain in R
n and fix m 2 N. Also,

suppose that 1 < p < 1, 0 < s < 1 and set a WD 1 � s � 1=p. Then

n
u 2 W m;p

a .˝/ W trm�1 u D 0
o

D
n
u 2 W m;p

a .˝/ W eu 2 W m;p
a .Rn/

o
(3.172)

and
C1
c .˝/ ,!

n
u 2 W m;p

a .˝/ W trm�1 u D 0
o

densely: (3.173)

Finally, the same results are true in the case when ˝ is replaced by Rn n˝.

Proof. We begin by establishing (3.172). To this end, consider u 2 W
m;p
a .˝/ such

thateu 2 W m;p
a .Rn/ and write

trm�1 u D trC
m�1eu D tr�

m�1eu D 0: (3.174)
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Above, trṁ�1 denote the higher-order trace operators associated with the domains
˝C WD ˝ and ˝� WD R

n n ˝, respectively. The second equality in (3.174) is a
consequence of the boundedness of trṁ�1 (cf. Theorem 3.11) as well as a density
result as the one described in (2.361) corresponding to the entire Euclidean space.
Finally, the last equality in (3.174) is clear sinceeu vanishes in ˝�. This completes
the proof of the right-to-left inclusion in (3.172).

Consider next the left-to-right inclusion in (3.172). By arguing as in the proof of
Theorem 3.12, there is no loss of generality in assuming that˝ is the domain in R

n

lying above the graph of a Lipschitz function and that u has bounded support. In this
setting, consider Calderón’s extension operator Em of order m, whose construction
has been reviewed in the proof of Theorem 3.12. We claim that

Em W W m;p
a .˝/ �! W m;p

a .Rn/ (3.175)

is a well-defined, linear and bounded operator. A result from Harmonic Analysis
which is a useful ingredient in the proof of this claim is that, for any multi-
index ˛ with j˛j D m, the convolution operator f 7! �˛ 	 f maps functions
from L

p
comp.R

n; �ap dX/ into functions which locally belong to W m;p
a .Rn/ (with

quantitative control). The key aspect here is that, as pointed out in (2.362), the
function �ap is an Ap-weight, granted that p 2 .1;1/ and a 2 .�1=p; 1 � 1=p/

(cf., e.g., [81] for general results of this nature, involving arbitrary Muckenhoupt
Ap-weights). Keeping this in mind, and making use of the formula (3.142), for each
function w 2 C1.˝/ with bounded support we may write

kEm.w/kW m;p
a .Rn/ � C

X

j˛jDm

		
	 �˛ 	 .e@˛w/

		
	
W
m;p
a .Rn/

� C
X

j˛jDm

	
	e@˛w

	
	
Lp.Rn; �ap dX/

D C
X

j˛jDm
k@˛wkLp.˝; �ap dX/

� CkwkW m;p
a .˝/: (3.176)

At this stage, the claim about (3.175) follows from (3.176) with the help of the
density result mentioned in (2.361). With this in hand, the same argument as the one
following (3.144) ultimately shows that if u 2 W m;p

a .˝/ satisfies trm�1.u/ D 0 then
Em.u/ is supported in ˝, which further entailseu D Em.u/ 2 W

m;p
a .Rn/. Hence,

eu 2 W m;p
a .Rn/ and this finishes the proof of (3.172).

As far as (3.173) is concerned, the goal is to approximate a given u 2 W m;p
a .˝/

with trm�1.u/ D 0 by functions from C1
c .˝/ in the norm of W m;p

a .˝/. This
problem may be localized using a smooth partition of unity. As such, there is no
loss of generality in assuming that ˝ is an unbounded Lipschitz domain and u has
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bounded support. Moreover, from what we have proved so far, eu 2 W
m;p
a .Rn/.

The idea is then to consider the vertical shifts vj .X/ WD eu
�
X C j�1en

�
, X 2 ˝ ,

for j 2N, which converge to u in W m;p
a .˝/. The upshot of this artifice is that the

distance from the support of each function vj to the complement of ˝ is strictly
positive. For each fixed j there remains to mollify each vj at scale " > 0 in order to
obtain vj;" satisfying

vj;" 2 C1
c .˝/ whenever " > 0 is small enough,

vj;" ! vj ; as " ! 0C; in the W m;p
a .˝/-norm.

(3.177)

The second property above follows by controlling the mollifiers by the Hardy–
Littlewood maximal operator, making use of the Ap-weight condition (2.362), and
Muckenhoupt’s theorem. Of course, (3.177) suffices to end the proof of (3.173).

Finally, in the case when ˝ is replaced by R
n n ˝, the idea is to work with a

suitable truncation of u 2 W
m;p
a .Rn n ˝/ (specifically,  u with  2 C1

c .BR.0//

satisfying  � 1 near ˝ , where R > 0 is large and fixed, in the case of (3.172),
and with the sequence  .X=j /u.X/ where j 2 N in the case of (3.173)) and then
apply the results proved in bounded Lipschitz domains. ut

Let us now discuss a related version of the trace map (3.100), namely

Trm�1.u/ WD
n@ku

@�k

o

0�k�m�1: (3.178)

In the case of a Lipschitz domain, the unit normal � has only bounded, measurable
components, hence taking iterated normal derivatives requires attention. It is
however natural to define for each k 2 f0; : : : ; m � 1g

@k

@�k
WD
� nX

jD1
�j @=@xj

�kˇˇ
ˇ
�D� (3.179)

i.e., set
@ku

@�k
WD

X

j˛jDk

kŠ

˛Š
�˛ Tr Œ@˛u�; 0 � k � m � 1; (3.180)

where Tr is the boundary trace operator from Theorem 2.53.
Compared to (3.100), a distinguished feature of (3.178) is that the latter has fewer

components. More specifically, while trm�1.u/ has

m�1X

kD0



nC k � 1

n � 1
�

(3.181)
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components, Trm�1.u/ has only m components. It is then remarkable that the two
trace mappings, trm�1 and Trm�1, have the same null-space. This, as well as other
properties of the trace operator (3.178) are established in the theorem below (which
should be compared with Theorem 3.4).

Theorem 3.18. Suppose that ˝ is a bounded Lipschitz domain in R
n, fix m2N,

and assume that 0 < p; q � 1 and .n � 1/. 1
p

� 1/C < s < 1. Then the following
properties hold.

(i) The null-space of the mapping (3.178) acting on the Besov scale is
n
u 2 Bp;q

m�1CsC1=p.˝/ W Trm�1.u/ D 0
o

D B
p;q

m�1CsC1=p; z.˝/: (3.182)

(ii) The image of the mapping (3.178), Trm�1
�
B
p;q

m�1CsC1=p.˝/
�
, may be charac-

terized as follows:
Fix 1<p� � � 1

p
� s

n�1
��1

if p� 1, and set p� WDp in the case when p>1.

For a family .g0; g1; : : : ; gm�1/ of functions from L1.@˝/ set f.0;:::;0/ WD g0
and, inductively, if ff�gj� j�`�1 have already been defined for some ` 2
f1; : : : ; m � 1g, consider

f˛ WD �˛g`C˛Š

`Š

X

�CıCejD˛

j	 jDjıj

jıjŠ
ıŠ

j�jŠ
�Š

j	 jŠ
	Š

�ıC	 .rtanf�C	 /j ; 8 ˛ 2 N
n
0 W j˛j D `;

(3.183)

where the subscript j stands for the j -th component. Then there exists a
function u 2Bp;q

m�1CsC1=p.˝/ such that Trm�1.u/D fgkg0�k�m�1 if and only if

f˛ 2 Lp�

1 .@˝/ for j˛j � m � 2; and f˛ 2 Bp;q
s .@˝/ for j˛j D m � 1:

(3.184)
(iii) When equipped with the quasi-norm

fgkg0�k�m�1 7!
X

j˛j�m�2
kf˛k

L
p�

1 .@˝/
C

X

j˛jDm�1
kf˛kBp;qs .@˝/; (3.185)

where the f˛’s are constructed from the gk’s using the algorithm described in
part .i i/, the space Trm�1

�
B
p;q

m�1CsC1=p.˝/
�

becomes quasi-Banach, and there
exists a linear and bounded operator

E W Trm�1
�
B
p;q

m�1CsC1=p.˝/
� �! B

p;q

m�1CsC1=p.˝/ (3.186)

which is universal (in the sense that it does not depend on p; q; s) and with the
property that

Trm�1 ıE D I; the identity on Trm�1
�
B
p;q

m�1CsC1=p.˝/
�
: (3.187)
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(iv) Similar results to those described in parts .i/–.i i i/ are valid for Trm�1 acting
on Triebel–Lizorkin spaces, if

0 < p; q < 1 and .n � 1/
�
1
p

� 1
�

C < s < 1: (3.188)

Specifically, the following three properties hold. First, a family of functions
.g0; g1; : : : ; gm�1/ from L1.@˝/ belongs to the image of Trm�1, acting on the
space F p;q

m�1CsC1=p.˝/, if and only if

f˛ 2 Lp�

1 .@˝/ for j˛j � m � 2; and f˛ 2 Bp;p
s .@˝/ for j˛j D m � 1;

(3.189)
where the f˛’s are constructed from g0; g1; : : : ; gm�1 using the same algorithm
as before.

Second,

n
u 2 F p;q

m�1CsC1=p.˝/ W Trm�1.u/ D 0
o

D F
p;q

m�1CsC1=p; z.˝/; (3.190)

if, in addition to (3.188), one also requires that min f1; pg � q < 1.
Third, the space Trm�1

�
F
p;q

m�1CsC1=p.˝/
�

becomes quasi-Banach when
equipped with the quasi-norm

fgkg0�k�m�1 7!
X

j˛j�m�2
kf˛k

L
p�

1 .@˝/
C

X

j˛jDm�1
kf˛kBp;ps .@˝/; (3.191)

where the f˛’s are constructed from the gk’s using the algorithm described in
part .i i/, and there exists a linear and bounded operator

E W Trm�1
�
F
p;q

m�1CsC1=p.˝/
� �! F

p;q

m�1CsC1=p.˝/ (3.192)

which is universal (in the sense that it does not depend on p; q; s) and with the
property that

Trm�1 ıE D I; the identity on Trm�1
�
F
p;q

m�1CsC1=p.˝/
�
: (3.193)

Proof. We claim that, for p; q; s as in the background hypotheses in the statement
of the theorem, there holds

n
u 2 Bp;q

m�1CsC1=p.˝/ W Trm�1.u/ D 0
o

(3.194)

D
n
u 2 Bp;q

m�1CsC1=p.˝/ W trm�1.u/ D 0
o
:
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Indeed, this is a consequence of the fact (seen from Proposition 3.5) that the
assignment

PBp;q
m�1;s.@˝/ 3 Pf D ff˛gj˛j�m�1 7!

nX

j˛jDk

kŠ

˛Š
�˛ f˛

o

0�k�m�1 2 �L1.@˝/�m

(3.195)
is one-to-one. In turn, (3.194) and (3.128) prove (3.182).

Let us now turn to the characterization of the image of the operator (3.178) acting
on Bp;q

m�1CsC1=p.˝/. To this end, assume first that gk 2 L1.@˝/, 0 � k � m � 1,
are such that the functions ff˛gj˛j�m�1 defined by setting f.0;:::;0/ WD g0 and then
inductively proceeding as in (3.183), satisfy the conditions listed in (3.184). Then
by proceeding as in the proof of Theorem 3.4 we obtain that

Pf WD ff˛gj˛j�m�1 2 PBp;q
m�1;s.@˝/ and gk D

X

j˛jDk

kŠ

˛Š
�˛ f˛; 0 � k � m � 1:

(3.196)
Hence, if with E as in Theorem 3.9 we set

u WD E Pf 2 Bp;q

m�1CsC1=p.˝/; (3.197)

it follows from (3.104), (3.178), and (3.196) that

fgkg0�k�m�1 D Trm�1.u/: (3.198)

This proves that the family fgkg0�k�m�1 belongs to the image of the map-
ping (3.178).

Conversely, assume that fgkg0�k�m�1 D Trm�1.u/ for some u 2Bp;q

m�1CsC1=p.˝/.
Then much as in (3.57) we obtain that, for each ˛ 2 N

n
0 with j˛j D ` � m� 1,

f˛ D �˛g` C
X

jˇjD`

`Š

ˇŠ
�ˇ
�
�ˇTr.@˛u/� �˛Tr.@ˇu/

�

D �˛g` C Tr.@˛u/� �˛
�X

jˇjD`

`Š

ˇŠ
�ˇTr.@ˇu/

�

D Tr.@˛u/; (3.199)

by virtue of (3.178) and the multinomial identity

X

jˇjD`

`Š

ˇŠ
�2ˇ D j�j2` D 1: (3.200)

Consequently, f˛ 2 Bp;q
s .@˝/ if j˛j D m � 1 and f˛ 2 Lp�

1 .@˝/ for j˛j � m � 2,
thanks to (3.199), Theorem 2.53 and embeddings. This finishes the proof of the fact
that (3.184) characterizes the image of the operator (3.178).
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Moving on, it is clear that Trm�1
�
B
p;q

m�1CsC1=p.˝/
�

becomes a quasi-Banach
space when endowed with the quasi-norm (3.185). To construct a universal linear,
bounded right-inverseE for Trm�1 as in (3.186)–(3.187), we set

E
�fgkg0�k�m�1

� WD E Pf ; (3.201)

where Pf WD ff˛gj˛j�m�1 with f˛’s constructed from the gk’s using the algorithm
described in part .i i/, and E as in Theorem 3.9. That this does the intended job then
follows from (3.197)–(3.198).

Finally, the arguments in case of the Triebel–Lizorkin scale are similar. For
example,

n
u 2 F p;q

m�1CsC1=p.˝/ W Trm�1.u/ D 0
o

(3.202)

D
n
u 2 F p;q

m�1CsC1=p.˝/ W trm�1.u/ D 0
o

whenever the indices p; q; s are as in (3.188) and, in addition, min f1; pg � q < 1.
Thus, (3.190) follows from (3.202) by invoking (3.126). This finishes the proof of
the theorem. ut

The special casem D 2 of Theorem 3.18 (in which scenario Trm�1 becomes Tr1)
deserves to be stated separately.

Corollary 3.19. Assume that ˝ � R
n is a bounded Lipschitz domain and denote

by � the outward unit normal to @˝ . Also, suppose that the numbers p; q; s satisfy
0 < p; q � 1, .n� 1/� 1

p
� 1�C < s < 1. Fix 1 < p� � �

1
p

� s
n�1

��1
if p � 1, and

set p� WD p if p > 1. Then the operator

Tr1 W Bp;q
1CsC 1

p

.˝/ ! X where

X WD ˚
.g0; g1/ 2 Lp�

1 .@˝/˚ Lp
�

.@˝/ W rtang0 C g1� 2 �Bp;qs .@˝/
�n�

and Tr1.u/ WD �
Tr u; � � Tr .ru/

�
; 8 u 2 Bp;q

1CsC 1
p

.˝/;

(3.203)

is well-defined, linear, bounded, onto, and has a linear, bounded right-inverse.

Above, the space
˚
.g0; g1/ 2 Lp�

1 .@˝/˚Lp�

.@˝/ W rtang0Cg1� 2 �Bp;q
s .@˝/

�n�

is considered equipped with the natural quasi-norm

.g0; g1/ 7! kg0k
L
p�

1 .@˝/
C kg1kLp�

.@˝/ C krtang0 C g1�k.Bp;qs .@˝//n ; (3.204)

with respect to which the space in question becomes quasi-Banach. Furthermore,
the null-space of the operator (3.203) is given by

Ker Tr1 WD ˚
u 2 Bp;q

1CsC 1
p

.˝/ W Tr u D � � Tr .ru/ D 0
� D B

p;q

1CsC 1
p ; z
.˝/: (3.205)
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Finally, similar results are valid for the Triebel–Lizorkin scale, i.e., for

Tr1 W F p;q

1CsC 1
p

.˝/ ! Y where

Y WD ˚
.g0; g1/ 2 Lp�

1 .@˝/˚ Lp
�

.@˝/ W rtang0 C g1� 2 �Bp;p
s .@˝/

�n�

and Tr1.u/ WD �
Tr u; � � Tr .ru/

�
; 8 u 2 F p;q

1CsC 1
p

.˝/;

(3.206)

provided p; q < 1. In this scenario, the null-space of (3.206) is given by

Ker Tr1 WD ˚
u 2 F p;q

1CsC 1
p

.˝/ W Tr u D � � Tr .ru/ D 0
� D F

p;q

1CsC 1
p ; z
.˝/ (3.207)

granted that also min f1; pg � q < 1.

Proof. This follows from Theorem 3.18 specialized to the case m D 2, upon
observing that the f˛’s from part .i i/ of the statement of Theorem 3.18 are given
by

f.0;:::;0/ WD g0 and fej WD �j g1 C .rtang0/j for each j 2 f1; : : : ; ng (3.208)

(cf. (3.183) with ` D 1). ut
Remark 3.20. Regarding the nature of the space appearing in (3.203), let us note
that since multiplication with functions from B

.n�1/=s;q
s .@˝/ \ L1.@˝/ leaves

B
p;q
s .@˝/ invariant (cf. � 4.9.2 in [107]), we have

˚
.g0; g1/ 2 Lp�

1 .@˝/˚Lp
�

.@˝/ W rtang0 C g1� 2 �Bp;q
s .@˝/

�n�

D B
p;q
1Cs.@˝/˚ Bp;q

s .@˝/ (3.209)

whenever @˝ 2 C r with r > 1C s:

Let us now discuss the following result which, in the particular case of
unweighted Sobolev spaces (i.e., when aD 0), answers the question raised
by J. Nečas in Problem 4.1 on p. 91 of [98].

Corollary 3.21. Let ˝ be a bounded Lipschitz domain, and fix m 2 N. For every
p 2 .1;1/ and a 2 .�1=p; 1� 1=p/ set

ı
W

m;p
a .˝/ WD the closure of C1

c .˝/ in W m;p
a .˝/: (3.210)
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Then, corresponding to a D 0,

ı
W

m;p.˝/ D ı
F
p;2
m .˝/; (3.211)

and

u 2 W m;p
a .˝/ and

@ku

@�k
D 0 on @˝ for 0 � k � m � 1

” u 2 ı
W

m;p
a .˝/ ” u 2 W m;p

a .˝/ and trm�1.u/ D 0:

(3.212)

Proof. The equality in (3.211) is a consequence of (3.190), (3.159), (2.200),
and (3.202). In a similar manner to (3.202), we also have

n
u 2 W m;p

a .˝/ W Trm�1.u/ D 0
o

D
n
u 2 W m;p

a .˝/ W trm�1.u/ D 0
o
:

(3.213)
Based on this and Theorem 3.17, the equivalences in (3.212) follow, and this finishes
the proof. ut

In turn, Corollary 3.21 is the key ingredient in the proof of the following result.

Theorem 3.22. Let ˝ be a bounded Lipschitz domain in R
n. Then for each index

p 2 .1;1/, each a 2 .�1=p; 1� 1=p/, and each k;m 2 N0,

ı
W

kCm;p
a .˝/ D

n
u 2 W kCm;p

a .˝/ \ ı
W

k;p
a .˝/ W @�u 2 ı

W
m;p
a .˝/;

8 � 2 N
n
0; j� j D k

o
: (3.214)

Proof. Let u 2 ı
W

kCm;p
a .˝/. Then clearly

u 2 W kCm;p
a .˝/\ ı

W
k;p
a .˝/: (3.215)

In addition, using the definition of the space
ı
W

kCm;p
a .˝/ it follows that there exists

a sequence of functions fuj gj2N � C1
c .˝/ such that uj ! u in W kCm;p

a .˝/, as
j ! 1. In particular, for every � 2 N

n
0 with j� j D k there holds

@�uj �! @�u in W m;p
a .˝/ as j ! 1: (3.216)

Since for each j 2 N and each � 2 N
n
0 we have @�uj 2 C1

c .˝/, (3.216) and the

definition of
ı
W

m;p
a .˝/ guarantee that

@�u 2 ı
W

m;p
a .˝/; 8 � 2 N

n
0 such that j� j D k: (3.217)
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Combining (3.217) and (3.215) we obtain that the left-to-right inclusion in (3.214)
holds.

There remains to establish the right-to-left inclusion in (3.214). To this end, pick
a function u such that

u 2 W mCk;p
a .˝/\ ı

W
k;p
a .˝/ and @�u 2 ı

W
m;p
a .˝/; 8 � 2 N

n
0; j� j D k:

(3.218)
Keeping in mind that u 2 W kCm;p

a .˝/, it follows from (3.212) that the membership

of u to
ı
W

kCm;p
a .˝/ is equivalent to

Tr
�
@˛u

� D 0; 8˛ 2 N
n
0 such that j˛j � mC k � 1: (3.219)

With the goal of proving (3.219), first notice that, on the one hand, the last condition
in (3.218) implies (thanks to (3.212)) that

Tr
�
@ˇ.@�u/

� D 0; 8ˇ; � 2 N
n
0 such that jˇj � m � 1 and j� j D k; (3.220)

hence

Tr
�
@˛u

� D 0; 8˛ 2 N
n
0 such that j˛j 2 fk; : : : ; mC k � 1g: (3.221)

On the other hand, the first condition in (3.218) ensures that u 2 ı
W

k;p
a .˝/, and thus,

by once again appealing to (3.212),

Tr
�
@˛u

� D 0; 8˛ 2 N
n
0 such that j˛j 2 f0; : : : ; k � 1g: (3.222)

Altogether, (3.221) and (3.222) give that

Tr
�
@˛u

� D 0; 8˛ 2 N
n
0 such that j˛j � mC k � 1; (3.223)

which, in the light of (3.212), proves that (3.219) holds, as desired. This shows that

if u is as in (3.218) then u 2 ı
W

kCm;p
a .˝/. Thus, the right-to-left inclusion in (3.214)

holds, and this finishes the proof of the theorem. ut
Moving on, we shall now state and prove a lifting result which is going to be of

importance later on.

Proposition 3.23. Let ˝ be a bounded Lipschitz domain in R
n. If m 2 N, 0 <

p; q < 1 and max
�
1=p � 1; n.1=p � 1/

�
< s < 1=p, then

@˛u 2 Bp;q
s .˝/ whenever j˛j � m H) u 2 Bp;q

sCm.˝/

and kukBp;q
sCm

.˝/ � C.˝; p; q; s;m/
X

j˛j�m
k@˛ukBp;qs .˝/:

(3.224)
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Furthermore, a similar result holds for the scale of Triebel–Lizorkin spaces in ˝ if,
in addition, min fp; 1g � q.

Proof. To prove (3.224), assume that u 2 Bp;q
s .˝/ has a suitably small support and

satisfies @˛u 2 B
p;q
s .˝/ for each multi-index ˛ of length � m. Via a localization,

(outward) translation and mollification, one can construct a sequence of functions
uj 2 C1.˝/, j 2 N, such that

@˛uj �! @˛u in Bp;q
s .˝/ as j ! 1; (3.225)

for all ˛ 2 N
n
0 with j˛j � m. Upon recalling Calderón’s extension operator Em

from (3.135), we may then estimate

kuj � ukkBp;q
mCs

.˝/ � kEm.uj � uk/kBp;q
mCs

.Rn/

� C
X

j˛jDm
k@˛uj � @˛ukkBp;qs .˝/: (3.226)

Above, the first inequality follows from (3.140) and (2.213), whereas the second is
derived much as in (3.143). It is here that the smallness assumption on smoothness
index s is used (cf. Proposition 2.31). Since, from (3.225), f@˛uj gj is a Cauchy
sequence in Bp;q

s .˝/ for every ˛ with j˛j � m, we see from (3.226) that fuj gj is
also a Cauchy sequence in Bp;q

mCs.˝/. This forces u 2 B
p;q
mCs.˝/, as desired. The

estimate in (3.224) is also implicit in what we have proved. ut
Moving on, we record a useful result, modeling in abstract the effect of

constraints on the real and complex interpolation methods at the level of quasi-
Banach spaces. The reader is referred to [85] for a proof. Similar results for the
complex method on Banach spaces may me found in [72, Theorem 14.3 on p. 97]
(cf. also [58]).

Proposition 3.24. Let Xi , Yi , Zi , i D 1; 2, be quasi-Banach spaces such that
X1 \X2 is dense in both X1 and X2, and that Z1 \ Z2 is dense in both Z1
and Z2. In addition, suppose that

Yi ,! Zi continuously, for i D 1; 2; (3.227)

and that there exists a linear operatorD such that

D W Xi �! Zi boundedly, for i D 1; 2: (3.228)

Define the spaces

Xi.D/ WD ˚
u 2 Xi W Du 2 Yi

�
; i D 1; 2; (3.229)

and equip them with the natural graph quasi-norm, i.e.,

kukXi .D/ WD kukXi C kDukYi ; i D 1; 2: (3.230)
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Finally, suppose that there exist continuous linear mappings

G W Zi �! Xi and K W Zi �! Yi ; i D 1; 2; (3.231)

with the property that (with I denoting the identity)

D ıG D I CK on Zi ; for i D 1; 2: (3.232)

Then, for each 0 < 	 < 1 and 0 < q � 1, there holds

�
X1.D/;X2.D/

�
	;q

D ˚
u 2 .X1;X2/	;q W Du 2 .Y1; Y2/	;q

�
: (3.233)

Furthermore, if the spaces X1 CX2 and Y1 C Y2 are analytically convex, then also

�
X1.D/;X2.D/

�
	

D ˚
u 2 ŒX1;X2�	 W Du 2 ŒY1; Y2�	

�
; 	 2 .0; 1/: (3.234)

The above proposition is useful in establishing the interpolation result described
in our next theorem.

Theorem 3.25. Let ˝ be a bounded Lipschitz domain in R
n and pick m 2 N. If

n�1
n
< p < 1; .n � 1/� 1

p
� 1

�
C < s1; s2 < 1; s1 6D s2;

min f1; pg � q; q1; q2 < 1; 	 2 .0; 1/; s D .1 � 	/s1 C 	s2;

(3.235)

then

� ı
F
p;q1
m�1Cs1C1=p.˝/ ;

ı
F
p;q2
m�1Cs2C1=p.˝/

�

	;q
D ı
B
p;q

m�1CsC1=p.˝/: (3.236)

Also,

� ı
B
p;q1
m�1Cs1C1=p.˝/ ;

ı
B
p;q2
m�1Cs2C1=p.˝/

�

	;q
D ı
B
p;q

m�1CsC1=p.˝/; (3.237)

provided

n�1
n
< p < 1; .n � 1/� 1

p
� 1

�
C < s1; s2 < 1; s1 6D s2;

0 < q; q1; q2 < 1; 	 2 .0; 1/; s D .1 � 	/s1 C 	s2:

(3.238)

Furthermore,

h ı
F
p1;q1
m�1Cs1C1=p1.˝/ ;

ı
F
p2;q2
m�1Cs2C1=p2 .˝/

i

	
D ı
F
p;q

m�1CsC1=p.˝/; (3.239)
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granted that

n�1
n
< p1; p2 < 1; .n � 1/� 1

pi
� 1�C < si < 1 for i D 1; 2;

min f1; pig � qi < 1 for i D 1; 2; 	 2 .0; 1/; s D .1 � 	/s1 C 	s2;

and 1
p

D 1�	
p1

C 	
p2
; 1

q
D 1�	

q1
C 	

q2
:

(3.240)
Finally,

h ı
B
p1;q1
m�1Cs1C1=p1.˝/ ;

ı
B
p2;q2
m�1Cs2C1=p2 .˝/

i

	
D ı
B
p;q

m�1CsC1=p.˝/; (3.241)

in the case when

n�1
n
< p1; p2 < 1; .n � 1/� 1

pi
� 1�C < si < 1 for i D 1; 2;

0 < q1; q2 < 1; 	 2 .0; 1/; s D .1 � 	/s1 C 	s2;

and 1
p

D 1�	
p1

C 	
p2
; 1

q
D 1�	

q1
C 	

q2
:

(3.242)

Proof. Consider (3.236). The idea is to implement the abstract interpolation result
from Proposition 3.24 in a suitable setting. Concretely, for i D 1; 2, define

Xi WD F
p;qi
m�1CsiC1=p.˝/; Yi WD f0g; Zi WD PBp;p

m�1;si .@˝/; (3.243)

set K WD 0 and, in the notation employed in Theorem 3.9, take

D WD trm�1 and G WD E : (3.244)

Theorem 3.9 guarantees that conditions (3.231)–(3.232) hold for these choices.
Furthermore, the spaces defined abstractly in (3.229) now become

Xi.D/ D
n
u 2 F p;qi

m�1CsiC1=p.˝/ W trm�1 u D 0
o

D ı
F
p;qi
m�1CsiC1=p.˝/; i D 1; 2; (3.245)

by Corollary 3.16, whereas
˚
u 2 .X1;X2/	;q W Du 2 .Y1; Y2/	;q

�

D
n
u 2 �F p;q1

m�1Cs1C1=p.˝/ ; F
p;q2
m�1Cs2C1=p.˝/

�
	;q

W trm�1 u D 0
o
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D
n
u 2 Bp;q

m�1CsC1=p.˝/ W trm�1 u D 0
o

D ı
B
p;q

m�1CsC1=p.˝/; (3.246)

by (2.221) and (3.171). Having established these, (3.236) now becomes a conse-
quence of (3.233), (3.245), and (3.246).

Finally, all other interpolation formulas in the statement of the theorem are
established analogously. ut

In the last part of this section we include a result to the effect that gluing equally
smooth functions defined on both sides of a Lipschitz interface and which have
matching traces on this surface produces a globally smooth function in R

n.

Proposition 3.26. Given a bounded Lipschitz domain ˝ � R
n, consider the sets

˝C WD ˝ and ˝� WD R
n n ˝ . Fix m 2 N and assume that the numbers p; q; s

satisfy n�1
n
< p < 1, .n � 1/.1=p � 1/C < s < 1 and min f1; pg � q < 1. Also,

let the functions u˙ 2 F p;q

m�1CsC1=p.˝˙/ be such that

trm�1.uC/ D trm�1.u�/ in PBp;p
m�1Cs.@˝/: (3.247)

Then, if

u.x/ WD
(

uC.x/ for x 2 ˝C;

u�.x/ for x 2 ˝�;
(3.248)

it follows that u 2 F p;q

m�1CsC1=p.Rn/ and

kukF p;qm�1CsC1=p.R
n/ � kuCkF p;qm�1CsC1=p.˝C

/ C ku�kF p;qm�1CsC1=p.˝�

/: (3.249)

Furthermore, a similar result is valid for the scale of Besov spaces in ˝˙,
granted that the indices p; q; s satisfy n�1

n
< p < 1, .n � 1/.1=p � 1/C < s < 1

and 0 < q < 1.

Proof. Since by hypothesis uC 2 F
p;q

m�1CsC1=p.˝C/, Theorem 2.29 ensures that

there exists a function UC 2 F
p;q

m�1CsC1=p.Rn/ such that UCj˝
C

D uC and the

inequality kUCkF p;qm�1CsC1=p.R
n/ � 2 kuCkF p;qm�1CsC1=p.˝/

holds. If we now define

v WD UCj˝
�

� u� in ˝�; (3.250)

then

v 2 F p;q

m�1CsC1=p.˝�/; (3.251)

kvkF p;qm�1CsC1=p.˝�

/ � C
�
kuCkF p;qm�1CsC1=p.˝C

/ C ku�kF p;qm�1CsC1=p.˝�

/

�
;

(3.252)
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and

trm�1 v D trm�1.UCj˝
C

/ � trm�1.u�/ D trm�1.uC/� trm�1.u�/ D 0: (3.253)

According to Theorem 3.12, if

Qv.x/ WD
(

v.x/; if x 2 ˝�;

0; if x 2 R
n n˝�;

(3.254)

then Qv 2 F p;q

m�1CsC1=p.Rn/ and kQvkF p;qm�1CsC1=p.R
n/ � CkvkF p;qm�1CsC1=p.˝�

/. Note that

UC.x/ � Qv.x/ D
(

uC.x/ for x 2 ˝C;

UCj˝
�

.x/ � v.x/ for x 2 ˝�;
(3.255)

or, equivalently,UC � Qv D u. Since both UC and Qv belong to F p;q

m�1CsC1=p.Rn/, we

also have that u 2 F p;q

m�1CsC1=p.Rn/. Moreover,

kukF p;qm�1CsC1=p.R
n/ D kUC � QvkF p;qm�1CsC1=p.R

n/ (3.256)

� kUCkF p;qm�1CsC1=p.R
n/ C kQvkF p;qm�1CsC1=p.R

n/

� 2kuCkF p;q
m�1CsC1=p

.˝
C

/ C kvkF p;q
m�1CsC1=p

.˝
C

/

� CkuCkF p;qm�1CsC1=p.˝C

/ C Cku�kF p;qm�1CsC1=p.˝�

/:

This establishes one direction in the equivalence (3.249). Conversely, by the
continuity of the restriction operator �j˝

˙

, we have that

kuCkF p;qm�1CsC1=p.˝C

/ C ku�kF p;qm�1CsC1=p.˝�

/ � CkukF p;qm�1CsC1=p.R
n/: (3.257)

In concert with (3.256), this ultimately yields (3.249). The proof for the scale
of Besov spaces is carried out analogously, and this completes the proof of the
proposition. ut

We conclude by recording the following consequence of Proposition 3.26.

Corollary 3.27. Assume that ˝ � R
n is a bounded Lipschitz domain. Fix a

bounded neighborhood O of ˝ and assume that m 2 N, and that the numbers
p; q; s satisfy n�1

n
< p < 1, .n�1/.1=p�1/C < s < 1 and min f1; pg � q < 1.

Then there exists a linear, continuous operator

E W PBp;p
m�1Cs.@˝/ �! F

p;q

m�1CsC1=p.R
n/ (3.258)



3.4 Whitney–Hardy and Whitney–Triebel–Lizorkin Spaces 169

such that, if˝C WD ˝ and˝� WD R
nn˝ , then for every Pf 2 PBp;p

m�1Cs.@˝/ one has

supp .E Pf / � O and trm�1
�
E Pf j˝

C

/ D Pf D trm�1
�
E Pf j˝

�

/: (3.259)

Moreover, a similar result is valid for the scale of Besov spaces in R
n, granted

that the indices p; q; s satisfy n�1
n
< p < 1, .n � 1/.1=p � 1/C < s < 1 and

0 < q < 1.

Proof. This is proved by gluing together, with the help of Proposition 3.26, the two
extension operators from Theorem 3.9 corresponding to˝C and˝� (with the latter
further truncated by some  2 C1

c .O/ with  � 1 near ˝). ut

3.4 Whitney–Hardy and Whitney–Triebel–Lizorkin Spaces

The goal of this section is to systematically develop a function theory for Whitney–
Hardy and Whitney–Triebel–Lizorkin spaces on Lipschitz surfaces. To set the stage,
consider a bounded Lipschitz domain ˝ in R

n and, for 1 < p < 1 and 0 � s � 1,
abbreviate

Lps .@˝/ WD F p;2
s .@˝/; (3.260)

which, by (2.421), is in agreement with the notation already employed for s 2 f0; 1g.
Going further, we also define

PLpm�1;s.@˝/ WD
n Pf D ff˛gj˛j�m�1 2 CC W (3.261)

f˛ 2 Lps .@˝/ for all j˛j � m � 1
o
;

and equip this space with the norm

k Pf k PLpm�1;s .@˝/
WD

X

j˛j�m�1
kf˛kLps .@˝/: (3.262)

Once again, the notation for PLpm�1;s.@˝/ is consistent with that used for the
spaces (3.3) and (3.7), which occur for s D 0 and s D 1, respectively.

A natural continuation of the Whitney-Sobolev scale PLpm�1;1.@˝/, originally
defined for 1 < p < 1, to the range p 2 . n�1

n
; 1� can be constructed using Hardy–

Sobolev spaces. More specifically, if n�1
n
< p < 1, set

Phpm�1;1.@˝/ WD
n Pf D ff˛gj˛j�m�1 2 CC W (3.263)

f˛ 2 hp1 .@˝/ for all j˛j � m � 1
o
;
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endowed with the quasi-norm

k Pf k Phpm�1;1.@˝/
WD

X

j˛j�m�1
kf˛khp1 .@˝/; (3.264)

where hp1 .@˝/ is as in (2.423). Clearly,

Phpm�1;1.@˝/ D PLpm�1;1.@˝/ if 1 < p < 1: (3.265)

Finally, it is convenient to introduce an even larger scale of Whitney arrays, based
on Triebel–Lizorkin spaces. Concretely, for p; q; s as in (2.415)–(2.416), we define
the space

PF p;q
m�1;s.@˝/ WD

n Pf D ff˛gj˛j�m�1 2 CC W
f˛ 2 F p;q

s .@˝/ for all j˛j � m � 1
o
;

equipped with the quasi-norm k Pf k PF p;qm�1;s .@˝/
WD P

j˛j�m�1 kf˛kF p;qs .@˝/:

(3.266)

Various useful characteristics of the ordinary (scalar) Triebel–Lizorkin spaces are
inherited by their Whitney array versions, and several properties of this nature are
collected in the proposition below.

Proposition 3.28. Let˝ be a bounded Lipschitz domain in R
n and fixm 2 N. Also,

recall the set O introduced in (2.489). Then the following claims are true.

(i) One has

PF p;2
m�1;s.@˝/ D PLp;2m�1;s.@˝/ whenever 1 < p < 1 and s 2 f0; 1g:

(3.267)
(ii) For every p; q; s as in (2.415)–(2.416) one has

PBp;minfp;qg
m�1;s .@˝/ ,! PF p;q

m�1;s.@˝/ ,! PBp;maxfp;qg
m�1;s .@˝/: (3.268)

(iii) For any two triplets .p0; q0; s0/, .p1; q1; s1/ belonging to the set O one has

PF p0;q0
m�1;s0 .@˝/ ,! PF p1;q1

m�1;s1 .@˝/ continuously, with dense range; (3.269)

whenever
either p0 < p1 and 1

p0
� s0

n�1 D 1
p1

� s1
n�1 ;

or p0 D p1; q0 � q1 and s0 D s1:
(3.270)

(iv) For any two triplets, .p; q0; s0/ and .p; q1; s1/, belonging to the set O one has

PF p;q0
m�1;s0 .@˝/ ,! PF p;q1

m�1;s1 .@˝/ whenever s0 > s1: (3.271)



3.4 Whitney–Hardy and Whitney–Triebel–Lizorkin Spaces 171

Proof. The identification in (3.267) is a consequence of (2.421), (3.266), (3.3),
and (3.7). Also, (2.154) readily translates into (3.268), while the claims made in
parts .i i i/–.iv/ are immediate consequences of Theorem 2.17 and (2.153). ut

In the next segment we shall discuss certain trace results involving some of the
spaces just introduced. To set the stage, for a sufficiently nice function u defined in
˝ set

u
ˇ
ˇ
ˇ
m�1
@˝

.X/ WD
n
.@˛u/

j

@˝
W ˛ 2 N

n
0 with j˛j � m � 1

o
; (3.272)

where the boundary traces in the right-hand side are taken in the sense of (2.59).

Proposition 3.29. Let ˝ be a bounded Lipschitz domain in R
n and m 2 N. Then

whenever a function u 2 C1.˝/ is such that N .rm�1u/ 2 Lp.@˝/ for some
p 2 .0;1/, and

u
ˇ
ˇ
ˇ
m�1
@˝

exists; (3.273)

it follows that
	
	
	u
ˇ
ˇ
ˇ
m�1
@˝

	
	
	
Lp.@˝/

� C

m�1X

jD0
kN .rju/kLp.@˝/: (3.274)

In addition,

u
ˇ
ˇ
ˇ
m�1
@˝

2 PLpm�1;0.@˝/ whenever 1 < p < 1: (3.275)

A sufficient condition that guarantees (3.273) is that the function u 2 C1.˝/ is
such thatLu D 0 in˝ and N .rm�1u/ 2 Lp.@˝/ for some p 2 .0;1/, whereL is
a homogeneous, constant (real) coefficient, symmetric, strongly elliptic differential
operator of order 2m.

Proof. First, (3.274) is a simple consequence of (3.273) and definitions. Next,
assume that 1 < p < 1. In order to prove (3.275) it suffices to show that, for
each u 2 C1.˝/ such that N .rm�1u/ 2 Lp.@˝/ and (3.273) holds, we have

Pf WD u
ˇ
ˇ
ˇ
m�1
@˝

2 CC; (3.276)

i.e., that the components of u
ˇ
ˇ
ˇ
m�1
@˝

satisfy the compatibility conditions (3.2).

From (3.274) we know that

f˛ WD .@˛u/
j

@˝
2 Lp.@˝/; for any ˛ 2 N

n
0 with j˛j � m � 1; (3.277)
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and, for each 1 � j; k � n and � 2 N
n
0 , j� j � m � 2, we may write

@�jkf� D @�jk

h
.@�u/

j

@˝

i
D �j .@

�Ceku/
j

@˝
��k.@�Cej u/

j

@˝

D �j f�Cek � �kf�Cej : (3.278)

Above, for the first and third equality we used (3.277) while the second one follows
from (2.109). Thus, (3.276) holds.

Finally, assume that L is a differential operator as in the statement of the
proposition, and that u 2 C1.˝/ has N .rm�1u/ 2 Lp.@˝/ for some p 2 .0;1/.

Then the almost everywhere existence of u
ˇ
ˇ̌m�1
@˝

is a consequence of the unique

solvability of theL2-Dirichlet problem forL in˝ , and a well-known approximation
scheme. The aforementioned well-posedness result can be found in [128] which, in
turn, further builds on the work in [104]. ut
Proposition 3.30. Let ˝ be a bounded Lipschitz domain in R

n. If u 2 C1.˝/ is
such that N .rmu/ 2 Lp.@˝/ for some p 2 . n�1

n
;1/ andm 2 N, then

u
ˇ
ˇ
ˇ
m�1
@˝

2 Phpm�1;1.@˝/ and
	
	
	u
ˇ
ˇ
ˇ
m�1
@˝

	
	
	 Phpm�1;1.@˝/

� C

mX

jD0
kN .rju/kLp.@˝/:

(3.279)

Proof. We start by fixing p 2 . n�1
n
;1/, m 2 N and a function u 2 C1.˝/ such

that N .rmu/ 2 Lp.@˝/. Set Pf WD u
ˇ
ˇ
ˇ
m�1
@˝

, i.e., f˛ WD .@˛u/
j

@˝
for each multi-

index ˛ 2 N
n
0 with j˛j � m � 1. If 1 < p < 1, Proposition 2.15 applies and gives

that f˛ 2 L
p
1 .@˝/ for each multi-index ˛ 2 N

n
0 of length � m � 1. Much as in

the proof of Proposition 3.29, Pf 2 CC and, consequently, (3.279) holds whenever
1 < p < 1.

In the case in which p 2 . n�1
n
; 1�, Proposition 2.60 yields

f˛ 2 h1;pat .@˝/; 8˛ 2 N
n
0; j˛j � m � 1: (3.280)

Therefore, in order to conclude that (3.279) holds in the current case, we are left with
establishing that Pf 2 CC . Since (2.109) requires p > 1, we can no longer argue as
in (3.278). However, in this case, applying Proposition 2.3 we may conclude that

u 2 W m;
np
n�1 .˝/ D F

q;2

m�1CsC1=q.˝/; where q WD np

n�1 ; s WD 1 � n�1
pn
: (3.281)

Hence, using (3.105) from Theorem 3.9, we obtain that trm�1.u/ 2 PBq;q
m�1;s.@˝/. In

particular, trm�1u 2 CC . Finally, in the light of the remark following the statement

of Theorem 2.53, Pf D u
ˇ
ˇ̌m�1
@˝

D trm�1.u/ and, hence, Pf 2 CC as desired. ut
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The limiting cases s 2 f0; 1g in Theorem 3.9 fail in the general setting of
all bounded Lipschitz domains. Nonetheless, if suitable addition information is
available, then certain versions of (3.105) do hold, and we next wish to elaborate
on this issue. As a preamble, we shall prove a result relating the membership of
a function to the Triebel–Lizorkin scale to the integrability properties of its non-
tangential maximal function.

Proposition 3.31. Let˝ be a bounded Lipschitz domain in R
n and assume thatL is

a homogeneous, constant (real) coefficient, symmetric, strongly elliptic differential
operator of order 2m. Also, fix k 2 N0,

n�1
n
< p � 2 and 0 < q < 1. Then there

exists C > 0 with the property that

m�1CkX

jD0
kN .rju/kLp.@˝/ � CkukF p;qm�1CkC1=p.˝/

(3.282)

for each u 2 F p;q

m�1CkC1=p.˝/\ KerL.

Proof. Using estimates similar to (2.508), it suffices to prove the following seem-
ingly weaker version of (3.282):

kN .rm�1Cku/kLp.@˝/ � CkukFp;q
m�1CkC1=p

.˝/

8 u 2 F p;q

m�1CkC1=p.˝/\ KerL:
(3.283)

With this goal in mind, recall the area function

A .u/.X/ WD
�Z

R�.X/

jru.Y /j2�.Y /2�n dY
� 1
2
; X 2 @˝; (3.284)

where � > 0 is some fixed parameter, and � is the distance to the boundary. As
proved in [31], for every 0 < p < 1 there exists a finite geometric constant C > 0

such that

kN .rm�1Cku/kLp.@˝/ � CkA .rm�1Cku/kLp.@˝/ C C

m�1X

jD0
krjCkukL1.˝/:

(3.285)
If fQj gj is a Whitney decomposition of ˝ into Euclidean cubes Qj of side-length
l.Qj /, we may then estimate
Z

@˝

�
A .rm�1Cku/.X/

�p
d�.X/ (3.286)

D
Z

@˝

�Z

˝

�.Y /2�njrmCku.Y /j2�fY2R�.X/gdY
� p
2
d�.X/

D
Z

@˝

�X

j

Z

Qj

�.Y /2�njrmCku.Y /j2�fY 2R�.X/gdY
� p
2
d�.X/ DW I:
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If the points Y 2 Qj and X 2 @˝ are such that Y 2 R�.X/, then X 2 
j , where

j is the “cone shadow” ofQj on @˝ , i.e.,
j WD fX 2 @˝ W R�.X/\Qj 6D ;g.
In particular, �.
j / � l.Qj /

n�1, uniformly in j .
Assume that 0 < p � 2. Then (with barred integrals indicating averaging) we

have

I �
Z

@˝

X

j

�Z

Qj

�.Y /2�njrmCku.Y /j2�fY2R�.X/gdY
� p
2
d�.X/

�
X

j

Z


j

"

l.Qj /
�Z

�
Qj

jrmCkuj2
� 1
2

#p
d�

� C
X

j

l.Qj /
n�1Cp

Z
�
Q�

j

jrmCkujp � C

Z

˝

h
�
1� 1

p jrmCkuj
ip

� Ckukp
H
p

m�1CkC1=p.˝IL/ � CkukFp;qm�1CkC1=p.˝/
; (3.287)

provided 1
p
> n. 1

p
� 1/ (or, equivalently, p > n�1

n
). For the second inequality

in (3.287) we have used the fact that the function rmCku 2 KerL satisfies the
reverse Hölder inequality

�Z
�
Qj

jrmCkuj2
� 1
2 � C

�Z
�
Q�

j

jrmCkujp
� 1
p
; (3.288)

where Q�
j is the concentric double of Qj . Moreover, the fourth inequality relies

on the fact that the Q�
j ’s have bounded overlap. Let us also point out that the next-

to-last estimate in (3.287) follows straight from definitions when 1 � p � 2, and
is a consequence of Lemma 2.37 when n�1

n
< p < 1. Finally, the last estimate

in (3.287) is implied by Theorem 2.41.
The above argument shows that kA .rm�1Cku/kLp.@˝/ � CkukFp;qm�1CkC1=p.˝/

,

for some finite constant C independent of u. Since we also have the embedding
F
p;q

1=p .˝/ ,! Lnp=.n�1/.˝/, the estimate (3.283) now follows from Theorem 2.41.
ut

Our next result addresses the converse direction discussed in Proposition 3.31,
i.e., passing from non-tangential maximal function estimates to membership to
Besov spaces.

Proposition 3.32. Let ˝ be a bounded Lipschitz domain in R
n and fix p 2 .1; 2�.

Also, let L be a homogeneous, constant (real) coefficient, symmetric, strongly
elliptic system of differential operators of order 2m. If k 2 N0 and the function u is
such that Lu D 0 in ˝ and N .rm�1Cku/ 2 Lp.@˝/, then u 2 B

p;2

m�1CkC1=p.˝/,
plus a natural estimate.
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Proof. Working with rku in place of u (and relying on the lifting result from
Proposition 2.24), it suffices to consider the case k D 0 only. Assuming that this
is the case, let u be as in the hypotheses of the theorem and, for an arbitrary multi-
index � with j� j D m � 1, set v WD @�u. Our aim is to show that v 2 B

p;2

1=p.˝/

since, granted this, Proposition 2.24 yields the desired conclusion. The strategy is to
combine the result established in Lemma 2.34 with the area-function estimate from
[31]. Specifically, we shall employ the result from Lemma 2.34 in the case when
q D 2 and 	 WD 1 � 1=p (where p 2 .1; 2� is given). As such, the focus becomes
estimating, in terms of the non-tangential maximal function of rm�1u, an integral
of the form

hZ

jx0j<r

�Z r

0

jrv.x0; '.x0/C s/j2s ds
�p=2

dx0
i2=p

; (3.289)

where r > 0 is a small number with the property that Br.0/ \ @˝ is part of the
graph of some Lipschitz function ' W Rn�1 ! R, assumed to satisfy '.0/ D 0. To
this end, we first claim that

Z r

0

jrv.x0; '.x0/C s/j2s ds � C

Z

R�.x0;'.x0//

jrv.Z/j2 dist .Z; @˝/2�n dZ;

(3.290)

uniformly, for .x0; '.x0// 2 Br.0/ \ @˝ . To justify the inequality (3.290), fix
.x0; '.x0// 2 Br.0/ \ @˝ and note that there exists a number � > 0 such that
B�s.x

0; '.x0/ C s/ � R�.x
0; '.x0// for all s 2 .0; r/. Using the fact that v is a

null-solution for the elliptic operator L in ˝ , interior estimates give that

jrv.x0; '.x0/C s/j2 � C

Z
�
B�s.x0;'.x0/Cs/

jrv.Z/j2 dZ; 8 s 2 .0; r/: (3.291)

Hence, by choosing � small enough (relative to the Lipschitz character of ˝), we
may write (for some 0 < c0 < c1 < 1)

Z r

0
jrv.x0; '.x0/C s/j2s ds � C

Z r

0
s1�n

Z

R�.x0;'.x0//

jrv.Z/j2�jZ�.x0 ;'.x0/Cs/j<�s dZ ds

� C

Z

R� .x0;'.x0//

jrv.Z/j2
� 1Z

0

s1�n�jZ�.x0 ;'.x0/Cs/j<�s ds
�
dZ

� C

Z

R�.x0;'.x0//

jrv.Z/j2
�Z c1 dist .Z;@˝/

c0 dist .Z;@˝/
s1�n ds

�
dZ

D C

Z

R�.x0;'.x0//

jrv.Z/j2 dist .Z; @˝/2�n dZ: (3.292)



176 3 Function Spaces of Whitney Arrays

This concludes the justification of (3.290).
Moving on, recall that, generally speaking,

.A w/.X/ WD
�Z

R�.X/

jrw.Y /j2 dist .Y; @˝/2�n dY
� 1
2
; X 2 @˝; (3.293)

is the area-function of w. Making use of (3.290) we may therefore estimate

Z

jx0j<r

�Z r

0

jrv.x0; '.x0/C s/j2s ds
�p=2

dx0

� C

Z

jx0j<r

�Z

R�.x0;'.x0//

jrv.Y /j2 dist .Y; @˝/2�n dY
�p=2

dx0

� CkA .rm�1u/kpLp.Bcr .0/\@˝/
� CkN .rm�1u/k2Lp.@˝/; (3.294)

where the last inequality in (3.294) is due to [31]. Since the last quantity in (3.294) is
finite, Lemma 2.34 applies (in the manner indicated earlier) and yields that u belongs
to the Besov space Bp;2

m�1CkC1=p in a one-sided neighborhood of @˝ . Given that u is

a null-solution of L, this suffices to ultimately conclude that u 2 B
p;2

m�1CkC1=p.˝/
(with quantitative control), as wanted. ut

The result below can be viewed as the limiting case s 2 f0; 1g of (3.105) in
Theorem 3.9.

Theorem 3.33. Let ˝ be a bounded Lipschitz domain in R
n and assume that L is

a homogeneous, constant (real) coefficient, symmetric, strongly elliptic differential
operator of order 2m, where m 2 N. Then the higher-order trace operator trm�1
introduced in (3.100) extends to a bounded mapping in each of the following cases:

trm�1 W F p;q

m�1C1=p.˝/\ KerL �! PLpm�1;0.@˝/; if 1 < p � 2; 0 < q < 1;

(3.295)
and

trm�1 W F p;q

mC1=p.˝/ \ KerL �! Phpm�1;1.@˝/; if n�1
n
< p � 2; 0 < q < 1:

(3.296)
As a consequence,

trm�1 W F p;q

mC1=p.˝/\ KerL �! PLpm�1;1.@˝/

boundedly, if 1 < p � 2; 0 < q < 1:

(3.297)
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Proof. The claim about (3.295) is a consequence of (3.282) with k D 0 and
Proposition 3.29. On the other hand, the claim about (3.296) follows from (3.282)
with k D 1 along with Proposition 3.30. Finally, (3.297) is a particular case
of (3.296). ut

A related result is discussed below.

Theorem 3.34. Let ˝ � R
n be a bounded Lipschitz domain satisfying a uniform

exterior ball condition. Then, for eachm 2 N, the higher-order trace operator

trm�1 W F p;2

mC1=p.˝/ �! PLpm�1;1.@˝/ (3.298)

is well-defined and bounded whenever 1 < p � 2.

Proof. Since F p;2

mC1=p.˝/ ,! F
p;2

m�1CsC1=p.˝/ for every s 2 .0; 1/ and p 2 .1;1/,

Theorem 3.9 implies that trm�1u exists in PBp;p
m�1;s.@˝/, 0 < s < 1, whenever the

function u 2 F
p;2

mC1=p.˝/. In particular trm�1u 2 CC for every u 2 F
p;2

mC1=p.˝/.
Assuming that the bounded Lipschitz domain ˝ satisfies a uniform exterior ball
condition and that 1 < p � 2, there remains to show that if u 2 F

p;2

mC1=p.˝/ then

Tr .@˛u/ 2 Lp1 .@˝/ for every multi-index ˛ 2 N
n
0 of length � m � 1.

Of course, as far as the latter claim is concerned, it suffices to treat the case when
m D 1, that is, show that the ordinary trace operator

Tr W F p;2

1C1=p.˝/ �! L
p
1 .@˝/ (3.299)

is well-defined and bounded in the current geometrical setting, whenever 1 < p �
2. Now, on the one hand, it has been established in Corollary 2 on p. 232 of [49]
that, if ˝ is as in the statement of the theorem and 1 < p < 1, then

Tr
h
F
p;2

1C1=p.˝/
i

D Tr
h
F
p;2

1C1=p.˝/\ Ker

i
: (3.300)

On the other hand, by specializing (3.297) further to the case when L D 
 (hence,
m D 1) we obtain

Tr
h
F
p;2

1C1=p.˝/\ Ker

i

D L
p
1 .@˝/ if 1 < p � 2: (3.301)

Altogether, (3.300)–(3.301) yield the desired conclusion about (3.299). ut
Theorem 3.34 should be compared with Proposition 3.2 on p. 176 in [58],

according to which the following is true. If 1 < p � 2 then there exists a bounded
C1 domain ˝ in the plane and u 2 F

p;2

1C1=p.˝/ such that Tr u … L
p
1 .@˝/. On the

other hand, any bounded C1;1 domain is Lipschitz and satisfies a uniform exterior
ball condition. Hence, the conclusion in Theorem 3.34 holds for such domains.

Other classes of domains for which the conclusion in Theorem 3.34 is valid is
the family of bounded, convex domains, and the family of polygons in the plane.
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The issue of characterizing the space Tr
h
F
p;2

1C1=p.˝/
i
, when 1 < p < 1 and ˝ is

an arbitrary bounded Lipschitz domain and, more generally, the trace of F p;2

mC1=p.˝/
for m 2 N, is listed as Problem 3.2.20 on p. 121 of [68]. Related results are in [62].
Here we are able to prove the following.

Proposition 3.35. Let˝ be a bounded Lipschitz domain in R
n and fixm 2 N. Then

the extension operator (from (3.113)) induces a bounded mapping

E W PLpm�1;s.@˝/ �! F
p;q

m�1CsC1=p.˝/

if 2 � p < 1; 0 < q � 1; s 2 f0; 1g:
(3.302)

As a corollary,

PLpm�1;1.@˝/ � trm�1
h
F
p;q

mC1=p.˝/
i

if 2 � p < 1 and 0 < q � 1: (3.303)

In particular,

L
p
1 .@˝/ � Tr

h
F
p;2

1C1=p.˝/
i

if 2 � p < 1: (3.304)

Proof. That (3.302) is bounded, follows from (3.113) and Theorem 4.24 (employed
both for ˝C WD ˝ and˝� WD R

n n˝). ut
The following proposition augments results established earlier, in Theorem 3.33

and Theorem 3.34.

Proposition 3.36. Let˝ � R
n be a bounded Lipschitz domain and fixm 2 N. Then

the higher-order trace operator from (3.100) induces a bounded, linear mapping

trm�1 W Bp;1

m�1CsC1=p.˝/ �! PF p;q
m�1;s.@˝/ (3.305)

whenever 1 < p < 1, 0 � s � 1 and 2 � q � 1.
In particular,

trm�1 W Bp;1

m�1C1=p.˝/ �! PLpm�1;0.@˝/; (3.306)

trm�1 W Bp;1

mC1=p.˝/ �! PLpm�1;1.@˝/; (3.307)

are well-defined, linear and bounded mappings for each p 2 .1;1/.

Proof. The claim about (3.305) is a direct consequence of (3.100), Proposition 2.61,
and (3.266). In turn, the fact that the higher-order trace operator is well-defined, lin-
ear and bounded in the context of (3.306) and (3.307) follows by specializing (3.305)
to the case when s 2 f0; 1g and q D 2 (keeping in mind (3.267)).
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For further reference, we conclude this section with a brief discussion of the
operation of multiplication between scalar functions and Whitney arrays belonging
to various smoothness spaces, in the sense of Definition 3.1. Our goal is to augment
Proposition 3.2 with the following.

Proposition 3.37. Assume that ˝ � R
n is a bounded Lipschitz domain. Then, for

eachm 2 N, the spaces

Phpm�1;1.@˝/;
n�1
n
< p < 1; (3.308)

PBp;q
m�1;s.@˝/; n�1

n
< p � 1; 0 < q � 1; .n� 1/

�
1
p

� 1�C < s < 1;

PF p;q
m�1;s.@˝/;

n�1
n
< p � 1; 0 < q � 1; .n � 1/

�
1

min fp;qg � 1�C < s < 1;

are all modules over C1
c .R

n/, in the sense described in Definition 3.1.
Furthermore, if Pf WD trm�1.u/ where u 2 A

p;q
s .˝/, with A 2 fB;F g and the

indices p; q; s as in Theorem 2.53, then

� Pf D trm�1.�u/: (3.309)

If, in addition u has the property that u
ˇ̌
ˇ
m�1
@˝

exists, then also

�
�

u
ˇ
ˇ̌m�1
@˝

�
D .�u/

ˇ
ˇ̌m�1
@˝

: (3.310)

Proof. The claim made about the spaces (3.308) is a consequence of the compati-
bility condition (3.11), definition (3.9), and the fact that the scalar spaces hp1 .@˝/
(cf. (2.423)), Bp;q

s .@˝/ and F p;q
s .@˝/ are, for the indicated ranges of indices,

modules over C1
c .R

n/j@˝ .
Next, (3.309) is going to be a consequence of the fact that multiplication of arrays

by a cutoff function (3.9) commutes with the multi-trace (3.100). More specifically,
we claim that if u 2 Ap;qs .˝/ with A 2 fB;F g and p; q; s as in Theorem 2.53, then

� trm�1.u/ D trm�1.�u/: (3.311)

Indeed, for each ˛ 2 N
n
0 with j˛j � m � 1, we have

�
trm�1.�u/

�
˛

D Tr
�
@˛.�u/

�

D
X

ˇC�D˛

˛Š

ˇŠ�Š
Tr
�
.@ˇ�/

�
Tr
�
.@�u/

�

D .� trm�1u/˛; (3.312)

as wanted. Finally, (3.310) is proved in a similar fashion. ut
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3.5 Interpolation

The first order of business is to prove a higher-order version of Proposition 2.57.
More specifically, for the Whitney–Besov scale we have the following.

Theorem 3.38. Let ˝ be a bounded Lipschitz domain in R
n and fix some m 2 N.

Also, assume that s0; s1 2 R and 0 < p � 1 satisfy

.n � 1/
�
1
p

� 1
�

C < s0 ¤ s1 < 1; (3.313)

fix 0 < 	 < 1 and set s WD .1 � 	/s0 C 	s1. Then for every q; q0; q1 2 .0;1� there
holds � PBp;q0

m�1;s0 .@˝/ ; PBp;q1
m�1;s1 .@˝/

�

	;q
D PBp;q

m�1;s.@˝/: (3.314)

Furthermore, if 0 < pi ; qi � 1 with minfq0; q1g < 1 and s0; s1 2 R satisfy

.n � 1/
�
1
pi

� 1
�

C < si < 1; i D 0; 1; (3.315)

then for each 	 2 .0; 1/ one has

h PBp0;q0
m�1;s0 .@˝/ ; PBp1;q1

m�1;s1 .@˝/
i

	
D PBp;q

m�1;s.@˝/; (3.316)

where s WD .1 � 	/s0 C 	s1, 1p WD 1�	
p0

C 	
p1

and 1
q

WD 1�	
q0

C 	
q1

.

Proof. The starting point is the observation that if 0 < p; p0; p1; q; q0; q1 � 1, and
	 2 .0; 1/, s0; s1 2 R are such that s0 ¤ s1, and we set s WD .1 � 	/s0 C 	s1, then
(cf. Theorem 2.32)

.Bp;q0
s0

.˝/; Bp;q1
s1

.˝//	;q D Bp;q
s .˝/: (3.317)

On the other hand, if s0; s1 2 R, 	 2 .0; 1/, and 0 < p0; p1; q0; q1 � 1 are such
that min fq0; q1g < 1, then

ŒBp0;q0
s0

.˝/ ; Bp1;q1
s1

.˝/�	 D Bp�;q�

s .˝/; (3.318)

where s WD .1� 	/s0 C 	s1 and indices p�; q� satisfy 1=p� D .1� 	/=p0 C 	=p1
and 1=q� D .1 � 	/=q0 C 	=q1. Again, see Theorem 2.32.

Then the identities (3.314)–(3.316) are direct consequences of (3.317), Theo-
rem 3.9 and general properties of retracts. See [64] for a related discussion which,
in particular, implies that Bp;q

˛ .˝/ for 0 < p; q � 1 and ˛ 2 R, as well as
PBp;q
m�1;s.@˝/ for 0 < p; q � 1 and .n � 1/

�
1
p

� 1
�

C < s < 1, are analytically

convex. In particular, the complex method discussed in [64] applies. ut
The companion result formulated for Whitney arrays associated with boundary

Triebel–Lizorkin spaces is formulated next.
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Theorem 3.39. Let ˝ be a bounded Lipschitz domain in R
n and fix some number

m 2 N. Assume that 1 < p < 1, 0 < q � 1, 	 2 .0; 1/, s0; s1 2 R, s0 ¤ s1 and
set s WD .1 � 	/s0 C 	s1. Then

� PF p;q0
m�1;s0 .@˝/ ; PF p;q1

m�1;s1 .@˝/
�

	;q
D PBp;q

m�1;s.@˝/ (3.319)

if q0; q1; s0; s1 satisfy 2 � q0; q1 � 1 and 0 � s0; s1 � 1, or if they verify the
inequalities min fp; 2g � q0; q1 � 1 and 0 < s0; s1 < 1.

Proof. Let us first verify (3.319), by working under the assumption that q0; q1
satisfy 2 � q0; q1 � 1 and 0 � s0; s1 � 1. Thanks to (3.314) and the reiteration
theorem for the real method of interpolation (cf., e.g., the discussion in [7]), it
suffices to prove (3.319) in the case when 1 < p D q < 1, i.e.,
� PF p;q0

m�1;s0 .@˝/ ; PF p;q1
m�1;s1 .@˝/

�

	;p
D PBp;p

m�1;s.@˝/; s WD .1�	/s0C	s1: (3.320)

Fix m 2 N, 1 < p < 1, 0 � s0 < s1 � 1, 	 2 .0; 1/, and set s WD .1 � 	/s0 C
	s1. Our first goal is to prove the estimate

k Pf k� PF p;q0m�1;s0
.@˝/ ; PF p;q1m�1;s1

.@˝/

�

	;p

� Ck Pf k PBp;pm�1;s.@˝/
; (3.321)

for some finite constant C D C.˝; n; p; q0; q1; s0; s1; 	/ > 0. To set the stage,
using the properties of the J -functional we may write

k Pf k� PF p;q0m�1;s0
.@˝/ ; PF p;q1m�1;s1

.@˝/

�

	;p

(3.322)

D inf

��Z 1

0

Œt�	J.t; Pu.t//�p dt
t

�1=p W Pu.t/ 2 CC and Pf D
Z 1

0

Pu.t/ dt
t



;

where

J.t; Pu.t// WD max
n
kPu.t/k PF p;q0m�1;s0

.@˝/ ; t kPu.t/k PF p;q1m�1;s1
.@˝/

o
: (3.323)

Thus, given a fixed, arbitrary Pf D ff˛gj˛j�m�1 2 PBp;p
m�1;s.@˝/, it suffices to

construct a family of functions Pu.t IX/ D fu˛.t IX/gj˛j�m�1, for t > 0 and
X 2 @˝ , with the following properties (with �1; : : : ; �n denoting the components
of the outward unit normal to @˝):

.@�jku˛/.t IX/ D �j .X/u˛Cek .t IX/ � �k.X/u˛Cej .t IX/ (3.324)

whenever 1 � j; k � n; j˛j � m � 2; and X 2 @˝; t > 0;

f˛.X/ D
Z 1

0

u˛.t IX/ dtt ; X 2 @˝; j˛j � m � 1; (3.325)
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�Z 1

0

t�p	
X

j˛j�m�1
ku˛.t I �/kp

F
p;q0
s0 .@˝/

dt
t

�1=p � Ck Pf k PBp;pm�1;s .@˝/
; (3.326)

�Z 1

0

tp.1�	/
X

j˛j�m�1
ku˛.t I �/kp

F
p;q1
s1 .@˝/

dt
t

�1=p � Ck Pf k PBp;pm�1;s .@˝/
: (3.327)

To this end, recall the extension operators E , E˝ from (2.197) and (3.103) and
define the function F WD E˝.E Pf / (note that matters can be arranged so that F is
compactly supported). It follows that

F 2 Bp;p

m�1CsC1=p.Rn/; kF kBp;p
m�1CsC1=p

.Rn/ � k Pf k PBp;pm�1;s .@˝/

and Tr Œ@˛F � D f˛ whenever ˛ 2 N
n
0 has j˛j � m � 1:

(3.328)

Let now ' be a Schwartz function in R
n such that

supp' D f� 2 R
n W 2�1 � j�j � 2g; '.�/ > 0 if 2�1 < j�j < 2;

and
P1

kD�1 '.2�k�/ D 1 for each � 2 R
n n f0g:

(3.329)

The existence of such a function is well-known. See, e.g., Lemma 6.1.7 on p. 135 in
[8]. Also, consider the Schwartz functions  and 'k, k 2 N, such that

b'k.�/ D '.2�k�/ for k 2 N and b .�/ D 1�
1X

kD1
b'k.�/; (3.330)

with the “hat” denoting here the Fourier transform in R
n. Thus, since for each k 2 N

there holds supp'k D f� 2 R
n W 2k�1 � j�j � 2kC1g, it follows that b'k b'j D 0 if

j; k 2 N, jj � kj 
 2 and, ultimately,

'j 	 'k D 0 in R
n if j; k 2 N; jj � kj 
 2: (3.331)

Also, from definitions,

 C
1X

kD1
'k D ı; Dirac’s distribution in R

n; (3.332)

and from Lemma 6.2.1 (and its proof) on p. 140 of [8], for every 1 < p < 1, r 2 R,
k 2 N,

k'j 	 'k 	 F kLpr .Rn/ � C2krk'k 	 F kLp.Rn/ if jj � kj � 2; (3.333)

where the constant C is independent of k and p.
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For the uniformity of notation, set '0 WD  . It follows that

F D
1X

kD0
'k 	 F in R

n; and (3.334)

kF kBp;pm�1CsC1=p .R
n/ �

 1X

kD0

h
2.m�1CsC1=p/kk'k 	 F kLp.Rn/

ip
!1=p

: (3.335)

Let us also note here that, as a consequence of (3.334), we also have

f˛ D
1X

kD0
Tr Œ'k 	 .@˛F /�; whenever ˛ 2 N

n
0 has j˛j � m � 1: (3.336)

After this preamble, for each ˛ 2 N
n
0 of length � m � 1 we now define

u˛.t/ WD
8
<

:

0 if t > 1;

1
.s1�s0/ln 2 Tr Œ'k 	 .@˛F /� if 2�.kC1/.s1�s0/ < t < 2�k.s1�s0/; k 2 N0:

(3.337)

Since the conditions (3.324)–(3.325) are readily verified from (3.337), there remains
to prove that the estimates (3.326)–(3.327) hold as well. To check the validity
of (3.326), for each multi-index ˛ 2 N

n
0 with j˛j � m� 1 we write

Z 1

0

t�p	ku˛.t I �/kp
F
p;q0
s0 .@˝/

dt
t

� C

1X

kD0

Z 2�k.s0�s1/

2�.kC1/.s1�s0/

t�p	�1k'k 	 .@˛F /kp
B
p;1

s0C1=p.R
n/
dt

� C

1X

kD0
2kp	.s1�s0/

� 1X

jD0
2j.s0C1=p/k'j 	 'k 	 .@˛F /kLp.Rn/

�p

� C

1X

kD0
2k.ps0C1Cp	.s1�s0//k'k 	 .@˛F /kpLp.Rn/ (3.338)

� C

1X

kD0
2k.psC1/k'k 	 F kp

L
p
m�1.R

n/
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� C

1X

kD0
2kp.sC1=pCm�1/k'k 	 F kpLp.Rn/

� CkF kp
B
p;p

m�1CsC1=p .R
n/

� Ck Pf kpPBp;pm�1;s .@˝/
:

Above, the first estimate follows from the boundedness of (2.512), the second one
uses the definition of the norm in the Besov space Bp;1

s0C1=p.R
n/ in R

n, the third one
is based on (3.331) and (3.333) with r D 0, the fourth one is a consequence of the
fact that the operator @˛ W Lpm�1.Rn/ ! Lp.Rn/ is bounded if j˛j � m � 1, the
fifth inequality is implied by (3.333) with r D m� 1, the next-to-the-last one is just
the definition of the norm in the Besov space Bp;p

m�1CsC1=p.Rn/ and, finally, the last
inequality is justified by the equivalence in (3.328).

Similarly,
Z 1

0

tp�p	ku˛.t I �/kp
F
p;q1
s1 .@˝/

dt
t

� C

1X

kD0

Z 2�k.s1�s0/

2�.kC1/.s1�s0/

tp�p	�1k'k 	 .@˛F /kp
B
p;1

s1C1=p.R
n/
dt

� C

1X

kD0
2kp.	�1/.s1�s0/

� 1X

jD0
2j.s1C1=p/k'j 	 'k 	 .@˛F /kLp.Rn/

�p

� C

1X

kD0
2kp.s1C1=pC.	�1/.s1�s0//k'k 	 .@˛F /kpLp.Rn/ (3.339)

� C

1X

kD0
2kp.sC1=p/k'k 	 F kp

L
p
m�1.R

n/

� C

1X

kD0
2kp.sC1=pCm�1/k'k 	 F kpLp.Rn/

� CkF kp
B
p;p

m�1CsC1=p
.Rn/

� Ck Pf kpPBp;pm�1;s .@˝/
:

Thus (3.321) holds, which proves that

PBp;p
m�1;s.@˝/ ,!

� PF p;q0
m�1;s0 .@˝/ ; PF p;q1

m�1;s1 .@˝/
�

	;p
: (3.340)
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To prove the opposite inclusion, we start with the observation that, thanks
to (2.490),

� PF p;q0
m�1;s0 .@˝/ ; PF p;q1

m�1;s1 .@˝/
�

	;p
,!

�
˚Nn;m
iD1 F

p;q0
s0

.@˝/ ; ˚Nn;m
iD1 F

p;q1
s1

.@˝/
�

	;p

,! ˚Nn;m
iD1 B

p;p
s .@˝/; (3.341)

where Nn;m has been defined in (3.181). Furthermore, if for each � 2 N
n
0 , j� j �

m � 2, and 1 � j; k � n we define the operator

T
�

j;k

�
ff˛gj˛j�m�1

�
WD @�jkf� � �j f�Cek C �kf�Cej ; (3.342)

where ff˛gj˛j�m�1 is an arbitrary family in ˚Nn;m
iD1 B

p;p
s .@˝/, then

T
�

j;k W PF p;q0
m�1;s0 .@˝/ �! 0; T

�

j;k W PF p;q1
m�1;s1 .@˝/ �! 0; (3.343)

so that, by interpolation,

T
�

j;k W
� PF p;q0

m�1;s0 .@˝/ ; PF p;q1
m�1;s1 .@˝/

�

	;p
�! 0: (3.344)

We may then conclude from this, (3.341) and (3.70), that

� PF p;q0
m�1;s0 .@˝/ ; PF p;q1

m�1;s1 .@˝/
�

	;p

,!
n
ff˛gj˛j�m�1 2 ˚Nn;m

iD1 B
p;p
s .@˝/ W @�jkf˛ � �j f˛Cek C �kf˛Cej D 0

8˛ 2 N
n
0 with j˛j � m � 2 and 8 j; k 2 f1; : : : ; ng

o

D PBp;p
m�1;s.@˝/: (3.345)

This finishes the proof of the theorem in the case when the indices q0; q;s0; s1 satisfy
2 � q0; q1 � 1 and 0 � s0; s1 � 1.

The argument when min fp; 2g � q0; q1 � 1 and 0 < s0; s1 < 1 is very similar
except that, this time, we use the fact that the operator (2.512) is also bounded when
1 < p < 1, 0 < s < 1 and min fp; 2g � q � 1 (as one can readily see from
Theorem 2.53). ut

We continue by recording a couple of useful consequences of Theorem 3.39 and
its proof.

Corollary 3.40. Let ˝ be a bounded Lipschitz domain in R
n and fix some m 2 N.

Also, assume that 1 < p < 1 and 0 < q � 1. Then
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� PLpm�1;0.@˝/ ; PLpm�1;1.@˝/
�

	;q
D PBp;q

m�1;	 .@˝/; 8 	 2 .0; 1/: (3.346)

Proof. This follows directly from (3.267) and Theorem 3.39. ut
Corollary 3.41. Let ˝ be a bounded Lipschitz domain in R

n and fix some m 2 N.
Also, recall the set O from (2.489). Then

h PF p0;q0
m�1;s0 .@˝/ ; PF p1;q1

m�1;s1 .@˝/
i

	
,! PF p;q

m�1;s.@˝/ (3.347)

provided

.p0; q0; s0/; .p1; q1; s1/ 2 O; 	 2 .0; 1/; s WD .1� 	/s0 C 	s1;

min fq0; q1g < 1; 1
p

WD 1�	
p0

C 	
p1

and 1
q

WD 1�	
q0

C 	
q1
:

(3.348)

Furthermore, for any two triplets .p0; q0; s0/, .p1; q1; s1/, belonging to the set O
and any 	 2 .0; 1/, one has

h PF p0;q0
m�1;s0 .@˝/ ; PF p1;q1

m�1;s1 .@˝/
i

	
,! PBp;maxfp;qg

m�1;s .@˝/ (3.349)

whenever
min fq0; q1g < 1; s D .1 � 	/s0 C 	s1;

1
p

D 1�	
p0

C 	
p1

and 1
q

D 1�	
q0

C 	
q1
:

(3.350)

Proof. The embedding in (3.347) is established with the help of (2.491) by
reasoning in a similar manner to (3.341)–(3.345). Finally, the embedding in (3.349)
follows from (3.347) and (3.268). ut

The remaining portion of this section is devoted to proving the boundedness
criterion formulated in Theorem 3.48 (stated a little later). This requires a number of
preparations and we begin by establishing certain embedding results involving the
intermediate spaces obtained by interpolating Whitney–Lebesgue with Whitney–
Sobolev spaces via the complex method, on the one hand, and Whitney–Besov
spaces, on the other hand.

Proposition 3.42. Suppose that ˝ is a bounded Lipschitz domain in R
n and fix

some numberm 2 N. Then

PBp;1

m�1;	 .@˝/ ,!
h PLp0m�1;0.@˝/ ; PLp1m�1;1.@˝/

i

	
,! PBp;p_2

m�1;	 .@˝/ (3.351)

continuously, whenever

	 2 .0; 1/; 1 < p0; p1 < 1; and 1
p

WD 1�	
p0

C 	
p1
: (3.352)
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Proof. Let 	; p0; p1; p be as in (3.352). Then the second inclusion in (3.351) follows
from (3.349)–(3.350), employed with q0 D q1 D 2, s0 D 0, s1 D 1, and (3.267). As
such, there remains to prove the first inclusion in (3.351). To this end, observe first
that from (2.226) and assumptions,

h
B
p0;1

m�1C 1
p0

.˝/; B
p1;1

mC 1
p1

.˝/
i

	
D B

p;1

m�1C 1�	
p0

C.1C 1
p1
/	
.˝/; (3.353)

with equivalent norms. Based on this, (3.306)–(3.307) and complex interpolation, it
follows that

trm�1 W Bp;1

m�1C 1�	
p0

C.1C 1
p1
/	
.˝/ �!

h PLp0m�1;0.@˝/ ; PLp1m�1;1.@˝/
i

	
(3.354)

linearly and boundedly. Next, pick an arbitrary Pf 2 PBp;1

m�1;	 .@˝/ and note that there
exists

u 2 Bp;1

m�1C	C 1
p

.˝/ D B
p;1

m�1C 1�	
p0

C.1C 1
p1
/	
.˝/ (3.355)

satisfying (for some finite constant C D C.˝; p0; p1;m; n; 	/ > 0, independent
of Pf )

kuk
B
p;1

m�1C 1�	
p0

C.1C 1
p1

/	
.˝/

� Ck Pf k PBp;1m�1;	 .@˝/
and trm�1u D Pf : (3.356)

Indeed, this may be seen from Theorem 3.9 taking u WD E Pf with E as in (3.103)
with q D 1 and s D 	 .

At this stage, from (3.353)–(3.356) we deduce that the Whitney array Pf satisfies
Pf 2

h PLp0m�1;0.@˝/ ; PLp1m�1;1.@˝/
i

	
and

k Pf k� PLp0m�1;0.@˝/ ;
PLp1m�1;1.@˝/

�
	

D ktrm�1uk� PLp0m�1;0.@˝/ ;
PLp1m�1;1.@˝/

�
	

� Ckuk
B
p;1

m�1C 1�	
p0

C.1C 1
p1

/	
.˝/

� Ck Pf k PBp;1m�1;	 .@˝/
: (3.357)

This proves that the first inclusion in (3.351) is well-defined, linear and bounded,
thus completing the proof of the proposition. ut

The nature of the double inclusion in (3.351) suggests making the following
definition.

Definition 3.43. Assume that˝ is a bounded Lipschitz domain in R
n and fix some

number m 2 N. In this context, we say that a Banach space X of Whitney arrays
with components from L1.@˝/ is of Besov type .p; s/, for some p 2 .1;1/

and s 2 .0; 1/ provided there exist two indices q0; q1 satisfying 0 < q0 � q1 < 1
and such that

PBp;q0
m�1;s.@˝/ ,! X ,! PBp;q1

m�1;s.@˝/ continuously: (3.358)
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We now proceed to show that the Besov type property transforms naturally under
complex interpolation.

Proposition 3.44. Assume that˝ is a bounded Lipschitz domain in R
n and fix some

number m 2 N. In this context, suppose that two Banach spaces Xj of Besov type
.pj ; sj /, for pj 2 .1;1/ and sj 2 .0; 1/, j D 0; 1, have been given. Then for each
	 2 .0; 1/ it follows that

�
X0;X1

�
	

is of Besov type .p; s/; (3.359)

where
s WD .1 � 	/s0 C 	s1 and 1

p
WD 1�	

p0
C 	

p1
: (3.360)

Proof. By definition, there exist indices 0 < qj � rj < 1, j D 0; 1, such that

PBpj ;qj
m�1;sj .@˝/ ,! Xj ,! PBpj ;rj

m�1;sj .@˝/ continuously, j D 0; 1: (3.361)

Consequently, for every 	 2 .0; 1/,
h PBp0;q0

m�1;s0 .@˝/; PBp1;q1
m�1;s1 .@˝/

i

	
(3.362)

,! �
X0;X1

�
	
,!

h PBp0;r0
m�1;s0 .@˝/; PBp1;r1

m�1;s1 .@˝/
i

	

continuously. Assume now that indices s; p are as in (3.360) and select q�; r� such
that 1

q
�

WD 1�	
q0

C 	
q1

and 1
r
�

WD 1�	
r0

C 	
r1

. Then 0 < q� � r� < 1 and
from (3.362), (3.316) it follows that

PBp;q
�

m�1;s.@˝/ ,! X ,! PBp;r�
m�1;s.@˝/ continuously: (3.363)

In light of Definition 3.43, (3.359) is now implied by (3.363). ut
Another significant property of spaces of Besov type is the fact that they inter-

polate like genuine Whitney–Besov spaces when the real method of interpolation is
employed. This is made precise in the proposition below.

Proposition 3.45. Assume that˝ is a bounded Lipschitz domain in R
n and fix two

numbers, m 2 N and p 2 .1;1/. In this context, suppose that two Banach spaces
Xj of Besov type .p; sj /, j D 0; 1, with s0; s1 2 .0; 1/ satisfying s0 6D s1, have
been given. Then for each 	 2 .0; 1/ and q 2 .0;1� it follows that

�
X0;X1

�
	;q

D PBp;q
m�1;s.@˝/ (3.364)

provided
s WD .1 � 	/s0 C 	s1: (3.365)
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Proof. By definition, there exist indices 0 < qj � rj < 1, j D 0; 1, such that

PBp;qj
m�1;sj .@˝/ ,! Xj ,! PBp;rj

m�1;sj .@˝/ continuously, j D 0; 1: (3.366)

As such, for every 	 2 .0; 1/ and q 2 .0;1� we have

� PBp;q0
m�1;s0 .@˝/; PBp;q1

m�1;s1 .@˝/
�

	;q
,! �

X0;X1

�
	;q

(3.367)

,!
� PBp;r0

m�1;s0 .@˝/; PBp;r1
m�1;s1 .@˝/

�

	;q

continuously. Hence, if s is as in (3.365), if follows from (3.367) and (3.314)
that (3.364) holds. ut

We are now ready to state the following important interpolation result, of mixed
character, pertaining to the juxtaposition of the complex and real methods for
Whitney–Lebesgue and Whitney–Sobolev spaces.

Corollary 3.46. Assume that ˝ is a bounded Lipschitz domain in R
n and fix a

numberm 2 N. Then
�� PLp0m�1;0.@˝/ ; PLp1m�1;1.@˝/

�
	
;
� PLep0m�1;0.@˝/ ; PLep1m�1;1.@˝/

�
Q	
�

�;q
D PBp;q

m�1;s.@˝/
(3.368)

whenever
	;e	 2 .0; 1/ with 	 6De	; p0; p1;ep0;ep1 2 .1;1/;

p 2 .1;1/ with 1
p

D 1�	
p0

C 	
p1

D 1�e	
ep0

C e	
ep1
;

� 2 .0; 1/; q 2 .0;1�; and s D .1� �/	 C �e	:

(3.369)

Proof. From Proposition 3.42 and Definition 3.43 it follows that

h PLp0m�1;0.@˝/ ; PLp1m�1;1.@˝/
i

	
is of Besov type .p; 	/

whenever 	 2 .0; 1/; p0; p1 2 .1;1/ and 1
p

WD 1�	
p0

C 	
p1
:

(3.370)

With this in hand, formula (3.368) follows by appealing to Proposition 3.45 (whose
applicability is ensured by the conditions in (3.369)). ut

In tandem, Propositions 3.44 and 3.45 also yield the following versatile criterion
for boundedness of linear operators on Whitney–Besov spaces.

Lemma 3.47. Assume that˝ is a bounded Lipschitz domain in R
n and fix a number

m 2 N. In this context, suppose that three Banach spaces Xj of Besov type .pj ; sj /
with sj 2 .0; 1/ and pj 2 .1;1/, j D 0; 1; 2, are given. In addition, suppose that
T is a linear operator with the property that
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T W Xj �! Xj boundedly, for j D 0; 1; 2: (3.371)

Assume that the points in the plane with coordinates .sj ; 1=pj /, j D 0; 1; 2, are not
collinear and denote by 
 the open triangular region in the plane whose vertices
have coordinates .sj ; 1=pj / for j D 0; 1; 2. Then

T W PBp;q
m�1;s.@˝/ �! PBp;q

m�1;s.@˝/ boundedly

whenever q 2 .0;1� and .s; 1=p/ 2 
:
(3.372)

Proof. Fix q 2 .0;1� along with .1=p; s/ 2 
. For the sake of specificity, assume
that the horizontal line in the plane passing through .s; 1=p/ intersects the side of

 with vertices at .s0; 1=p0/ and .s1; 1=p1/ as well as the side of
 with vertices at
.s0; 1=p0/ and .s2; 1=p2/. In this case, it follows that

	1 WD 1=p0�1=p
1=p0�1=p1 2 .0; 1/ and 	2 WD 1=p0�1=p

1=p0�1=p2 2 .0; 1/: (3.373)

Moreover,

s01 WD s0 C
�
1=p0�1=p
1=p0�1=p1

�
.s1 � s0/ 2 .0; 1/;

s02 WD s0 C
�
1=p0�1=p
1=p0�1=p2

�
.s2 � s0/ 2 .0; 1/;

(3.374)

and
s01 6D s02: (3.375)

Finally,

there exists 	 2 .0; 1/ such that s D .1 � 	/s01 C 	s02: (3.376)

Using (3.373), (3.374), (3.371) and Proposition 3.44 we may then conclude that

�
X0;Xj

�
	j

is of Besov type .p; s0j / for j D 1; 2;

T W �X0;Xj

�
	j

�! �
X0;Xj

�
	j

boundedly, for j D 1; 2:

(3.377)

Hence, with 	 2 .0; 1/ as in (3.376), for any q 2 .0;1� it follows that

T W
��

X0;X1

�
	1
;
�
X0;X2

�
	2

�

	;q
�!

��
X0;X1

�
	1
;
�
X0;X2

�
	2

�

	;q
boundedly:

(3.378)
In concert with Proposition 3.45 and (3.375), the choice of 	 in (3.376) ensures that

��
X0;X1

�
	1
;
�
X0;X2

�
	2

�

	;q
D PBp;q

m�1;s.@˝/: (3.379)
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Collectively, (3.378) and (3.379) establish the boundedness of the operator T on the
Whitney–Besov space PBp;q

m�1;s.@˝/, as desired. The case when the horizontal line in
the plane passing through .s; 1=p/ intersects the boundary of
 at a vertex is similar
(and simpler), and this completes the proof of the lemma. ut

We conclude the presentation in this section with the following useful bounded-
ness result.

Theorem 3.48. Let˝ be a bounded Lipschitz domain in R
n and fixm 2 N. Assume

that I0 and I1 are two (nonempty) subsets of .1;1/ and that T is a linear mapping
with the property that

T W PLpm�1;0.@˝/ �! PLpm�1;0.@˝/ boundedly, for each p 2 I0;

T W PLpm�1;1.@˝/ �! PLpm�1;1.@˝/ boundedly, for each p 2 I1:
(3.380)

Denote by U the convex hull of the region in the plane consisting of points with
coordinates n�

0; 1=p
� W p 2 I0

o
[
n�
1; 1=p

� W p 2 I1
o
: (3.381)

Then, with
ı

U denoting the interior of the region U , there holds

T W PBp;q
m�1;s.@˝/ �! PBp;q

m�1;s.@˝/ boundedly

whenever q 2 .0;1� and .s; 1=p/ 2 ı
U :

(3.382)

Proof. The claim made in (3.382) follows by making use of (3.370) and repeated
applications of Lemma 3.47. ut

3.6 Whitney–BMO and Whitney–VMO Spaces

Here we discuss Whitney–BMO and Whitney–VMO spaces on Lipschitz surfaces.
Recall that, given a bounded Lipschitz domain˝ in R

n along with an integerm 2 N,
we denote by trm�1 the multi-trace operator onto the boundary of ˝ (cf. (3.100)).
We also introduce

Pm�1 WD the set of polynomials in R
n of degree � m � 1; (3.383)

PPm�1.E/ WD
n�

trm�1P
�ˇˇ
ˇ
E

W P 2 Pm�1
o
; E � @˝: (3.384)

To proceed, recall (2.256). Whitney–BMO spaces are then defined as follows.

Definition 3.49. Let˝ � R
n be a bounded Lipschitz domain with surface measure

� , and assume that m 2 N. For each Pf 2 PL2m�1;0.@˝/ and X 2 @˝ consider the
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following version of the sharp maximal function (originally introduced by
Fefferman and Stein)

Pf #.X/ WD sup
r>0

(

inf
PP2 PPm�1.@˝/


Z
�
Sr .X/

j Pf .Q/� PP.Q/j2 d�.Q/
� 1

2

)

; (3.385)

where, as before, Sr.X/ WD @˝ \ B.X; r/ denotes the surface ball of radius r >
0 centered at X 2 @˝ . The higher-order version of the space of bounded mean
oscillations is then defined as

PBMOm�1.@˝/ WD ˚ Pf 2 L2m�1;0.@˝/ W Pf # 2 L1.@˝/
�
; (3.386)

equipped with the norm

kf k PBMOm�1.@˝/
D k Pf kL2m�1;0.@˝/

C k Pf #kL1.@˝/: (3.387)

Recall (2.444)–(2.445).

Proposition 3.50. Let ˝ be a bounded Lipschitz domain in R
n and assume that

m 2 N. Then for each Whitney array Pf D .f˛/j˛j�m�1 2 PL2m�1;0.@˝/ the following
equivalence holds

Pf 2 PBMOm�1.@˝/ ” f˛ 2 bmo.@˝/ if j˛j D m � 1: (3.388)

Proof. Let us start with the left to right implication in (3.388). A direct consequence
of the definition of the sharp maximal function in (3.385) is that for each X 2 ˝ ,

Pf #.X/ 
 sup
r>0

n
inf

P2Pm�1


Z
�
Sr .X/

jf˛ � @˛P j2 d�
�1=2o

if j˛j D m � 1: (3.389)

Since @˛P is a constant for each multi-index ˛ of lengthm�1 and each P 2 Pm�1,
estimate (3.389) readily implies that for each multi-index ˛ 2 N

n
0 , j˛j D m � 1, we

have f˛ 2 bmo.@˝/ as desired.
We focus now on the right-to-left implication. To this end assume that the array

Pf 2 PL2m�1;0.@˝/ is such that, for each ˛ 2 N
n
0 , j˛j D m�1we have f˛ 2 bmo.@˝/.

Fix X 2 @˝ and r > 0 and, for each ˛ 2 N
n
0 with j˛j D m � 1, let us set

c˛ WD
Z
�
Sr .X/

f˛ d� and Pm�1.Y / WD
X

j˛jDm�1

.m � 1/Šc˛
˛Š

Y ˛; 8Y 2 R
n:

(3.390)
Next, for each ˛ 2 N

n
0 with j˛j D m � 2 we set

c˛ WD
Z
�
Sr .X/

n
f˛ � @˛Pm�1

o
d� and Pm�2.Y / WD

X

j˛jDm�2

.m � 2/Šc˛
˛Š

Y ˛;

(3.391)
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for every Y 2 R
n, then repeat the process recursively. Specifically, assume that

for some 0 � k < m � 1 the constants c˛ with j˛j > k and the polynomials
Pm�1; : : : ; PkC1 have been defined. Then, for each ˛ 2 N

n
0 with j˛j D k we define

c˛ WD
Z
�
Sr .X/

n
f˛.Y /� @˛

�m�k�1X

jD1
Pm�j .Y /

�o
d�.Y / (3.392)

Pm�j .Y / WD
X

j˛jDm�j

.m � j /Šc˛

˛Š
Y ˛; 8Y 2 R

n; (3.393)

P.Y / WD
mX

jD1
Pm�j .Y /; 8Y 2 R

n: (3.394)

A useful observation is that, for a fixed � 2 N
n
0 , j� j � m � 1, we have

@�Pk.Y / D
(
0 if j� j > k;
c� if j� j D k;

and @�P.Y / D @�
�m�j� jX

jD1
Pm�j .Y /

�
;

(3.395)
for every Y 2 R

n.
For Y 2 @˝ , consider now the expression j Pf .Y / � PP .Y /j2, where P is as

in (3.394). Then, using (3.395), we may write

j Pf .Y /� PP .Y /j2 D
m�1X

kD0

X

j˛jDk
jf˛.Y / � @˛P.Y /j2

D
m�1X

kD0

X

j˛jDk

ˇ
ˇ̌
f˛.Y /� @˛

�m�j˛jX

jD1
Pm�j .Y /

�ˇˇ̌2
; (3.396)

and make the important observation that, due to (3.392),

Z

Sr .X/

n
f˛.Y / � @˛

� m�1X

jDj˛j
Pj .Y /

�o
d�.Y / D 0; 8˛ 2 N

n
0 with j˛j � m � 1:

(3.397)
We now claim that iterated applications of Poincaré’s inequality starting with

f; �
�m�1X

jD1
Pj

�
� c; (3.398)

(where the subindex ; denotes the multi-index .0; 0; : : : ; 0/) give that there exists
C > 0, which does not depend on Pf , such that
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�Z
�
Sr .X/

j Pf .Y / � PP.Y /j2 d�.Y /
�1=2

(3.399)

� C
X

j˛jDm�1

�Z
�
Sr .X/

ˇ
ˇ
ˇf˛.Y / �

Z
�
Sr .X/

f˛.Z/ d�.Z/
ˇ
ˇ
ˇ
2

d�.Y /
�1=2

:

Indeed, let us illustrate how the Poincaré inequality works through the various levels.
Fix ˛ 2 N

n
0 such that j˛j � m � 2. Then, there exists C > 0 such that

�Z
�
Sr .X/

ˇ
ˇ
ˇf˛.Y / � @˛

� m�1X

jDj˛jC1
Pj .Y /

�
� c˛

ˇ
ˇ
ˇ
2

d�.Y /
�1=2

(3.400)

� C
�Z

�
Sr .X/

ˇ
ˇ
ˇrtan

�
f˛.Y /� @˛

� m�1X

jDj˛jC1
Pj .Y /

�
� c˛

�ˇˇ
ˇ
2

d�.Y /
�1=2

:

Since rtan D f�k@�kj g1�j�n, employing the compatibility conditions (3.2), we have

rtan

�
f˛.Y / � @˛

� m�1X

jDj˛jC1

Pj .Y /
�

� c˛
�

(3.401)

D
n
�k.Y /

�
�k.Y /f˛Cej .Y / � �j .Y /f˛Cek .Y /

�

� �k.Y /
�
�k.Y /@

˛Cej
� m�1X

jDj˛jC1

Pj .Y /
�

� �j .Y /@
˛Cek

� m�1X

jDj˛jC1

Pj .Y /
��o

1�j�n
:

Therefore, using that @˛Ce`Pj˛jC1.Y / D c˛Ce` for 1 � ` � n (which is seen
from (3.395)), we obtain

rtan

�
f˛.Y / �

� m�1X

jDj˛jC1
Pj .Y /

�
� c˛

�
(3.402)

D
n
�k.Y /

2
h
f˛Cej .Y / � @˛Cej

� m�1X

jDj˛jC2
Pj .Y /

�
� c˛Cej

i

� �j .Y /�k.Y /
h
f˛Cek .Y /� @˛Cek

� m�1X

jDj˛jC2
Pj .Y /

�
� c˛Cek

io

1�j�n:
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In conclusion, a combination of (3.400) and (3.402) gives

�Z
�
Sr .X/

ˇ̌
ˇf˛.Y /� @˛

� m�1X

jDj˛jC1
Pj .Y /

�
� c˛

ˇ̌
ˇ
2

d�.Y /
�1=2

(3.403)

� C
�Z

�
Sr .X/

ˇ̌
ˇf˛Cej .Y /� @˛Cej

� m�1X

jDj˛jC2
Pj .Y /

�
� c˛Cej

ˇ̌
ˇ
2

d�.Y /
�1=2

C C
�Z

�
Sr .X/

ˇ̌
ˇf˛Cek .Y / � @˛Cek

� m�1X

jDj˛jC2
Pj .Y /

�
� c˛Cek

ˇ̌
ˇ
2

d�.Y /
�1=2

:

In other words, given ˛ 2 N
n
0 , j˛j � m � 2 one can control the left-hand side

in (3.403) by a similar expression, however corresponding to a multi-index of length
j˛j C 1. Therefore, repeated applications of Poincaré’s inequality will lead to

�Z
�
Sr .X/

ˇ
ˇ
ˇf˛.Y / � @˛

� m�1X

jDj˛jC1
Pj .Y /

�
� c˛

ˇ
ˇ
ˇ
2

d�.Y /
�1=2

(3.404)

� C
X

j� jDm�1

�Z
�
Sr .X/

jf�.Y / � c� j2 d�.Y /
�1=2

:

Now (3.399) follows from this, (3.390) and (3.396). Finally, estimate (3.399) gives
that Pf #.X/ � C

P

j� jDm�1
kf�kbmo.@˝/, thus finishing the proof of the right-to-left

implication in (3.388). This concludes the proof of (3.388). ut
Next we record a useful, related version of Proposition 3.50.

Proposition 3.51. Let ˝ be a bounded Lipschitz domain in R
n and suppose that

m 2 N. Then for every Whitney array Pf D .f˛/j˛j�m�1 2 PL2m�1;0.@˝/ the following
equivalence holds:

Pf 2 PBMOm�1.@˝/ ” f˛ 2 bmo.@˝/ 8 ˛ 2 N
n
0; j˛j � m � 1: (3.405)

In fact,

k Pf k PBMOm�1.@˝/
�

X

j˛j�m�1
kf˛kbmo.@˝/; uniformly for Pf 2 PBMOm�1.@˝/:

(3.406)

Proof. Proposition 3.50 shows that the right-to-left implication holds. We are
therefore left with proving the left-to-right implication in (3.405). To get started,
fix a multi-index ˛ 2 N

n
0 with j˛j D m � 1. Employing again Proposition 3.50,
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we obtain f˛ 2 bmo.@˝/. Also, f˛ 2 L
p

loc.@˝/ for any 1 < p < 1, thanks to
John–Nirenberg’s inequality. Since @˝ is a compact set in R

n this further implies

f˛ 2
\

1<p<1
Lp.@˝/: (3.407)

Consider next a multi-index � 2 N
n
0 of length m � 2. Since Pf 2 PL2m�1;0.@˝/ we

have f� 2 L21.@˝/ ,! Lp
�

.@˝/ where 1=p� WD 1=2 � 1=.n � 1/. Using the
compatibility conditions (3.2) and (3.407) we conclude that

rtanf� 2
\

1<p<1
Lp.@˝/: (3.408)

In particular,

f� 2 Lp�

1 .@˝/ ,! Lp
��

.@˝/; where
1

p�� WD 1

p� � 1

n � 1
: (3.409)

By iterating (3.408)–(3.409) one finally arrives at

f� 2
\

1<p<1
L
p
1 .@˝/ ,! bmo.@˝/; 8 � 2 N

n
0; j� j D m � 2: (3.410)

The embedding in (3.410) follows immediately from the general fact that, much as
in the Euclidean setting, using Poincaré’s inequality, one has

Ln�1
1 .@˝/ ,! bmo.@˝/: (3.411)

Reasoning step-by-step as before for multi-indices of length � m � 3, the right-to-
left implication in (3.405) follows. Finally, (3.406) is implicit in what we have done
above. ut

We next turn our attention to defining Whitney–VMO spaces. As a preliminary
observation, we note that for each s 2 .0; 1/,

PB1;1
m�1;s.@˝/ ,! PL1

m�1;0.@˝/ ,! PBMOm�1.@˝/; (3.412)

linearly and continuously. Inspired by (2.448) we make the following definition.

Definition 3.52. Let ˝ be a bounded Lipschitz domain in R
n, and assume that the

numberm 2 N. Then PVMOm�1.@˝/ is the closed subspace of PBMOm�1.@˝/ given,
for some s 2 .0; 1/, by

PVMOm�1.@˝/ WD the closure of PB1;1
m�1;s.@˝/ in PBMOm�1.@˝/: (3.413)



3.6 Whitney–BMO and Whitney–VMO Spaces 197

The first order of business is to remark that the definition of PVMOm�1.@˝/
in (3.413) does not actually depend on s 2 .0; 1/. In turn, this is a direct consequence
of the following result.

Proposition 3.53. Assume that ˝ is a bounded Lipschitz domain in R
n, and fix

some m 2 N. Then

PVMOm�1.@˝/ is the closure of trm�1
h
C1
c .R

n/
i

in PBMOm�1.@˝/: (3.414)

Proof. The right-to-left inclusion in (3.414) follows immediately since for each

number s 2 .0; 1/ we have trm�1
h
C1
c .R

n/
i
,! PB1;1

m�1;s.@˝/. Given that

PL1
m�1;0.@˝/ ,! PBMOm�1.@˝/; (3.415)

the left-to-right inclusion also readily follows provided we establish that

8 Pg 2 PB1;1
m�1;s.@˝/ H)

8
<

:

9 fGj gj2N � C1
c .R

n/ such that

lim
j!1 trm�1Gj D Pg in PL1

m�1;0.@˝/:
(3.416)

To see this, note that Pg 2 PB1;1
m�1;s.@˝/ ,! PBp;p

m�1;s.@˝/, for every p 2 .1;1/. On

the other hand, trm�1
h
C1
c .R

n/
i
,! PBp;p

m�1;s.@˝/ densely for every 1 < p < 1
and s 2 .0; 1/, by (3.85), whereas PBp;p

m�1;s.@˝/ ,! PL1
m�1;0.@˝/ continuously when

p; s satisfy 1 < p < 1 and sp > n � 1. Thus, given s 2 .0; 1/ and choosing p
appropriately large, all inclusions are well-defined and, hence, (3.416) follows. This
concludes the proof of the proposition. ut

In closing, we wish to record the following.

Proposition 3.54. Suppose that ˝ is a bounded Lipschitz domain in R
n, and fix

m 2 N. Then

Pg D fg˛gj˛j�m�1 2 PVMOm�1.@˝/ ) g˛ 2 vmo .@˝/; 8˛ W j˛j � m � 1:

(3.417)

Proof. This is a direct consequence of Definition 3.52 and (2.448). ut



Chapter 4
The Double Multi-Layer Potential Operator

In this chapter we take on the task of introducing and studying what we call
double multi-layer potential operators, associated with arbitrary elliptic, higher-
order, homogeneous, constant (complex) matrix-valued coefficients. As a preamble,
we first take a look at the nature of fundamental solutions associated with such
operators.

4.1 Differential Operators and Fundamental Solutions

Fix an Euclidean space dimension n2N. For some fixedM 2N andm2N, consider
a M � M system of homogeneous differential operators of order 2m in R

n with
complex constant coefficients:

L D
X

j˛jDjˇjDm
@˛A˛ˇ@

ˇ D �
Ljk

�
1�j;k�M (4.1)

where, for each multi-indices ˛; ˇ 2 N
n
0 of lengthm,

A˛ˇ WD
�
a
˛ˇ

jk

�

1�j;k�M 2 C
M�M and Ljk WD

X

j˛jDjˇjDm
@˛a

˛ˇ

jk@
ˇ; (4.2)

for some coefficients a˛ˇjk 2 C, j; k 2 f1; : : : ;M g. Throughout, we shall use the
superscript t to indicate transposition. In particular,

Lt WD
X

j˛jDjˇjDm
@˛Atˇ˛@

ˇ; (4.3)

I. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0 4,
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and we shall call L symmetric if Lt D L. The complex conjugate of L is the
operator L defined by the requirement that Lu D Lu for each smooth function u.
Hence,

L D L
t D

X

j˛jDjˇjDm
@˛Aˇ˛@

ˇ: (4.4)

The formal adjoint of L is then defined as

L� WD L
t D

X

j˛jDjˇjDm
@˛Aˇ˛

t
@ˇ; (4.5)

and we shall call the operator L self-adjoint if L� D L. Given a tensor
coefficient A D �

A˛ˇ
�

j˛jDjˇjDm with complex entries, define

At WD �
Atˇ˛

�
j˛jDjˇjDm; A WD �

A˛ˇ
�

j˛jDjˇjDm; A� WD �
Aˇ˛

t �
j˛jDjˇjDm: (4.6)

Also, call A symmetric if A D At , and self-adjoint if A D A�. In
particular,

A symmetric ” A˛ˇ D .Aˇ˛/
t ; 8˛; ˇ 2 N

n
0 W j˛j D jˇj D m; (4.7)

A self-adjoint ” A˛ˇ D .Aˇ˛/
t ; 8˛; ˇ 2 N

n
0 W j˛j D jˇj D m: (4.8)

Let us temporarily use the notationLA to indicate that the system L is associated
with the tensor coefficient A D �

A˛ˇ
�

j˛jDjˇjDm as in (4.1). Then

.LA/
t D LAt ; LA D LA; .LA/

� D LA� ; (4.9)

from which it is clear that

A symmetric H) LA symmetric; (4.10)

A self-adjoint H) LA self-adjoint: (4.11)

In general, the converse implications in (4.10) and (4.11) may fail, but

if LA is symmetric and if

eA WD
�
1
2

�
A˛ˇ CAtˇ˛

��

j˛jDjˇjDm

9
=

; H) LA D LeA and eA is symmetric:

(4.12)
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Likewise,

if LA is self-adjoint and if

eA WD
�
1
2

�
A˛ˇ C Aˇ˛

t ��

j˛jDjˇjDm

9
=

; H) LA D LeA and eA is self-adjoint:

(4.13)
We now proceed to define several concepts of ellipticity (listed below in

increasing order of strength).

Definition 4.1. The operator L in (4.1) is said to be W -elliptic provided that

det

2

4
� X

j˛jDjˇjDm
a
˛ˇ

jk �
˛�ˇ

�

1�j;k�M

3

5 ¤ 0; 8 � 2 R
n n f0g: (4.14)

Also, the differential operator L in (4.1) is said to be elliptic whenever the
Legendre--Hadamard condition is satisfied. That is, there exists C > 0

such that

Re

0

@
X

j˛jDjˇjDm

MX

j;kD1
a
˛ˇ

jk �
˛�ˇ �j �k

1

A � C j�j2mj�j2; 8 � 2 R
n; 8 � 2 C

M :

(4.15)
Finally, L is called S -elliptic provided there exists C > 0 such that

Re

0

@
X

j˛jDjˇjDm

MX

j;kD1
a
˛ˇ

jk �
˛
j �

ˇ

k

1

A � C
X

j˛jDm

MX

jD1

˛Š

mŠ
j�˛j j2;

for all families of numbers �˛j 2 C; j˛j D m; 1 � j � M:

(4.16)

Notice that the Legendre–Hadamard property (4.15) implies W -ellipticity, as
introduced in (4.14). Also, (4.15) is equivalent to the strict positivity condition

Re

0

@
X

j˛jDjˇjDm
A˛ˇ�

˛�ˇ

1

A � C j�j2mIM�M ; 8 � 2 R
n; (4.17)

in the sense of M � M matrices with complex entries (in which case we have
ReA WD .A C A�/=2). Let us also note that being S -elliptic is a stronger concept
than mere ellipticity (in the sense of Legendre–Hadamard). Indeed, since in general
the multinomial formula gives

� nX

iD1
xi

�N D
X

j˛jDN

j˛jŠ
˛Š
X˛; 8X WD .x1; : : : ; xn/ (4.18)
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we conclude

X

j˛jDm

mŠ

˛Š
�2˛ D

 
nX

kD1
�2k

!m
D j�j2m; 8� 2 R

n; (4.19)

so (4.16) reduces to (4.15) when �˛j WD �˛�j with � 2 R
n and � D .�j /1�j�M 2

C
M .
Finally, we remark that we will occasionally require only a much weaker

condition than (4.16), namely the semi-positivity condition to the effect
that

Re

0

@
X

j˛jDjˇjDm

MX

j;kD1
a
˛ˇ

jk �
˛
j �

ˇ

k

1

A � 0; 8 �˛j 2 C; j˛j D m; 1 � j � M: (4.20)

We wish to note that given a differential operator L D LA as in (4.1),
corresponding to some tensor coefficient A D �

A˛ˇ
�

j˛jDjˇjDm , there exist infinitely

many other tensor coefficients B D �
B˛ˇ

�
j˛jDjˇjDm such that L D LB . In turn, the

choice of these B’s may affect some of the properties of the operator L discussed
above. Concretely, while the quality of being W-elliptic (cf. (4.14)) or satisfying
the Legendre–Hadamard condition (4.15) are unaffected by the choice of tensor
coefficient B used in the writing of the given operator L, the property of being
S-elliptic (cf. (4.16)) and the semi-positivity condition (4.20) may fail for LB .

A few examples of homogeneous, constant coefficient, higher-order elliptic
operators are as follows. First, the polyharmonic operator

�m D
X

j� jDm

mŠ

�Š
@2� ; (4.21)

has been extensively studied in the literature. In the three-dimensional setting, the
fourth order operator

@41 C @42 C @43 (4.22)

has been considered by I. Fredholm who has computed an explicit fundamental
solution for it in [48]. More generally, an explicit fundamental solution for the
operator

@41 C @42 C @43 C c
�
@21@

2
2 C @21@

2
3 C @22@

2
3

�
(4.23)

which is elliptic if c 2 .� 1
2
;1/ has been found in [130] (where elliptic operators

of the form
P3

j;kD1 ajk@2j @2k have also been considered).
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Moving on, recall that the classical Malgrange–Ehrenpreis theorem asserts that
any differential operator of the form P.@/ D P

j˛j�m a˛@˛ , with a˛ 2 C not all
zero, has a fundamental solution E 2 D 0.Rn/ in R

n. In fact, as noted in [100], one
may take

E.X/ WD 1

2�i Pm.�/

Z

z2C; jzjD1
zmezh�;XiF�1

�!X

�P.i� C z�/

P.i� C z�/

�d z

z
: (4.24)

Above, F�1
�!X is the inverse of the Fourier transform, originally defined by the

formula FX!��.�/ WD R
Rn
e�ihX;�i�.X/ dX for � 2 C1

c .R
n/ and � 2 R

n,
then extended by continuity to tempered distributions. Also, P.�/ D P

j˛j�m a˛�˛,
� 2 C

n, is the characteristic polynomial of P.@/, and Pm stands for the principal
part of P . Finally, � 2 C

n is a fixed vector with the property that Pm.�/ 6D 0.
We shall need a result of a somewhat similar nature for systems of differential

operators. The theorem below is essentially a collection of results proved in [60,
pp. 72–76], [57, p. 169], [114], and [95, p. 104], in various degrees of generality.
However, we feel that it is useful to have a unifying statement, accompanied by a
fairly self-contained proof, presented here.

Theorem 4.2. Let L be a homogeneous differential operator L in R
n of order 2m,

m 2 N, with complex matrix-valued constant coefficients as in (4.1) which satisfies
(4.14). Then, there exists a matrix of tempered distributions, E D �

Ejk
�
1�j;k�M ,

such that the following hold:

(1) For each 1 � j; k � M ,

Ejk 2 C1.Rn n f0g/ and Ejk.�X/ D Ejk.X/ 8X 2 R
n n f0g: (4.25)

(2) For each 1 � j; k � M ,

MX

rD1
LXjr

h
Erk.X � Y /

i
D
(
0 if j ¤ k;

ıY .X/ if j D k;
(4.26)

where ı stands for the Dirac delta distribution at 0 and the superscript X
denotes the fact that the operator Ljs in (4.26) is applied in the variable X .

(3) If 1 � j; k � M , then

Ejk.X/ D ˚jk.X/C
�

log jX j
�
Pjk.X/; X 2 R

n n f0g; (4.27)

where ˚jk 2 C1.Rn n f0g/ is a homogeneous function of degree 2m � n, and
Pjk is identically zero when either n is odd, or n > 2m, and is a homogeneous
polynomial of degree 2m � n when n � 2m. In fact,



204 4 The Double Multi-Layer Potential Operator

�
Pjk.X/

�

1�j;k�M D �1
.2� i/n.2m� n/Š

Z

Sn�1

.X ��/2m�n� X

j˛jDjˇjDm
�˛CˇA˛ˇ

��1
d	�

(4.28)
for X 2 R

n.
(4) For each ˛ 2 N

n
0 there exists C˛ > 0 such that

j@˛E.X/j �

8
ˆ̂̂
<

ˆ̂̂
:

C˛

jX jn�2mCj˛j

if either n is odd, or n > 2m, or if j˛j > 2m � n;

C˛.1C j log jX jj/
jX jn�2mCj˛j

if 0 � j˛j � 2m � n;
(4.29)

uniformly for X 2 R
n n f0g.

(5) One can assign to each differential operatorL as in (4.1)–(4.14) a fundamental
solution EL which satisfies (1)-(4) above and, in addition,

�
EL
�t D ELt ; EL D EL ;

�
EL
�� D EL� : (4.30)

(6) The matrix-valued distribution E has entries which are tempered distributions
in R

n. When restricted to R
n n f0g, the matrix-valued distribution bE (with

“hat” denoting the Fourier transform, defined as before) is a C1 function and,
moreover,

bE.�/ D .�1/m
� X

j˛jDjˇjDm
�˛CˇA˛ˇ

��1
for each � 2 R

n n f0g: (4.31)

(7) For each multi-index ˛ 2 N
n
0 with j˛j D 2m � 1, the function @˛E is odd, C1

smooth, and homogeneous of degree n � 1 in R
n n f0g.

Proof. Let
�
P jk.�/

�
1�j;k�M be the inverse of the characteristic matrix

L.�/ WD
X

j˛jDjˇjDm
A˛ˇ�

˛Cˇ; � 2 R
n n f0g: (4.32)

Following [60, p. 76], if n is odd, define

Ejk.X/ WD 1

4.2� i/n�1.2m � 1/Š
�
.n�1/=2
X

Z

Sn�1

h
.X ��/2m�1�sign .X ��/

i
P jk.�/ d	�;

(4.33)

for X 2 R
n n f0g. Note that this expression is homogeneous of degree 2m � n. On

the other hand, if n is even, set
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Ejk.X/ WD �1
.2� i/n.2m/Š

�
n=2
X

Z

Sn�1

h
.X � �/2m � log jX � �j

i
P jk.�/ d	� ; (4.34)

where X 2 R
n n f0g. It is also clear from (4.33)–(4.34) that E is an even function.

Alternatively, transferring one Laplacian under the integral sign when n is odd,

using the fact that log
�
X ��
i

�
D log jX � �j � � i

2
sign .X � �/ and simple parity

considerations, it can be checked that

Ejk.X/ D �1
.2� i/n.2mC q/Š

�
.nCq/=2
X

Z

Sn�1

h
.X � �/2mCq � log

�X � �
i

�i
P jk.�/ d	�;

(4.35)
for X 2 R

n n f0g, where q WD 0 if n is even and q WD 1 if n is odd.
As a preamble to checking (4.26), consider F.t/ WD t2mCq log .t=i/, t 2 R n f0g,

and note that there exists a constant Cm;q such that

� d
dt

�2m
F.t/ D .2mC q/Š

qŠ
tq log

t

i
C Cm;q t

q: (4.36)

Consequently,

LXF.X � �/ D
h .2mC q/Š

qŠ
.X � �/q log

X � �
i

C Cm;q .X � �/q
i
L.�/ (4.37)

and, further,

LX

�
� 1

.2� i/n.2mC q/Š

Z

Sn�1

h
.X � �/2mCq � log

�X � �
i

�i
ŒL.�/
�1 d	�

�

D
�
B.nCq/=2.X/C Pq.X/

�
� IM�M ; (4.38)

where

B.nCq/=2.X/ WD � 1

.2� i/nqŠ

Z

Sn�1

.X � �/q � log
�X � �

i

�
d	� (4.39)

is a fundamental solution for �.nCq/=2 (cf., e.g., Lemma 4.2 on p. 123 in [122]),
Pq.X/ is a homogeneous polynomial of degree q, and IM�M is the identity matrix.

Applying�.nCq/=2
X to both sides of (4.38) then gives

LE D ı � IM�M (4.40)

i.e., (4.26) holds.
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To show that each component Ejk of E belongs to C1.Rn n f0g/, for every
number ` 2 f1; : : : ; ng and X 2 O` WD R

n n f� e` W � � 0g, consider the rotation

R`;X.�/ WD � C 2�`
X

jX j � � �X C �`jX j
jX j.jX j C x`/

.X C jX je`/; � 2 R
n: (4.41)

Obviously,R`;�X D R`;X wheneverX 2 O` and � > 0, the application

O` � R
n 3 .X; �/ 7! R`;X .�/ 2 R

n (4.42)

is of class C1, and an elementary calculation shows that

X �R`;X.�/ D jX j�`; 8X 2 O`; 8 � 2 R
n: (4.43)

Using the rotation invariance of the operation of integrating over Sn�1, for each
X 2 O` we may then write

Z

Sn�1

h
.X � �/2mCq � log

�X � �
i

�i
P jk.�/ d	�

D
Z

Sn�1

h
.X �R`;X .�//2mCq � log

�X �R`;X .�/
i

�i
P jk.R`;X .�// d	�

D
Z

Sn�1

h
.jX j�`/2mCq � log

� jX j�`
i

�i
P jk.R`;X .�// d	�

D jX j2mCq
Z

Sn�1

�
2mCq
`

�
log jX j C log

� �`
i

��
P jk.R`;X .�// d	� : (4.44)

From this representation and formula (4.35) it is clear that Ejk 2 C1.O`/. Since
R
n n f0g D Sn

`D1 O`, the first part of (4.25) follows.
Note that (4.44) can be re-written in the form

Z

Sn�1

h
.X � �/2mCq � log

�X � �
i

�i
P jk.�/ d	� D �jk.X/C

�
log jX j

�
Qjk.X/

(4.45)
where

Qjk.X/ WD
Z

Sn�1

.X � �/2mCqP jk.�/ d	� ; X 2 R
n; (4.46)

is a polynomial of degree 2mC q which vanishes (by simple parity considerations)
when n is odd, and we have set

�jk.X/ WD jX j2mCq
Z

Sn�1

�
2mCq
` log

��`
i

�
P jk.R`;X .�// d	� ; X 2 O`: (4.47)
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Let us observe that, thanks to (4.45)–(4.47), �jk is actually a smooth,
unambiguously defined function in

Sn
`D1 O` DR

n n f0g. In particular, the decom-
position (4.27) follows from the above discussion in concert with (4.45) and (4.35).

Concerning (4.28), we first observe that

Pjk.X/ D �1
.2� i/n.2mC q/Š

�
.nCq/=2
X

Z

Sn�1

.X � �/2mCqP jk.�/ d	� ; (4.48)

as seen from (4.35), (4.27), (4.45)–(4.46), and the identity

�K
X Œ.X � �/N 
 D NŠ

.N � 2K/Š.X � �/N�2K j�j2K; (4.49)

valid for any N;K 2 N with N � 2K .
The estimates in (4.29) are a direct consequence of the structure formula (4.27).

Finally, (4.33)–(4.34) readily account for the transposition identity (4.30).
The proof of (6) relies on (4.27) which we shall abbreviate as ED˚C� , where

we have set ˚.X/ WD �
˚jk.X/

�
j;k

and �.X/ WD log jX j �Pjk.X/
�
j;k

. First, we

note that ˚ 2 C1.Rn n f0g/ \ L1loc.R
n/ is a homogeneous function and so, by

Theorem 7.1.18 on p. 168 of [57], ˚ is a (matrix-valued) tempered distribution
in R

n whose Fourier transform b̊ coincides with a C1 function on R
n n f0g. As

for � , pick a function 
 2 C1
c .B.0; 2// such that 
 � 1 on B.0; 1/ and write

� D �1 C �2 with �1 WD .1 � 
/� 2 C1.Rn/, a matrix-valued tempered
distribution, and �2 WD 
� 2 L1comp.R

n/. Hence, b�2 2 C1.Rn/. Also, for every
multi-index ˇ 2 N

n
0 , the function Xˇ@˛�1.X/ belongs to L1.Rn/ if ˛ 2 N

n
0 is

such that j˛j is large enough. This readily implies that for any k 2 N there exists
˛ 2 N

n
0 such that b@˛�1 2 Ck.Rn/. Thus, the function R

n 3 � 7! �˛b�1.�/ belongs
to Ck.Rn/ if j˛j is large enough, relative to k, forcing b�1 2 C1.Rn n f0g/.

The above reasoning shows that E is a matrix-valued tempered distribution in
R
n with bE a function of class C1, when restricted to R

n n f0g. Having established
this, taking the Fourier transforms of both sides of (4.40) gives .�1/mL.�/bE.�/ D
IM�M in the sense of tempered distributions in R

n. Restricting this identity to
R
n n f0g gives (4.31).
Finally, the claim in part .7/ is a direct consequence of (1) and (3), and this

completes the proof of Theorem 4.2. ut

4.2 The Definition of Double Multi-Layer and
Non-tangential Maximal Estimates

Let L be a homogeneous differential operator of order 2m, with constant (possibly
matrix-valued) coefficients:

L WD
X

j˛jDjˇjDm
@˛A˛ˇ @

ˇ (4.50)
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and consider the quadratic form associated with (the representation of) L in (4.50)

B.u; v/ WD
X

j˛jDjˇjDm
hA˛ˇ @ˇu; @˛vi: (4.51)

Also, fix a bounded Lipschitz domain ˝ � R
n with outward unit normal � and

surface measure 	 , as well as two arbitrary functions u, v. which are sufficiently
well-behaved on ˝ . Starting with

R
˝

B.u; v/dX and successively integrating by
parts (as to passing on to u all partial derivatives acting on v), we eventually arrive at

X

j˛jDjˇjDm

Z

˝

hA˛ˇ @ˇu; @˛vi dX D .�1/m
Z

˝

hLu; vi dX C boundary terms:

(4.52)
It is precisely the boundary terms which will determine the actual form of the double
multi-layer potential operator, which we shall define momentarily. For now, we
record the following.

Proposition 4.3. Assume that˝ � R
n is a bounded Lipschitz domain with surface

measure 	 and outward unit normal � D .�1; : : : ; �n/, and suppose that L is as in
(4.50). Then

X

j˛jDm

jˇjDm

Z

˝

hA˛ˇ @ˇu; @˛vi dX D .�1/m
X

j˛jDjˇjDm

Z

˝

hLu; vi dX (4.53)

�
X

j˛jDjˇjDm

mX

kD1

X

�CıCejD˛

j� jDk�1; jıjDm�k

.�1/k ˛Š.m�k/Š.k�1/Š
mŠ�ŠıŠ

Z

@˝

h�jA˛ˇ @ˇC�u; @ıvi d	;

for any CM -valued functions u, v which are reasonably behaved in ˝ .

Proof. Let us focus on a generic term in the sum in the left hand-side of (4.53), say,
corresponding to ˇ 2 N

N
0 arbitrary and ˛ D Pm

kD1 ejk where 1 � j1; : : : ; jm � n

(recall that ej , 1 � j � n, stands for the vector .0; : : : ; 1; : : : ; 0/ 2 R
n with the

only non-zero component on the j -th position). Then

Z

˝

hA˛ˇ @ˇu; @˛vi dX D .�1/m
Z

˝

h@˛A˛ˇ @ˇu; vi dX (4.54)

C
mX

kD1
.�1/kC1

Z

@˝

D
�jk@

.
Pk�1
rD1 ejr /A˛ˇ @

ˇu; @.
Pm
rDkC1 ejr /v

E
:
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Based on a general identity, to the effect that for any function G W Nn0 ! R

X

1�j1;:::;j`�n
G
�X̀

rD1
ejr

�
D

X

�2Nn0 W j� jD`

`Š

�Š
G.�/; (4.55)

and (4.54), we may then write

X

j˛jDm

jˇjDm

Z

˝

hA˛ˇ @ˇu; @˛vi dX

D
X

jˇjDm

Z

˝

X

1�j1;:::;jm�n

.
Pm
rD1 ejr /Š

mŠ

D
A.

Pm
rD1 ejr /ˇ

@ˇu; @.
Pm
rD1 ejr /v

E
dX

D .�1/m
X

jˇjDm

X

1�j1;:::;jm�n

.
Pm
rD1 ejr /Š

mŠ

Z

˝

D
@.
Pm
rD1 ejr /A.

Pm
rD1 ejr /ˇ

@ˇu; v
E
dX

C
X

jˇjDm

X

1�j1;:::;jm�n
.
Pm
rD1 ejr /Š

mŠ

mX

kD1

n
.�1/kC1 �

�
Z

@˝

D
�jk@

.
Pk�1
rD1 ejr /A.

Pm
rD1 ejr /ˇ

@ˇu; @.
Pm
rDkC1 ejr /v

E
dX

o

D .�1/m
X

j˛jDjˇjDm

Z

˝

h@˛A˛ˇ @ˇu; vi dX (4.56)

C
X

jˇjDm

mX

kD1

nX

jD1

X

j� jDk�1

X

jıjDm�k

n
.�1/kC1 .�CıCej /Š.m�k/Š.k�1/Š

mŠ�ŠıŠ
�

�
Z

@˝

h�jA.�CıCej /ˇ@ˇC�u; @ıvi d	
o
:

Thus, (4.53) follows. ut
The following definition is inspired by the format of the boundary integral in

(4.53), in which formally, the function u is replaced by E.X � �/, the family of
derivatives .@ıv/jıj�m�1 is replaced by the Whitney array Pf D .fı/jıj�m�1 (in the
process, it helps to keep in mind that @ˇC� ŒE.X ��/
 D .�1/mCk�1.@ˇC�E/.X ��/
for each ˇ 2 N0 with jˇj D 1 and each � 2 N

n
0 with j� j D k � 1).

Definition 4.4. Let ˝ �R
n be a Lipschitz domain with outward unit normal

vector � D .�j /1�j�n and surface measure 	 . Also, let L be a (complex)
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matrix-valued constant coefficient, homogeneous, W-elliptic differential operator
of order 2m in R

n and denote by E a fundamental solution for L in R
n. Then the

double multi-layer potential operator acting on Pf D ffıgjıj�m�1
is given by

PD Pf .X/WD �
X

j˛jDm

jˇjDm

mX

kD1

X

jıjDm�k

j� jDk�1

�CıCejD˛

n
˛Š.m�k/Š.k�1/Š

mŠ�ŠıŠ
� (4.57)

�
Z

@˝

�j .Y /.@
ˇC�E/.X � Y /Aˇ˛fı.Y / d	.Y /

o

for X 2 R
n n @˝ .

As a practical matter, D Pf .X/ is obtained by formally replacing, in the boundary
integral in (4.53), the function u byE.X � �/, the family of derivatives f@ıvgjıj�m�1
by the Whitney array Pf D ffıgjıj�m�1, and then multiplying everything by .�1/m�1.
The reason for which this definition is natural is as follows.

Proposition 4.5. Let ˝ � R
n be a Lipschitz domain and consider a (complex)

matrix-valued constant coefficient, homogeneous, W-elliptic differential operatorL
of order 2m in R

n. Assume that PD is associated with these as in (4.57). Then

L. PD Pf /.X/ D 0 for each X 2 R
n n @˝: (4.58)

Also, for each F 2 C1
c .R

n/,

X

j˛jDjˇjDm

Z

˝

.@ˇE/.X � Y /Aˇ˛.@˛F /.Y / dY

D
8
<

:

F.X/� PD.trm�1.F //.X/ if X 2 ˝;

� PD.trm�1.F //.X/ if X 2 R
n n˝:

(4.59)

Proof. The identity in (4.58) is clear from definitions. Next, writing (4.53) for Lt in
place of L (recall that the superscript t indicates transposition), gives

X

j˛jDm

jˇjDm

Z

˝

h.Aˇ˛/t @ˇu; @˛vi dX D .�1/m
X

j˛jDjˇjDm

Z

˝

hLtu; vi dX (4.60)

�
X

j˛jDjˇjDm

mX

kD1

X

�CıCejD˛

j� jDk�1; jıjDm�k

.�1/k ˛Š.m�k/Š.k�1/Š
mŠ�ŠıŠ

Z

@˝

h�j .Aˇ˛/t @ˇC�u; @ıvi d	:
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Specializing this identity to the case when the function v WD F 2 C1
c .R

n/ and
u WD ELt .Xo � �/� where Xo 2 ˝ is a fixed point and � 2 C

M is an arbitrary
vector, yields, after some simple algebraic manipulations,

D
� ;

X

j˛jDm

jˇjDm

Z

˝

.@ˇE/.Xo � �/Aˇ˛.@˛F / dX
E

(4.61)

D
D
�; F.Xo/

E
�
D
�; PD.trm�1F /.Xo/

E
:

Above, property (5) in Theorem 4.2 is also used. Since � 2 C
M was arbitrary, the

version of (4.59) corresponding to Xo 2 ˝ is proved. The case when Xo 2 R
n n˝

is treated similarly, completing the proof of the proposition. ut
Given k 2 N0, recall that Pk stands for the space of polynomials of degree � k

in R
n.

Proposition 4.6. Suppose that˝�R
n is a bounded Lipschitz domain and consider

a (complex) matrix-valued constant coefficient, homogeneous, W-elliptic differential
operator L of order 2m in R

n. Assume that PD is associated with these as in (4.57).
Then for any u 2 Pm�1

u D PD.trm�1u/ in ˝: (4.62)

Proof. Fix a function  2 C1
c .R

n/ with  � 1 in a neighborhood of ˝ . If u 2
Pm�1, set F WD  u 2 C1

c .R
n/. Since F � u near ˝, we have @˛F D 0 in ˝

whenever j˛j D m, by trivial degree considerations. Then (4.62) is a consequence
of the first line in (4.59). ut

We now proceed to establish non-tangential maximal function estimates for the
double multi-layer operator PD .

Theorem 4.7. Given a Lipschitz domain ˝ � R
n and a (complex) matrix-valued

constant coefficient, homogeneous, W-elliptic differential operator L of order 2m
in R

n, consider the double multi-layer potential operator defined in (4.57). Then
for each p 2 .1;1/ there exists a finite constant C D C.˝; p;L/ > 0 with the
property that

m�1X

jD0
kN .rj PD Pf /kLp.@˝/ � Ck Pf k PLpm�1;0.@˝/

; 8 Pf 2 PLpm�1;0.@˝/; (4.63)

mX

jD0
kN .rj PD Pf /kLp.@˝/ � Ck Pf k PLpm�1;1.@˝/

; 8 Pf 2 PLpm�1;1.@˝/: (4.64)
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Furthermore,

@� PD Pf
j

@˝
exists for every Pf 2 PLpm�1;0.@˝/

whenever � 2 N
n
0 satisfies j� j � m � 1;

(4.65)

and

@� PD Pf
j

@˝
exists for every Pf 2 PLpm�1;1.@˝/

whenever � 2 N
n
0 satisfies j� j � m:

(4.66)

Proof. The starting point is the identity

PD. Pf /.X/ D
X

j˛jDjˇjDm

Z

Rnn˝
.@ˇE/.X � Y /Aˇ˛.@˛F /.Y / dY; 8X 2 ˝;

(4.67)

valid whenever F 2 C1
c .R

n/ and Pf WD trm�1.F /. This is readily seen from (4.59)
with the roles of ˝ and R

n n ˝ reversed (here it is useful to keep in mind that the
outward unit normal of the latter domain is ��).

Consider next � 2 N
n
0 , j� j � m � 1, � D Pj� j

rD1 ejr , with 1 � j1; : : : ; jn � n,
and using (4.55), for each X 2 ˝ write

@� PD. Pf /.X/ D
X

j˛jDjˇjDm

Z

Rnn˝
.@�CˇE/.X � Y /Aˇ˛.@

˛F /.Y / dY (4.68)

D
X

jˇjDm

1�k1;:::;km�n

.
Pm
sD1 eks /Š
mŠ

Z

Rnn˝
.@.

P
j� j

rD1 ejr /CˇE/.X � Y /Aˇ.Pm
sD1 eks /

�
@.
Pm
sD1 eks /F

�
.Y / dY:

Integrating in (4.68) by parts (to move @ek1 from F on to E) and taking into account
that the outward unit normal vector to R

n n˝ is �� further leads to

@� PD. Pf /.X/ D
X

jˇjDm

1�k1;:::;km�n

.
Pm
sD1 eks /Š

mŠ
� (4.69)

�

8
<̂

:̂

Z

Rnn˝
.@.

P
j� j

rD1 ejr /Cek1CˇE/.X � Y /Aˇ.Pm
sD1 eks /

�
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�
�
@.
Pm
sD2 eks /F

�
.Y / dY �

Z

@˝

�k1.Y /.@
.
P

j� j

rD1 ejr /CˇE/.X � Y / �

� Aˇ.
Pm
sD1 eks /

�
@.
Pm
sD2 eks /F

�
.Y / d	.Y /

9
>=

>;
:

We further integrate by parts in the first term in the curly brackets in the right hand-
side of (4.69) and move @ej1 from E onto F . This gives

@� PD. Pf /.X/ D
X

jˇjDm

1�k1;:::;km�n

.
Pm
sD1 eks /Š

mŠ
� (4.70)

�

8
<̂

:̂

Z

Rnn˝
.@.

P
j� j

rD2 ejr /Cek1CˇE/.X � Y / �

�Aˇ.Pm
sD1 eks /

�
@.
Pm
sD2 eks /Cej1 F

�
.Y / dY

�
Z

@˝

�k1.Y /.@
.
P

j� j

rD1 ejr /CˇE/.X � Y / �

�Aˇ.Pm
sD1 eks /

�
@.
Pm
sD2 eks /F

�
.Y / d	.Y /

C
Z

@˝

�j1.Y /.@
.
P

j� j

rD2 ejr /Cek1CˇE/.X � Y / �

� Aˇ.
Pm
sD1 eks /

�
@.
Pm
sD2 eks /F

�
.Y / d	.Y /

9
>=

>;
:

Next, recall that @�k1j1 WD �k1@
ej1 � �j1@

ek1 and notice that the sum of the last two
terms in the curly brackets in (4.70) is

Z

@˝

@�k1j1 .Y /

�
.@.

P
j� j

rD2 ejr /CˇE/.X � Y /
�
Aˇ.

Pm
sD1 eks /

�
@.
Pm
sD2 eks /F

�
.Y / d	.Y /:

(4.71)
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Therefore,

@� PD. Pf /.X/ D
X

jˇjDm

1�k1;:::;km�n

.
Pm
sD1 eks /Š

mŠ
� (4.72)

�

8
<̂

:̂

Z

Rnn˝
.@.

P
j� j

rD2 ejr /Cek1CˇE/.X � Y / �

�Aˇ.Pm
sD1 eks /

�
@.
Pm
sD2 eks /Cej1 F

�
.Y / dY

C
Z

@˝

@�k1j1 .Y /

�
.@.

P
j� j

rD2 ejr /CˇE/.X � Y /
�

�

� Aˇ.
Pm
sD1 eks /

�
@.
Pm
sD2 eks /F

�
.Y / d	.Y /

9
>=

>;
:

Starting with the first integral inside the curly brackets in the right-hand side
of (4.72), we now repeat the procedure described in (4.68)–(4.72) until we swap

@.
P

j� j

rD1 ejr / from E with @.
P

j� j

sD1 eks / from F . In this fashion, we obtain

@� PD. Pf /.X/ D
X

jˇjDm

1�k1;:::;km�n

.
Pm
sD1 eks /Š

mŠ
� (4.73)

�
n Z

Rnn˝
.@.

P
j� j

sD1 eks /CˇE/.X � Y / �

�Aˇ.Pm
sD1 eks /

�
@.
P

j� j

rD1 ejr /C.
Pm
sDj� jC1 eks /F

�
.Y / dY

C
j� jX

`D1

Z

@˝

@�k`j` .Y /

�
.@.

P`�1
sD1 eks /C.

P
j� j

rD`C1 ejr /CˇE/.X � Y /
�

�

�Aˇ.Pm
sD1 eks /

�
@.
P`�1
rD1 ejr /C.

Pm
sD`C1 eks /F

�
.Y / d	.Y /

o
:

At this point we use repeated integration by parts in the first integral inside the
curly brackets in the right-hand side of (4.73) in order to move the remaining partial
derivatives @.

Pm
sDj� jC1 eks / from F ontoE . Using that .LE/.X � Y / D 0 for X 6D Y ,

this gives
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@� PD. Pf /.X/ D
X

jˇjDm

1�k1;:::;km�n

.
Pm
sD1 eks /Š

mŠ
� (4.74)

�
n j� jX

`D1

Z

@˝

@�k`j` .Y /

�
.@.

P`�1
sD1 eks /C.

P
j� j

rD`C1
ejr /CˇE/.X � Y /

�
�

�Aˇ.Pm
sD1 eks /

�
@.
P`�1
rD1 ejr /C.

Pm
sD`C1 eks /F

�
.Y / d	.Y /

�
mX

`Dj� jC1

Z

@˝

�k`.Y /.@
.
P`�1
sD1 eks /CˇE/.X � Y /Aˇ.

Pm
sD1 eks /

�

�
�
@.
P

j� j

rD1 ejr /C.
Pm
sD`C1 eks /F

�
.Y / d	.Y /

o
:

From the identity (4.74), Proposition 3.3 and a limiting argument, we can finally
deduce that if X 2 R

n n @˝ and if Pf D ffıgjıj�m�1 2 PLpm�1;0.@˝/, 1 < p < 1,

@� PD. Pf /.X/ D
X

jˇjDm

1�k1;:::;km�n

.
Pm
sD1 eks /Š

mŠ
� (4.75)

�
n j� jX

`D1

Z

@˝

@�k`j` .Y /

�
.@.

P`�1
sD1 eks /C.

P
j� j

rD`C1 ejr /CˇE/.X � Y /
�

�

�Aˇ.Pm
sD1 eks /

f
.
P`�1
rD1 ejr /C.

Pm
sD`C1 eks /

.Y / d	.Y /

�
mX

`Dj� jC1

Z

@˝

�k`.Y /.@
.
P`�1
sD1 eks /CˇE/.X � Y /Aˇ.Pm

sD1 eks /
�

�f
.
P

j� j

rD1 ejr /C.
Pm
sD`C1 eks /

.Y / d	.Y /
o
:

Based on the identity (4.55) we may write

@� PD. Pf /.X/ D
j� jX

`D1

X

jˇjDm

jıjD`�1;j�jDm�`

nX

kD1
.ıC�Cek/Š.m�`/Š.`�1/Š

mŠıŠ�Š
�

�
Z

@˝

@�kj` .Y /

�
.@ıC!`CˇE/.X � Y /

�
Aˇ.ıC�Cek/f
`C�.Y / d	.Y /
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�
mX

`Dj� jC1

X

jˇjDm

jıjD`�1;j�jDm�`

nX

kD1
.ıC�Cek/Š.m�`/Š.`�1/Š

mŠıŠ�Š
�

�
Z

@˝

�k.Y /.@
ıCˇE/.X � Y /Aˇ.ıC�Cek/f�C�.Y / d	.Y /: (4.76)

Above, for each `2N, 1 � ` � j� j, we have set 
` WD P`�1
rD1 ejr ,!` WD Pj� j

rD`C1 ejr ,
and 
` C !` C ej` D � . Summing over all such representations of � and taking into
account multiplicities allows us to conclude the following. For every multi-index
� 2N

n
0 , j� j � m � 1, Pf 2 PLpm�1;0.@˝/, X 2˝ , we have the identity

@� PD. Pf /.X/ D
X

j˛jDm

jˇjDm

j� jX

`D1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

n X


C!CejD�

j
 jD`�1;j!jDj� j�`

C1.m; `; ˛; ı; �; �; 
; !/ �

�
Z

@˝

@�kj .Y /

�
.@ıC!CˇE/.X � Y /

�
Aˇ˛f
C�.Y / d	.Y /

o

�
X

j˛jDm

jˇjDm

mX

`Dj� jC1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

n
C2.m; `; ˛; ı; �/ � (4.77)

�
Z

@˝

�k.Y /.@
ıCˇE/.X � Y /Aˇ˛f�C�.Y / d	.Y /

o
;

where

C1.m; `; ˛; ı; �; �; 
; !/ WD ˛Š.m � `/Š.` � 1/Š�Š.` � 1/Š.j� j � `/Š
mŠ ıŠ �Š j� jŠ 
Š !Š ; (4.78)

C2.m; `; ˛; ı; �/ WD ˛Š.m � `/Š.` � 1/Š

mŠ ıŠ �Š
: (4.79)

Now the estimate (4.63) is a simple consequence of (4.77) and (2.527) in Propo-
sition 2.63. Furthermore, the claim in (4.65) also follows from (4.77) and formula
(2.530) in Proposition 2.63.

As far as (4.64) is concerned, let us assume that Pf D ffıgjıj�m�1 2 PLpm�1;1.@˝/
for some 1<p<1. In this case, thanks to the extra smoothness of Pf , we can
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integrate by parts (cf. Corollary 2.12) one more time in the first integral in the
right-hand side of (4.77) and write for each � 2 N

n
0 of length � m � 1

@� PD. Pf /.X/ D
X

j˛jDm

jˇjDm

j� jX

`D1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

X


C!CejD�

j
 jD`�1;j!jDj� j�`

n
C1.m; `; ˛; ı; �; �; 
; !/ �

�
Z

@˝

.@ıC!CˇE/.X � Y /Aˇ˛.@�jkf
C�/.Y / d	.Y /
o

�
X

j˛jDm

jˇjDm

mX

`Dj� jC1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

n
C2.m; `; ˛; ı; �/ � (4.80)

�
Z

@˝

�k.Y /.@
ıCˇE/.X � Y /Aˇ˛f�C�.Y / d	.Y /

o
;

at each X 2 R
n n @˝ , where the coefficients C1, C2 are as in (4.78)–(4.79).

Note that the integrand in the first integral in (4.80) is only weakly singular (since
it entails m � 1 C j� j � 2m � 2 derivatives on E). Hence, terms of this form can
absorb yet another partial derivative, say @xi , and still yield integral operators with
either weakly singular kernels, or kernels of Calderón–Zygmund type (cf. Proposi-
tion 2.63). In particular, their contribution when estimating kN .@i@

� PD Pf /kLp.@˝/
is bounded by a fixed multiple of k Pf k PLpm�1;1.@˝/

.

As for the terms in the second part of (4.80), it suffices to consider only those
which contain 2m�1 derivatives onE (since the rest are treated as before). Note that
this requires ` D m (hence, � D 0). After applying @xi to them, at eachX 2 R

nn@˝
we obtain

X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ

Z

@˝

�k.Y /@yi Œ.@
ıCˇE/.X � Y /
Aˇ˛f�.Y / d	.Y /

D �
X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ

Z

@˝

@�ik.Y /Œ.@
ıCˇE/.X � Y /
Aˇ˛f� .Y / d	.Y /

C
X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ

Z

@˝

�i .Y /@yk Œ.@
ıCˇE/.X � Y /
Aˇ˛f� .Y / d	.Y /
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D �
X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ

Z

@˝

.@ıCˇE/.X � Y /Aˇ˛.@�ki f� /.Y / d	.Y /

�
X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ

Z

@˝

�i .Y /.@
ıCˇCekE/.X � Y /Aˇ˛f� .Y / d	.Y /

DW AC B: (4.81)

Now, the contribution from the terms labeled A is handled as before since, under
the assumptions on the indices involved, .@ıCˇE/.X � Y / is a Calderón–Zygmund
kernel. As far as B is concerned, note that ı C ˇ C ek D ˛ C ˇ and that

X

ıCekD˛

˛Š

m ıŠ
D

nX

kD1

˛k

m
D 1; (4.82)

since j˛j D m. Hence,

B D �
X

j˛jDmjˇjDm

Z

@˝

�i .Y /.@
˛CˇE/.X � Y /Aˇ˛f�.Y / d	.Y /

D �
Z

@˝

�i .Y /
h
.LtELt /.X � Y /

it
f� .Y / d	.Y /

D 0: (4.83)

In summary, we have shown that for each multi-index � 2 N
n
0 of length � m � 1

and each i 2 f1; : : : ; ng, there holds

@i@
� PD. Pf /.X/ D

X

j˛jDm

jˇjDm

j� jX

`D1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

X


C!CejD�

j
 jD`�1;j!jDj� j�`

n
C1.m; `; ˛; ı; �; �; 
; !/ �

�
Z

@˝

.@ıC!CˇCei E/.X � Y /Aˇ˛.@�jkf
C�/.Y / d	.Y /
o

�
X

j˛jDm

jˇjDm

m�1X

`Dj� jC1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

n
C2.m; `; ˛; ı; �/ � (4.84)
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�
Z

@˝

�k.Y /.@
ıCˇCei E/.X � Y /Aˇ˛f�C�.Y / d	.Y /

o

�
X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ

Z

@˝

.@ıCˇE/.X � Y /Aˇ˛.@�ki f� /.Y / d	.Y /

at each X 2 R
n n @˝ , where the coefficients C1, C2 are as in (4.78)–(4.79). This

justifies (4.64). To finish the proof of Theorem 4.7 there remains to observe that the
claim made in (4.66) follows from (4.84) and formula (2.530) in Proposition 2.63.

ut
The formulas for the derivatives of the double multi-layer deduced during the

course of the proof of Theorem 4.7 are also useful to establish the following
smoothing properties of the double multi-layer, measured on the Besov scale.

Proposition 4.8. Retain the same context as in Theorem 4.7. Then for each number
p 2 .1;1/ there exists a finite constant C D C.˝;L; p/ > 0 such that

k PD Pf k
B
p;p_2

m�1C1=p.˝/
� Ck Pf k PLpm�1;0.@˝/

; 8 Pf 2 PLpm�1;0.@˝/; (4.85)

k PD Pf k
B
p;p_2

mC1=p.˝/
� Ck Pf k PLpm�1;1.@˝/

; 8 Pf 2 PLpm�1;1.@˝/: (4.86)

Proof. Estimate (4.85) is a consequence of the (quantitative) lifting result from
Proposition 2.24, Proposition 2.68, and formula (4.77). Likewise, estimate (4.86)
is implied by Propositions 2.24, 2.68, and formula (4.80). ut

Finally, we consider the action of the double multi-layer operator on the
Whitney–Hardy spaces Phpm�1;1.@˝/.

Theorem 4.9. Retain the same background assumptions as in Theorem 4.7. Then
for any p 2 �n�1

n
; 1
�

there holds

mX

jD0
kN .rj PD Pf /kLp.@˝/ � Ck Pf k Phpm�1;1.@˝/

; (4.87)

for some finite constant C > 0 independent of Pf 2 Phpm�1;1.@˝/.

Proof. This is a consequence of the boundedness of the operator (2.482), the
identities (4.80)–(4.83), and (2.528). ut
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4.3 Carleson Measure Estimates

Fix a bounded Lipschitz domain ˝ in R
n, along with a natural number m2N. As

usual, let trm�1 denote the multi-trace operator onto the boundary of ˝ . Finally,
recall (3.383), (3.384) and Definition 3.49. To proceed, for each r > 0 andXo 2 @˝ ,
define

PPm�1.@˝/ 3 P!r. Pf / WD the best fit polynomial array

to Pf 2 PL2m�1;0.@˝/ on Sr.Xo/; (4.88)

i.e., the orthogonal projection of Pf jSr .Xo/ onto PPm�1.Sr.Xo// with respect to the
natural inner product in L2.Sr.Xo//˚ � � � ˚L2.Sr.Xo//, N times, where

N WD
m�1X

kD0

�
nC k � 1

n � 1

�
(4.89)

is the cardinality of f˛ 2 N
n
0 W j˛j � m � 1g. In particular, for each r > 0,

Z

Sr .Xo/

j Pf .Q/� P!r. Pf /.Q/j2 d	.Q/ (4.90)

D inf
PP2 PPm�1.@˝/

Z

Sr .Xo/

j Pf .Q/� PP .Q/j2 d	.Q/;

and (recall (3.385)), we have

Pf #.Xo/ D sup
r>0

	Z
�
Sr .Xo/

j Pf .Q/� P!r. Pf /.Q/j2 d	.Q/

1=2

: (4.91)

Next, recall that PPm�1.Sr.Xo// stands for the space of restrictions of arrays
in PPm�1.@˝/ to Sr.Xo/. Thus, any element Pf in PPm�1.Sr.Xo// is of the form
.trm�1P /jSr .Xo/ for some P 2 Pm�1. It is important to note that such a polynomial
P is unique. Indeed, by linearity, this is an immediate consequence of the fact that

P 2 Pm�1 and .trm�1P /jSr .Xo/ D 0 H) P � 0 in R
n: (4.92)

In turn, this is obvious from the fact that all derivatives of P vanish at, say, Xo. We
shall refer to P as the polynomial extension to R

n of Pf . In summary,

trm�1 W Pm�1 �! PPm�1.Sr .Xo// is an algebraic isomorphism: (4.93)
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In the sequel, we shall frequently identify a generic element Pf from PPm�1.Sr.Xo//
with its canonical extension to the entire boundary @˝ . By definition, the latter is
taken to be trm�1P 2 PPm�1.@˝/, where P 2 Pm�1 is the polynomial extension to
R
n of Pf . We emphasize that, by design, the canonical extension of elements from
PPm�1.Sr.Xo// to elements in PPm�1.@˝/ is unique.

The space PPm�1.Sr .Xo// has a Hilbert structure when equipped with the inner
product naturally inherited from L2.Sr.Xo// ˚ � � � ˚ L2.Sr.Xo//, N times (with
N as in (4.89)). Then, given (4.93), the restrictions to Sr.Xo/ of the Whitney
arrays Pp˛.X/ WD trm�1Œ.X � Xo/

˛
, ˛ 2 N
n
0 with j˛j � m � 1, form a basis in

PPm�1.Sr.Xo//. Applying the Gram–Schmidt process to f Pp˛gj˛j�m�1 then yields an
orthonormal (relative to L2.Sr.Xo//˚ � � � ˚L2.Sr.Xo//) basis for PPm�1.Sr.Xo//.
We denote this basis by f Pe˛gj˛j�m�1 and, for each multi-index ˛ 2 N

n
0 of length �

m � 1, we let e˛ 2 Pj˛j be the polynomial extension to R
n of Pe˛. That is, e˛ is a

polynomial of degree j˛j such that Pe˛ D Œtrm�1e˛
jSr .Xo/. Then, for each ˇ 2 N
n
0 ,

jˇj � m � 1, it follows that at points in Sr.Xo/

. Pe˛/ˇ D .trm�1e˛/ˇ D @ˇe˛ D 0 if jˇj > j˛j; (4.94)

by degree considerations. Also, by carefully keeping track of bounds for the
various expressions appearing in the Gram–Schmidt orthonormalization process (as
presented on, e.g., p. 120 of [121]) we obtain

j. Pe˛/ˇ.X/j � C

r.n�1/=2
h
jX �Xoj C r

ij˛j�jˇj
if jˇj � j˛j; 8X 2 @˝: (4.95)

The point of the above considerations is to facilitate discussing a number of
important properties of the best fit polynomial array (cf. (4.88)). To begin with,
we agree that P!r. Pf / is always identified with its canonical extension to @˝ . Thus,

P!r. Pf / 2 PPm�1.@˝/; 8 Pf 2 PL2m�1;0.@˝/: (4.96)

Let us also observe that

P!r. Pf / D Pf ; 8 Pf 2 PPm�1.@˝/; (4.97)

since, by definition, P!r. Pf / coincides with Pf jSr .Xo/ and any Pf 2 PPm�1.@˝/ is the
canonical extension of Pf jSr .Xo/. As an immediate corollary of (4.96)–(4.97), we
note that

P!r. P!2r . Pf // D P!2r . Pf /; 8 Pf 2 PL2m�1;0.@˝/: (4.98)

Finally, for each Pf D ffˇgjˇj�m�1 2 PL2m�1;0.@˝/, we have

P!r. Pf / D
X

j˛j;jˇj�m�1
hfˇ; . Pe˛/ˇi Pe˛ on @˝; (4.99)
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where f Pe˛gj˛j�m�1 is as above and h�; �i stands here for the inner product in
L2.Sr.Xo//. At points in Sr.Xo/ this follows straight from definitions, so the desired
result is implied by the uniqueness of the canonical extension to @˝ .

Next, we augment the list of algebraic properties of the best fit polynomial array
with some useful estimates, contained in the lemma below.

Lemma 4.10. Consider a bounded Lipschitz domain ˝ � R
n, and fix Xo 2 @˝

and r > 0. Then, for each Pf 2 PBMOm�1.@˝/ and any multi-index ˛ 2 N
n
0 of length

� m � 1,

	Z
�
Sr .Xo/

ˇ̌
ˇ
� Pf .Y /� P!r. Pf /.Y /

�

˛

ˇ̌
ˇ
2

d	.Y /


1=2
� Crm�1�j˛j Pf #.Xo/; (4.100)

and

j. P!r. Pf /� P!2r. Pf //˛.X/j � C Pf #.Xo/
h
jX �Xoj C r

im�1�j˛j
; 8X 2 @˝:

(4.101)

Proof. Fix r > 0, Xo 2 @˝ and consider the array Pg D fg˛gj˛j�m�1 given by

Pg WD Pf � P!r. Pf /: (4.102)

Then, since the best fit polynomial array P!r. Pf / is the projection of Pf jSr .Xo/ onto
PPm�1.Sr.Xo// with respect to the natural inner product in the space

L2.Sr.Xo//˚ � � � ˚ L2.Sr.Xo//; (4.103)

for each ˛ 2 N
n
0 multi-index of length � m � 1 we have

Z

Sr .Xo/

h Pg.Y /; PP˛.Y /i d	.Y / D
Z

Sr .Xo/

X

j� j�m�1
g� .Y /. PP˛/� .Y / d	.Y / D 0;

(4.104)
where

P˛.X/ WD .X �Xo/˛ and PP˛ WD trm�1P˛ 2 PPm�1.@˝/: (4.105)

Note that for each X 2 R
n we have

. PP˛/� .X/ D
8
<

:
0; if � > ˛;

˛Š
.˛��/ŠP˛�� .X/; if � � ˛:

(4.106)
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Therefore, from (4.104) and (4.106), we conclude that for each j˛j � m � 1 there
holds

0 D
Z

Sr .Xo/

h Pg.Y /; PP˛.Y /i d	.Y / D
Z

Sr .Xo/

X

��˛
g� .Y /. PP˛/� .Y / d	.Y /

D
Z

Sr .Xo/

X

��˛

˛Š

.˛ � �/Š
g� .Y /P˛�� .Y / d	.Y /: (4.107)

In particular, making ˛ D .0; 0; � � � ; 0/ in (4.107) implies (recall that the subindex
; denotes the multi-index .0; 0; : : : ; 0/)

Z

Sr .Xo/

g;.Y / d	.Y / D 0; (4.108)

and recursively,

˛Š

Z

Sr .Xo/

g˛.Y / d	.Y / D �
X

��˛

j� j<j˛j

˛Š

.˛ � �/Š

Z

Sr .Xo/

g� .Y /P˛�� .Y / d	.Y /:

(4.109)

Using (4.108) and applying Poincaré’s inequality we obtain

	Z
�
Sr .Xo/

g;.Y / d	.Y /

1=2

� Cr

	Z
�
Sr .Xo/

jrtang;.Y /j2 d	.Y /

1=2

: (4.110)

In turn, using the compatibility conditions (3.2),

rtang˛ D
� nX

kD1
�k@�kj g˛

�

1�j�n (4.111)

D
� nX

kD1
�k.�kg˛Cej � �j g˛Cek /

�

1�j�n; if j˛j � m � 2:

Therefore,

	Z
�
Sr .Xo/

g;.Y / d	.Y /

1=2

� Cr
nX

kD1

	Z
�
Sr .Xo/

jgek .Y /j2 d	.Y /

1=2

� Cr Pf #.Xo/; (4.112)
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where the last inequality follows from (4.102) and the definition of the sharp
maximal function (3.385). This is the conclusion of our first step. For the second
step, fix ˛ 2 N

n
0 , j˛j D 1. From (4.109),

Z

Sr .Xo/

g˛.Y / d	.Y / D
Z

Sr .Xo/

g;.Y /P˛.Y / d	.Y /; (4.113)

and since jP˛.Y /j � r j˛j D r on Sr.Xo/, this implies

ˇ̌
ˇ
Z
�
Sr .Xo/

g˛.Y / d	.Y /
ˇ̌
ˇ � r

Z
�
Sr .Xo/

jg;.Y /j d	.Y / (4.114)

� r

	Z
�
Sr .Xo/

jg;.Y /j2 d	.Y /

1=2

� Cr2 Pf #.Xo/;

where the last inequality in (4.114) follows from (4.112). Applying the Poincaré
inequality for g˛ gives

	Z
�
Sr .Xo/

jg˛.Y /j2 d	.Y /

1=2

� Cr

	Z
�
Sr .Xo/

jrtang˛.Y /j2 d	.Y /

1=2

CC
ˇ̌
ˇ
Z
�
Sr .Xo/

g˛.Y / d	.Y /
ˇ̌
ˇ: (4.115)

In turn, using (4.111) yields jrtan g˛ j2 � P
j� jD2 jg� j2 which, together with

(4.114)–(4.115), implies

	Z
�
Sr .Xo/

jg˛.Y /j2 d	.Y /

1=2

� Cr
X

j� jD2

	Z
�
Sr .Xo/

jg� .Y /j2 d	.Y /

1=2

CC
ˇ̌
ˇ
Z
�
Sr .Xo/

g˛.Y / d	.Y /
ˇ̌
ˇ

� Cr Pf #.Xo/C Cr2 Pf #.Xo/

� Cr Pf #.Xo/: (4.116)

Utilizing (4.116) instead of the definition of Pf #.Xo/ in the second inequality in
(4.112) improves (4.108) to

	Z
�
Sr .Xo/

g;.Y / d	.Y /

1=2

� Cr2 Pf .Xo/; (4.117)
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The conclusion of our second step is that

	Z
�
Sr .Xo/

g;.Y / d	.Y /

1=2

� Cr2 Pf #.Xo/ and

	Z
�
Sr .Xo/

jg˛.Y /j2 d	.Y /

1=2

� Cr Pf #.Xo/; if j˛j D 1:

(4.118)

In the third step we fix ˛ 2 N
n
0 , j˛j D 2. Then, according to (4.109) we have

Z

Sr .Xo/

g˛.Y / d	.Y / D �
Z

Sr .Xo/

g;.Y /P˛.Y / d	.Y /

�
X

��˛

j� jD1

˛Š

.˛ � �/Š

Z

Sr .Xo/

g� .Y /P˛�� .Y / d	.Y /: (4.119)

Since jP˛�� .Y /j � r and jP˛.Y /j � r2 for Y 2 Sr.Xo/, and using (4.118)

ˇ̌
ˇ
Z
�
Sr .Xo/

g˛.Y / d	.Y /
ˇ̌
ˇ � r2

	Z
�
Sr .Xo/

g;.Y / d	.Y /

1=2

Cr
X

��˛

j� jD1

˛Š

.˛ � �/Š

	Z
�
Sr .Xo/

jg�.Y /j2 d	.Y /

1=2

� Cr4 Pf #.Xo/C Cr2 Pf #.Xo/

� Cr2 Pf #.Xo/: (4.120)

However, applying again Poincaré’s inequality (4.115) and using (4.111) and
(4.120), one has

	Z
�
Sr .Xo/

jg˛.Y /j2 d	.Y /

1=2

� Cr
X

j� jD3

	Z
�
Sr .Xo/

jg�.Y /j2 d	.Y /

1=2

CC
ˇ̌
ˇ
Z
�
Sr .Xo/

g˛.Y / d	.Y /
ˇ̌
ˇ

� Cr Pf #.Xo/C Cr2 Pf #.Xo/

� Cr Pf #.Xo/: (4.121)
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Recall that ˛ 2 N
n
0 is an arbitrary multi-index of length D 2. Employing the

inequality (4.121) in (4.116) to control

X

j� jD2

	Z
�
Sr .Xo/

jg�.Y /j2 d	.Y /

1=2

; (4.122)

allows us to improve (4.116) to

	Z
�
Sr .Xo/

jgı.Y /j2 d	.Y /

1=2

� Cr2 Pf #.Xo/ if jıj D 1: (4.123)

In turn, using (4.123) in (4.112) gives

	Z
�
Sr .Xo/

jg;.Y /j2 d	.Y /

1=2

� Cr3 Pf #.Xo/: (4.124)

This concludes the third step of our analysis at the end of which we have

	Z
�
Sr .Xo/

g;.Y / d	.Y /

1=2

� Cr3 Pf #.Xo/; (4.125)

	Z
�
Sr .Xo/

jg�.Y /j2 d	.Y /

1=2

� Cr2 Pf #.Xo/; if j� j D 1;

	Z
�
Sr .Xo/

jg˛.Y /j2 d	.Y /

1=2

� Cr Pf #.Xo/; if j˛j D 2:

(4.126)

Thus, inductively, we obtain (4.100).
We are left with showing (4.101). Let r > 0 and Xo 2 @˝ be fixed and notice

that, by the linearity of P!r , (4.98) and (4.99),

P!r. Pf /� P!2r. Pf / D P!r. Pf � P!2r . Pf //

D
X

jˇj;j� j�m�1

D
. Pf � P!2r. Pf //ˇ; . Pe� /ˇ

E
Pe� ; (4.127)

where the collection f Pe˛gj˛j�m�1 is the orthonormal basis in PPm�1.Sr .Xo// relative
to the Hilbert space L2.Sr.Xo// ˚ � � � ˚ L2.Sr.Xo//, N times, discussed in the
preamble of this lemma, and h�; �i stands here for the inner product in L2.Sr.Xo//.
Then, for every X 2 @˝ ,
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ˇ̌
ˇ
�

P!r. Pf /� P!2r. Pf /
�

˛
.X/

ˇ̌
ˇ

�
X

jˇj;j� j�m�1

ˇ̌
ˇ
D
. Pf � P!2r . Pf //ˇ; . Pe� /ˇ

E
. Pe� /˛.X/

ˇ̌
ˇ

� Cr
n�1
2

X

jˇj�j� j�m�1

	Z
�
Sr .Xo/

ˇ̌
ˇ
� Pf � P!2r. Pf /

�

ˇ
.Y /

ˇ̌
ˇ
2

d	.Y /


1=2
k. Pe� /˛kL1.Sr .Xo//

� C
X

jˇj�j� j�m�1

	Z
�
S2r .Xo/

ˇ̌
ˇ
� Pf � P!2r. Pf /

�

ˇ
.Y /

ˇ̌
ˇ
2

d	.Y /


1=2 h
jX � Xoj C r

ij� j�j˛j

� C
X

jˇj�j� j�m�1
rm�1�jˇj Pf #.Xo/

h
jX � Xoj C r

ij� j�j˛j
; (4.128)

where the first inequality in (4.128) follows from (4.127), the second is a conse-
quence of Hölder’s inequality, the normality of f Pe�gj� j�m�1 and (4.94), the third
is implied by (4.95) and jSr.Xo/j 	 jS2r.Xo/j, while the last follows from
(4.100). Then (4.101) is an immediate consequence of (4.128) and the fact that
r � jX �Xoj C r and that @˝ is bounded. ut

Next, we present the main result of this section. Before stating it, recall (2.43).

Theorem 4.11. Consider a W-elliptic homogeneous differential operator L of
order 2m with (complex) matrix-valued constant coefficients. Let ˝ be a bounded
Lipschitz domain in R

n and for each X 2 ˝ denote by �.X/ its distance to @˝ .
Let PD be a double multi-layer potential associated with L (as in � 4.2). Then there
exists a finite constant C D C.˝;L/ > 0 with the property that

jrm PD Pf .X/j2�.X/ dX is a Carleson measure on ˝ , with

Carleson constant � Ck Pf k2 PBMOm�1.@˝/
for each Pf 2 PBMOm�1.@˝/:

(4.129)

Proof. Let Pf 2 PBMOm�1.@˝/ and fix Xo 2 @˝ and r >0. Consider next a function
� in R

n with the following properties

� 2 C1
c .R

n/; 0 � � � 1; � � 1 on B2r .Xo/; supp � � B4r.Xo/; (4.130)

and j@˛�j � C˛

r j˛j ; for each multi-index˛ 2 N
n
0: (4.131)

Also, denote by �r.Xo/ WD ˝ \ B.Xo; r/ the Carleson box associated with the
surface ball Sr.Xo/, and denote by j�r.Xo/j its n-dimensional Lebesgue measure.
Let us agree that jSr.Xo/j denotes the surface measure of Sr.Xo/.
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Throughout the proof, we shall abbreviate P!r. Pf /, P!2r . Pf /, etc., as P!r , P!2r , etc.
Recall (3.9). Writing now Pf D �. Pf � P!2r /C .1��/. Pf � P!2r /C P!2r and using the
reproducing property (4.62) of PD we obtain

rm PD Pf D rm PD Œ�. Pf � P!2r/
C rm PD Œ.1 � �/. Pf � P!2r /
; (4.132)

as rm PD P!2r D rm!2r D 0. Consequently, using that .a C b/2 � 2a2 C 2b2, we
have,

1

jSr.Xo/j
Z

�r .Xo/

�.X/jrm PD Pf .X/j2 dX

� 2

jSr.Xo/j
Z

�r .Xo/

�.X/jrm PD Œ�. Pf � P!2r /
.X/j2 dX

C 2

jSr.Xo/j
Z

�r .Xo/

�.X/jrm PD Œ.1 � �/. Pf � P!2r/
.X/j2 dX

DW I C II: (4.133)

We claim next that there exists a finite constant C D C.˝;L/ > 0 such that the
following are satisfied

1

jSr.Xo/j
Z

�r .Xo/

�.X/jrm PD Œ�. Pf � P!2r /
.X/j2 dX � C. Pf #.Xo//
2; (4.134)

jrm PD Œ.1 � �/. Pf � P!2r /
.X/j � C

r
k Pf k PBMOm�1.@˝/

if X 2 �r.Xo/: (4.135)

Let us assume for the moment that (4.134) and (4.135) hold and continue with the
proof of (4.129). Using (3.387), then (4.134) readily implies

I � Ck Pf k2 PBMOm�1.@˝/
: (4.136)

Also, based on (4.135), jSr.Xo/j 	 rn�1, j�r.Xo/j 	 rn, and j�.X/j � r whenever
X 2 �r.Xo/, we have

II � C

r2
k Pf k2 PBMOm�1.@˝/

1

jSr.Xo/j
Z

�r.Xo/

j�.X/j dX � Ck Pf k2 PBMOm�1.@˝/
: (4.137)

Then (4.129) follows from (4.133) and (4.136)–(4.137).
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We are therefore left with proving (4.134) and (4.135), a task to which we turn
now. Starting with (4.134) let us notice that since jSr.Xo/j 	 rn�1,

I � C

rn�1

Z

˝

�.X/jrm PD Œ�. Pf � P!2r/.X/
j2dX: (4.138)

Next, from Proposition 2.67 and the integral identity in (4.77)–(4.79) we may
estimate
Z

˝

�.X/jrm PD Œ�. Pf � P!2r /.X/
j2 dX � C

Z

@˝

j�. Pf � P!2r /.Q/j2 d	.Q/: (4.139)

Consequently,

I � C

rn�1

Z

@˝

j�. Pf � P!2r /.Q/j2 d	.Q/

D C

rn�1

Z

S4r .Xo/

j. Pf � P!2r /.Q/j2 d	.Q/; (4.140)

where the equality above follows from the fact that � is supported in B4r.Xo/.
Hence,

I � C

rn�1

Z

S4r .Xo/

j. Pf � P!2r /.Q/j2 d	.Q/ � C. Pf #.Xo//
2; (4.141)

where the last inequality is a consequence of the property (4.90) and the definition
of the sharp maximal function Pf #.Xo/. The proof of (4.136) is therefore completed.

Now we focus on proving (4.137) and to this end, let X 2 �r.Xo/. Then, since

jrm PD Œ.1 � �/. Pf � P!2r /
.X/j D jr.rm�1 PD Œ.1 � �/. Pf � P!2r /
/.X/j; (4.142)

employing (4.77) we obtain

jrm PD Œ.1 � �/. Pf � P!2r /
.X/j (4.143)

� C
X

j� jDm�1;j˛jDm

jˇjDm;jıjDm�1

ˇ̌
ˇrX

Z

@˝

�j .Y /.@
ˇC�E/.X � Y /Aˇ˛ �

�..1 � �/. Pf � P!2r //ı.Y / d	.Y /
ˇ̌
ˇ;

where C > 0 is a universal constant. Using the support properties of � from (4.130),
we can replace @˝ by @˝ n S2r.Xo/ as the domain of integration in the right hand
side of (4.142) since 1 � � � 0 on S2r.Xo/. Also, using (4.29),
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jr2mE.X � Y /j � C

jX � Y jn : (4.144)

Therefore, since

j.1 � �/. Pf � P!2r/.Y /j � C
X

j�j�m�1
j. Pf � P!2r/�.Y /j � jrm�1�j�j.1 � �/.Y /j;

(4.145)

we obtain

jrm PD Œ.1 � �/. Pf � P!2r /
.X/j (4.146)

� C
X

j�j�m�1

Z

@˝nS2r .Xo/
j. Pf � P!2r/�.Y /j

jX � Y jn jrm�1�j�j.1 � �/.Y /j d	.Y /:

A simple observation is that there exist constants Cj D Cj .˝/, j D 1; 2, such
that for X 2 �r.Xo/ and Y 2 @˝ n S2r .Xo/ we have

C1jX � Y j � jXo � Y j � C2jX � Y j: (4.147)

Employing (4.147) in (4.146), it follows that

jrm PDŒ.1 � �/. Pf � P!2r/
.X/j

� C
X

j�jDm�1

Z

@˝nS2r .Xo/

1

jXo � Y jn j. Pf � P!2r/�.Y /j j.1 � �/.Y /jd	.Y /

C C
X

j�j<m�1

Z

@˝nS2r .Xo/

1

jXo � Y jn j. Pf � P!2r/�.Y /j jrm�1�j�j.1 � �/.Y /j d	.Y /

DW III C IV: (4.148)

For each multi-index � 2 N
n
0 , j�j < m � 1, the function rm�1�j�j.1 � �/ is

supported in S4r .Xo/ n S2r.Xo/. This, together with (4.131) imply

III � C
X

j�jDm�1

Z

@˝nS2r .Xo/

1

jXo � Y jn j. Pf � P!2r /�.Y /j d	.Y /; (4.149)

IV � C
X

j�j<m�1

1

rm�1�j�j

Z

S4r .Xo/nS2r .Xo/

1

jXo � Y jn j. Pf � P!2r /�.Y /j d	.Y /:

(4.150)
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Using that jS4r.Xo/j 	 rn�1 and for each point Y 2 S4r .Xo/ n S2r .Xo/ we have
2r � j Xo � Y j � 4r , (4.150) gives

IV � C
X

j�j<m�1

1

rm�j�j � 1

jS4r .Xo/j
Z

S4r .Xo/

j. Pf � P!2r /�.Y /j d	.Y /: (4.151)

� C
X

j�j<m�1

1

rm�j�j

	
1

jS4r.Xo/j
Z

S4r .Xo/

j. Pf � P!2r/�.Y /j d	.Y /

1=2

:

Now (4.100) allows us to conclude,

IV � C
X

j�j�m�1

1

rm�j�j � rm�1�j�j Pf #.Xo/

� C

r
Pf #.Xo/ � C

r
k Pf k PBMOm�1.@˝/

: (4.152)

As for III, by writing the domain of integration in the right-hand side (4.149) as
the union of disjoint annuli S2jC1r .Xo/ n S2j r .Xo/, j � 1, we have

III � C
X

j�jDm�1

1X

jD1

Z

S
2jC1r.Xo/

nS
2j r

.Xo/

1

.2j r/n
j. Pf � P!2r/�.Y /j d	.Y /; (4.153)

since, for each j � 1 and Y 2 S2jC1r nS2j r , one has 2j r � jXo�Y j. We then write

III � C
X

j�jDm�1

1X

jD1

1

2j r

Z
�
S
2jC1r

.Xo/

h
j. Pf � P!2jC1r /�.Y /j

C
jX

iD1
j. P!2iC1r � P!2i r /�.Y /j

i
d	.Y /

� C
X

j�jDm�1

1X

jD1

h 1

2j r

�Z
�
S
2jC1r

.Xo/

j. Pf � P!2jC1r /�.Y /j2 d	.Y /
� 1
2

C
jX

iD1

1

2j r

Z
�
S
2jC1r

.Xo/

j. P!2iC1r � P!2i r/�.Y /j d	.Y /
i

� C
X

j�jDm�1

1X

jD1

	
1

2j r
Pf #.Xo/C j

2j r
Pf #.Xo/




� C

r
Pf #.Xo/ � C

r
k Pf k PBMOm�1.@˝/

: (4.154)
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Above, the first inequality in (4.154) follows from (4.153) by writing Pf � P!2r as
a telescoping sum and applying the triangle inequality, while the second one is
obtained from Hölder’s inequality. The third inequality follows from Lemma 4.10,
whereas the last inequality is a consequence of (3.387). Now, (4.154), (4.152) and
(4.148) give (4.135) and complete the proof of Theorem 4.11. ut

We conclude by establishing the counterpart of Theorem 4.11 in the VMO
context. Specifically, we have:

Theorem 4.12. Retain the setting of Theorem 4.11. Then

jrm PD Pf .X/j2�.X/ dX is a vanishing Carleson

measure on ˝ for each Pf 2 PVMOm�1.@˝/:
(4.155)

Proof. Fix an arbitrary Pf 2 PVMOm�1.@˝/ along with a threshold " > 0. Pick
a number s 2 .0; 1/ such that s > n�1

2n
, and choose Pg 2 PB1;1

m�1;s.@˝/ such that

k Pf � Pgk PBMOm�1.@˝/
< ". That this is possible is ensured by Definition 3.52 and

Proposition 3.53. Then, for every Xo 2 @˝ and 0 < r < diam .˝/, we have

r1�n
Z

�.Xo;r/

jrm PD Pf j2� dX � 2r1�n
Z

�.Xo;r/

jrm PD. Pf � Pg/j2� dX

C 2r1�n
Z

�.Xo;r/

jrm PD Pgj2� dX DW I C II:

(4.156)

Now, Theorem 4.11 gives that

I � 2k jrm PD. Pf � Pg/j2� dX kCar � Ck Pf � Pgk2 PBMOm�1.@˝/
� C"2: (4.157)

As for term II, anticipating an estimate which will be proved later, we remark that
the function u WD jrm PD Pgj2� satisfies juj � C�2s�1 in ˝ , thanks to (4.243), where
C WD k Pgk2PB1;1

m�1;s .@˝/
is a finite constant. Consequently, by (2.58), � WD u dX is a

vanishing Carleson measure, since 2s � 1 > �1=n by our choice of s. In turn, this
entails that there exists R > 0 such that

II � " if 0 < r < R; (4.158)

uniformly in Xo 2 @˝ . Altogether, (4.156)–(4.158) show that

lim
R!0C

 
sup

0<r<R;Xo2@˝
r1�n

Z

�.Xo;r/

jrm PD Pf j2� dX
!

D 0: (4.159)

This proves (4.155). ut
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4.4 Jump Relations

Throughout this section we define and study the boundary principal-value version
of the double multi-layer potential operator PD introduced in (4.57).

Definition 4.13. Assume that ˝ � R
n is a bounded Lipschitz domain, and

that L is a (complex) matrix-valued constant coefficient, homogeneous, W-elliptic
differential operator L of order 2m in R

n. For each Pf 2 PLpm�1;0.@˝/, 1 < p < 1,
define

PK Pf WD
n� PK Pf �

�

o

j� j�m�1 (4.160)

where, for each � 2 N
n
0 of length � m � 1, we have set

� PK Pf �
�
.X/ WD

X

j˛jDm

jˇjDm

j� jX

`D1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

X


C!CejD�

j
 jD`�1;j!jDj� j�`

n
C1.m; `; ˛; ı; �; �; 
; !/ �

� lim
"!0C

Z

Y2@˝jX�Y j>"

@�kj .Y /

�
.@ıC!CˇE/.X � Y /

�
Aˇ˛f
C�.Y / d	.Y /

o

�
X

j˛jDm

jˇjDm

mX

`Dj� jC1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

n
C2.m; `; ˛; ı; �/ � (4.161)

� lim
"!0C

Z

Y2@˝jX�Y j>"

�k.Y /.@
ıCˇE/.X � Y /Aˇ˛f�C�.Y / d	.Y /

o
;

for X 2 @˝ . Above C1, C2 are as in (4.78)–(4.79).

To state our next result, recall the non-tangential boundary multi-trace from
(3.272). Also, recall the double multi-layer potential operator defined in (4.57), the
convention (2.11), and set

PD˙ Pf WD
� PD Pf

�ˇ̌
ˇ
˝

˙

: (4.162)

In the sequel we will sometimes abbreviate PDC by PD . Also, I will denote the
identity operator.

Theorem 4.14. Let ˝�R
n be a bounded Lipschitz domain and consider a

(complex) matrix-valued constant coefficient, homogeneous, W-elliptic differential
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operator L of order 2m in R
n. Assume that PK is associated with these as in

(4.160)–(4.161).
Then for each Pf 2 PLpm�1;0.@˝/, 1 < p < 1, the expression PK Pf .X/ is

meaningful at almost every point X 2 @˝ . Moreover, the operator

PK W PLpm�1;0.@˝/ �! PLpm�1;0.@˝/ (4.163)

is well-defined, linear and bounded for each p 2 .1;1/, and the following jump-
relation holds

PD˙ Pf
ˇ̌
ˇ
m�1
@˝

D .˙ 1
2
I C PK/ Pf ; (4.164)

for each Pf 2 PLpm�1;0.@˝/, 1 < p < 1.
Furthermore, for each p 2 .1;1/, the operator

PK W PLpm�1;1.@˝/ �! PLpm�1;1.@˝/ (4.165)

is also well-defined, linear and bounded. As a corollary,

PK� W
� PLpm�1;0.@˝/

�� �!
� PLpm�1;0.@˝/

��

PK� W
� PLpm�1;1.@˝/

�� �!
� PLpm�1;1.@˝/

��
(4.166)

are also well-defined, linear, bounded operators for each p 2 .1;1/.

Proof. The fact that the limits in (4.161) exist at a.e. X 2 @˝ is a consequence of
Proposition 2.63. This proposition also gives that

X

j� j�m�1
k. PK Pf /�kLp.@˝/ � Ck Pf k PLpm�1;0.@˝/

(4.167)

for some finite constant C D C.˝;L; p/ > 0.
We shall now prove that (4.164) holds which requires that

. PD˙ Pf /�
j

@˝
D
h�˙ 1

2
I C PK� Pf

i

�
; 8 � 2 N

n
0; j� j � m � 1: (4.168)

We consider first the case of superscript C in (4.168) and fix for the moment � 2 N
n
0

with length � m � 1. Notice that in (4.77), a typical kernel for the first group of
integral operators is of the type

k.X; Y / D @�kj .Y /

�
ko.X � Y /

�
where ko.Z/ WD .@ıC!CˇE/.Z/Aˇ˛; (4.169)
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where ˛; ˇ; ı; ! 2 N
n
0 , j˛j D jˇj D m, jıj D ` � 1 and j!j D j� j � `, for some

number ` 2 f1; : : : ; j� jg. In particular jıj C j!j C jˇj D m C j� j � 1 � 2m � 2

and, consequently, the kernel k.X; Y / is either weakly singular, or amenable to the
Calderón–Zygmund theory reviewed in � 2.8. The integral operators with weakly
singular kernels do not jump thus, when restricted to the boundary, they contribute
to the left-hand side of (4.168) the boundary operators in the first part of (4.161). In
the case when the multi-index � 2 N

n
0 satisfies j� j D m � 1, we employ the jump

relations (2.530) to write

�Z

@˝

@�jk.Y /Œko.� � Y /
g.Y / d	.Y /
��

@˝

.X/

D 1

2
p�1 Œ�j �k

bko.�/� �k�j bko.�/
.X/g.X/

C lim
"!0C

Z

Y2@˝jX�Y j>"

@�jk.Y /Œko.X � Y /
g.Y / d	.Y /

D lim
"!0C

Z

Y2@˝jX�Y j>"

@�jk.Y /Œko.X � Y /
g.Y / d	.Y /: (4.170)

for each g 2 Lp.@˝/ and almost every X 2 @˝ . This shows that the restriction to
the boundary of the first part in (4.77) gives precisely the first part of (4.161).

Let us now focus on the restriction to the boundary of the second part of (4.77).
Notice that whenever ` < m the kernels in the second part of (4.77) are weakly
singular and hence the integral operators with these kernels do not jump. In turn,
the restriction to the boundary of these operators give the corresponding terms (i.e.,
with ` < m) in the second part of (4.161).

Finally, we are left with considering the boundary behavior of the following sum
of integral operators (corresponding to the choice ` D m in the second part of
(4.77)):

�
X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ

Z

@˝

�k.Y /.@
ıCˇE/.X � Y /Aˇ˛f� .Y / d	.Y /: (4.171)

Since jˇj C jıj D 2m � 1, the kernels in (4.171) are Calderón–Zygmund and
employing (2.530) the non-tangential limit on @˝ of (4.171) is
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� 1

2
p�1

X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ
�k.X/.

2@ıCˇE/.�.X//Aˇ˛f�.X/ (4.172)

� lim
"!0C

X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ

Z

@˝

�k.Y /.@
ıCˇE/.X � Y /Aˇ˛f� .Y / d	.Y /;

where as before “hat” denotes the Fourier transform. Based on (4.77) and (4.161),
in the light of our previous analysis, in order to prove (4.168) it suffices to show

� 1

2
p�1

X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ
�k.X/.

2@ıCˇE/.�.X//Aˇ˛f�.X/ D 1
2
f� .X/: (4.173)

Using that

.2@ıCˇE/.�.X// D p�1jıjCjˇj
�.X/ıCˇbE.�.X//

D .
p�1/2m�1�.X/ıCˇbE.�.X//; (4.174)

we obtain

� 1

2
p�1

X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ
�k.X/.

2@ıCˇE/.�.X//Aˇ˛f�.X/ (4.175)

D 1
2
.�1/m

X

j˛jDm

jˇjDm

X

ıCekD˛

˛Š

m ıŠ
�.X/ıCˇCekbE.�.X//Aˇ˛f�.X/

D 1
2
.�1/m

X

j˛jDm

jˇjDm

0

@
X

ıCekD˛

˛Š

m ıŠ

1

A �.X/˛CˇbE.�.X//Aˇ˛f�.X/

D 1
2
.�1/m

X

j˛jDm

jˇjDm

�.X/˛CˇbE.�.X//Aˇ˛f� .X/

D 1
2
.�1/mbE.�.X//

h X

j˛jDm

jˇjDm

�.X/˛CˇA˛ˇ
i
f�.X/;
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where the next-to-last identity follows from (4.82). Finally, (4.31) gives

bE.�.X// D .�1/m
h X

j˛jDjˇjDm
�.X/˛CˇA˛ˇ

i�1
(4.176)

so the identity (4.173) readily follows. This in turn gives (4.168) and finishes the
proof of (4.164).

In order to complete the proof of (4.163) it remains to show that for each
Whitney array Pf 2 PLpm�1;0.@˝/ for some p 2 .1;1/ we have that PK Pf 2CC . This
is however a direct consequence of (4.164), the non-tangential maximal function
estimate (4.63) and (3.275) in Proposition 3.29.

We turn now to proving that the operator (4.165) is also well-defined and
bounded. To this end, fix p 2 .1;1/. Then, for each Pf 2 PLpm�1;1.@˝/ the jump
formula (4.164) holds. Then, the desired properties of the operator (4.165) are a
consequence of the non-tangential maximal function estimates (4.64), (3.279) from
Proposition 3.30 and (3.265). ut

Theorem 4.15. Retain the same background assumptions as in Theorem 4.14. Then
the operator

PK W Phpm�1;1.@˝/ �! Phpm�1;1.@˝/ (4.177)

is well-defined, linear and bounded for each p 2 . n�1
n
;1/.

Proof. When 1 < p < 1, it follows that Phpm�1;1.@˝/ D PLpm�1;1.@˝/ and

(4.177) follows from (4.165). On the other hand, the embedding Phpm�1;1.@˝/ ,!
PLp�

m�1;0.@˝/ holds if n�1
n
< p � 1, where p� is as in (2.433). Hence, in either case,

(4.164) holds for Pf 2 Phpm�1;1.@˝/, so the boundedness of (4.163) is a consequence
of this, (4.87), and (3.279) from Proposition 3.30. ut

We continue by presenting a structure theorem for the principal-value double
multi-layer in the case when the underlying differential operator factors through the
Laplacian.

Theorem 4.16. Retain the same background assumptions as in Theorem 4.14 and,
in addition, assume that L is a W-elliptic differential operator which factors as

L D � QL; (4.178)

where QL is a constant coefficient differential operator of order 2m � 2. Then, for
each � 2 N

n
0 , with j� j � m� 1, and Pf D ff�gj� j�m�1 2 PLpm�1;0.@˝/, 1 < p < 1,

one has



238 4 The Double Multi-Layer Potential Operator

. PK Pf /� .X/ D
X

j
 j�m�1

nX

j;kD1

lim
"!0C

Z

Y2@˝

jX�Y j>"

@�jk.Y /

�
Œp�;
;j;k.@/E
.X � Y /

�
f
.Y / d	.Y /

CK�f�.X/C lower order terms; (4.179)

where each p�;
;j;k.@/ is a differential operator of order 2m � 2.

Proof. Fix � 2 N
n
0 such that j� j � m � 1. A simple analysis of (4.161) reveals that

for (4.179) it suffices to show that

�
X

j˛jDm

jˇjDm

mX

`Dj� jC1

X

ıC�CekD˛

jıjD`�1;j�jDm�`

C2.m; `; ˛; ı; �/ � (4.180)

� lim
"!0C

Z

Y2@˝jX�Y j>"

�k.Y /.@
ıCˇE/.X � Y /Aˇ˛f�C�.Y / d	.Y /;

can be written as in the right-hand side of (4.179) as the remaining terms in (4.161)
are already in this form. As for (4.180), we notice that whenever ` ¤ m in (4.180)
one obtains a lower order term. Therefore matters are reduced to showing that if

I WD �
X

j˛jDm

jˇjDm

X

ıCekD˛

˛k

m
lim
"!0C

Z

Y2@˝jX�Y j>"

�k.Y /.@
ıCˇE/.X � Y /Aˇ˛f�.Y / d	.Y /

(4.181)
then

I D
X

j
 j�m�1

nX

j;kD1
lim
"!0C

Z

Y2@˝jX�Y j>"

@�jk.Y /

�
Œp�;
;j;k.@/E
.X � Y /

�
f
.Y / d	.Y /

CK�f�.X/C lower order terms ; (4.182)

with p�;
;j;k.@/ as in the hypothesis. Above we have used the fact that

C2.m;m; ˛; ı;;/ D ˛k

m
whenever ı C ek D ˛: (4.183)

However, based on the definition of I ,

I D �
X

j˛jDm

jˇjDm

nX

kD1

˛k

m
lim
"!0C

Z

Y2@˝jX�Y j>"

�k.Y /.@
˛Cˇ�ekE/.X � Y /Aˇ˛f�.Y / d	.Y /;

(4.184)
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where we make the convention that @˛Cˇ�ekE D 0 if any of the components of the
multi-index ˛ C ˇ � ek is negative.

Consider next a generic homogeneous differential operator QL of order 2m � 2,

QL WD
X

j˛0jDjˇ0 jDm�1
@˛

0

B˛0ˇ0@ˇ
0

: (4.185)

Then, due to (4.178), we have

X

j˛jDjˇjDm
A˛ˇ @

˛Cˇ D
X

j˛0jDjˇ0jDm�1

nX

jD1
B˛0ˇ0@˛

0Cˇ0C2ej : (4.186)

A moment’s reflection shows then that, for each ˛; ˇ 2 N
n
0 , with j˛j D jˇj D m,

we have

A˛ˇ D
nX

jD1
B.˛�ej /.ˇ�ej /; (4.187)

where B.˛�ej /.ˇ�ej / D 0 whenever either ˛ � ei or ˇ � ei fails to be a multi-index
in N

n
0 , otherwise they are as in (4.185). Employing (4.187) in (4.184) we obtain

I D �
X

j˛jDm

jˇjDm

nX

kD1

˛k

m
lim
"!0C

Z

Y2@˝jX�Y j>"

�k.Y /

nX

jD1
.@.˛�ej /C.ˇ�ej /C2ej�ekE/.X � Y / �

�B.ˇ�ej /.˛�ei /f� .Y / d	.Y /: (4.188)

Writing �k@ej D @�kj C �j @
ek we get

I D II C III; (4.189)

where

II WD
X

j˛jDm

jˇjDm

nX

kD1

˛k

m
lim
"!0C

Z

Y2@˝jX�Y j>"

@�kj .Y /

nX

jD1
.@.˛�ej /C.ˇ�ej /Cej�ekE/.X � Y / �

�B.ˇ�ej /.˛�ej /f� .Y / d	.Y /; (4.190)
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and

III WD
X

j˛jDmjˇjDm

nX

kD1

˛k

m
lim
"!0C

Z

Y2@˝jX�Y j>"

nX

jD1
�j .Y /@

ej
Y .@

.˛�ej /C.ˇ�ej /E/.X � Y / �

�B.ˇ�ej /.˛�ej /f� .Y / d	.Y /: (4.191)

Observe next that II is of the form

X

j
 j�m�1

nX

j;kD1
lim
"!0C

Z

Y2@˝jX�Y j>"

@�jk.Y /

�
Œp�;
;j;k.@/E
.X � Y /

�
f
.Y / d	.Y /: (4.192)

As far as III is concerned, notice first that for a fixed ˛ 2 N
n
0 , j˛j D m we have thatPm

kD1
˛k
m

D 1. Also, based on (4.185), for each fixed j 2 f1; : : : ; ng we have

X

j˛jDjˇjDm
B.˛�ej /.ˇ�ej /@˛Cˇ�2ej D QL: (4.193)

Finally, (4.191) and the preceding observations imply

III D
nX

jD1
lim
"!0C

Z

Y2@˝jX�Y j>"

�j .Y /@
ej
Y

h
. QLtELt /.X � Y /

it
f� .Y / d	.Y /; (4.194)

and since QLtELt D � (as Lt D � QLt ), where � is the fundamental solution of the
Laplacian, (4.194) readily gives that

III D K�f� .X/: (4.195)

This finishes the proof of (4.182) and completes the proof of Theorem 4.16. ut
Our next theorem addresses the issue of the boundedness of the principal-value

double multi-layer on Whitney–BMO spaces. As a preamble, we shall prove the
following useful result.

Proposition 4.17. Let ˝�R
n be a bounded Lipschitz domain and consider a

(complex) matrix-valued constant coefficient, homogeneous, W-elliptic differential
operator L of order 2m in R

n. In this context, define PK as in (4.160)–(4.161). Then

PK.trm�1u/ D 1
2

trm�1u on @˝; for any u 2 Pm�1: (4.196)

Proof. This follows by taking the non-tangential limit in (4.62) and using the
jump-formula (4.164). ut
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The action of the principal-value double multi-layer on Whitney–BMO spaces is
considered next. The theorem below extends work done in the case when n D 2 and
L D �2 in [24] and answers the question posed by J. Cohen at the top of page 111
in [24].

Theorem 4.18. Assume that ˝�R
n is a bounded Lipschitz domain, L is a

(complex) matrix-valued constant coefficient, homogeneous, W-elliptic differential
operator L of order 2m in R

n, and consider PK as in (4.160)–(4.161). Then

PK W PBMOm�1.@˝/ �! PBMOm�1.@˝/; (4.197)

is well-defined, linear and bounded.

Proof. The first observation is that, given an arbitrary Pf 2 PBMOm�1.@˝/, due to
(4.163),

PK Pf 2 PL2m�1;0.@˝/: (4.198)

Therefore matters reduce to showing

. PK Pf /# 2 L1.@˝/: (4.199)

To this end, fixXo 2 @˝ , r > 0 and Pf 2 PBMOm�1.@˝/. For eachR > 0, recall the
best fit polynomial array P!R. Pf / introduced as in (4.88). We consider next a function
� in R

n as in (4.130). In particular the following hold

� 2 C1
c .R

n/; 0 � � � 1; � � 1 on S2r .Xo/; supp� � S4r .Xo/; (4.200)

j@˛�j � C˛

r j˛j ; for each ˛ 2 N
n
0: (4.201)

We write

Pf D �. Pf � P!2r /C .1 � �/. Pf � P!2r/C P!2r ; (4.202)

where for an array Pg, the multiplication � Pg is in the sense of (3.309). Using the
linearity of the operator PK on L2m�1;0.@˝/, formulas (4.202) and (4.196) give

�
1
2
I C PK� Pf D �

1
2
I C PK�

�
�. Pf � P!2r /

�

C� 1
2
I C PK�

�
.1 � �/. Pf � P!2r/

�
C 3

2
P!2r : (4.203)
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Therefore

. 1
2
I C PK/ Pf � 3

2
P!2r D . 1

2
I C PK/

�
�. Pf � P!2r/

�
C . 1

2
I C PK/

�
.1� �/. Pf � P!2r /

�

D W I C II: (4.204)

We claim that there exists C > 0, independent of Xo, Pf and r > 0 such that

	Z
�
Sr .Xo/

jI.Y /j2 d	.Y /

1=2

� C Pf #.Xo/; (4.205)

and that

there exists PP 2 PPm�1.@˝/ with the property that

	Z
�
Sr .Xo/

jII.Y /� PP .Y /j2 d	.Y /

1=2

� C Pf #.Xo/:

(4.206)

We start with showing (4.205) and, in this regard, first notice that

Z

Sr .Xo/

jI.Y /j2 d	.Y / D
Z

Sr .Xo/

ˇ̌
ˇ. 12I C PK/

�
�.Y /. Pf .Y / � P!2r .Y //

�ˇ̌
ˇ
2

d	.Y /

�
Z

@˝

ˇ̌
ˇ. 12I C PK/

�
�.Y /. Pf .Y /� P!2r.Y //

�ˇ̌
ˇ
2

d	.Y /:

(4.207)

Based on Theorem 4.14, the operator 1
2
I C PK is bounded on L2m�1;0.@˝/, and

together with (4.207), this implies that there exists a finite constant C > 0 such that

Z

Sr .Xo/

jI.Y /j2 d	.Y / (4.208)

� C

Z

@˝

j�.Y /. Pf .Y / � P!2r .Y //j2 d	.Y /

� C
X

j˛j�m�1

X

ˇC�D˛

˛Š

ˇŠ�Š

Z

S2r .Xo/

j@ˇ�.Y /j2j� Pf .Y / � P!2r.Y /
�
�
j2 d	.Y /:

The last identity above follows from (3.309) and the Leibniz rule of differentiation.
Employing next (4.201), we have j@ˇ�.Y /j � Cr�jˇj and hence
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Z

Sr .Xo/

jI.Y /j2 d	.Y / � C
X

j˛j�m�1

X

ˇC�D˛

1

r2jˇj

Z

S2r .Xo/

j. Pf .Y /� P!2r.Y //� j2 d	.Y /:

(4.209)
Due to (4.100) from Lemma 4.10 the above further gives

Z

Sr .Xo/

jI.Y /j2 d	.Y / � C
X

j˛j�m�1

X

ˇC�D˛

r2.m�1�j� j/

r2jˇj
� Pf #.Xo/

�2 � jS2r.Xo/j

� C
X

j˛j�m�1
r2.m�1�j˛j/

� Pf #.Xo/
�2 � jSr.Xo/j; (4.210)

where in the last inequality in (4.210) we have used that jˇj C j� j D j˛j as well
as jSr.Xo/j 	 jS2r.Xo/j. Finally (4.205) now readily follows from (4.210) and the
fact that r2.m�1�j˛j/ � C D C.@˝/, since j˛j � m � 1.

We shall focus next on proving (4.206). For each array Pg 2 L2m�1;0.@˝/, Pg D
fg�gj� j�m�1 and ˛ 2 N

n
0 , multi-index of length � m � 1, we introduce

P˛. PgIX;Xo/ WD
X

jˇj�m�1�j˛j

1

ˇŠ
g˛Cˇ.Xo/.X � Xo/

ˇ; X 2 @˝; (4.211)

and

R˛. PgIX;Xo/ WD g˛.X/� P˛. PgIX;Xo/; X 2 @˝: (4.212)

Going further, we set

PP . PgIX;Xo/ WD
�
P˛. PgIX;Xo/

�

j˛j�m�1 and

PR. PgIX;Xo/ WD
�
R˛. PgIX;Xo/

�

j˛j�m�1;
(4.213)

and straightforward algebraic manipulations show that PP . PgIX;Xo/ satisfies the
compatibility conditions (3.2). This and degree considerations guarantee that the
array PP . PgIX;Xo/ 2 PPm�1.@˝/, where as before the latter stands for the set of
polynomial arrays of degree less than or equal to m � 1. In turn, based on (4.212),
PR. PgIX;Xo/ also satisfies the compatibility conditions (3.2). In the notation we just

introduced,

. 1
2
I C PK/

�
.1 � �/. Pf � P!2r/

�
D PP

�
. 1
2
I C PK/�.1 � �/. Pf � P!2r/

�IX;Xo
�

(4.214)

C PR
�
. 1
2
I C PK/�.1 � �/. Pf � P!2r/

�IX;Xo
�
;
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and we claim that there exists C > 0 (independent of Pf , Xo, r > 0) such that for
each multi-index ˛ 2 N

n
0 , j˛j � m � 1, we have

ˇ̌
ˇR˛

�
. 1
2
I C PK/�.1 � �/. Pf � P!2r/

�IX;Xo
�ˇ̌
ˇ � C Pf #.Xo/: (4.215)

The starting point for proving (4.215) is the observation that, based on (4.212) and
the jump relations (4.164), for a given Pg 2 L2m�1;0.@˝/ and for almost every point
X 2 @˝ , we have

R˛
�
. 1
2
I C PK/ PgIX;Xo

�
(4.216)

D Tr
h

Taylor remainder of orderm � 1 � j˛j of @˛ PD Pg at Xo
i
.X/:

Next, if Pg vanishes near Xo, the Taylor formula implies

ˇ̌
ˇR˛

�
. 1
2
I C PK/ PgIX;Xo

�ˇ̌
ˇ (4.217)

� C
X

j� jDm�j˛j

Z 1

0

jX �Xojm�j˛j
ˇ̌
ˇ
�
@�C˛ PD

�
Pg.Xo C t.X � Xo//

ˇ̌
ˇ dt:

It is important to point out that Taylor’s formula require that the function PD Pg be
sufficiently smooth in a neighborhood of Xo. In general, PD Pg is not even continuous
near Xo, however, it is so if Pg vanishes near Xo. Now, based on (4.57), (4.144) and
the support condition on �,

ˇ̌
ˇ
�
@�C˛ PD

�
Pg.Xo C t.X �Xo//

ˇ̌
ˇ (4.218)

� C

Z

@˝nS2r .Xo/
1

jY � .Xo C t.X �Xo//jn
X

jıj�m�1
j Pgı.Y /j d	.Y /:

Furthermore, a simple inspection reveals that there exist Cj > 0, j D 1; 2,
independent of r ,Xo andX 2 Sr.Xo/, such that for eachX 2 Sr.Xo/ the following
holds

C1jY � .Xo C t.X �Xo//j � jXo � Y j � C2jY � .Xo C t.X �Xo//j: (4.219)

Collectively, (4.217)–(4.219) further imply

ˇ̌
ˇR˛

�
. 1
2
I C PK/ PgIX;Xo

�ˇ̌
ˇ � C

Z

@˝nS2r .Xo/
rm�j˛j

jY � Xojn
X

jıj�m�1
jgı.Y /j d	.Y /;

(4.220)
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wheneverX 2 Sr.Xo/. However, proceeding as in the proof of Theorem 4.11 when
having to estimate the right hand side of (4.137), we have

Z

@˝nS2r .Xo/
1

jY � Xojn
X

jıj�m�1
j.1��.Y //. Pf .Y /� P!2r .Y //ıj d	.Y / � C

r
Pf #.Xo/:

(4.221)
Above we considered Pg D .1 � �/. Pf � P!2r/ which vanishes in a neighborhood of
Xo due to the fact that � � 1 on S2r .Xo/. Then, from (4.220) and (4.221) we deduce

ˇ̌
ˇR˛

�
. 1
2
I C PK/�.1 � �/. Pf � P!2r /

�IX;Xo
�ˇ̌
ˇ � Crm�1�j˛j Pf #.Xo/

� C Pf #.Xo/: (4.222)

That (4.206) holds can now be justified by invoking (4.214) and (4.222). Finally,
(4.204)–(4.206) give that there exists PP 2 PPm�1.@˝/ such that

	Z
�
Sr .Xo/

ˇ̌
ˇ. 12I C PK/ Pf .Y / � PP .Y /

ˇ̌
ˇ
2

d	.Y /


1=2
� C Pf #.Xo/; (4.223)

from which (4.199) readily follows. This finishes the proof of Theorem 4.18. ut

4.5 Estimates on Besov, Triebel–Lizorkin, and Weighted
Sobolev Spaces

The aim of this section is to study the action of the multi-layer operators PD and PK,
introduced in Definition 4.4 and Definition 4.13, respectively, on Besov and Triebel–
Lizorkin scales in Lipschitz domains.

Theorem 4.19. Suppose that ˝ is a bounded Lipschitz domain in R
n, and assume

thatL is a W-elliptic homogeneous differential operator of order 2m with (complex)
matrix-valued constant coefficients. Then if the numbers p; q; s satisfy the inequali-
ties n�1

n
< p � 1, 0 < q � 1, .n � 1/. 1

p
� 1/C < s < 1, the operator

PD W PBp;q
m�1;s.@˝/ �! B

p;q

m�1CsC1=p.˝/ (4.224)

is well-defined, linear and bounded. Moreover,

PD W PBp;p
m�1;s.@˝/ �! F

p;q

m�1CsC1=p.˝/ (4.225)

is also well-defined, linear and bounded (with the additional convention that q D 1
if p D 1).
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Finally, similar properties hold for  PD� (cf. the convention (4.162)), for any
cutoff function  2 C1

c .R
n/.

Proof. Consider the task of proving that the operator (4.224) is well-defined and
bounded when p; q 6D 1. In this case, fix Pf D ffıgjıj�m�1 2 PBp;q

m�1;s.@˝/ and note
that, by (3.224), it suffices to show that

@˛ PD Pf 2 Bp;q

�1CsC1=p.˝/; 8˛ 2 N
n
0; j˛j � m; (4.226)

with appropriate control of the norm. Let us indicate how this is done in the case
when j˛j D m. Pick i 2 f1; : : : ; ng and write ˛ D ei C � where � has lengthm� 1.
In particular, the discussion in the next couple of paragraphs following (4.80) shows
that @˛. PD Pf /.X/ can be written in the form

X

jˇjD2m�1

X

jıj�m�1

nX

j;kD1

Z

@˝

.@ˇE/.X � Y /Cˇ;ı;j;k.@�jk fı/.Y / d	.Y /; (4.227)

whereCˇ;ı;j;k are suitable matrices. Since Proposition 2.58 gives @�jkfı 2Bp;q
s�1.@˝/,

for every ı, j; k, it suffices to show that the assignment

B
p;q
s�1.@˝/ 3 f 7! rRˇ0f 2 Bp;q

�1CsC1=p.˝/ (4.228)

is bounded, where for each ˇ0 2 N
n
0 of length 2m � 2 we have set

Rˇ0f .X/ WD
Z

@˝

k.X � Y /f .Y / d	.Y /; X 2 ˝: (4.229)

where k.X/ is a generic entry in .@ˇ
0

E/.X � Y /. We shall show that, whenever
jˇ0j D 2m� 2,

Rˇ0 W Bp;q
s�1.@˝/ �! B

p;q

sC1=p.˝/ boundedly; (4.230)

from which (4.228) follows.
In turn, via real interpolation, (4.230) will be a consequence of the fact that

Rˇ0 W Bp;p
s�1.@˝/ �! B

p;p

sC1=p.˝/ boundedly; (4.231)

for each multi-index ˇ0 2 N
N
0 with jˇ0j D 2m � 2, if n�1

n
< p � 1, as well as

.n� 1/. 1
p

� 1/C < s < 1. Finally, given that L.Rˇ0f / D 0 in ˝ , the claim (4.231)
follows from Proposition 2.64 and Theorem 2.41. This finishes the treatment of the
case when j˛j D m. The case when j˛j � m � 1 is similar and simpler, completing
the proof of (4.224) in the case when p; q 6D 1.

The case when p 6D 1 and 0 < q � 1 can then be covered from what we have
proved so far and real interpolation; cf. (3.314) and (3.317). By the same token,
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matters can be reduced to considering the case when p D q D 1. To this end, let
us fix Pf D ff�gj�j�m�1 2 PB1;1

m�1;s.@˝/ of norm one, and abbreviate (4.4) as

PD Pf .X/ D
X

j˛jDjˇjDm

�C�CejD˛

C
˛;ˇ
�;�;j

Z

@˝

�j .Y /.@
ˇC�E/.X � Y /Aˇ˛f�.Y / d	.Y /; X 2 ˝;

(4.232)
where theC˛;ˇ

�;�;j ’s are real constants. For each multi-index � 2 N
n
0 of length � m�1,

consider next, in analogy with (3.78) and (3.73),

P�.X; Y / WD
X

jıj�m�1�j� j

1

ıŠ
fıC� .Y /.X � Y /ı; X 2 R

n; Y 2 @˝; (4.233)

R�.X; Y / WD f� .X/� P�.X; Y /; X; Y 2 @˝: (4.234)

For ease of reference, for each Y 2 @˝ let us also set

PP .�; Y / WD fP�.�; Y /gj� j�m�1; PR.�; Y / WD fR�.�; Y /gj� j�m�1: (4.235)

A direct calculation shows that PP .�; Y / 2 CC for every Y 2 @˝ (cf. (3.81), or the
discussion on p. 177 in [119]). Since f�.X/ D P�.X;Z/CR�.X;Z/ if j� j � m�1
and X;Z 2 @˝ , we have

Pf D PP.�; Z/C PR.�; Z/; 8Z 2 @˝: (4.236)

In particular, PR.�; Y / 2 CC for every Y 2 @˝ . Furthermore, since PP.�; Z/ D
has polynomial components of degree � m � 1, it follows from (4.236) and the
reproducing property (4.62) that

PD Pf .X/ D PD. PP.�; Z//.X/C PD. PR.�; Z//.X/

D P.0;:::;0/.X;Z/C PD. PR.�; Z//.X/ (4.237)

for every X 2 ˝ and Z 2 @˝ . Consequently, for each multi-index 
 2 N
n
0 with

j
 j D m, we arrive at the identity

@
 PD Pf .X/ D @
 PD. PR.�; Z//.X/ (4.238)

D
X

j˛jDjˇjDm

�C�CejD˛

C
˛;ˇ
�;�;j

Z

@˝

�j .Y /.@
ˇC�C
E/.X � Y /Aˇ˛R�.Y;Z/ d	.Y /;

valid for each X 2 ˝ and Z 2 @˝ . Next, given a point X 2 ˝ , we specialize
(4.238) by choosingZ WD �.X/, where � W ˝ ! @˝ is a mapping chosen with the
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property that dist .X; @˝/ 	 jX � �.X/j, uniformly for X 2 ˝ . In turn, for each

 2 N

n
0 with j
 j D m, this and (4.29) entail

j@
 PD Pf .X/j � C
X

j�j�m�1

Z

@˝

1

jX � Y jn�1Cm�j�j jR�.Y; �.X//j d	.Y /; (4.239)

for every X 2 ˝ . We may therefore estimate

�1�s .X/j@
 PD Pf .X/j � C
X

j�j�m�1

Z

@˝

�.X/1�s
jX � Y jn�1Cm�j�j jR�.Y; �.X//j d	.Y /

� C
X

j�j�m�1

Z

@˝

�.X/1�s
jX � Y jn�1Cm�j�jjY � �.X/jm�1�j�jCs d	.Y /

D C
X

j�j�m�1

Z

jY��.X/j>c�.X/
� � � C C

X

j�j�m�1

Z

jY��.X/j<c�.X/
: : :

DW I1 C I2; (4.240)

where the second inequality above utilizes (3.75). Localizing and passing from
graph to local (Euclidean) coordinates, we see that

I1 � C
X

j�j�m�1

Z

jy�xj>ct

y2Rn�1

t1�s

Œt C jx � yj
n�1Cm�j�j � jx � yjm�1�j�jCs dy (4.241)

� C
X

j�j�m�1

t1�s

tn�1Cm�j�j � tm�1�j�jCs � tn�1 �
Z

jzj�c

z2Rn�1

jzjm�1�j�jCs

Œ1C jzj
n�1Cm�j�j d z � C;

where in the second step we have changed variables twice (first from y � x to y,
then from y to tz). In a similar fashion,

I2 � C
X

j�j�m�1

Z

jy�xj<ct

t�s � jy � xj
jx � yjn�1Cm�j�j jx � yjm�1�j�jCs dy

� C
X

j�j�m�1

t�s

tn�1�s � tn�1 �
Z

jzj�c

z2Rn�1

d z

jzjn�1�s � C: (4.242)
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Altogether, (4.240)–(4.242) show that there exists C D C.˝;L; s/ such that

sup
X2˝

h
�.X/1�sjrm PD Pf .X/j

i
� Ck Pf k PB1;1

m�1;s .@˝/
: (4.243)

Next, we remark that for each 0 < s < 1,

PB1;1
m�1;s.@˝/ ,! PBp;p

m�1;r .@˝/
rj PD����!B

p;p

m�1�jCrC1=p.˝/ ,! L1.˝/; (4.244)

whenever j 2 f1; : : : ; m � 1g, 0 < r < s and n�1
r
< p < 1 Indeed, the first

inclusion in (4.244) is a consequence of Proposition 2.51, the boundedness of the
second arrow is based (4.224), and the last inclusion is a standard embedding result.
Consequently, there exists C > 0 such that for each Pf 2 PB1;1

m�1;s.@˝/,

sup
X2˝

hm�1X

jD0
jrj PD Pf .X/j

i
� Ck Pf k PB1;1

m�1;s .@˝/
: (4.245)

Together, estimates (4.243), (4.245) and (2.227) give that rm�1 PD Pf 2 C s.˝/.
Hence PD Pf 2 Cm�1Cs.˝/ which, by (2.185), gives PD Pf 2 B1;1

m�1Cs.˝/, as desired.
Moving on, (4.225) is a consequence of (4.224) with p D q, the fact that the

diagonal of the Besov scale coincides with the diagonal of the Triebel–Lizorkin
scale, and (2.265) from Theorem 2.41.

Consider now the last claim in the statement of Theorem 4.19. Given a function
 2 C1

c .R
n/, pick R > 0 large enough so that BR.0/ contains N̋ [ supp . Set

now DR WD BR.0/ n ˝ and denote by PDR the double multi-layer associated with
the bounded Lipschitz domainDR � R

n. Finally, let

�R W PBp;q
m�1;s.@˝/ ! PBp;q

m�1;s.@˝/˚ PBp;q
m�1;s.@BR.0// � PBp;q

m�1;s.@DR/;

�R W PBp;q
m�1;s.@DR/ � PBp;q

m�1;s.@˝/˚ PBp;q
m�1;s.@BR.0// ! PBp;q

m�1;s.@˝/;

act according to �R. Pf / WD . Pf ; P0/ and �R. Pf ; Pg/ WD Pf ; for every Pf :

(4.246)

Based on definitions, it is straightforward to check that, when acting on Whitney–
Besov spaces,

 PD� D �. PDR/ ı �R in DR: (4.247)

With this in hand, the desired conclusions about  PD� follow from what we have
established in the first part of the proof. ut
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In the following result we establish mapping properties for the double multi-layer
acting on Whitney–Besov spaces and taking values in the weighted Sobolev spaces
introduced in � 2.5.

Theorem 4.20. Retain the same background hypotheses as in Theorem 4.19. In
addition, assume that 1 < p < 1, 0 < s < 1, and set a WD 1 � s � 1=p 2
.�1=p; 1� 1=p/. Then the operator

PD W PBp;q
m�1;s.@˝/ �! W m;p

a .˝/ (4.248)

is well-defined, linear and bounded. Moreover, a similar boundedness result holds
for  PD� (cf. the convention (4.162)), for any cutoff function  2 C1

c .R
n/.

Proof. This is a consequence of Proposition 2.64 (used with k D 1) and the fact that
for each Pf D ffıgjıj�m�1 2 PBp;q

m�1;s.@˝/ and each ˛ 2 N
n
0 with j˛j � m we may

represent @˛ PD Pf as a finite linear combination of terms of the form (4.227). ut
Our next result deals with the mapping properties of the boundary multiple layer

PK and its relation with PD , when considered on Whitney–Besov spaces. Recall
(4.162).

Theorem 4.21. Let ˝ be a bounded Lipschitz domain in R
n, and assume that L is

a W-elliptic homogeneous differential operator of order 2m with (complex) matrix-
valued constant coefficients.

Then the boundary layer potential operator PK , originally introduced in Defini-
tion 4.13, extends to a bounded mapping

PK W PBp;q
m�1;s.@˝/ �! PBp;q

m�1;s.@˝/ (4.249)

whenever n�1
n
< p � 1, .n�1/�1=p�1�C < s < 1, and 0 < q � 1. In addition,

with the same assumptions on p, q and s,

trm�1 ı PD˙ D ˙ 1
2
I C PK in PBp;q

m�1;s.@˝/: (4.250)

Proof. Consider first the case when 1 < p D q < 1, and 0 < s < 1. The
fact that the operator (4.249) is bounded in this situation follows by interpolating
by the real method (cf. (3.319) in Theorem 3.39 between (4.163) and (4.165)
in Theorem 4.14). Furthermore, the jump formula (4.250) holds since the two
operators involved are bounded on PBp;p

m�1;s.@˝/ and coincide on PLpm�1;1.@˝/ which,

under the current assumptions on the indices, is densely embedded into PBp;p
m�1;s.@˝/,

thanks to (3.118). Once (4.249)–(4.250) have been dealt with in the range of indices
1 < p D q < 1, 0 < s < 1, their validity can be further extended to the case when
n�1
n
< p D q < 1 and .n�1/.1=p�1/C < s < 1 by arguing as follows. First, for
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each such indices p; s, it is possible to find indices p� 2 .1;1/ and s� 2 .0; 1/with

the property that PBp;p
m�1;s.@˝/ ,! PBp�;p�

m�1;s�.@˝/ in a bounded fashion. As a result,

for each Pf 2 PBp;p
m�1;s.@˝/ we may write

��.˙ 1
2
I C PK/ Pf �� PBp;pm�1;s.@˝/

D ��trm�1 PD˙ Pf �� PBp;pm�1;s.@˝/
� Ck Pf k PBp;pm�1;s.@˝/

; (4.251)

whereC > 0 is a constant that does not depend on Pf . The identity in (4.251) follows

from the fact that Pf 2 PBp�;q�

m�1;s� .@˝/ while the inequality follows from the fact that
Pf belongs to PBp;q

m�1;s.@˝/, Theorems 4.19 and 3.9.
Going further, the range n�1

n
< p D q < 1 and .n � 1/

�
1
p

� 1
�

C < s < 1,

where (4.249)–(4.250) are valid, can be extended to n�1
n
< p < 1, 0 < q � 1 and

.n�1/� 1
p

�1�C < s < 1, by invoking Theorem 3.39. In fact, by employing the same
interpolation result, there only remains to deal with the case when p D q D 1 and
0 < s < 1.

However, if Pf 2 PB1;1
m�1;s.@˝/ then Pf 2 PLpm�1;0.@˝/ for any p 2 .1;1/. Conse-

quently,

.˙ 1
2
I C PK/ Pf D PD˙ Pf

ˇ̌
ˇ
m�1
@˝

D trm�1 PD˙ Pf ; (4.252)

by (4.164), the fact that PD W PB1;1
m�1;s.@˝/ ! Cm�1Cs. N̋ / boundedly (plus a similar

statement for ˝�), and (3.102) with p D q D 1. This concludes the proof of the
theorem. ut

For further reference, let us also record here the following useful result.

Corollary 4.22. In the same setting as in Theorem 4.21, the adjoint of the boundary
layer potential operator PK extends to a bounded mapping

PK� W
� PBp;q

m�1;s.@˝/
�� �!

� PBp;q
m�1;s.@˝/

��
; (4.253)

whenever 1 � p; q � 1 and 0 < s < 1.

Proof. This is an immediate consequence of Theorem 4.21 and duality. ut
For later use, let us point out that, by taking boundary traces in (4.247) and duality,
we obtain

�R ı PK D � PKR ı �R and PK� ı ��R D ���R ı PK�
R; (4.254)

where PKR is the boundary-to-boundary version of the double multi-layer integral
operator for the domainDR D BR.0/ n˝.

Our next result deals with the mapping properties of the operator PK on the space
PVMOm�1.@˝/. Specifically we have
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Theorem 4.23. Assume that ˝ is a bounded Lipschitz domain in R
n, and that

L is a W-elliptic homogeneous differential operator of order 2m with (complex)
matrix-valued constant coefficients. Then the boundary layer potential operator PK,
originally introduced in Definition 4.13, induces a mapping

PK W PVMOm�1.@˝/ �! PVMOm�1.@˝/ (4.255)

which is well-defined, linear and bounded.

Proof. This is an immediate consequence of Theorems 4.21 and 4.18 and the
definition of the space PVMOm�1.@˝/ given in (3.413). ut

The last result in this section deals with the limiting cases s D 0 and s D 1 in
(4.224), (4.225). To state it, recall that p _ 2 D max fp; 2g.

Theorem 4.24. Let˝ be a bounded Lipschitz domain in R
n, and suppose thatL is

a W-elliptic homogeneous differential operator of order 2m with (complex) matrix-
valued constant coefficients. Then the operators

PD W PLpm�1;s.@˝/ �! B
p;p_2
m�1CsC1=p.˝/; 1 < p < 1; (4.256)

PD W PLpm�1;s.@˝/ �! F
p;q

m�1CsC1=p.˝/; 2 � p < 1; 0 < q � 1; (4.257)

are well-defined, linear and bounded if either s D 0, or s D 1.

Proof. Consider first (4.256) in which case, by Proposition 2.24, it suffices to
show that rm�1Cs PD Pf 2 B

p;p_2
1=p .˝/ for each Pf 2 PLpm�1;s.@˝/ (assuming that

s 2 f0; 1g). This, however, is a consequence of (4.80)–(4.83) and Proposition 2.68.
Next, the claim about (4.257) is a consequence of what we have just proved, the

fact that Bp;p_2
m�1CsC1=p.˝/ ,! F

p;p

m�1CsC1=p.˝/ if 2 � p < 1, and the last part in
Theorem 2.41. ut



Chapter 5
The Single Multi-Layer Potential Operator

The general goal in this chapter is to define and study the main properties of the
single multi-layer potential operator associated with arbitrary elliptic, higher-order,
homogeneous, constant (complex) matrix-valued coefficients differential operators.

5.1 The Definition of Single Multi-Layer and Non-tangential
Maximal Estimates

We begin by making the following basic definition.

Definition 5.1. Fixm;M 2 N and consider a W-elliptic, homogeneous differential
operator L of order 2m, with C

M�M -valued coefficients, and denote by E the
fundamental solution of L constructed in Theorem 4.2. In addition, assume that ˝
is a bounded Lipschitz domain in R

n, and fix p 2 .1;1/. The action of the single

multi-layer potential operator PS on an arbitrary functional� 2
� PLpm�1;1.@˝/

��
is

given by

. PS�/.X/ WD
D
trm�1ŒE.X � �/� ; �

E
(5.1)

D
�Dn

.�1/j˛j.@˛Ej�/.X � �/
ˇ̌
ˇ
@˝

o
j˛j�m�1 ; �

E�

1�j�M
;

where X 2 R
n n @˝ and Ej� is the j -th row in E .

In (5.1), trm�1E is defined as a M �M matrix with entries arrays, whose rows are
obtained by applying trm�1 to each row of E . Upon recalling the convention (2.11),
we set

PS ˙� WD
� PS�

�ˇ̌
ˇ
˝˙

: (5.2)

I. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0 5,
© Springer-Verlag Berlin Heidelberg 2013
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We shall occasionally abbreviate PS C by PS .
Next, it can then be easily checked that, if 1=pC 1=p0 D 1,

PS�.X/ D
X

j˛j�m�1
.�1/j˛j

Z

@˝

.@˛E/.X � Y /f˛.Y / d�.Y /; 8X 2 R
n n @˝;

whenever� D ff˛gj˛j�m�1 2 Lp.@˝/˚ � � � ˚ Lp.@˝/ ,!
� PLp0

m�1;1.@˝/
��

.

(5.3)

For future reference, let us point out here that, as a simple consequence of the Hahn–
Banach theorem, we have that

Lp.@˝/˚ � � � ˚ Lp.@˝/ ,!
� PLp0

m�1;1.@˝/
��

densely: (5.4)

Next, clearly,

L. PS�/ D 0 in R
n n @˝; (5.5)

for every � 2
� PLpm�1;1.@˝/

��
. Since

� PLpm�1;0.@˝/
��

,!
� PLpm�1;1.@˝/

��
,

it follows that PS has also a well-defined pointwise action on
� PLpm�1;0.@˝/

��
,

and (5.5) holds in that context as well.

Proposition 5.2. Let ˝ be a bounded Lipschitz domain in R
n and assume that

1<p; p0<1 satisfy 1
p

C 1
p0 D 1. In addition, consider a W-elliptic, homogeneous

differential operator L of order 2m, with (complex) matrix-valued coefficients, and
recall the single multi-layer potential operator PS introduced in this context as in
Definition 5.1. Then there exists a finite constant C D C.˝;L; p/ > 0 such that

mX
jD0

��N .rj PS�/
��
Lp.@˝/

� Ck�k
. PLp0

m�1;0.@˝//
�
; 8� 2

� PLp0

m�1;0.@˝/
��
; (5.6)

and

m�1X
jD0

��N .rj PS�/
��
Lp.@˝/

� Ck�k
. PLp0

m�1;1.@˝//
�
; 8� 2

� PLp0

m�1;1.@˝/
��
: (5.7)

Proof. Denote by E the fundamental solution associated with the operator L as

in Theorem 4.2. We being by noticing that PLp0

m�1;0.@˝/ is a closed subspace of

˚N
1 L

p0

.@˝/, where the number N is as in (4.89) (i.e., N is the cardinality of

f˛ 2 N
n
0 W j˛j � m � 1g). If a functional � 2 . PLp0

m�1;0.@˝//� is given, consider

the linear, bounded extension Q� W ˚N
1 L

p0

.@˝/ ! C given by the Hahn–Banach
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Theorem. By the Riesz Representation Theorem, there exists a unique N -tuple,
g WD .g� /j� j�m�1 2 ˚N

1 L
p.@˝/, such that

Q�
�
.f˛/j˛j�m�1

�
D

X
j˛j�m�1

Z

@˝

f˛.Y /g˛.Y / d�.Y /;

8 .f˛/j˛j�m�1 2 ˚N
1 L

p0

.@˝/;

(5.8)

and

kgk˚N
1 L

p.@˝/ D k Q�k.˚N
1 L

p0
.@˝//� � k�k

. PLp0

m�1;0.@˝//
�
: (5.9)

Then, for each X 2 R
n n @˝ ,

PS�.X/ D htrm�1ŒE.X � �/� ; �i D htrm�1ŒE.X � �/� ; Q�i

D
X

j˛j�m�1

Z

@˝

�
trm�1ŒE.X � �/��

˛
g˛ d�

D
X

j˛j�m�1
.�1/j˛j

Z

@˝

.@˛E/.X � Y /g˛.Y / d�.Y / (5.10)

so that further, by Calderón–Zygmund theory and (5.9),

mX
jD0

��N .rj PS�/
��
Lp.@˝/

� Ckgk˚N
1 L

p.@˝/ � Ck�k
.L
p0

m�1;0.@˝//
�
; (5.11)

establishing (5.6).

Consider next � 2 . PLp0

m�1;1.@˝//�. By viewing PLp0

m�1;1.@˝/ as a closed

subspace of ˚N
1 L

p0

1 .@˝/ and using that
�
˚N
1 L

p0

1 .@˝/
�� D ˚N

1 L
p
�1.@˝/, the

same type of reasoning based on Hahn–Banach and Riesz Theorems, leads to the
following conclusion. There exists an N -tuple g D fg˛gj˛j�m�1 2 ˚N

1 L
p
�1.@˝/

with the property that

D
�; Pf

E
D

X
j˛j�m�1

hf˛; g˛i 8 Pf 2 PLp0

m�1;1.@˝/; (5.12)

where h�; �i in the right hand-side of (5.12) is the natural duality pairing between
L
p0

1 .@˝/ and Lp�1.@˝/, and for which

kgk˚N
1 L

p
�1.@˝/

� k�k
. PLp0

m�1;1.@˝//
�
: (5.13)
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From Corollary 2.14 we know that, for each ˛ 2 N
n
0 with j˛j � m � 1, there exist

g˛�, g˛ij 2 Lp.@˝/ such that

g˛ D
nX

i;jD1
@�ij g

˛
ij C g˛�; and

nX
i;jD1

kg˛ij kLp.@˝/ C kg˛�kLp.@˝/ � Ckg˛kLp�1.@˝/:
(5.14)

Proceeding as before, for each X 2 R
n n @˝ we obtain

PS�.X/ D
X

j˛j�m�1

nX
i;jD1

.�1/j˛jD.@˛E/.X � �/ ; .@�ij g˛ij /
E

C
X

j˛j�m�1
.�1/j˛j

Z

@˝

.@˛E/.X � Y /g˛�.Y / d�.Y /

D
X

j˛j�m�1

nX
i;jD1

.�1/j˛j
Z

@˝

@�j i .Y /Œ.@
˛E/.X � Y /�g˛ij .Y / d�.Y /

C
X

j˛j�m�1
.�1/j˛j

Z

@˝

.@˛E/.X � Y /g˛�.Y / d�.Y /; (5.15)

after integrating by parts on the boundary; cf. Corollary 2.13 and its proof. Hence,

m�1X
jD0

kN .rj PS�/kLp.@˝/ � C
X

j˛j�m�1

� nX
i;jD1

kg˛ij kLp.@˝/ C kg˛�kLp.@˝/
�

� Ckgk˚N
1 L

p
�1.@˝/

� Ck�k
. PLp0

m�1;1.@˝//
�
;

by Calderón–Zygmund theory, (5.14) and (5.13). ut
Having proved Proposition 5.2, it is useful to also record the following smoothing

properties of the single multi-layer, measured on the Besov scale.

Proposition 5.3. Retain the same context as in Proposition 5.2. Then for each
number p 2 .1;1/ there exists a finite constant C D C.˝;L; p/ > 0 such that

k PS�k
B
p;p_2

mC1=p.˝/
� Ck�k� PLp0

m�1;0.@˝/
�� ; 8� 2

� PLp0

m�1;0.@˝/
��
; (5.16)
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k PS�k
B
p;p_2

m�1C1=p
.˝/

� Ck�k� PLp0

m�1;1.@˝/
�� ; 8� 2

� PLp0

m�1;1.@˝/
��
; (5.17)

where, as usual, p0 2 .1;1/ is such that 1
p

C 1
p0 D 1.

Proof. We shall use notation introduced in the course of the proof of Proposi-
tion 5.2. In particular, from the integral representation formula (5.10) we deduce
that

k PS�k
B
p;p_2

mC1=p
.˝/

� C

mX
jD0

��rj PS�
��
B
p;p_2
1=p .˝/

� Ckgk˚N
1 L

p.@˝/

� Ck�k
.L
p0

m�1;0.@˝//
�
; (5.18)

by the lifting result from Propositions 2.24, 2.68, and (5.9). This establishes (5.16).
The estimate (5.17) is proved in a similar manner, this time starting with the integral
representation formula (5.15) (and taking at most m � 1 derivatives on the single
multi-layer). �

We now proceed to define the boundary version of the single multi-layer, and
study its mapping properties.

Theorem 5.4. Let ˝ be a bounded Lipschitz domain in R
n and fix p 2 .1;1/. In

addition, consider a W-elliptic, homogeneous differential operator L of order 2m,
with (complex) matrix-valued coefficients, and denote by E the fundamental solu-
tion of L constructed in Theorem 4.2. Finally, recall the single multi-layer potential
operator PS introduced in this context as in Definition 5.1. Then the pointwise non-

tangential traces PS�
ˇ̌
ˇ
m�1
@˝˙

are well-defined for each� 2
� PLpm�1;1.@˝/

��
, and

PS�
ˇ̌
ˇ
m�1
@˝C

D PS�
ˇ̌
ˇ
m�1
@˝�

DW PS�; 8� 2
� PLpm�1;1.@˝/

��
: (5.19)

Moreover, if 1=p C 1=p0 D 1, then

PS W
� PLp0

m�1;1.@˝/
�� �! PLpm�1;0.@˝/ boundedly, and (5.20)

PS W
� PLpm�1;0.@˝/

�� �! PLp0

m�1;1.@˝/ boundedly: (5.21)

Also, if PSL indicates that the single multi-layer is associated with L, etc., then

� PSL
�t D PSLt (5.22)
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where PSL, PSLt are taken in the context of (5.20) and (5.21), respectively (or
vice-versa). In particular, when A D At (cf. (4.7)), then PS is invariant under
transposition (in the sense that the transposed of (5.20) is (5.21)).

Proof. Fix � 2
� PLp0

m�1;1.@˝/
��

and let g D fg˛gj˛j�m�1 2 ˚N
1 L

p
�1.@˝/ be as

in (5.12)–(5.14). Then, using (5.15), for each multi-index � 2 N
n
0 of length � m�1

we may write

@� PS�.X/ D
X

j˛j�m�1

nX
i;jD1

.�1/j˛j

Z

@˝

@�j i .Y /Œ.@
˛C�E/.X � Y /�g˛ij .Y / d�.Y /

(5.23)

C
X

j˛j�m�1

.�1/j˛j

Z

@˝

.@˛C�E/.X � Y /g˛�.Y / d�.Y /; X 2 R
n n @˝;

where E is the fundamental solution associated with the operator L as in Theo-
rem 4.2. Let � D .�j /1�j�n denote the outward unit normal to˝ . Then the integral
operators on the right-hand-side of (5.23) have either kernels of the type

k1˛;� .X; Y / WD ��j .Y /.@˛C�Cei E/.X � Y /C �i .Y /.@
˛C�Cej E/.X � Y /; (5.24)

which are amenable to the Calderón–Zygmund theory reviewed in � 2.8 whenever
the multi-index � 2 N

n
0 satisfies j� j D m � 1, or have weakly singular kernels of

the type

k2˛;� .X; Y / WD .@˛C�E/.X � Y / (5.25)

whenever � 2 N
n
0 has length � m � 2. Now, with the “hat” denoting the Fourier

transform,

� �j .X/
5.@˛C�Cei E/.�.X//C �i .X/

5.@˛C�Cej E/.�.X// D 0; (5.26)

so thanks to the jump-formula (2.530) we obtain

�
@� PS�

�ˇ̌
ˇ
@˝C

D
�
@� PS�

�ˇ̌
ˇ
@˝�

; (5.27)

from which the well-definiteness of (5.19) follows. Next, based on formula (5.23)
written for a multi-index � 2 N

n
0 with j� j D m � 1 we can conclude that for

each � 2
� PLp0

m�1;1.@˝/
��

we have N .rm�1 PS�/ 2 Lp.@˝/. Then, using (5.5)

and Proposition 3.29 we obtain that PS�
ˇ̌
ˇ
m�1
@˝

2 PLpm�1;0.@˝/. From this and the

accompanying estimate, (5.20) follows.
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As regards the claim made in (5.21), we start by fixing � 2
� PLpm�1;0.@˝/

��
.

Next, let g D fg˛gj˛j�m�1 2 ˚N
1 L

p0

.@˝/ be as in (5.8)–(5.9) but with the roles of
indices p and p0 reversed. Then, based on (5.10), for each multi-index � 2 N

n
0 with

j� j D m and each X 2 R
n n @˝ , we may write

@�. PS�/.X/ D
X

j˛j�m�1
.�1/j˛j

Z

@˝

.@˛C�E/.X � Y /g˛.Y / d�.Y /: (5.28)

Since the integral operators in the right-hand-side are either weakly singular, or
of Calderón–Zygmund type, it follows that N .rm PS�/ 2 Lp

0

.@˝/. This, (5.5)

and Proposition 3.30 then give PS�
ˇ̌
ˇ
m�1
@˝

2 PLp0

m�1;1.@˝/, plus a natural estimate.

Now, (5.21) follows from this.
Let us finally consider the last claim in the statement of the theorem. Fix a

functional � 2
� PLp0

m�1;1.@˝/
��

and assume that g˛ , g˛ij , g˛� are as in (5.12)–

(5.14). Also, pick an arbitrary functional �0 2
� PLpm�1;0.@˝/

��
and assume that

.g0
� /j� j�m�1 2 ˚N

1 L
p0

.@˝/ are such that

D
�0 ; Pf

E
D

X
j� j�m�1

Z

@˝

f�g
0
� d�; 8 Pf D .f� /j� j�m�1 2 PLpm�1;0.@˝/: (5.29)

In the next calculation, let us stress that certain single multi-layers are associated
with the differential operator L by temporarily denoting them by PSL, PSL, etc.
Using (5.19), (5.29), (5.23) and natural manipulations, we may write

D PSL� ; �0E D
Dn
@� . PSL�/

ˇ̌
ˇ
@˝

o
j� j�m�1 ; �

0E D
X

j� j�m�1

Z

@˝

�
.@� PSL�/

ˇ̌
ˇ
@˝

�
g0
� d�

D
X

j˛j�m�1

j� j�m�1

nX
i;jD1

.�1/j˛j
Z

@˝

Z

@˝

D
A
˛�
ij .X; Y / ; g

0
� .X/

E
d�.X/ d�.Y /

C
X

j˛j�m�1

j� j�m�1

.�1/j˛j
Z

@˝

Z

@˝

D
B˛� .X; Y / ; g0

� .X/
E
d�.X/ d�.Y /

D
X

j˛j�m�1

j� j�m�1

nX
i;jD1

.�1/j� j
Z

@˝

Z

@˝

D
g˛ij .X/ ; C

˛�
ij .X; Y /

E
d�.Y / d�.X/

C
X

j˛j�m�1

j� j�m�1

.�1/j� j
Z

@˝

Z

@˝

D
g˛�.X/ ; .@˛C�Et /.X � Y /g0

� .Y /
E
d�.Y / d�.X/
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D
D
� ;

n
.�1/j� j

Z

@˝

.@�Et /.� � Y /g0
� .Y / d�.Y /

o
j� j�m�1

E

D
D
� ; PSLt�0E; (5.30)

where for each i; j 2 f1; : : : ; ng and each ˛; � 2 N
n
0 with j˛j; j� j � m � 1 we have

set

A
˛�
ij .X; Y / WD @�j i .Y /Œ.@

˛C�E/.X � Y /�g˛ij .Y /;

B˛� .X; Y / WD .@˛C�E/.X � Y /g˛�.Y /;

C
˛�
ij .X; Y / WD @�j i .X/Œ.@

˛C�Et/.X � Y /�g0
� .Y /;

(5.31)

and the last step in (5.30) utilizes (5) in Theorem 4.2. This justifies (5.22) and
concludes the proof of the theorem. ut

5.2 Carleson Measure Estimates

This section is devoted to proving the following theorem, which may be regarded as
the analogue of Theorem 4.11 (i.e., the BMO-to-Carleson mapping property of the
double multi-layer) for the single multi-layer operator introduced in Definition 5.1.

Theorem 5.5. Let L be a W-elliptic homogeneous differential operator of order
2m with complex matrix-valued constant coefficients. Assume that ˝ is a bounded
Lipschitz domain in R

n and, for each X 2 ˝ , denote by 	.X/ its distance to @˝ .
Then there exists a finite constant C D C.˝;L/ > 0 with the property that

jrm�1 PS�.X/j2	.X/ dX is a Carleson measure in ˝ with

Carleson constant � Ck�k2� Ph1m�1;1.@˝/
�� , for each � 2 � Ph1m�1;1.@˝/

��
:

(5.32)

Proof. We start by considering the map

J W Ph1m�1;1.@˝/ �! ˚N
1

	
L

n�1
n�2 .@˝/˚ �˚

n.n�1/
2

1 h1at .@˝/
�


(5.33)

given by

J. Pf / WD �
f˛; .@�jkf˛/1<�j;k�n

�
j˛j�m�1; 8 Pf D ff˛gj˛j�m�1 2 Ph1m�1;1.@˝/:

(5.34)
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It is immediate that J is one-to-one and has closed range. Thus the image of J is a

closed subspace of ˚N
1

	
L

n�1
n�2 .@˝/˚ �˚

n.n�1/
2

1 h1at .@˝/
�


and J is an isomorphism

when acting from Ph1m�1;1.@˝/ onto its image. Denote by J�1 the inverse map and,

for each given� 2 � Ph1m�1;1.@˝/
��

let

e� 2
�

˚N
1

	
L

n�1
n�2 .@˝/˚ �˚

n.n�1/
2

1 h1at .@˝/
�
��

D ˚N
1

	
Ln�1.@˝/˚ �˚

n.n�1/
2

1 bmo.@˝/
�


(5.35)

be the Hahn–Banach extension of�ıJ�1. Using the Riesz Representation Theorem
we therefore conclude that for each � 2 � Ph1m�1;1.@˝/

��

9 �
g˛�; .g˛jk/1�j;k�n

�
j˛j�m�1 2 ˚N

1

	
Ln�1.@˝/˚ �˚

n.n�1/
2

1 bmo.@˝/
�


such that �. Pf / D
X

j˛j�m�1
hf˛; g˛�i C

X
j˛j�m�1

j;k2f1;:::;ng

h@�jkf˛; g˛jki;
(5.36)

for every Pf D ff˛gj˛j�m�1 2 Ph1m�1;1.@˝/. In addition, there exists C 2 .0;1/,
independent of �, such that

X
j˛j�m�1

kg˛�kLn�1.@˝/ C
X

j˛j�m�1

j;k2f1;:::;ng

kg˛jkkbmo.@˝/ � Ck�k� Ph1m�1;1.@˝/
�� : (5.37)

Based on this analysis, and by reasoning much as in (5.3), we arrive at the
representation formula

PS�.X/ D
X

j˛j�m�1
.�1/j˛j

Z

@˝

.@˛E/.X � Y /g˛�.Y / d�.Y /

C
X

j˛j�m�1

j;k2f1;:::;ng

.�1/j˛j
Z

@˝

@�jk.Y /
�
.@˛E/.X � Y /

�
g˛jk.Y / d�.Y /; (5.38)

for every X 2 R
n n @˝ .

Consider next rm�1 PS� when PS� is represented as in (5.38). This gives rise
to two types of terms. On the one hand, the terms containing top singularities (and
involving the functions g˛jk 2 bmo.@˝/), are precisely of the form discussed in
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Theorem 2.66. As such, the contribution of these terms in jrm�1 PS�.X/j2	.X/ dX
is a Carleson measure in ˝ with Carleson constant dominated by

C
X

j˛j�m�1

j;k2f1;:::;ng

kg˛jkk2bmo.@˝/ � Ck�k2� Ph1m�1;1.@˝/
�� ; (5.39)

where the last inequality uses (5.37). This, of course, suits our purpose. On the other
hand, the remaining terms in rm�1 PS� involve operators whose integral kernels are
only weakly singular. More specifically, the kernels in question are O.jX � Y j2�n/,
uniformly for X; Y 2 @˝ . The fact that these terms contribute Carleson measures
(with appropriate control of constants) in the context of jrm�1 PS�.X/j2	.X/ dX ,
may be easily checked using (2.44) and the fractional integration result from [92,
Lemma 7.3, p. 34]. This finishes the proof of the theorem. ut

5.3 Estimates on Besov, Triebel–Lizorkin, and Weighted
Sobolev Spaces

In this section we study the mapping properties of the single multi-layer operators
introduced in (5.1) and (5.19) on Besov and Triebel–Lizorkin scales on Lipschitz
domains.

Proposition 5.6. Let ˝ be a bounded Lipschitz domain in R
n and assume that L

is a W-elliptic homogeneous differential operator of order 2m with complex matrix-
valued constant coefficients. Also, fix 1 < p; q < 1 and s 2 .0; 1/. Then

PS W
� PBp;q

m�1;s.@˝/
�� �! PBp0 ;q0

m�1;1�s.@˝/; (5.40)

where 1=pC 1=p0 D 1=qC 1=q0 D 1. Furthermore, PS is a self-adjoint operator in
this context, in the sense that the dual of the operator (5.40) is

PS W
� PBp0 ;q0

m�1;1�s.@˝/
�� ! PBp;q

m�1;s.@˝/: (5.41)

Proof. The claim in first part of the statement is a consequence of (5.20), (5.21),
Theorem 3.39 and the Duality Theorem for the real method of interpolation. The
second part follows from this, the last claim in Theorem 5.4, and a density argument.
With regard to the latter, we note that Propositions 3.3 and 3.7 yield

PLpm�1;1.@˝/ ,! PBp;q
m�1;s.@˝/ ,! PLpm�1;0.@˝/ densely; (5.42)

whenever 1 < p; q < 1 and s 2 .0; 1/. ut
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Theorem 5.7. Let ˝ be a bounded Lipschitz domain in R
n and consider a

W-elliptic homogeneous differential operator L of order 2m with complex matrix-
valued constant coefficients. Also, fix 1 � p; q < 1 and s 2 .0; 1/. Then

PS W
� PBp;q

m�1;1�s.@˝/
�� �! B

p0 ;q0

m�1CsC1=p0.˝/; (5.43)

linearly and boundedly, where 1=pC 1=p0 D 1=q C 1=q0 D 1, and

PS D trm�1 ı PS on
� PBp;q

m�1;s.@˝/
��
: (5.44)

Moreover, for each 1 � p < 1, 0 < q < 1 and s 2 .0; 1/, the operator

PS W
� PBp;p

m�1;1�s.@˝/
�� �! F

p0;q

m�1CsC1=p0.˝/ (5.45)

is also well-defined, linear and bounded.
Finally, similar properties hold for PS � (cf. the convention (5.2)), for any cutoff

function  2 C1
c .R

n/, and

trm�1 ı PS C D trm�1 ı PS � on
� PBp;q

m�1;s.@˝/
��
: (5.46)

Proof. Via real interpolation, cf. Theorem 3.39, it suffices to establish (5.43) in the
case when 1 � p D q < 1 and s 2 .0; 1/. Thus, fix 1 � p < 1, s 2 .0; 1/ and let

� 2
� PBp;p

m�1;1�s.@˝/
��

. Notice that the space PBp;p
m�1;1�s.@˝/ is a closed subspace of

˚N
1 B

p;p
1�s.@˝/, whereN is as in (4.89) and let Q� W ˚N

1 B
p;p
1�s.@˝/ ! C be the linear

bounded extension of� given by the Hahn–Banach Theorem. Proposition 2.52 then

guarantees the existence of an (unique) N -tuple fg˛gj˛j�m�1 2 B
p0 ;p0

s�1 .@˝/, such
that

˝ Q� ; ff˛gj˛j�m�1
˛ D

X
j˛j�m�1

hf˛; g˛i; 8 ff˛gj˛j�m�1 2 ˚N
1 B

p;p
1�s.@˝/; (5.47)

and

kfg˛gj˛j�m�1k˚N
1 B

p0 ;p0

s�1 .@˝/
� k Q�k.˚N

1 B
p;p
1�s .@˝//

� � k�k. PBp;pm�1;1�s .@˝//
� : (5.48)

In particular, for each Pf 2 PBp;p
m�1;1�s.@˝/ we have h�; Pf i D P

j˛j�m�1hf˛; g˛i.
Then, using (5.1), for each multi-index � 2 N0 of length � m � 1, we may write

@� PS�.X/ D
X

j˛j�m�1
.�1/j˛jD.@˛C�E/.X � �/; g˛

E

DW .R˛�g˛/.X/; X 2 ˝: (5.49)
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Using (4.29), it is easy to check that, for each ˛ and � multi-indices in N
n
0 with

j˛j; j� j � m � 1, the operators R˛� introduced above satisfy the hypothesis of
Theorem 2.64. Next, choosing k D 1 in (2.533) and using (5.48), we obtain

��	1� 1
p0 �sjrm PS�j��

Lp
0
.˝/

C krm�1 PS�kLp0
.˝/

� C
X

j˛j�m�1
kg˛k

B
p0 ;p0

s�1 .@˝/
� Ck�k� PBp;pm�1;1�s .@˝/

�� : (5.50)

Fix q 2 .1;1/ with q � p. Since � 2
� PBp;p

m�1;1�s.@˝/
��

,!
� PLqm�1;1.@˝/

��
,

using (5.7) we may write

m�1X
jD0

��N .rj PS�/
��
Lq

0
.@˝/

� Ck�k� PBp;pm�1;1�s .@˝/
�� : (5.51)

By Proposition 2.3, we then have S� 2 W m�1; nq0

n�1 .˝/ ,! Lp
0

.˝/, plus a natural
estimate, granted that q > p is chosen sufficiently close to p. In particular,

k PS�kLp0
.˝/ � Ck�k� PBp;pm�1;1�s .@˝/

�� : (5.52)

Recall the weighted Sobolev space W k;p
a .˝/ introduced in (2.248). From (5.50),

(5.52) and (2.249) we deduce that

PS� 2 W m;p0

1�1=p0�s.˝/ and k PS�k
W
m;p0

1�1=p0�s
.˝/

� Ck�k� PBp;pm�1;1�s.@˝/
�� : (5.53)

All together, (5.53), (5.5), (2.263), (2.264) and (2.305) show that

PS� 2 Bp0 ;p0

m�1C1=p0Cs.˝/ and k PS�k
B
p0 ;p0

m�1C1=p0Cs
.˝/

� Ck�k� PBp;pm�1;1�s.@˝/
�� ;

(5.54)

which finishes the proof of the claim about (5.43). As regards (5.45), this is a direct
consequence of the boundedness of (5.45) when p D q, (2.264) and (5.5).

Going further, (5.44) is a consequence of (5.19), the inclusion

� PBp;q
m�1;s.@˝/

��
,!

� PLrm�1;1.@˝/
��
; (5.55)

valid whenever r 2 .1;1/ is sufficiently large, the fact that (5.43) is bounded,
Theorem 3.9 and the remark following Theorem 2.53.

That  PS � enjoys properties which are similar to those of PS is then seen much
as we have argued in the last part of the proof of Theorem 4.19. Finally, (5.46) is a
consequence of (5.19), density and the boundedness of the operators involved. ut
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The argument in the above proof breaks down when p D 1, since this
end-point is not covered by Proposition 2.52. Nonetheless, the corresponding claim
about (5.43) continues to hold. More specifically, we have the following.

Theorem 5.8. Consider a bounded Lipschitz domain ˝ � R
n and assume that L

is a W-elliptic homogeneous differential operator of order 2m with complex matrix-
valued constant coefficients. Then for each s 2 .0; 1/ the operator

PS W
� PB1;1

m�1;1�s.@˝/
�� �! B

1;1
mCs.˝/ (5.56)

is well-defined, linear and bounded. Furthermore, a similar mapping property holds
for  PS � (cf. the convention (5.2)), for any cutoff function  2 C1

c .R
n/, and the

identity from (5.46) continues to hold in this case as well.

Proof. By (2.263) and (2.264), it suffices to show that there exists a finite constant
C > 0 such that the estimate k PS�k

W
m;1
s�1.˝/

� Ck�k. PB1;1
m�1;s .@˝//

� holds for each

functional� 2 . PB1;1
m�1;s.@˝//�. The lower order terms in the definition of the norm

in W m;1
s�1 .˝/ can be controlled as before, so we will focus on establishing that

X
j� jDm

Z

˝

	.X/s�1j@� PS�.X/j dX � Ck�k. PB1;1
m�1;s .@˝//

� ; (5.57)

or, equivalently,

ˇ̌
ˇ
Z

˝

	.X/s�1g.X/
D
� ; trm�1Œ.@�E/.X � �/�

E
dX

ˇ̌
ˇ � Ck�k. PB1;1

m�1;s .@˝//
� (5.58)

for every � 2 N
n
0 with j� j D m, and g 2 L1

c .˝/ with kgkL1.˝/ � 1. By
interchanging integration over ˝ with the action of �, we see that it is enough
to establish the following estimate:

����trm�1
	Z

˝

	.X/s�1g.X/.@�E/.X � �/ dX

���� PB1;1

m�1;s .@˝/

� C D C.˝; s/ < 1;

(5.59)
for each fixed � 2 N

n
0 with j� j D m, and g 2 L1

comp.˝/ with kgkL1.˝/ � 1. Fix � ,
g as above and consider

F.Y / WD
Z

˝

	.X/s�1g.X/.@�E/.X � Y / dX; Y 2 ˝; (5.60)

and, for each ˛ 2 N
n
0 with j˛j � m � 1, denote by R˛.Y;Z/ the reminder of order

m � 1 � j˛j in the Taylor expansion of F at Z (and evaluated at Y ). Also, we shall
set f˛ WD Tr Œ@˛F �, i.e.,

f˛.Y / WD
Z

˝

	.X/s�1g.X/.@˛C�E/.X � Y / dX; Y 2 @˝; j˛j � m � 1:

(5.61)
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We wish to establish that

X
j˛j�m�1

�
kf˛kL1.@˝/ C sup

Y 6DZ2@˝

jR˛.Y;Z/j
jY �Zjm�1Cs�j˛j

�
� C D C.˝; s/ < 1:

(5.62)

To set the stage, we express the Taylor reminder R˛ as

R˛.Y;Z/ D
Z

˝

	.X/s�1g.X/
h
.@˛C�E/.X � Y /

�
X

jˇj�m�1�j˛j
1
ˇŠ
.@˛CˇC�E/.X �Z/.Y �Z/ˇ

i
dX: (5.63)

Assuming that Y;Z 2 @˝ are arbitrary and fixed, we shall estimate the expression
in the square brackets above in two ways. In the first scenario, we combine the first
term with the ensuing sum performed only over jˇj � m�2�j˛j (while retaining the
terms corresponding to jˇj D m� 1� j˛j as they are) and use the Taylor remainder
formula in order to produce a bound of the form

C jZ � Y jm�1�j˛j
Z 1

0

jrm�1�j˛j.@˛C�E/.X �Q�/j d�

CC jZ � Y jm�1�j˛jjrm�1�j˛j.@˛C�E/.X �Z/j

� C jZ � Y jm�1�j˛j
h 1

jX �Zjn�1 C
Z 1

0

1

jX �Q� jn�1 d�
i
; (5.64)

where we have used the first line in (4.29), and have set

Q� WD �Y C .1 � �/Z 2 ŒY;Z�; 0 � � � 1: (5.65)

In the second scenario, we simply use Taylor’s remainder formula for the entire
expression in the brackets in order to estimate it from above by

C jZ � Y jm�j˛jh sup
0���1

jrm.@�E/.X �Q�/j
i

(5.66)

� C jZ � Y jm�j˛j
h

sup
0���1

jX �Q� j�n
i
;

by once again appealing to the first line in (4.29). In the next step, we decompose
the domain of integration in (5.63) into two pieces, namely fX 2 ˝ W jX � Y j
� 2jY �Zjg and fX 2 ˝ W jX �Y j > 2jY �Zjg, then use the bound (5.64) for the
first resulting term, and the bound (5.66) for the second one. The estimate we arrive
at in this fashion then reads:
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jR˛.Y;Z/j � C jZ � Y jm�1�j˛j
Z

X2˝jX�Y j�2jY�Zj

	.X/s�1

jX �Zjn�1 dX

C C jZ � Y jm�1�j˛j
Z 1

0

� Z

X2˝jX�Y j�2jY�Zj

	.X/s�1

jX �Q� jn�1 dX
�
d�

C C jZ � Y jm�j˛j
Z

X2˝jX�Y j>2jY�Zj

	.X/s�1
h

sup
0���1

jX �Q� j�n
i
dX

DW I C II C III: (5.67)

Next, observe that

jX � Y j � 2jY �Zj H) jX �Zj � 3jY �Zj: (5.68)

Thus, after localizing and changing variables (from @˝ to R
n�1), we obtain

jI j � C jZ � Y jm�1�j˛j
Z

X2˝jX�Zj�3jY�Zj

	.X/s�1

jX �Zjn�1 dX

� C jZ � Y jm�1�j˛j
Z

.x0 ;t /2R
n
C

tCjx0j<C jY�Zj

t s�1

Œt C jx0j�n�1 dx
0dt

� C jZ � Y jm�1�j˛jCs
Z

.x0 ;t /2R
n
C

tCjx0j<C

ts�1

Œt C jx0j�n�1 dx
0dt; (5.69)

after rescaling t 7! t jZ � Y j, x0 7! x0jZ � Y j, and since

Z

.x0 ;t /2R
n
C

tCjx0j<C

ts�1

Œt C jx0j�n�1 dx
0dt �

Z

x02Rn�1

jx0j<C

Z 1

0

t s�1

.1C t/n�1 � 1

jx0jn�1�s dtdx
0 < 1;

(5.70)

we conclude that

jI j � C jZ � Y jm�1�j˛jCs : (5.71)
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For each fixed � 2 .0; 1/,

jX � Y j � 2jY �Zj H) jX �Q� j � jX � Y j C jY �Q� j
� 2jY �Zj C jY �Zj D 3jY �Zj; (5.72)

so the inner integral in II may be estimated in a similar fashion by C jZ�Y js . Thus,

jIIj � C jZ � Y jm�1�j˛jCs ; (5.73)

which is of the right order.
As for III in (5.67) we first observe that, on the domain of integration,

jX � Y j � jX �Q� j C jY �Zj � jX �Q� j C 2�1jX � Y j (5.74)

and, therefore, jX�Y j � 2jX�Q� j. Consequently, the integrand in III is dominated
by C	.X/s�1 jX � Y j�n. Thus, after localizing and flattening the boundary (via a
bi-Lipschitz mapping), we obtain

jIIIj � C jZ � Y jm�j˛j
Z

x02Rn�1;t>0

tCjx0j�cjY�Zj

t s�1

Œt C jx0j�n dx
0dt � C jY �Zjm�j˛jCs�1:

(5.75)

All in all,

jR˛.Y;Z/j � C jY �Zjm�j˛jCs�1; (5.76)

by (5.71), (5.73) and (5.75).
Finally, given that ˝ is bounded, elementary considerations based on (4.29)

and (5.61) yield

X
j˛j�m�1

kf˛kL1.@˝/ � C D C.˝; s/ < 1: (5.77)

Hence, (5.62) follows from (5.76) and (5.77). This finishes the proof of the fact that
the operator (5.56) is well-defined and bounded. ut

We can now further augment the results in Proposition 5.6 and Theorem 5.7 with
the following.

Corollary 5.9. In the context of Theorem 5.7, the operator (5.45) is in fact
well-defined and bounded for 1 � p � 1, 0 < q < 1, 0 < s < 1. Furthermore,
the operator (5.40) is in fact well-defined and bounded whenever 1 � p; q � 1,
0 < s < 1, and (5.44) holds in this range.
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Proof. This can be deduced from Theorem 5.8 by reasoning as before. ut
Let us also record the following analogue of Theorem 4.20 for the single multi-

layer operator.

Corollary 5.10. Assume that ˝ is a bounded Lipschitz domain in R
n and sup-

pose that L is a W-elliptic homogeneous differential operator of order 2m with
complex matrix-valued constant coefficients. Recall the weighted Sobolev spaces
from (2.248). Then for each p 2 .1;1/ and s 2 .0; 1/, the operator

PS W
� PBp;p

m�1;1�s.@˝/
�� �! W

m;p0

1�1=p0�s.˝/ (5.78)

is well-defined, linear and bounded. Moreover, a similar boundedness result holds
for  PS � (cf. the convention (5.2)), for any cutoff function  2 C1

c .R
n/.

Proof. This is implicit in (5.53). ut
We conclude with a useful global regularity result for the single multi-layer

potential operator.

Proposition 5.11. LetL be a W-elliptic homogeneous differential operator of order
2m with complex matrix-valued constant coefficients. Also, assume that ˝ � R

n is
a bounded Lipschitz domain and, as usual, set ˝C WD ˝ and ˝� WD R

n n ˝ .
Finally, suppose that 1 � p; q � 1, 0 < s < 1, and for some arbitrary � 2� PBp;q

m�1;1�s.@˝/
��

set u˙ WD PS� in ˝˙. Then, for every  2 C1
c .R

n/, it follows

that

u WD
(

uC in ˝C;
u� in ˝�;

H)  u 2 Bp0 ;q0

m�1CsC1=p0.R
n/; (5.79)

plus a natural estimate, where p0; q0 2 Œ1;1� satisfy 1=pC1=p0 D 1=qC1=q0 D 1.

Furthermore,  u 2 F p0 ;q

m�1CsC1=p0.R
n/ in the case when � 2

� PBp;p
m�1;1�s.@˝/

��
.

Proof. This is a direct consequence of Theorem 5.7 and Proposition 3.26. ut

5.4 The Conormal Derivative

To motivate the subsequent considerations, we would like to elaborate on the
following phenomenon. Given a Lipschitz domain˝ � R

n, for any bilinear form

B.u; v/ WD .�1/m
X

j˛jDjˇjDm

Z

˝

hA˛ˇ @ˇu ; @˛vi dX; (5.80)
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where the A˛ˇ’s are M � M matrices with complex entries, there exists a unique
differential operator L of order 2m – in fact, given by (1.1) – such that

B.u; v/ D
Z

˝

hLu; vi dX; 8 u; v 2 C1
c .˝/: (5.81)

In the converse direction, it is clear that given a differential operator L as
in (1.1) there exist infinitely many a bilinear forms B such that (5.81) holds. A
concrete example, in the case when L D 
2, is discussed later, in (5.86) and
in (6.351), (6.353).

As has been already noted in � 4.2, a given bilinear form B as in (5.80) and a
choice of the fundamental solutionE for the differential operatorL associated with
B as in (5.81), determine a unique double multi-layer. On the other hand, starting
with a differential operator L as in (1.1), there are infinitely many bilinear forms
satisfying (5.81) and, therefore, infinitely many double multi-layers associated
with L. We summarize this discussion in the following diagram:

a differential operator ! many bilinear forms ! many double multi-layers;

a bilinear form �!

8
ˆ̂<
ˆ̂:

a unique differential operator

and

a unique double multi-layer:

(5.82)

For instance, a given differential operator

Lu D
X

j˛jDjˇjDm
@˛A˛ˇ @

ˇu; (5.83)

is associated with any bilinear form of the type

B.u; v/ D .�1/m
X

j˛jDjˇjDm

Z

˝

h.A˛ˇ CA0̨
ˇ/ @

ˇu ; @˛vi dX; (5.84)

where the tensor coefficient A0 D .A0̨
ˇ/j˛jDjˇjDm satisfies

X
˛CˇD�

j˛jDjˇjDm

A0̨
ˇ D 0; 8 � 2 N

n
0 with j� j D 2m: (5.85)
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A concrete example in R
2 is offered by the infinite family of bilinear forms, indexed

by � 2 R,

B�.u; v/ D
Z

˝

n

u
v C �

� @2u
@2x

@2v

@2y
C @2u

@2y

@2v

@2x
� 2

@2u

@x@y

@2v

@x@y

�o
dxdy; (5.86)

all of which are associated with the bi-Laplacian 
2. The significance of this type
of example is going to become more apparent in � 6.5.

In this section we wish to further elaborate on this matter by underscoring the
role played by the conormal derivative associated with each of the bilinear forms
mentioned above. Turning to specifics, we make the following definition (the reader
is reminded that all functions involved are vector-valued).

Definition 5.12. Assume that ˝ is a bounded Lipschitz domain in R
n, with

outward unit normal � D .�j /1�j�n. Suppose that a tensor coefficient A D
.A˛ˇ/j˛jDjˇjDm (of M � M matrices with complex entries) has been given. For a
sufficiently nice function u in ˝ then define

@A� u WD
n�
@A� u

�
ı

o
jıj�m�1 with the ı-component given by the formula

�
@A� u

�
ı

WD
X

j˛jDjˇjDm

nX
jD1

.�1/jıj ˛ŠjıjŠ.m � jıj � 1/Š
mŠıŠ.˛ � ı � ej /Š

�jA˛ˇ

�
@˛Cˇ�ı�ej u

�ˇ̌
ˇ
@˝
;

(5.87)

with the convention that the sum in ˛ and j is only performed over those ˛’s and
j ’s such that ˛ � ı � ej does not have any negative components.

Equivalently, if u and v are sufficiently well-behaved functions in˝ then, with �
denoting the surface measure on @˝ ,

Z

@˝

D
@A� u; trm�1v

E
d� D

X
j˛jDjˇjDm

mX
kD1

X
j� jDk�1;jıjDm�k

�CıCejD˛

C.k;m; ˛; ı; �/ � (5.88)

�
Z

@˝

D
�jA˛ˇ

�
@ˇC�u

�ˇ̌
ˇ
@˝
;

�
@ıv

�ˇ̌
ˇ
@˝

E
d�;

where

C.k;m; ˛; ı; �/ WD .�1/m�k˛Š.m � k/Š.k � 1/Š
mŠıŠ�Š

: (5.89)
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In the spirit of diagram (5.82) we note that, as is apparent from Definition 5.12,

a given differential

operator L
H) infinitely many coefficient tensors

A yielding the same operator L
(5.90)

H) infinitely many

conormals @A� :

The relationship between conormals and bilinear forms is highlighted in the result
below.

Proposition 5.13. Assume that ˝ is a bounded Lipschitz domain in R
n, with

outward unit normal � D .�j /1�j�n, and consider a tensor coefficient A D
.A˛ˇ/j˛jDjˇjDm .

If u and v are two reasonably behaved functions in ˝ , then the following Green
formula holds:

X
j˛jDjˇjDm

Z

˝

D
A˛ˇ @

ˇu; @˛v
E
dX (5.91)

D .�1/mC1
Z

@˝

D
@A� u; trm�1v

E
d� C .�1/m

Z

˝

˝
Lu; v

˛
dX;

where L is the differential operator associated with A according to

Lu WD
X

j˛jDjˇjDm
@˛A˛ˇ @

ˇu: (5.92)

Proof. This is a direct consequence of (5.88)–(5.89) and Proposition 4.3. ut
Recall the double multi-layer from (4.57) and the numberN from (4.89), which

stands for the cardinality of the set of multi-indices with n components and of length
� m � 1.

Definition 5.14. Let ˝ be a bounded Lipschitz domain in R
n with outward unit

normal � D .�j /1�j�n. Assume that A D .A˛ˇ/j˛jDjˇjDm is a tensor coefficient of
M�M matrices with complex entries with the property that the differential operator
L associated with A as in (5.92) is W-elliptic. Finally, let E be the fundamental
solution of L described in Theorem 4.2 (hence, E is an M � M matrix-valued
function).

In this context, define the conormal @A� E as the .NM/ � M -matrix (with N as
above) whose i -th column is @A� acting (according to (5.87)) on the i -th column
in E .
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In the context of the above definition it is then elementary to check that

.@A� E/� D @A� .E�/; 8 � 2 C
M : (5.93)

In the sequel, the notation @A
t

� is chosen to indicate that the conormal is taken with
respect to the bilinear form associated with At .

Our next result shows that the integral kernel of the double multi-layer is the
conormal derivative of the fundamental solution. Recall that Lt is the transposed
of L.

Proposition 5.15. Assume that˝ is a bounded Lipschitz domain in R
n and suppose

thatA D .A˛ˇ/j˛jDjˇjDm is a tensor coefficient with the property that the differential
operator L associated with A as in (5.92) is W-elliptic. Let E be the fundamental
solution of L described in Theorem 4.2 and let PD be the double multi-layer defined
in this context as in Definition 4.4.

Then for any Whitney array Pf on @˝ ,

PD Pf .X/ D
Z

@˝

h
@A

t

�.Y /ŒELt .X � Y /�
it Pf .Y / d�.Y /; X 2 R

n n @˝: (5.94)

Proof. This follows by inspecting (5.88) and (4.57). ut
Recall the conventions and results from (4.6)–(4.10).

Proposition 5.16. Retain the same setting as in Proposition 5.15. Then

Z

@˝

D
@A� u; trm�1v

E
d� �

Z

@˝

D
trm�1u; @A

t

� v
E
d�

D
Z

˝

D
Lu; v

E
dX �

Z

˝

D
u; Ltv

E
dX; (5.95)

for any two reasonably behaved functions u and v in ˝ .

Proof. Write formula (5.91) twice: once in its original form, then with u; v; A;L
replaced by v; u; At ; Lt , respectively. The identity (5.95) is then obtained by
subtracting the latter from the former and canceling the two bilinear forms. ut

Let us also associate with L a Newtonian-like potential, by setting

�
˘˝ u

�
.X/ WD

Z

˝

E.X � Y /u.Y / dY; X 2 R
n; (5.96)

for any reasonable function u in ˝ .

Corollary 5.17. In the same setting as above, for any sufficiently nice function u in
˝ , the following integral representation formula holds:

u D PD.trm�1u/� PS .@A� u/C˘˝.Lu/ in ˝: (5.97)
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In particular, if u is also a null-solution of L in ˝ , then

u D PD.trm�1u/� PS .@A� u/ in ˝: (5.98)

Proof. Fix Xo 2 ˝ and � 2 C
M . Taking v WD ELt .Xo � �/� in (5.95) then leads

to (5.97), by making use of (5.93), (5.94) and

D
� ; PS Pf .Xo/

E
D

D Pf ; trm�1 ŒELt .Xo � �/��
E

(5.99)

(used with Pf D @A� u) which, in turn, can be checked with the help of (5.3). ut

Proposition 5.18. Let˝ be a Lipschitz domain in R
n and assume that the functions

u; v 2 C1
c .R

n/. Also, let � be a reasonable vector-valued function defined on
@˝ (regarded as a linear functional on Whitney arrays). Consider a constant
coefficient W-elliptic differential operator L of order 2m, m 2 N, and denote
by @A� the conormal associated with a particular choice of the tensor coefficient
A D .A˛ˇ/j˛jDjˇjDm in the writing of L as in (5.92). If PD is as in (4.57) and PS is
as in (5.1), then

Z

˝

˝ PS�; v
˛
dX D

Z

@˝

˝
�; trm�1.˘˝v/

˛
d�: (5.100)

If, in addition, L is also symmetric, then

Z

˝

˝
˘˝u; v

˛
dX D

Z

˝

˝
u; ˘˝v

˛
dX; (5.101)

Z

@˝

˝
@A� ˘˝u; trm�1v

˛
d� D

Z

˝

˝
u; PD.trm�1v/

˛
dX; (5.102)

and
Z

@˝

˝
@A� .

PD.trm�1u// ; trm�1v
˛
d� D

Z

@˝

˝
trm�1u; @A� . PD.trm�1v//

˛
d�: (5.103)

Proof. To begin with, (5.100) is a direct consequence of (5.3), (3.100) and (5.96).
Next, employing (5.95) and the symmetry of L we may write

Z

@˝

˝
@A� ˘˝u; trm�1v

˛
d� D

Z

@˝

˝
trm�1.˘˝u/; @A� v

˛
d�

C
Z

˝

˝
L.˘˝u/; v

˛
dX �

Z

˝

˝
˘˝u; Lv

˛
dX: (5.104)
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Since L.˘˝u/ D u in ˝ , from (5.104) and (5.100)–(5.101) we conclude

Z

@˝

˝
@A� ˘˝u; trm�1v

˛
d� D

Z

˝

˝
u; v C PS .@A� v/�˘˝.Lv/

˛
dX: (5.105)

Invoking (5.97), this further implies (5.102).
As for (5.103) we appeal again to (5.97) to write

PD.trm�1u/ D u C PS .@A� u/�˘˝.Lu/: (5.106)

Since a direct calculation based on (5.165) shows that

@A�
�
u C PS .@A� u/

� D �
1
2
I C PK��

.@A� u/; (5.107)

we have
Z

@˝

˝
@A� .

PD.trm�1u//; trm�1v
˛
d� D I � II; (5.108)

where

I WD
Z

@˝

˝�
1
2
I C PK��

.@A� u/; trm�1v
˛
d�;

II WD
Z

@˝

˝
@A�

�
˘˝.Lu/

�
; trm�1v

˛
d�:

(5.109)

However, since by duality and (4.164),

I D
Z

@˝

˝
@A� u; . 1

2
I C PK��

trm�1v
�˛
d�

D
Z

@˝

D
@A� u; trm�1

� PD.trm�1v/
�˛
d�; (5.110)

whereas, using (5.102),

II D
Z

˝

˝
Lu; PD.trm�1v/

˛
dX: (5.111)

Using (5.110), (5.111), Green’s identity (5.95), and the fact that L. PD.trm�1v// D 0

in ˝ , we obtain that

I � II D
Z

@˝

˝
trm�1u; @A� . PD.trm�1v//

˛
d�: (5.112)
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Finally, (5.103) is a direct consequence of (5.108) and (5.112). This completes the
proof of the proposition. ut

Let ˝ be a Lipschitz domain in R
n and set ˝C WD ˝ and˝� WD R

n n˝. In the
sequel we denote by @A�˙

the conormal derivative (5.87) where the restriction to @˝
is taken from˝C and ˝�, respectively.

Proposition 5.19. Assume that ˝ is a Lipschitz domain in R
n and recall (2.11).

Also, consider a constant coefficient W-elliptic differential operator L of order 2m,
m 2 N, which is symmetric. Then, with the double multi-layer defined as in (4.57)
and the Newtonian potential operator defined as in (5.96), one has

@A�C
˘˝C

u D @A��
˘˝C

u; 8 u 2 C1
c .R

n/; (5.113)

and for each u; v 2 C1
c .R

n/,

Z

@˝

D
@A�C

. PD.trm�1u// ; trm�1v
E
d� D

Z

@˝

D
@A��

. PD.trm�1u// ; trm�1v
E
d�: (5.114)

Proof. Consider (5.113). To this end, we debut with the observation that, due to
the weak singularity in the kernel of @˛˘˝C

u, for ˛ multi-index in N
n
0 of length

� m � 1, there holds

trC
m�1˘˝C

u D tr�
m�1˘˝C

u on @˝; (5.115)

where trṁ�1 denote the multi-trace operators in ˝˙. Next, fix v 2 C1
c .R

n/ and
write Green’s identity (5.95) in the domain˝�. Using the fact that

L.˘˝C
u/ D u�˝C

in R
n (5.116)

we thus obtain (keeping in mind that L is symmetric)

Z

@˝

D
@A��

.˘˝C
u/; trm�1v

E
d� D

Z

@˝

D
tr�
m�1.˘˝C

u/; @A� v
E
d�

C
Z

˝�

˝
˘˝C

u; Lv
˛
dX: (5.117)

Going further, Green’s identity (5.95) in the domain˝C yields

Z

@˝

D
@A�C

.˘˝C
u/; trm�1v

E
d� D

Z

@˝

D
trC
m�1.˘˝C

u/; @A� v
E
d�

C
Z

˝C

˝
u; v

˛
dX �

Z

˝C

˝
˘˝C

u; Lv
˛
dX: (5.118)
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Here we made use again of (5.116). However,

Z

˝�

˝
˘˝C

u; Lv
˛
dX C

Z

˝C

˝
˘˝C

u; Lv
˛
dX D

Z

Rn

˝
˘˝C

u; Lv
˛
dX

D
Z

˝C

˝
L.˘˝C

u/; v
˛
dX

D
Z

˝C

˝
u; v

˛
dX: (5.119)

where the first identity is trivial, the second follows by integrating by parts, and the
third identity follows by appealing again to (5.116). Combining (5.117)–(5.119), we
conclude that

Z

@˝

D
@A�C

.˘˝C
u/; trm�1v

E
d� D

Z

@˝

D
@A��

.˘˝C
u/; trm�1v

E
d�; (5.120)

and since v 2 C1
c .˝/ was arbitrary, the identity in (5.113) now follows.

Turning attention to the claim made in (5.114) we fix u; v 2 C1
c .R

n/ and note
that, since ˘Rn.Lv/ D v, there holds

˘˝�
.Lv/ D ˘Rn.Lv/ �˘˝C

.Lv/ D v �˘˝C
.Lv/: (5.121)

Hence, taking the conormal derivative @A��
in (5.121) and employing (5.113), we

obtain

@A��
˘˝�

.Lv/ D @A� v � @A��
˘˝C

.Lv/ D @A� v � @A�C
˘˝C

.Lv/: (5.122)

Next, applying Green’s formula (5.95) in the domain ˝C along with (4.250)
and (4.58), we have

Z

@˝

D
@A�C

. PD.trm�1u//; trm�1v
E
d� D I � II; (5.123)

where

I WD
Z

@˝

D
. 1
2
I C PK/trm�1u; @A� v

E
d�;

II WD
Z

˝

D PD.trm�1u/; Lv
E
dX:

(5.124)
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At this stage we invoke (5.102), (5.122) and again (5.102) (the latter applied in the
domain˝�), to write

II D
Z

@˝

D
trm�1u; @A�C

.˘˝C
.Lv//

E
d�

D
Z

@˝

D
trm�1u; @A� v

E
d� �

Z

@˝

D
trm�1u; @A��

.˘˝�
.Lv//

E
d�

D
Z

@˝

D
trm�1u; @A� v

E
d� �

Z

˝�

D PD.trm�1/; Lv
E
dX: (5.125)

Using Green’s formula (5.95) along with (4.250) and (4.58) in the domain ˝�, we
can further expand the last term in the third line of (5.125) as

Z

˝�

D PD.trm�1u/; Lv
E
dX D �

Z

@˝

D
.� 1

2
I C PK/.trm�1u/; @A� v

E
d�

C
Z

@˝

D
@A��

. PD.trm�1u//; trm�1v
E
d�: (5.126)

Finally, (5.114) follows by combining (5.123)–(5.126). ut
Moving on, we define the action of the conormal in the context of Besov spaces.

As a preamble, recall that given a nonempty open subset ˝ of Rn, we denote by
D 0.˝/ the space of distributions in ˝ , and by

˝�; �iD 0.˝/�D.˝/ the pairing between

distributions and test functions in ˝ . Also, if w 2
�
A
p;q
s .˝/

��
, where A 2 fB;F g,

0 < p; q � 1 and s 2 R, we shall denote by w


˝

the distribution in D 0.˝/
defined by

˝
w



˝
; '

˛
D 0.˝/�D.˝/

WD ˝
w; '

˛
; 8 ' 2 C1

c .˝/; (5.127)

where the bracket
˝�; �˛ in the right-hand side of (5.127) denotes the duality pairing

between functionals from the space
�
A
p;q
s .˝/

��
and functions from A

p;q
s .˝/ (with

' 2 C1
c .˝/ viewed, this time, as a function in the latter space).

The definition below is modeled upon Green’s formula deduced in Proposi-
tion 5.13 for sufficiently regular functions.

Definition 5.20. Let˝ be a bounded Lipschitz domain in R
n and considerL a con-

stant coefficient W-elliptic differential operator of order 2m. Fix a particular choice
of the tensor coefficient A D .A˛ˇ/j˛jDjˇjDm such that L D P

j˛jDjˇjDm @˛A˛ˇ @ˇ .
Finally, suppose that 1 < p; q < 1, 0 < s < 1 and let p0; q0 2 .1;1/ be such that
1=pC 1=p0 D 1=q C 1=q0 D 1.
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In this context, define the conormal derivative operator @A� as the mapping acting
on the space

n
.u;w/ 2 Bp;q

m�sC1=p.˝/˚
�
B
p0 ;q0

mCs�1C1=p0.˝/
�� W Lu D w



˝

in D 0.˝/
o

(5.128)

(where the convention introduced in (5.127) has been used), and taking values in� PBp0 ;q0

m�1;s.@˝/
��

, by setting, for each Pf 2 PBp0 ;q0

m�1;s.@˝/,

D
@A� .u;w/; Pf

E
WD .�1/mC1 X

j˛jDjˇjDm

D
A˛ˇ@

ˇu; @˛F
E
˝

C ˝
w; F

˛
; (5.129)

where F 2 Bp0 ;q0

m�1CsC1=p0.˝/ is such that trm�1F D Pf . In (5.129), the bracket
˝�; �˛

˝

denotes the duality pairing between elements of the spaceBp;q

�sC1=p.˝/ and elements

in its dual, Bp0 ;q0

s�1C1=p0 .˝/, and
˝�; �˛ denotes the duality pairing between elements of

the space Bp0 ;q0

m�1CsC1=p0.˝/ and its dual,
�
B
p0;q0

mCs�1C1=p0.˝/
��

.

In the same framework, one may also define the conormal derivative operator
@A� as the mapping acting on the space (defined using the convention introduced
in (5.127))

n
.u;w/ 2 F p;q

m�sC1=p.˝/˚
�
F
p0 ;q0

mCs�1C1=p0.˝/
�� W Lu D w



˝

in D 0.˝/
o
;

(5.130)

and taking values in the space
� PF p0 ;q0

m�1;s.@˝/
��

, by formally employing the same

formula (5.129) where, given Pf 2 PBp0 ;p0

m�1;s.@˝/, the function F 2 F p0 ;q0

m�1CsC1=p0.˝/

is such that trm�1F D Pf , and where the duality pairings in the right-hand side
of (5.129) are suitably interpreted on the Triebel–Lizorkin scale.

Finally, a conormal derivative for the exterior domain ˝� WD R
n n ˝ (in place

of ˝) may be introduced similarly (in which case (5.129) is altered by changing
the sign of the entire left-hand side). When necessary to distinguish the conormals
thus defined in˝C and˝�, we shall denote the former by @A�C

and denote the latter

by @A��
.

A couple of comments are in order here.

Remark 5.21. (1) It is important to point out that definition (5.129) is independent

of the choice of the function F 2 Bp0 ;q0

m�1CsC1=p0.˝/ such that trm�1F D Pf . Indeed,
in order to see this, by linearity, it suffices to show that the right-hand side in (5.129)

equals zero whenever F 2 B
p0 ;q0

m�1CsC1=p0.˝/ is such that trm�1F D 0. This latter
fact easily follows from integration by parts whenever F 2 C1

c .˝/ (here we use
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the fact that Lu D w as distributions in ˝). Since, due to (3.129), C1
c .˝/ is

dense in the subspace of Bp0 ;q0

m�1CsC1=p0.˝/ consisting of functions with vanishing
multi-trace, a routine limiting argument shows that the right-hand side in (5.129)

vanishes whenever F 2 B
p0;q0

m�1CsC1=p0.˝/ satisfies trm�1F D 0, as desired. A
similar comment applies to the conormal defined on Triebel–Lizorkin spaces.
(2) The two cornormals defined, respectively, on (5.128) and (5.130), act in a
compatible manner with one another (i.e., they agree on the intersection of their
domains; this justifies using the same notation). This may be proved using a limiting
argument using the density result from (2.208). �

Below we consider an important special case of Definition 5.20.

Proposition 5.22. Let ˝ be a bounded Lipschitz domain in R
n and consider a

constant coefficient W-elliptic differential operator L of order 2m. For each triplet
of numbers p; q; s satisfying 1 < p; q < 1 and 0 < s < 1, the conormal derivative
operator @A� from Definition 5.20 induces a linear, bounded operator

@A� W
n
u 2 Bp;q

m�sC1=p.˝/ W Lu D 0 in D 0.˝/
o

�!
� PBp0;q0

m�1;s.@˝/
��
; (5.131)

where 1=p C 1=p0 D 1=q C 1=q0 D 1, according to

D
@A� u; Pf

E
D .�1/mC1 X

j˛jDjˇjDm

D
A˛ˇ @

ˇu; @˛F
E
˝
; (5.132)

for each Pf 2 PBp0;q0

m�1;s.@˝/ and F 2 B
p0 ;q0

m�1CsC1=p0.˝/ such that trm�1F D Pf (as

before,
˝�; �˛

˝
denote the duality pairing between elements of the space Bp;q

�sC1=p.˝/
and elements in its dual, Bp0 ;q0

s�1C1=p0 .˝/). Moreover, a similar result is valid for

@A� W
n
u 2 F p;q

m�sC1=p.˝/ W Lu D 0 in D 0.˝/
o

�!
� PBp0 ;p0

m�1;s.@˝/
��
; (5.133)

formally by the same formula (5.132), suitably interpreted. Finally, analogous
results hold for the conormal derivative acting on null-solutions of L in ˝� WD
R
n n˝, in place of˝C WD ˝ (in which scenario, (5.132) is altered by changing the

sign of the left-hand side).

As before, definition (5.132) is independent on the choice of the extension of Pf ,
i.e., on the choice of function F 2 B

p0;q0

m�1CsC1=p0.˝/ satisfying trm�1F D Pf .
When necessary to distinguish the conormals considered in Proposition 5.22 for
the domains˝C,˝�, as before, we shall denote them by @A�C

and @A��
, respectively.

Proof of Proposition 5.22. This is a direct consequence of (5.128)–(5.129) (cf. also
the comments made immediately thereafter) and the fact that the mapping u 7!
.u; 0/ is an embedding of the domain of @A� in (5.131) into (5.128). ut
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The following observation is going to be useful later on.

Remark 5.23. In the context of Proposition 5.22, the conormal derivative operator
from (5.131)–(5.132) actually takes values in the space

n
� 2

� PBp0 ;q0

m�1;s.@˝/
�� W h�; PP i D 0 for every PP 2 PP1.@˝/

o
: (5.134)

This is clear from (5.132) and simple degree considerations.

Our next result further elaborates on the nature of the conormal operator acting
on null-solutions of L belonging to “diagonal” Besov spaces.

Proposition 5.24. Assume that ˝ is a bounded Lipschitz domain in R
n and let L

be a constant coefficient W-elliptic differential operator of order 2m. Also, suppose
that the indices p; p0 2 .1;1/ satisfy 1=p C 1=p0 D 1, and that s 2 .0; 1/. Then
the conormal derivative operator

@A� W
n
u 2 Bp;p

m�sC1=p.˝/ W Lu D 0 in D 0.˝/
o

�!
� PBp0;p0

m�1;s.@˝/
��
; (5.135)

defined as in Proposition 5.22 (with q WD p), has the property that

˝
@A� u; Pf ˛ D .�1/mC1 X

j˛jDjˇjDm

Z

˝

˝
A˛ˇ@

ˇu; @˛F
˛
dX; (5.136)

with an absolutely convergent integral, whenever u 2 Bp;p

m�sC1=p.˝/ satisfiesLu D 0

in ˝ , while Pf 2 PBp0 ;p0

m�1;s.@˝/ and F 2 W m;p0

1�s�1=p0 .˝/ are such that trm�1F D Pf .

Furthermore, any function u 2 B
p;p

m�sC1=p.˝/ satisfying Lu D 0 in ˝ actually

belongs to the weighted Sobolev spaceW m;p

s�1=p.˝/, and there exists a finite constant
C D C.˝; p; s/ > 0 with the property that for any such function

��@A� u
��� PBp0;p0

m�1;s.@˝/
�� � CkukW m;p

s�1=p.˝/
: (5.137)

Proof. The first observation we make is that, in the case when p D q 2 .1;1/, the
domain of the conormal @A� in (5.131) becomes

n
u 2 Bp;p

m�sC1=p.˝/ W Lu D 0 in D 0.˝/
o

D B
p;p

m�sC1=p.˝/\ KerL

D W
m;p

s�1=p.˝/\ KerL; (5.138)

thanks to (2.306). For each u 2 W
m;p

s�1=p.˝/ \ KerL, let us temporarily denote by
e@A� u the functional

PBp0 ;p0

m�1;s.@˝/ 3 Pf 7�! .�1/mC1 X
j˛jDjˇjDm

Z

˝

˝
A˛ˇ@

ˇu; @˛F
˛
dX; (5.139)
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where, for each Pf , the function F 2 W
m;p0

1�s�1=p0 .˝/ is assumed to satisfy

trm�1F D Pf . That such a function F exists is guaranteed by (3.123) in The-
orem 3.11. Moreover, the fact that the particular choice of the function F 2
W

m;p0

1�s�1=p0.˝/ with the property that trm�1F D Pf is irrelevant follows with the
help of the density result proved in Theorem 3.17 by arguing as in part .1/ of
Remark 5.21.

Going further, given u 2 W m;p

s�1=p.˝/\KerL and two functions Pf 2 PBp0 ;p0

m�1;s.@˝/
and F 2 W m;p0

1�s�1=p0 .˝/ such that trm�1F D Pf , we estimate

X
j˛jDjˇjDm

Z

˝

ˇ̌
ˇ˝A˛ˇ@ˇu; @˛F

˛ˇ̌ˇ dX

�
X

j˛jDjˇjDm

Z

˝

ˇ̌
A˛ˇ

ˇ̌�ˇ̌
@ˇu

ˇ̌
	s�1=p

��ˇ̌
@˛F

ˇ̌
	1=p�s

�
dX

�
X

j˛jDjˇjDm

ˇ̌
A˛ˇ

ˇ̌hZ

˝

�ˇ̌
@ˇu

ˇ̌
	s�1=p

�p
dX

i1=p

�
hZ

˝

�ˇ̌
@˛F

ˇ̌
	1�1=p0�s

�
dX

i1=p0

� C.A/kukW m;p
s�1=p.˝/

kF k
W
m;p0

1�s�1=p0 .˝/
< C1: (5.140)

This shows that the integral in the right-hand side of (5.136) is absolutely con-
vergent. Finally, the consistency of e@A� u with @A� u from Proposition 5.22 is a
consequence of the density of C1.˝/ both in weighted Sobolev spaces and Besov
spaces in ˝ , established earlier. ut

We are now well positioned to discuss a version of the Green representation
formula (5.98) in the context of Besov spaces.

Theorem 5.25. Let ˝ be a bounded Lipschitz domain in R
n and consider L a

constant coefficient W-elliptic differential operator of order 2m. Fix a particular
choice of the tensor coefficientA D .A˛ˇ/j˛jDjˇjDm , consisting of M �M matrices
with complex entries, such thatL D P

j˛jDjˇjDm @˛A˛ˇ @ˇ , In this context, associate

the multi-layer potential operators PD and PS as in (4.57) and (5.1), respectively.
Finally, suppose that 1 < p; q < 1, 0 < s < 1, and that the function
u 2 Bp;q

m�sC1=p.˝/ satisfies Lu D 0 in D 0.˝/.
Then with @A� defined as in (5.131)–(5.132), the following Green-type represen-

tation formula holds:

u D PD.trm�1u/� PS .@A� u/ in ˝: (5.141)
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Proof. Via embeddings of Besov spaces, there is no loss of generality in assuming
that p D q. Assume that this is the case and fix an arbitrary point Xo 2 ˝ along
with an arbitrary vector � 2 C

M . Then, based on (5.3), (5.136), and (4.61), we may
write

˝
� ; PS .@A� u/.Xo/

˛ D
D
@A� u ; trm�1 ŒELt .Xo � �/��

E

D �
X

j˛jDjˇjDm

Z

˝

˝
A˛ˇ@

ˇu; .@˛ELt /.Xo � �/�˛dX

D �
*
� ;

X
j˛jDm

jˇjDm

Z

˝

.@ˇE/.Xo � �/Aˇ˛.@˛u/ dX

+

D
D
�; PD.trm�1u/.Xo/

E
�

D
�; u.Xo/

E
: (5.142)

This proves that u.Xo/ D PD.trm�1u/.Xo/ � PS .@A� u/.Xo/ and since Xo 2 ˝ was
arbitrary, (5.141) follows. ut

For further use, it is also convenient to formulate the action of the conormal
derivative operator acting from weighted Sobolev spaces, in the manner described
below.

Proposition 5.26. Let ˝ be a bounded Lipschitz domain in R
n and consider L a

constant coefficient W-elliptic differential operator of order 2m. Fix a particular
choice of the tensor coefficient A D .A˛ˇ/j˛jDjˇjDm such that there holds L DP

j˛jDjˇjDm @˛A˛ˇ @ˇ . Finally, suppose that 1 < p < 1, 0 < s < 1 and let p0 2
.1;1/ be such that 1=pC 1=p0 D 1.

Then the conormal derivative operator @A� , originally introduced in Defini-
tion 5.20, induces a linear and bounded mapping from the space (defined using
a similar convention to (5.127))

n
.u;w/ 2 W m;p

s�1=p.˝/˚
�
W

m;p0

s�1=p0.˝/
�� W Lu D w



˝

in D 0.˝/
o

(5.143)

and taking values in the space
� PBp0 ;p0

m�1;1�s.@˝/
��

which, for every Whitney array

Pf 2 PBp0 ;p0

m�1;1�s.@˝/, acts according to the formula

D
@A� .u;w/; Pf

E
WD .�1/mC1 X

j˛jDjˇjDm

Z

˝

˝
A˛ˇ@

ˇu.X/; @˛F.X/
˛
dX

C˝
w; F

˛
; (5.144)
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where F 2 W
m;p0

s�1=p0 .˝/ is such that trm�1F D Pf . Above, the last bracket
˝�; �˛

denotes the duality pairing between elements of the spaceW m;p0

s�1=p0.˝/ and its dual,�
W

m;p0

s�1=p0.˝/
��

.

Finally, a conormal derivative for the exterior domain ˝� WD R
n n˝ (in place

of˝) may be introduced similarly (in which case (5.144) is altered by changing the
sign of the entire left-hand side). When necessary to distinguish the conormals thus
defined in ˝C and ˝�, we shall denote the former by @A�C

and denote the latter

by @A��
.

Proof. This is largely established in the same manner in which Proposition 5.24 has
been proved to be consistent with Proposition 5.22. In the process, the multi-trace
result from Theorem 3.11 plays a basic role. ut

5.5 Jump Relations for the Conormal Derivative

The first order of business is to actually define the conormal derivative of the single
multi-layer potential operator.

Proposition 5.27. Assume that ˝ is a bounded Lipschitz domain in R
n. Also,

consider a constant coefficient W-elliptic differential operator L of order 2m,
m 2 N, and denote by @A� the conormal associated with a particular choice of
the tensor coefficient A D .A˛ˇ/j˛jDjˇjDm in the writing of L as in (5.92).

Then for any p; q 2 .1;1/ and s 2 .0; 1/ one can define the conormal derivative
of the single multi-layer potential (associated with ˝) in such a way that

@A�
PS W

� PBp;q
m�1;s.@˝/

�� �!
� PBp;q

m�1;s.@˝/
��

(5.145)

becomes a linear, bounded operator.
Similar considerations apply to the conormal derivative of the single multi-layer

associated with ˝� WD R
n n ˝ . When necessary to distinguish this from (5.145),

we shall denote this by @A��

PS , and denote the former by @A�C

PS .

Proof. Note that, by (5.43) and (5.5),

PS W
� PBp;q

m�1;s.@˝/
�� �!

n
u 2 Bp0 ;q0

m�sC1=p0.˝/ W Lu D 0 in ˝
o

(5.146)

is a well-defined, linear and bounded operator. We define @A� PS as the composition of
@A� (from Proposition 5.22) with this operator. Thanks to (5.131), we may conclude
that the operator (5.145) is indeed well-defined, linear and bounded.
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When ˝� is considered in place of ˝ , we define

@A��

PS W
� PBp;q

m�1;s.@˝/
�� �!

� PBp;q
m�1;s.@˝/

��
;

@A��

PS� WD @A��

�
 PS �� ; L

�
 PS ��

��
;

8� 2
� PBp;q

m�1;s.@˝/
��

(5.147)

in the sense of Definition 5.20, where  2 C1
c .R

n/ is an arbitrary function with
the property that  	 1 near @˝ . In particular, this ensures that L

�
 PS ��

� 2
C1
c .˝�/ for every functional� 2

� PBp;q
m�1;s.@˝/

��
. More specifically, (5.147) says

that
D
@A��

PS� ; Pf
E

WD .�1/m
X

j˛jDjˇjDm

D
A˛ˇ @

ˇ
�
 PS ��

�
; @˛F

E
˝�

�
Z

˝�

D
L

�
 PS ��

�
; F

E
dX; (5.148)

whenever Pf 2 PBp;q
m�1;s.@˝/ and F 2 Bp;q

m�1CsC1=p.˝�/ are such that trm�1 F D Pf .
Note that the right-hand side of (5.148) vanishes if  	 0 near @˝ since, in this
case,  PS �� 2 C1

c .˝�/. By linearity, this shows that the definition of @A��

PS
in (5.147) is independent of the particular function  2 C1

c .R
n/ with  	 1 near

@˝ .
Finally, by the last part in Theorem 5.7, the assignment

� 7!
�
 PS �� ; L

�
 PS ��

��
(5.149)

maps
� PBp;q

m�1;s.@˝/
��

linearly and boundedly into the analogue of the space

in (5.128), written for ˝� in place of ˝ . This, in concert with earlier arguments
and Definition 5.20, shows that (5.147) is indeed a well-defined, bounded operator.
Hence, the proof of the proposition is complete. Parenthetically, we wish to point
out that (5.148) reduces to

D
@A��

PS� ; Pf
E

D .�1/m
X

j˛jDjˇjDm

D
A˛ˇ @

ˇ
� PS ��

�
; @˛F

E
˝�

; (5.150)

whenever Pf 2 PBp;q
m�1;s.@˝/ and F 2 B

p;q

m�1CsC1=p.˝�/ are such that trm�1 F D Pf
and F has bounded support. Indeed, in this situation, we simply take  2 C1

c .R
n/

such that  	 1 near @˝ , as well as near suppF . ut
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We next discuss the boundary behavior of the conormal derivative of the single
multi-layer.

Proposition 5.28. Retain the hypotheses of Proposition 5.27 and fix 1 < p; q < 1
and 0 < s < 1. Then for each� 2

� PBp0;q0

m�1;s.@˝/
��

one has

D
@A�˙

PS�; Pg
E

D
D
�;

�

 1
2
I C PK

�
Pg
E
; 8 Pg 2 PBp0 ;q0

m�1;s.@˝/; (5.151)

where 1=p C 1=p0 D 1=q C 1=q0 D 1. In particular,

@A�˙

PS D 
 1
2
I C PK� as operators on

� PBp0 ;q0

m�1;s.@˝/
��
; (5.152)

and, hence,

@A�C

PS � @A��

PS D I on
� PBp0 ;p0

m�1;s.@˝/
��
: (5.153)

Proof. Notice that, since all operators involved are continuous, it suffices to

prove (5.151) only for � belonging to a dense subclass in
� PBp0 ;q0

m�1;s.@˝/
��

. Thus,

thanks to (5.4), there is no loss in generality in assuming that

� D ff�gj� j�m�1 2 Lp.@˝/˚ � � � ˚ Lp.@˝/; (5.154)

(cf. (5.4)). Also, thanks to (3.118), we may assume that Pg D trm�1G for some
functionG 2 C1

c .R
n/. Using (5.132) we may write

.�1/mC1
D
@A�C

PS�; Pg
E

D
X

j˛jDjˇjDm

D
A˛ˇ @

ˇ PS�; @˛G
E
˝
: (5.155)

Let next f˝j gj2N be a nested sequence of subdomains of ˝ exhausting ˝
from within, in the manner described in the paragraph containing (2.114). A useful

observation is that for u 2 B
p;q


 .˝/ and w 2 B
p0 ;q0

�
 .˝/, where �1 C 1
p
< 
 < 1

p
,

we have (with R˝j denoting the restriction of distributions in ˝ to ˝j )

hu; vi˝ D lim
j!1

D
R˝j u; R˝j v

E
˝j
; (5.156)

where h�; �i˝ denotes the duality pairing between elements of the spaceBp;q


 .˝/ and
elements of its dual, and h�; �i˝j denotes the duality pairing between elements of the
space Bp;q


 .˝j / and elements of its dual, respectively. Indeed, (5.156) is easily seen
to hold for u; v 2 C1

c .˝/ and (5.156) follows then by continuity. Therefore,

.�1/mC1D@A�C

PS�; Pg
E

D lim
j!1

X
j˛jDjˇjDm

D
A˛ˇ @

ˇ PS�; @˛G
E
˝j
: (5.157)
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Employing (5.3) we can further expand (with h�; �i@˝ standing for the integral pairing
on @˝)

.�1/mC1
D
@A�C

PS�; Pg
E

(5.158)

D lim
j!1

X
j˛jDjˇjDm

j� j�m�1

DD
A˛ˇ

˝
@�� @

ˇ
X ŒE.X � �/�; f� .�/

E
@˝
; .@˛G/.X/

E
˝j
:

On a separate note, using (4.59) for each ˝j yields

D X
j˛jDjˇjDm

A˛ˇ @
ˇ
X ŒE.X � �/�; .@˛G/.X/

E
˝j

D .�1/mC1 PD�
j .trm�1;jG/.�/; (5.159)

where trm�1;j stands for the generalized trace operator to @˝j , while PD�
j stands for

the double multi-layer potential associated to the domain R
n n˝j .

Returning to (5.158) observe that it is possible to change the order of integration
in the right-hand side since, for each fixed j , the variables X and “dot” are
geometrically separated and, as such, there are no singularities to deal with.
Thus, interchanging the pairings

˝�; �˛
˝j

and
˝�; �˛

@˝
and using (5.159), allows us to

transform formula (5.158) into

D
@A�C

PS�; Pg
E

D lim
j!1

D
�; trm�1

� PD�
j .trm�1;j G/

�E
@˝
: (5.160)

Thus, in order to prove (5.151) it suffices to show that

trm�1
� PD�

j .trm�1;jG/
�

! trm�1
� PD�.trm�1G/

�

in PBp0 ;q0

m�1;s.@˝/ as j ! 1:

(5.161)

In fact we claim that the stronger convergence result,

trm�1
� PD�

j .trm�1;jG/
�

! trm�1
� PD�.trm�1G/

�

in PLp0

m�1;1.@˝/ as j ! 1;

(5.162)

holds, from each (5.161) readily follows. The convergence in (5.162) is, however, a
direct consequence of Proposition 2.65 and formula (4.84).

This finishes the proof of the versions of (5.151), (5.152) corresponding to
choosing the “top” sign in both sides of each identity. There remains to treat the
case when the “bottom” sign is considered. To this end, recall from (5.150) that if
the array Pg 2 PBp;q

m�1;s.@˝/ and the function G 2 B
p;q

m�1CsC1=p.˝�/ are such that
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trm�1 G D Pg andG has bounded support, say, suppG � BR.0/ (withR large), then

for every� 2
� PBp0 ;q0

m�1;s.@˝/
��

we have

D
@A��

PS� ; Pg
E

D .�1/m
X

j˛jDjˇjDm

D
A˛ˇ @

ˇ
� PS ��

�
; @˛G

E
˝�

;

D .�1/m
X

j˛jDjˇjDm

D
A˛ˇ @

ˇ
� PSR.� ı �R/

�
; @˛G

E
DR
; (5.163)

where PSR is the single multi-layer associated with the domain DR WD BR.0/ n˝ ,
and �R is as in (4.246). Based on Proposition 5.27 and on the version of (5.152) for
bounded domains, the last expression in (5.163) can be further transformed (with
.@A� /R and IR playing, respectively, the role of the conormal derivative and identity
operator on @DR) into

.�1/m
X

j˛jDjˇjDm

D
A˛ˇ @

ˇ
� PSR.� ı �R/

�
; @˛G

E
DR

D �
D
.@A� /R

PSR.� ı �R/ ; �R. Pg/
E

D �
D�� 1

2
IR C PK�

R

�
.� ı �R/ ; �R. Pg/

E

D �
D
��R ı �� 1

2
IR C PK�

R

�
.� ı �R/ ; Pg

E

D
D�
1
2
I C PK��

.��R ı� ı �R/ ; Pg
E

D
D�
1
2
I C PK��

�; Pg
E
: (5.164)

Together with (5.163), this shows that
D
@A��

PS�; Pg
E

D
D�
1
2
I C PK��

�; Pg
E
, thus

finishing the proof of (5.151)–(5.152). Finally, (5.153) is immediate from (5.152).
ut

We next study the conormal of the single multi-layer acting on duals of Whitney–
Lebesgue and Whitney–Sobolev spaces.

Corollary 5.29. Retain the hypotheses of Proposition 5.27. Then for each
1<p<1 the conormal derivative of the single multi-layer, initially considered

in the sense of (5.145), extends to a bounded operator from
� PLpm�1;0.@˝/

��
into

itself, and from
� PLpm�1;1.@˝/

��
into itself. Hence,
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@A�˙

PS D 
 1
2
I C PK� (5.165)

considered as either operators on
� PLpm�1;0.@˝/

��
, or on

� PLpm�1;1.@˝/
��

.

Proof. This is an immediate consequence of Proposition 5.28 and Theorem 4.14.
ut

The jump-relations proved in Proposition 5.28 make it possible to prove the
intertwining identity formulated below.

Proposition 5.30. Retain the hypotheses of Proposition 5.27 and assume that p; p0
satisfy 1 < p; p0 < 1 and 1=pC 1=p0 D 1. Then, for each s 2 .0; 1/,

PS PK� D PK PS (5.166)

as (linear, bounded) operators from
� PBp;q

m�1;s.@˝/
��

into PBp0 ;q0

m�1;1�s.@˝/. As a
consequence,

the adjoint of PS PK� W
� PBp;q

m�1;s.@˝/
�� �! PBp0 ;q0

m�1;1�s.@˝/

is the operator PS PK� W
� PBp0;q0

m�1;1�s.@˝/
�� �! PBp;q

m�1;s.@˝/
(5.167)

and, hence,

PS PK� W
� PB2;2

m�1;1=2.@˝/
�� �! PB2;2

m�1;1=2.@˝/ is self-adjoint: (5.168)

Finally, the intertwining formula (5.166) is also valid when both sides are

viewed as operators from
� PLpm�1;0.@˝/

��
into PLp0

m�1;1.@˝/, or as operators from� PLpm�1;1.@˝/
��

into PLp0

m�1;0.@˝/.

Proof. The starting point is to specialize (5.141) to the case when u WD PS�, for

some arbitrary, fixed� 2
� PBp;q

m�1;s.@˝/
��

. This yields

PS� D PD. PS�/ � PS
h�

� 1
2
I C PK��

�
i

in B
p0 ;q0

m�sC1=p0.˝/; (5.169)

by (5.44), (5.40), (4.224) (5.152) and (4.253). Applying trm�1 to both sides now

readily yields (5.166), as bounded operators from the space
� PBp;q

m�1;s.@˝/
��

into

the space PBp0 ;q0

m�1;1�s.@˝/, on account of (5.44) and (4.250). The final claim in the
statement of the proposition then follows from what we have proved up to this point,
Theorems 5.4, 4.14, and a density argument (cf. (5.42) for the latter). ut
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We now proceed to define the conormal derivative of the double multi-layer
potential operator.

Proposition 5.31. Suppose that ˝ is a bounded Lipschitz domain in R
n, and

consider a constant coefficient W-elliptic differential operator L of order 2m,
m 2 N, and denote by @A� the conormal associated with an arbitrary choice of
the tensor coefficient A D .A˛ˇ/j˛jDjˇjDm in the writing of L as in (5.92).

Finally, fix indices p; q; p0q0 2 .1;1/ with 1=p C 1=p0 D 1=q C 1=q0 D 1,
along with 0 < s < 1. Then it is possible to define the conormal derivative of the
double multi-layer (associated with ˝ and A) in such a way that

@A�
PD W PBp;q

m�1;s.@˝/ �!
� PBp0 ;q0

m�1;1�s.@˝/
��

(5.170)

becomes a linear, bounded operator. Analogously, one can define the conormal
derivative of the double multi-layer associated with˝� WD R

nn˝ . When necessary
to distinguish this from (5.170), we shall denote this by @A��

PD , and denote the former

by @A�C

PD .

Proof. Thanks to Theorem 4.19 and (4.58),

PD W PBp;q
m�1;s.@˝/ �!

n
u 2 Bp;q

m�1CsC1=p.˝/ W Lu D 0 in ˝
o

(5.171)

is a well-defined, linear and bounded operator. We define @A� PD as the composition of
@A� with this operator. Thanks to (5.131), we may conclude that the operator (5.170)
is indeed well-defined, linear and bounded.

The reasoning when ˝ is replaced by ˝� is similar. More specifically, we
consider

@A��

PD W PBp;q
m�1;s.@˝/ �!

� PBp0;q0

m�1;1�s.@˝/
��
;

@A��

PD Pf WD @A��

�
 PD� Pf ; L�

 PD� Pf ��
;

(5.172)

in the sense of Definition 5.20, where 2 C1
c .R

n/ is an arbitrary function with the
property that 	 1 near @˝ . In particular, this ensures thatL

�
 PD� Pf � 2 C1

c .˝�/
for every Whitney array Pf 2 PBp;q

m�1;s.@˝/. Note that (5.172) can be rephrased as

D
@A��

PD Pf ; Pg
E

WD .�1/m
X

j˛jDjˇjDm

D
A˛ˇ @

ˇ
�
 PD� Pf �

; @˛G
E
˝�

(5.173)

�
Z

˝�

D
L

�
 PD� Pf �

; G
E
dX;
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whenever Pg 2 PBp0 ;q0

m�1;1�s.@˝/ and G 2 B
p0 ;q0

m�sC1=p0.˝�/ are such that trm�1G D Pg.
That this definition is meaningful and unambiguous can be shown as before (cf. the
last part of the proof of Proposition 5.27). Once again, (5.173) reduces to

D
@A��

PD Pf ; Pg
E

D .�1/m
X

j˛jDjˇjDm

D
A˛ˇ @

ˇ
� PD� Pf �

; @˛G
E
˝�

; (5.174)

in the case when the array Pg 2 PBp0;q0

m�1;1�s.@˝/ and the functionG 2 Bp0;q0

m�sC1=p0.˝�/
are such that trm�1G D Pg and suppG is bounded. ut

We now describe some of the basic properties of the conormal derivative of the
double multi-layer potential introduced above.

Proposition 5.32. Retain the same basic background hypotheses as in Proposi-
tion 5.31 and, in addition, assume that L is self-adjoint. Also, fix s 2 .0; 1/, and
suppose that 1 < p; p0; q; q0 < 1 satisfy 1=pC 1=p0 D 1=q C 1=q0 D 1. Then

@A�C

PD Pf D @A��

PD Pf in
� PBp0 ;q0

m�1;1�s.@˝/
��
; 8 Pf 2 PBp;q

m�1;s.@˝/: (5.175)

Also, the conormal derivative of the double multi-layer potential is self-adjoint in

the sense that the adjoint of (5.170) is @A� PD W PBp0 ;q0

m�1;1�s.@˝/ �!
� PBp;q

m�1;s.@˝/
��

.

Finally,

@A�
PD ı PS D

�
1
2
I C PK��

ı
�
� 1
2
I C PK��

on
� PBp;q

m�1;s.@˝/
��
; (5.176)

and

PS ı @A� PD D
�
1
2
I C PK

�
ı

�
� 1
2
I C PK

�
on PBp;q

m�1;s.@˝/: (5.177)

Proof. The claims in the first part of the statement are direct consequences
of (5.114), (5.103) and Proposition 5.31. As for the second part, it suffices to
only prove (5.177) since (5.176) will follow from this, duality, and the formal
self-adjointness of the conormal derivative of the double multi-layer and single
multi-layer, respectively. With (5.177) in mind, we start by specializing (5.141) to
the situation when u WD PD Pf , for some arbitrary, fixed Pf 2 PBp;q

m�1;s.@˝/. This gives

PD Pf D PD
h�

1
2
I C PK

� Pf
i

� PS
�
@A�

PD Pf
�

in B
p;q

m�1CsC1=p.˝/; (5.178)

by (4.250), (4.224), (4.249) and (5.43). Applying trm�1 to both sides then
gives (5.177) after some simple algebra, on account of (4.250) and (5.44). ut



Chapter 6
Functional Analytic Properties of Multi-Layer
Potentials and Boundary Value Problems

This chapter has a twofold goal. In a first stage, we shall study the Fredholm
properties of multi-layer potentials introduced in earlier chapters, while in a second
stage we shall proceed to use these results as a tool for establishing the well-
posedness of boundary value problems associated with higher-order operators.

6.1 Fredholm Properties of Boundary Multi-Layer Potentials

We begin by proving that, in an appropriate context, the single multi-layer is
bounded from below, modulo compact operators.

Lemma 6.1. Let ˝ be a bounded Lipschitz domain in R
n and assume that the

differential operator L is as in (4.1)–(4.2), and satisfies the Legendre–Hadamard
ellipticity condition (4.15). Then there exists a finite constant C > 0 and a linear
compact operator Comp mapping

� PB2;2
m�1;1=2.@˝/

��
into a Banach space, such that

.�1/m Re
D
�; PS�

E
C kComp.�/k2 � Ck�k2� PB2;2m�1;1=2.@˝/

�
�

(6.1)

for every � 2
� PB2;2

m�1;1=2.@˝/
��

, where
˝�; �˛ above is the duality pairing between

� PB2;2
m�1;1=2.@˝/

��
and PB2;2

m�1;1=2.@˝/.

Proof. Fix � 2 � PB2;2
m�1;1=2.@˝/

��
and, as usual, set ˝C WD ˝ and ˝� WD R

n n˝ .

Consider next u WD u˙ in˝˙, where u˙ WD PS� in˝˙. Thus, u˙ D uj˝
˙

and, by
Proposition 5.11, for every  2 C1

c .R
n/,

 u 2 B2;2
m .Rn/ D F 2;2

m .Rn/ D W m;2.Rn/: (6.2)

I. Mitrea and M. Mitrea, Multi-Layer Potentials and Boundary Problems, Lecture Notes
in Mathematics 2063, DOI 10.1007/978-3-642-32666-0 6,
© Springer-Verlag Berlin Heidelberg 2013
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For the remainder of this proof, we fix some  2 C1
c .R

n/,  � 1 near ˝ . Then
Proposition 5.27 (and its proof; cf. (5.148)) gives

k@A� uCk� PB2;2m�1;1=2.@˝/
�

� � CkukWm;2.˝
C

/; and (6.3)

k@A� u�k� PB2;2m�1;1=2.@˝/
�

� � Ck ukW m;2.˝
�

/ C CkL. u/k�
W m;2.˝

�

/
�

� : (6.4)

Based on these, the jump relations (5.153) and the triangle inequality, we may thus
estimate

k�k� PB2;2m�1;1=2.@˝/
�

� � k@A� uCk� PB2;2m�1;1=2.@˝/
�

� C k@A� u�k� PB2;2m�1;1=2.@˝/
�

�

� C
�
k ukW m;2.Rn/ C kL. u/k�

W m;2.˝
�

/
�

�

�
: (6.5)

It is relevant to note that, since  � 1 near @˝ , the function L. u/ is supported
in a compact subset of ˝�. In turn, this readily leads to the conclusion that the
assignment

� PB2;2
m�1;1=2.@˝/

�� 3 � 7! L. u/ 2 �
W m;2.˝�/

��
(6.6)

is compact.
Next, we employ again the jump relations (5.152), (5.44), (5.46), the definition

of the conormal derivative in ˝ from (5.132) and formula (5.150) to write

.�1/m Re
D
�; PS�

E
D .�1/m

n
Re

D
. 1
2
I C PK�/�; PS�

E
� Re

D
.� 1

2
I C PK�/�; PS�

Eo

D .�1/m Re
D
@A� u� ; trm�1u�

E
� .�1/m

D
@A� uC ; trm�1uC

E

D Re
Z

˝
�

X

j˛jDjˇjDm

hA˛ˇ .@˛u�/.X/ ; @ˇ. 2u�/.X/idX

CRe
Z

˝
C

X

j˛jDjˇjDm

hA˛ˇ .@˛uC/.X/ ; @ˇuC.X/idX (6.7)

D Re
Z

Rn

X

j˛jDjˇjDm

hA˛ˇ @˛. u/.X/ ; @ˇ. u/.X/idX CR.u/;
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where, with M denoting the operator of multiplication by  , the residual term is
given by

R.u/ WD Re
Z

˝
�

X

j˛jDjˇjDm

˝
A˛ˇ Œ@

ˇ;M �. u/ ; @˛u
˛
dX

�Re
Z

˝
�

X

j˛jDjˇjDm

˝
A˛ˇ @

ˇ. u/ ; Œ@˛;M �u
˛
dX: (6.8)

Here, ŒA;B� WD AB � BA is the usual commutator bracket. Given that  � 1 near
@˝ and Lu D 0 in ˝�, it follows that there exists a compact subset O of ˝� with
the property that

jR.u/j � C

Z

O

X

j� j�m
j.@�u/.X/j2 dX: (6.9)

As a consequence, the assignment

� PB2;2
m�1;1=2.@˝/

�� 3 � 7!
�
.@� PS�/jO

�

j� j�m 2 L2.O/˚ � � � ˚L2.O/ (6.10)

is compact. On the other hand, for every v 2 C1
c .R

n/ we may write

Re
Z

Rn

X

j˛jDjˇjDm
hA˛ˇ @˛v.X/ ; @ˇv.X/i dX

D Re
Z

Rn

X

j˛jDjˇjDm
hA˛ˇb@˛v.�/ ; b@ˇv.�/i d�

D
Z

Rn

Re
D� X

j˛jDjˇjDm
A˛ˇ �

˛�ˇ
�
bv.�/ ;bv.�/

E
d�

� C

Z

Rn

j�j2mjbv.�/j2 d�

D C

Z

Rn

X

j� jDm

mŠ

�Š
�2� jbv.�/j2 d� D C

Z

Rn

X

j� jDm

mŠ

�Š
jb@�v.�/j2 d�

� C

Z

Rn

X

j� jDm
j@�v.X/j2 dX; (6.11)
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by Plancherel’s formula, the ellipticity condition (4.17) and (4.19). Consequently,
using (6.11) and the fact that C1

c .R
n/ is dense in W m;2.Rn/, we arrive at the

conclusion that

Re
Z

Rn

X

j˛jDm

jˇjDm

hA˛ˇ @˛v ; @ˇvi dX � C

Z

Rn

X

j� jDm
j@�vj2 dX; 8 v 2 W m;2.Rn/: (6.12)

In particular, there exists C D C.˝;L/ > 0 such that

v 2 W m;2.Rn/ H) .�1/m Re
Z

Rn

X

j˛jDjˇjDm
hA˛ˇ @˛v.X/ ; @ˇv.X/i dX

C
Z

Rn

X

j� j�m�1
j@�v.X/j2 dX � Ckvk2

W m;2.Rn/
: (6.13)

We shall use (6.13) for v WD  u. In this regard, it is also useful to observe that the

assignment
� PB2;2

m�1;1=2.@˝/
�� 3 � 7!

�
@�. PS�/

�

j� j�m�1 2 L2.Rn/˚� � �˚L2.Rn/
is compact (cf. Theorem 5.7). Thus, based on this, (6.7), (6.5) and the various
comments made about compact operators, (6.1) follows. ut

It is useful to further isolate the estimate contained in the lemma below.

Lemma 6.2. Let ˝ be a bounded Lipschitz domain in R
n and assume that the

differential operator L is as in (4.1)–(4.2), and satisfies the Legendre–Hadamard
ellipticity condition (4.15). Then there exists a finite constant C > 0 and a linear
compact operator Comp mapping

� PB2;2
m�1;1=2.@˝/

��
into a Banach space, such that

for every � 2
� PB2;2

m�1;1=2.@˝/
��

,

k PS�k PB2;2m�1;1=2.@˝/
C kComp.�/k � Ck�k� PB2;2m�1;1=2.@˝/

�
� : (6.14)

As a corollary,

PS W
� PB2;2

m�1;1=2.@˝/
�� �! PB2;2

m�1;1=2.@˝/

has closed range and finite dimensional kernel:
(6.15)

Proof. This is an immediate consequence of estimate (6.1) and the fact that, given
any " > 0, there exists C" 2 .0;1/ such that
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ˇ
ˇ
ˇ
D
�; PS�

Eˇˇ
ˇ � k�k� PB2;2m�1;1=2.@˝/

�
�k PS�k PB2;2m�1;1=2.@˝/

� "k�k2� PB2;2m�1;1=2.@˝/
�

�

C C"k PS�k2PB2;2m�1;1=2.@˝/
; (6.16)

for every� 2
� PB2;2

m�1;1=2.@˝/
��

. ut
The main result pertaining to the Fredholm properties of the single multi-layer is

contained in the next theorem.

Theorem 6.3. Let ˝ be a bounded Lipschitz domain in R
n and assume that the

differential operator L is as in (4.1)–(4.2), and satisfies the Legendre–Hadamard
ellipticity condition (4.15). Then there exists " > 0 with the property that

PS W
� PBp;q

m�1;s.@˝/
�� �! PBp0 ;q0

m�1;1�s.@˝/ is Fredholm if

jp � 2j C jq � 2j C ˇ
ˇs � 1

2

ˇ
ˇ < " and 1

p
C 1

p0

D 1
q

C 1
q0

D 1:

(6.17)

Moreover,

L D L� H) PS in (6.17) has index zero: (6.18)

Proof. It suffices to treat only the case when p D q D 2, s D 1=2, since the
more general case in (6.17)–(6.18) follows from this and general perturbation results
(cf. [63]) on complex interpolation scales (cf. Theorem 3.38). Thus, assume that
p D q D 2, s D 1=2 and, in order to stress the dependence of PS on L let us
agree to temporarily use the notation PSL. Note that if L is as in the statement of the
theorem, then so is L� WD NLt . Lemma 6.2 used for L� in place of L then shows
that the operator PSL� W � PB2;2

m�1;1=2.@˝/
�� ! PB2;2

m�1;1=2.@˝/ has closed range and
a finite dimensional kernel. This, duality, and (5.22) then give (cf. Theorem 5.13
on p. 234 in [67]) that PSL W � PB2;2

m�1;1=2.@˝/
�� ! PB2;2

m�1;1=2.@˝/ has closed range,
of finite codimension. In concert with (6.15), this shows that the single multi-layer
operator in (6.17) is Fredholm. The implication (6.18) is then a consequence of
(6.17), the last part in the statement of Theorem 5.4 (which ensures that, in our
context, PS is self-adjoint), and Corollary 5.14 on p. 234 in [67]. ut

Basic spectral theory results for the principal-value double multi-layer are
contained in the theorem below.

Theorem 6.4. Let ˝ be a bounded Lipschitz domain in R
n and let L be a

homogeneous differential operator of order 2m, m 2 N, as in (4.1)–(4.2) and
such that (4.14) holds. For � 2 C and Comp a linear, compact operator mapping� PB2;2

m�1;1=2.@˝/
��

into a Banach space, consider the estimate
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k.�I � PK�/�k� PB2;2m�1;1=2.@˝/
�

� C kComp.�/k � Ck�k� PB2;2m�1;1=2.@˝/
�

� ;

for all functionals � 2
� PB2;2

m�1;1=2.@˝/
��
:

(6.19)

Then the following claims are true:

(i) If L is self-adjoint then there exists Comp as above and finite constant C > 0

such that (6.19) holds for every � 2 C with Im� ¤ 0.
(ii) If L is self-adjoint and its tensor coefficient satisfies the semi-positivity

condition (4.20), then there exists Comp as above and finite constant C > 0

such that (6.19) holds for every � 2 C n Œ�1=2; 1=2�.
(iii) If L is self-adjoint and S -elliptic (cf. (4.16)) then there exists Comp as above

and finite constantC > 0 such that (6.19) holds for every � 2 Cn.�1=2; 1=2/.
Furthermore, in each of the situations .i/–.iii/ described above, there exists some

small " > 0 with the property that

�I � PK W PBp;q
m�1;s.@˝/ ! PBp;q

m�1;s.@˝/ and

�I � PK� W
� PBp;q

m�1;s.@˝/
�� !

� PBp;q
m�1;s.@˝/

��

are Fredholm operators with index zero

whenever jp � 2j C jq � 2j C js � 1=2j < ":

(6.20)

Proof. Fix � 2 C with Im� 6D 0 and pick an arbitrary � 2 � PB2;2
m�1;1=2.@˝/

��
.

Thanks to Proposition 5.30 and (5.22) in Theorem 5.4 the operators PS PK� and PS are
formally self-adjoint. In particular,

D PK��; PS�
E

2 R and
D Pf ; PS�

E
2 R; (6.21)

hence,

Im
D
.�I � PK�/�; PS�

E
D .Im�/

D
�; PS�

E
: (6.22)

On the other hand,

ˇ
ˇ
ˇIm

D
.�I � PK�/�; PS�

Eˇˇ
ˇ � k.�I � PK�/�k� PB2;2m�1;1=2.@˝/

�
�k PS�k PB2;2m�1;1=2.@˝/

:

(6.23)
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Thus, for each " > 0 there exists a finite constant C" > 0 such that

C"k.�I � PK�/�k2� PB2;2m�1;1=2.@˝/
�

�

C " Ck�k2� PB2;2m�1;1=2.@˝/
�

�

� C"k.�I � PK�/�k2� PB2;2m�1;1=2.@˝/
�

�

C "k PS�k2PB2;2m�1;1=2.@˝/

�
ˇ
ˇ
ˇIm

D
.�I � PK�/�; PS�

Eˇˇ
ˇ

� jIm�j
D
�; PS�

E

� Ck�k2� PB2;2m�1;1=2.@˝/
�

�

� kComp.�/k2; (6.24)

by Proposition 5.6, (6.23), (6.22) and (6.1). Then (6.19) follows from (6.24) (for
some C D C.�/ > 0, finite constant depending only on �) by choosing " small
enough. This finishes the treatment of case .i/.

Consider next the scenario described in .ii/. Given what we have proved already,
it suffices to treat the case when � 2 R n Œ�1=2; 1=2�. In this situation, write

˙ .�1/m
D
.�I � PK�/�; PS�

E
D .�1/m

D
. 1
2
I � PK�/�; PS�

E

C.�1/m�� 1
2

˙ �
�D
�; PS�

E
: (6.25)

At this point we claim that, in the current scenario, there exists a linear compact
operator, Comp, mapping

� PB2;2
m�1;1=2.@˝/

��
into some Banach space, such that for

every choice of the sign,

kComp .�/k2 C .�1/m
D
. 1
2
I ˙ PK�/�; PS�

E
� 0: (6.26)

To justify this, set u WD PS� in ˝�, and pick some  2 C1
c .R

n/ with  � 1

near @˝ . Based on the jump relations (5.152) and the definition of the conormal
derivative from (5.148), we may then write

.�1/m
D
. 1
2
I C PK�/�; PS�

E

D .�1/m Re
D
. 1
2
I C PK�/�; PS�

E
D .�1/m Re

D
@A�

�

u; trm�1u
E

D Re
Z

˝
�

X

j˛jDjˇjDm

˝
A˛ˇ @

˛u ; @ˇ. 2u/
˛
dX �

Z

˝
�

˝
L. 2u/; Nu˛

dX
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D Re
Z

˝
�

X

j˛jDjˇjDm

˝
A˛ˇ @

˛. u/.X/ ; @ˇ. u/.X/
˛
dX

�Re
Z

˝
�

˝
L. 2u/; Nu˛

dX CR.u/; (6.27)

where R.u/ as in (6.8). Since, as before, the last line in (6.27) contributes terms of
the form kComp .�/k2, estimate (6.26) corresponding to the “top” choice of signs
readily follows from the above identity and (4.20). Its other version, corresponding
to the “bottom” choice of signs, is proved analogously, by working in ˝C rather
than ˝�. Thus, from (6.25) and (6.26) we obtain

˙ .�1/m
D
.�I � PK�/�; PS�

E
� .�1/m�� 1

2
˙ �

�D
�; PS�

E
: (6.28)

By observing that the membership of � to R n Œ�1=2; 1=2� is equivalent with the
statement that there exists a choice of the sign for which � 1

2
˙ � > 0, it follows

from (6.28), (6.1) and Proposition 5.6 that, for every " > 0,

C"k.�I � PK�/�k2� PB2;2m�1;1=2.@˝/
�

�

C "Ck�k2� PB2;2m�1;1=2.@˝/
�

�

� k.�I � PK�/�k� PB2;2m�1;1=2.@˝/
�

�k PS�k PB2;2m�1;1=2.@˝/

�
ˇ
ˇ
ˇ
D
.�I � PK�/�; PS�

Eˇˇ
ˇ

� .�1/m�� 1
2

˙ �
�D
�; PS�

E

� k�k2� PB2;2m�1;1=2.@˝/
�

�

� kComp.�/k2; (6.29)

for some finite C" > 0, and C > 0 independent of ". Choosing " > 0 sufficiently
small, we may conclude that (6.19) holds in the situation described in .i i/.

In the final part of the proof, we consider the situation described in case .i i i/
in the statement of the theorem. Granted what we have proved so far, it suffices to
only treat the values � D ˙1=2. In this scenario, (6.14) is useful. To be specific, fix
� 2 � PB2;2

m�1;1=2.@˝/
��

and set u WD PS� in the domain ˝�. Then, based on (6.27)
and the comments right after, for every  2 C1

c .R
n/ with  � 1 near @˝ we may

write
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.�1/m
D
. 1
2
I C PK�/�; PS�

E
D Re

Z

˝
�

X

j˛jDjˇjDm

˝
A˛ˇ @

˛. u/.X/ ; @ˇ. u/.X/
˛
dX

�Re
Z

˝
�

˝
L. 2u/; Nu˛

dX CR.u/

� Ck uk2
W m;2.˝

�

/
� kComp .�/k2

� Cktrm�1uk2PB2;2m�1;1=2.@˝/
� kComp .�/k2

D Ck PS�k2PB2;2m�1;1=2.@˝/
� kComp .�/k2

� Ck�k2� PB2;2m�1;1=2.@˝/
�

�

� kComp.�/k2: (6.30)

Above, we have also used the strict positive definiteness property of the tensor of
coefficients .A˛ˇ/j˛jDjˇjDm from (4.16), the boundedness of the trace operator (cf.
Theorem 3.9), formulas (5.46), (5.44), as well as (6.14). Proceeding as before and
estimating the first term in (6.30) from above using the Cauchy–Schwarz inequality,
then using the Cauchy inequality with ", and finally employing the boundedness of
the operator PS we conclude that (6.19) holds for � D 1=2. The case when � D �1=2
is analogous (and simpler), finishing the proof of case .i i i/. All in all, the above
reasoning shows that (6.19) holds in each of the cases .i/–.i i i/.

As for (6.20), once again it suffices to consider only the case p D q D 2, s D 1=2

since, as before, the more general case discussed in (6.20) follows from this, abstract
perturbation results (cf. [63]), and our interpolation results from Theorem 3.38.
In this scenario, (6.19) yields that �I � PK� is semi-Fredholm when acting from� PB2;2

m�1;1=2.@˝/
��

into itself for each � belonging to an unbounded, connected subset
of C (described concretely in each of the cases .i/–.i i i/). Since, for j�j large,
�I� PK� can be inverted using a Neumann series, it follows that the index of �I� PK�
is zero whenever j�j is sufficiently large. Given that the index is homotopic invariant
and that the assignment � 7! �I � PK� is obviously continuous, we may finally
conclude that �I � PK� W � PB2;2

m�1;1=2.@˝/
�� ! � PB2;2

m�1;1=2.@˝/
��

is Fredholm with
index zero for each � belonging to each of the subsets of C described in the cases
.i/–.i i i/. Finally, the corresponding claim for �I � PK follows from this and duality.

ut
Recall next that, given a Banach space X along with T 2 L

�
X ! X

�
, the

Fredholm radius of the operator T on X is defined as

inf
n
r > 0 W �I � T is Fredholm on X for every � 2 C with j�j > r

o
: (6.31)

In this regard, we have the following result.
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Corollary 6.5. Assume that ˝ is a bounded Lipschitz domain in R
n and that L is

a homogeneous differential operator of order 2m,m 2 N as in (4.1)–(4.2), which is
S -elliptic (cf. (4.16)) and self-adjoint. Then there exists " > 0 with the property that

the Fredholm radius of PK on PBp;q
m�1;s.@˝/ is < 1

2

whenever jp � 2j C jq � 2j C js � 1=2j < ":
(6.32)

Proof. This is a direct consequence of Theorem 6.4. ut
Our next task is to prove the injectivity of the operator 1

2
I C PK� on the dual

of Whitney–Besov space PB2;2
m�1;1=2.@˝/. This requires a number of preliminaries

which we now begin to address. Recall (3.383)–(3.384).

Lemma 6.6. Suppose that˝ is a bounded Lipschitz domain in R
n, and assume that

L is a W-elliptic homogeneous differential operator of order 2m with (complex)
matrix-valued constant coefficients. Consider � 2 � PB2;2

m�1;1=2.@˝/
��

with the

property that
�
�I � PK��

� D 0 for some � 2 C n f 1
2
g. Then

h�; Pf i D 0 for every Pf 2 PPm�1.@˝/: (6.33)

Proof. Indeed, by Proposition 4.17, for every Pf 2 PPm�1.@˝/ we may write

h�; Pf i D
D
�;

�
1
2
I C PK� Pf

E
D

D�
1
2
I C PK��

�; Pf
E

D�
1
2

C �
�˝
�; Pf ˛

: (6.34)

Hence,
� � 1

2
C �

�˝
�; Pf ˛ D 0 and, ultimately,

˝
�; Pf ˛ D 0 since � 6D 1

2
. ut

Going further, we shall also need decay properties for the single multi-layer, an
issue addressed in our next lemma.

Lemma 6.7. Suppose that ˝ is a bounded Lipschitz domain in R
n, and assume

thatL is a W-elliptic homogeneous differential operator of order 2m with (complex)
matrix-valued constant coefficients. Let � 2 � PB2;2

m�1;1=2.@˝/
��

satisfy h�; Pf i D 0

for every Pf 2 PPm�1.@˝/. Then

j@˛ PS ��.X/j � C jX jm�n�j˛j log jX j; if 0 � j˛j � m � n; and

j@˛ PS ��.X/j � C jX jm�n�j˛j; if j˛j > m � n; or n odd; or n > 2m;
(6.35)

uniformly for jX j large.

Proof. Recall that, by definition, PS ��.X/ D htrm�1E.X � �/;�i for X 2 R
n n˝

and, using (6.33), for every ˛ 2 N
n
0 we may write

@˛ PS ��.X/ D htrm�1.@˛E/.X � �/;�i

D
D
trm�1

�
@˛E.X � �/� Pm�1;˛

X .�/
�
; �

E
(6.36)
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for each X 2 R
n n ˝, where Pm�1;˛

X .�/ is the Taylor polynomial of degree m � 1

for the function .@˛E/.X � �/ about 0. It is straightforward to check that for each
X 2 R

n n˝ we have

@
ˇ
Y ŒP

m�1;˛
X .Y /� D .�1/jˇjPm�1�jˇj;˛Cˇ

X .Y /; for every ˇ 2 N
n
0: (6.37)

Therefore, using (6.37) and Taylor’s theorem, we infer that, for each X 2 R
n n˝ ,

ˇ
ˇ
ˇ@ˇY

h
.@˛E/.X � Y /� P

m�1;˛
X .Y /

iˇ
ˇ
ˇ

D
ˇ
ˇ̌
.@˛CˇE/.X � Y /� P

m�1�jˇj;˛Cˇ
X .Y /

ˇ
ˇ̌

� C

0

@ sup
Z2Œ0;Y �

X

j� jDmCj˛j
j.@�E/.X �Z/jjY jm�1�jˇj

1

A : (6.38)

In the context of the single multi-layer potential, this estimate is used with Y 2 @˝
andX can be thought as being large in comparison to Y . Hence, (6.35) follows now
from (6.38) and (4.29). ut

We are ready now to present the injectivity result mentioned earlier.

Theorem 6.8. Suppose that˝ is a bounded Lipschitz domain in R
n with connected

complement, and assume that L is an S-elliptic homogeneous differential operator
of order 2m with (complex) matrix-valued constant coefficients. Then the operator

1
2
I C PK� W

� PB2;2
m�1;1=2.@˝/

�� �!
� PB2;2

m�1;1=2.@˝/
��

is one-to-one: (6.39)

Proof. Consider

� 2
� PB2;2

m�1;1=2.@˝/
��

such that
�
1
2
I C PK��

� D P0 (6.40)

and set u WD PS� in ˝˙ (cf. (2.11)). Assume that the differential operator L is
expressed as in (5.92), for some choice of the coefficient tensorA D �

A˛ˇ
�

j˛jDjˇjDm .
Hence, by (5.5),

Lu D 0 in R
n n @˝: (6.41)

Let @A�
˙

stand for the conormal operators acting from ˝C and ˝�, respectively
(cf. (2.11)). Then from the jump formula (5.152) and (6.40) (cf. also (5.147))

@A�
�

�
 u; L. u/

� D �
1
2
I C PK��

� D 0;

8 2 C1
c .R

n/ with  � 1 near @˝:
(6.42)
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Moreover, for every  2 C1
c .R

n/,

 u 2 B2;2
m .Rn/ D F 2;2

m .Rn/ D W m;2.Rn/; (6.43)

by Proposition 5.11. Furthermore, according to (6.35) in Lemma 6.7 (whose validity
is ensured by the last condition in (6.40) and Lemma 6.6), given ˛ 2 N

n
0 we have

for large jX j:

ˇ̌
.@˛u/.X/

ˇ̌ �
8
<

:

C jX jm�n�j˛j log jX j if 0 � j˛j � m � n;

C jX jm�n�j˛j if j˛j > m � n; or n odd or n > 2m;
(6.44)

In particular,

ˇ
ˇ.@˛u/.X/

ˇ
ˇ � C

jX jn ; if jX j is large, whenever ˛ 2 N
n
0 has j˛j D m: (6.45)

To proceed, fix a sufficiently large R > 0 such that ˝ � BR.0/. Also, select a
function

 2 C1
c .R

n/;  � 1 in a neighborhood of BR.0/: (6.46)

Let trṁ�1 stand, respectively, for the multi-trace operators acting from ˝˙. Also,
denote by trRm�1 the multi-trace operator from B�

R WD R
n n BR.0/, and by @A�R the

conormal associated with L in the domain B�
R . In this notation, we claim that

.�1/m
X

j˛jDjˇjDm

Z

BR.0/n˝

D
A˛ˇ @

ˇu; @˛u
E
dX (6.47)

D
D
@A�

�

�
 u; L. u/

�
; tr�

m�1u
E

�
Z

@BR.0/

D
@A�Ru; trRm�1u

E
d�R;

where �R stands for the surface measure of the sphere @BR.0/. To justify this claim,
note first that by (6.41) and (6.46),

L. u/ 2 C1
c .B

�
R / 	 C1

c .˝�/; (6.48)

then use Proposition 5.26 to write

D
@A�

�

�
 u; L. u/

�
; tr�

m�1u
E

D .�1/m
X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇ. u/; @˛u
E
dX

�
Z

˝
�

hL. u/; ui dX: (6.49)
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In a similar manner, working in the domain B�
R , we may write

Z

@BR.0/

D
@A�Ru; trRm�1u

E
d�R D .�1/m

X

j˛jDjˇjDm

Z

B�

R

D
A˛ˇ @

ˇ. u/; @˛u
E
dX

�
Z

B�

R

hL. u/; ui dX: (6.50)

Taking the difference between (6.49) and (6.50) then yields (6.47).
Next, we claim that

lim
R!1

Z

@BR.0/

D
@A�Ru; trRm�1u

E
d�R D 0: (6.51)

In this regard, let us first note that for every multi-index � 2 N
n
0 with j� j � m � 1

we have (cf. (5.87))

�
@A�Ru

�
�

D
X

j	 jD2m�j� j�1

nX

jD1
�Rj Bj	

�
@	u

� ˇ
ˇ̌
@BR.0/

; (6.52)

where �Rj is the j -th component of �R, the outward unit normal to the ball BR.0/,
and Bj	 2 C. Then, since

˝
@A�Ru; trRm�1u

˛ D
X

j� j�m�1

�
@A�Ru

�
�
@�u

ˇ
ˇ
ˇ
@BR.0/

; (6.53)

we conclude, based on (6.52)–(6.53) and (6.44), that

ˇ̌
ˇ
˝
@A�Ru; trRm�1u

˛ˇ̌
ˇ � C

X

j� j�m�1
Rm�n�j� j.logR/Rm�n�2mCj� jC1

� CR1�2n logR on @BR.0/: (6.54)

Since �R
�
@BR.0/

� 
 Rn�1, and Rn�1 �R1�2n logR D R�n logR ! 0 as R ! 1,
the proof of (6.51) is completed.

Going further, (6.45) and (6.43) ensure that
P

j˛jDjˇjDm
˝
A˛ˇ @

ˇu; @˛u
˛

is abso-
lutely integrable in ˝�. Based on this, Lebesgue’s Dominated Convergence Theo-
rem, and (6.47), we may write

.�1/m
X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
dX

D .�1/m lim
R!1

X

j˛jDjˇjDm

Z

BR.0/n˝

D
A˛ˇ @

ˇu; @˛u
E
dX
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D ˝�
1
2
I C PK��

� ; tr�
m�1u

˛ � lim
R!1

Z

@BR.0/

D
@A�Ru; trRm�1u

E
d�R

D 0; (6.55)

where the last equality uses (6.42) and (6.51). Altogether, the above calculation
shows that, on the one hand,

X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
dX D 0: (6.56)

On the other hand, the S-ellipticity condition on L implies (cf. (4.16))

Re
X

j˛jDjˇjDm

D
A˛ˇ @

ˇu; @˛u
E

D Re

0

@
X

j˛jDjˇjDm

MX

j;kD1
a
˛ˇ

jk@
˛uj @ˇuk

1

A

� C
X

j˛jDm

MX

jD1

˛Š

mŠ
j@˛uj j2: (6.57)

In concert, (6.56) and (6.57) give that @˛u � 0 in ˝� for every multi-index
˛ 2 N

n
0 with j˛j D m. As such, an elementary reasoning based on Taylor’s

formula gives that u is a polynomial of degree at most m � 1 in ˝� (which,
by assumption, is a connected set). Since from estimate (6.44) we know that
u.X/ D O

�jX jm�n log jX j� as jX j ! 1, we ultimately conclude that

u is a polynomial of degree at most m � n in ˝�: (6.58)

In particular, this and (5.44) force

trm�1.uj˝
C

/ D trm�1.uj˝
�

/ 2 PPm�1.@˝/: (6.59)

Appealing to (5.136) (for the interior domain ˝C D ˝) yields, in view of (6.41),
that

.�1/mC1 X

j˛jDjˇjDm

Z

˝

D
A˛ˇ @

ˇu; @˛u
E
dX D

D
@A�

C

u; trm�1.uj˝
C

/
E

D
D�� 1

2
I C PK��

� ; trm�1.uj˝
C

/
E

D
D�� 1

2
I C PK��

� ; trm�1.uj˝
�

/
E

D �˝
� ; trm�1.uj˝

�

/
˛ D 0: (6.60)
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In the above calculation, we have used the jump-formula (5.152) in the second
equality, the fact that trm�1.uj˝

C

/ D trm�1.uj˝
�

/ in the third equality, the last
formula in (6.40) in the fourth equality, and the membership in (6.59) together with
(6.33) for the last equality. Hence,

X

j˛jDjˇjDm

Z

˝

D
A˛ˇ @

ˇu; @˛u
E
dX D 0 (6.61)

which together with (6.57) imply that

@˛u � 0 in ˝C; for every ˛ 2 N
n
0 with j˛j � m � 1: (6.62)

Consequently, u is locally a polynomial of degree � m�1 in˝C, hence the function
u 2 C1.˝/, and

@A�
C

u D 0 (6.63)

since the definition of the conormal from (5.87) involves taking at leastm derivatives
on u before restricting to the boundary. In turn, (6.63) and the jump-formula (5.152)
imply �

� 1
2
I C PK�

�
� D 0: (6.64)

Collectively, the second formula in (6.40) and (6.64) readily imply that, necessarily,
� D 0. This completes the proof of the injectivity of the operator 1

2
IC PK� in (6.39)

and finishes the proof of the theorem. ut
We are now in a position to identify a context in which the principal-value double

multi-layer is actually an invertible operator.

Theorem 6.9. Let ˝ be a bounded Lipschitz domain in R
n with connected

complement, and assume thatL is a self-adjoint, S-elliptic homogeneous differential
operator of order 2m with (complex) matrix-valued constant coefficients. Then there
exists " > 0 with the property that whenever

jp � 2j C jq � 2j C js � 1=2j < " (6.65)

the operators

1
2
I C PK� W � PBp;q

m�1;s.@˝/
�� �! � PBp;q

m�1;s.@˝/
��
; (6.66)

1
2
I C PK W PBp;q

m�1;s.@˝/ �! PBp;q
m�1;s.@˝/; (6.67)

are invertible.

Proof. The invertibility of the operator in (6.66) when p D q D 2 and s D 1=2 is a
consequence of Theorems 6.4 and 6.8. With this in hand, the fact that this operator
continues to be invertible for the larger range of indices as in (6.65) follows from
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Theorem 3.38 and [63, Theorem 2.7]. Finally, the claim about the operator (6.67)
follows by duality and (3.86). This finishes the proof of the theorem. ut

The following companion result to Theorem 6.8 addresses the issue of the
injectivity of the single multi-layer. We do so under the assumption that the
dimension of the ambient Euclidean space is larger than the order of the differential
operator involved. Such an assumption is natural in view of well-known phenomena
related to capacity (for example, the harmonic single multi-layer operator in the
plane may fail to be injective for certain special values of the logarithmic capacity
associated with the domain in question).

Theorem 6.10. Assume that ˝ is a bounded Lipschitz domain in R
n, and suppose

that L is a homogeneous differential operator of order 2m with (complex) matrix-
valued constant coefficients, which satisfies the Legendre–Hadamard ellipticity
condition (4.15).

Then, if n > 2m,

the operator PS W
� PB2;2

m�1;1=2.@˝/
�� �! PB2;2

m�1;1=2.@˝/ is one-to-one: (6.68)

Proof. The proof parallels that of Theorem 6.8. To get started, consider

� 2
� PB2;2

m�1;1=2.@˝/
��

such that PS� D P0 (6.69)

and introduce u WD PS� in ˝˙ (cf. (2.11)). By Proposition 5.11, for every function
 2 C1

c .R
n/ we have

 u 2 B2;2
m .Rn/ D F 2;2

m .Rn/ D W m;2.Rn/: (6.70)

Moreover, by (5.5), (5.44), and (6.69),

Lu D 0 in R
n n @˝; and (6.71)

trC
m�1u D tr�

m�1u D 0; (6.72)

where trṁ�1 denote the multi-trace operators from ˝˙. Finally, from (4.29) and
(5.1) we deduce that for each ˛ 2 N

n
0 there exists C˛ > 0 such that

j@˛u.X/j �

8
ˆ̂
<̂

ˆ̂
:̂

C˛

jX jn�2mCj˛j if either n is odd, or n > 2m; or if j˛j > 2m� n;

C˛.1C j log jX jj/
jX jn�2mCj˛j if 0 � j˛j � 2m � n;

(6.73)
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uniformly for jX j large. In particular,

ˇ
ˇ.@˛u/.X/

ˇ
ˇ � C

jX jn�m ; if jX j is large, whenever ˛ 2 N
n
0 has j˛j D m: (6.74)

Moving on, assume that the differential operator L is expressed as in (5.92), and
fix a sufficiently large R > 0. Then (6.47) holds for every function  as in (6.46),
and we make the claim that

lim
R!1

Z

@BR.0/

D
@A�Ru; trRm�1u

E
d�R D 0: (6.75)

To justify this claim, we first note that for every multi-index � 2 N
n
0 with j� j � m�1

we have (cf. (5.87))

�
@A�Ru

�
�

D
X

j	 jD2m�j� j�1

nX

jD1
�Rj Bj	

�
@	u

� ˇ
ˇ̌
@BR.0/

; (6.76)

where �Rj is the j -th component of �R, the outward unit normal to the ball BR.0/,
and Bj	 2 C. Then, since

˝
@A�Ru; trRm�1u

˛ D
X

j� j�m�1

�
@A�Ru

�
�
@�u

ˇ
ˇ
ˇ
@BR.0/

; (6.77)

we deduce from on (6.76)–(6.77) and (6.73), that

ˇ̌
ˇ
˝
@A�Ru; trRm�1u

˛ˇ̌
ˇ � C

X

j� j�m�1
R2m�n�j� j.logR/R2m�n�2mCj� jC1

� CR2m�2nC1 logR on @BR.0/: (6.78)

Now, �R
�
@BR.0/

� 
 Rn�1, and Rn�1 � R2m�2nC1 logR D R2m�n logR. Since we
are currently assuming that n > 2m, we have R2m�n logR ! 0 as R ! 1, and
the proof of (6.75) is completed.

To proceed, observe that

X

j˛jDjˇjDm

˝
A˛ˇ @

ˇu; @˛u
˛

is absolutely integrable in ˝�; (6.79)

thanks to (6.74), (6.70) and the fact that we are assuming n > 2m. Based on this,
Lebesgue’s Dominated Convergence Theorem, and (6.47), we may write
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.�1/m
X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
dX

D .�1/m lim
R!1

X

j˛jDjˇjDm

Z

BR.0/n˝

D
A˛ˇ @

ˇu; @˛u
E
dX

D ˝�
1
2
I C PK��

� ; tr�
m�1u

˛ � lim
R!1

Z

@BR.0/

D
@A�Ru; trRm�1u

E
d�R

D 0; (6.80)

where the last equality uses (6.72) and (6.75). The above calculation shows

X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
dX D 0: (6.81)

At this stage, fix a function  2 C1�
B2R.0/

�
such that  � 1 near BR.0/ and,

for each j 2 N, define  j .X/ WD  .X=j / for each X 2 R
n. Then, for each j 2 N,

Leibniz’s formula yields

X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇ. j u/; @˛. ju/
E
dX D Ij C IIj ; (6.82)

where

Ij WD
X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
 2j dX (6.83)

and

IIj WD
X

j˛jDm

jˇjDm

X

�1Cı1Dˇ

j�1j�1

X

�2Cı2D˛

j�2j�1

˛Š

�1Šı1Š

ˇŠ

�2Šı2Š

Z

˝
�

D
A˛ˇ @

�1 j @
ı1u; @�2 j @ı2u

E
dX:

(6.84)

Making use of (6.79), Lebesgue’s Dominated Convergence Theorem, and (6.81) we
may then write

lim
j!1 Ij D

X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
dX D 0: (6.85)
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Also, using that

ˇ
ˇ@� j

ˇ
ˇ � C�; ;R j

�j� j and supp
�
@� j

� 	 B2jR.0/ n BjR.0/;
for every � 2 N

n
0 with j� j � 1 and each j 2 N;

(6.86)

for each j 2 N we may estimate

ˇ
ˇIIj

ˇ
ˇ � CA;m; ;R

X

j˛jDjˇjDm

X

�1Cı1Dˇ

j�1j�1

X

�2Cı2D˛

j�2j�1

˛Š

�1Šı1Š

ˇŠ

�2Šı2Š
j�j�1jj�j�2 j �

�
Z

B2jR.0/nBjR.0/

ˇ
ˇ@ı1u.X/

ˇ
ˇ
ˇ
ˇ@ı1u.X/

ˇ
ˇdX: (6.87)

Keeping in mind the decay of u described in (6.73) this further yields

ˇ
ˇIIj

ˇ
ˇ � CA;m; ;R j

2m�nj log j j2; 8 j 2 N: (6.88)

Hence, since we are currently assuming that n > 2m,

lim
j!1 IIj D 0: (6.89)

Together, (6.85) and (6.89) imply that

lim
j!1

X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇ. ju/; @˛. j u/
E
dX D 0: (6.90)

Let us momentarily fix an arbitrary j 2 N. From (6.70) we know that the function
 j u 2 W m;p.˝�/, while (6.72) guarantees that tr�

m�1. j u/ D 0. As such,
Theorem 3.17 ensures the existence of a sequence

fvj igi2N � C1
c .˝�/ such that vj i !  j u in W m;2.˝�/ as i ! 1: (6.91)

Based on (6.91) and (6.11), we may therefore write

Re
X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇ. j u/; @˛. j u/
E
dX

D lim
i!1 Re

X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇvj i ; @˛vj i
E
dX

D lim
i!1 Re

X

j˛jDjˇjDm

Z

Rn

D
A˛ˇ @

ˇvj i ; @˛vj i
E
dX
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� C lim inf
i!1

Z

Rn

X

j� jDm
j.@�vj i /.X/j2 dX

D C lim inf
i!1

Z

˝
�

X

j� jDm
j.@�vj i /.X/j2 dX

D C

Z

˝
�

X

j� jDm
j@�. j u/.X/j2 dX: (6.92)

In turn, from (6.92) and (6.90) we deduce that

lim
j!1

Z

˝
�

X

j� jDm
j@�. j u/.X/j2 dX D 0: (6.93)

Writing @�. j u/ as  j @�u plus error terms when at least one partial derivative falls
on  j , a reasoning very similar to the one that has led to (6.89) shows that

lim
j!1

Z

˝
�

X

j� jDm
j@�. j u/.X/j2 dX D

Z

˝
�

X

j� jDm
j@�u.X/j2 dX: (6.94)

Altogether, (6.93) and (6.94) prove that

Z

˝
�

X

j� jDm
j@�u.X/j2 dX D 0: (6.95)

This, of course, forces @�u � 0 in ˝� for every � 2 N
n
0 with j� j D m. Much as in

similar situations in the past, this implies that u locally coincides with polynomials
of degree at most m � 1 in the set ˝�. Granted this, and recalling (6.72), we may
finally conclude that

u � 0 in ˝�: (6.96)

At this stage, we appeal to (5.136), (5.152) and (6.71)–(6.72) in order to write
that

.�1/mC1 X

j˛jDjˇjDm

Z

˝

D
A˛ˇ @

ˇu; @˛u
E
dX

D
D�� 1

2
I C PK��

� ; trC
m�1u

E
D 0: (6.97)

Hence,

X

j˛jDjˇjDm

Z

˝

D
A˛ˇ @

ˇu; @˛u
E
dX D 0: (6.98)
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With this in hand, a similar argument to the one used to prove (6.95) now implies
that

@�u � 0 in ˝C; for every � 2 N
n
0 with j� j � m � 1: (6.99)

Consequently, u is locally a polynomial of degree � m � 1 in ˝C and, thanks to
(6.72), we may conclude that

u � 0 in ˝C: (6.100)

Finally, from (5.152), (6.96), (6.100), and the definition of the conormal from (5.87),
we obtain that

� D @A�
�

u � @A�
C

u D 0: (6.101)

This proves that the operator PS in (6.68) is injective. ut
At this stage we are able to formulate and prove the following invertibility result

for the single multi-layer operator.

Theorem 6.11. Let ˝ be a bounded Lipschitz domain in R
n and assume that the

differential operatorL, of order 2m, is as in (4.1)–(4.2), and satisfies the Legendre–
Hadamard ellipticity condition (4.15). In addition, suppose that L is self-adjoint
and that n > 2m. Then there exists " > 0 with the property that

PS W
� PBp;q

m�1;s.@˝/
�� �! PBp0;q0

m�1;1�s.@˝/ is invertible if

jp � 2j C jq � 2j C ˇ
ˇs � 1

2

ˇ
ˇ < " and 1

p
C 1

p0

D 1
q

C 1
q0

D 1:

(6.102)

Proof. The invertibility of the operator in (6.102) when p D q D 2 and s D 1=2

is a consequence of Theorems 6.3 and 6.10. Having established this, the fact that
this operator continues to be invertible for the larger range of indices as in (6.102)
follows from Theorem 3.38 and [63, Theorem 2.7]. ut

Under additional geometric hypotheses on the Lipschitz domain, the range of
indices for which the invertibility result for the single multi-layer operator from
Theorem 6.11 holds increases, as indicated in our next result.

Theorem 6.12. Let ˝ be a bounded Lipschitz domain in R
n whose outward unit

normal � has the property that

� 2 vmo .@˝/: (6.103)

Also, assume that the differential operator L, of order 2m, is as in (4.1)–(4.2), and
satisfies the Legendre–Hadamard ellipticity condition (4.15). In addition, suppose
that L is self-adjoint and that n > 2m. Then

PS W
� PBp;qm�1;s .@˝/

�
� �! PBp0;q0

m�1;1�s.@˝/ is invertible

for every s 2 .0; 1/ and p; q; p0; q0 2 .1;1/ with 1
p

C 1
p0

D 1
q

C 1
q0

D 1:

(6.104)
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Proof. The starting point is to recall that, under the condition formulated in (6.103),
the inhomogeneous Dirichlet boundary value problem

8
ˆ̂
ˆ̂̂
<

ˆ̂
ˆ̂̂
:

u 2 W m;p

s�1=p.˝/;

Lu D v 2
� ı
W

m;p0

s�1=p0

.˝/
��
;

trm�1u D Pf 2 PBp;p
m�1;1�s.@˝/;

(6.105)

has been proved in [76] to be well-posed whenever

s 2 .0; 1/ and p; p0 2 .1;1/ satisfy 1
p

C 1
p0

D 1: (6.106)

Fix s; p; p0 as in (6.106). As a consequence of the result just quoted, for every
bounded Lipschitz domain ˝ � R

n as in the statement of the theorem, there exists
a finite geometric constant C > 0 with the property that

kukW m;p
s�1=p.˝/

� C
�
kLuk�

ı

W
m;p0

s�1=p0

.˝/
�

� C ktrm�1uk PBp;pm�1;1�s .@˝/

�
; (6.107)

for every function u 2 W
m;p

s�1=p.˝/. On the other hand, the fact that the conormal
derivative operator is bounded in the context described in Proposition 5.26 yields
the estimate

�
�@A� .u;w/

�
�� PBp0 ;p0

m�1;1�s .@˝/
�

� � C
�
kukW m;p

s�1=p .˝/
C kwk�

W
m;p0

s�1=p0

.˝/
�

�

�
(6.108)

for every pair

.u;w/ 2 W m;p

s�1=p.˝/˚
�
W

m;p0

s�1=p0

.˝/
��

such that Lu D w as distributions in ˝:
(6.109)

To proceed, fix a function  2 C1
c .R

n/ with the property that  � 1 in a
neighborhood of ˝, and select R > 0 such that supp � BR.0/. Also, define

˝R� WD BR.0/ n˝: (6.110)

Let us now fix an arbitrary Whitney array � 2
� PBp;p

m�1;s.@˝/
��

and set (cf. (2.11))

uC WD PS C� in ˝C; (6.111)

u� WD  PS �� in ˝R� : (6.112)



6.1 Fredholm Properties of Boundary Multi-Layer Potentials 315

From Corollary 5.10, it follows that

uC 2 W m;p

s�1=p.˝/ and
�
�uC�

�
W
m;p
s�1=p.˝/

� Ck�k� PBp;pm�1;s .@˝/
�

� ; (6.113)

u� 2 W m;p

s�1=p.˝
R�/ and

�
�u��

�
W
m;p
s�1=p.˝

R
�

/
� Ck�k� PBp;pm�1;s .@˝/

�
� ; (6.114)

for some finite C > 0 independent of �. Set

wC WD LuC D 0; and w� WD Lu� 2 C1
c

�
˝R�

�
: (6.115)

In particular, the pairs .u˙;w˙/ are as in (6.109) relative to the domains ˝C and
˝R� . Moreover, as is easily seen from the membership in (6.115), the assignment

� PBp;p
m�1;s.@˝/

�� 3 � 7! w� 2
�
W

m;p0

s�1=p0

.˝R�/
��

is a compact operator; (6.116)

subsequently denoted simply by Comp. We may then estimate

k�k� PBp;pm�1;s .@˝/
�

� D �
�@A�

C

.uC;wC/ � @A�
�

.u�;w�/
�
�� PBp;pm�1;s .@˝/

�
�

� �
�@A�

C

.uC;wC/
�
�� PBp;pm�1;s.@˝/

�
� C �

�@A�
�

.u�;w�/
�
�� PBp;pm�1;s.@˝/

�
�

� CkuCkW m;p
s�1=p .˝C

/ C Cku�kW m;p
s�1=p.˝

R
�

/ C Ckw�k�
W
m;p0

s�1=p0

.˝R
�

/
�

�

� C
��trC

m�1u
C�� PBp;pm�1;1�s .@˝/

C C
��tr�

m�1u��� PBp;pm�1;1�s.@˝/

CCkw�k�
W
m;p0

s�1=p0

.˝R
�

/
�

�

D C
�
� PS��

� PBp;pm�1;1�s .@˝/
C kComp�k: (6.117)

Above, the first equality is the jump formula (5.153), the second inequality follows
from the estimates for the conormal derivative operator corresponding to (6.108)
written for ˝C and ˝R� , the third inequality is a consequence of the “well-
posedness” estimate (6.107) written, again, for ˝C and ˝R� (it is important to note
that ˝R� continues to be a bounded Lipschitz domain whose outward unit normal
has vanishing mean oscillations), while the last equality uses (5.44) and (6.116).

In summary, the proof so far shows that there exist a constant C 2 .0;1/ along

with a Banach space-valued compact operator Comp defined on
� PBp;p

m�1;s.@˝/
��

,

with the property that for every functional� 2
� PBp;p

m�1;s.@˝/
��

there holds
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�
� PS��

� PBp;pm�1;1�s .@˝/
C kComp�k � Ck�k� PBp;pm�1;s .@˝/

�
� : (6.118)

Consequently, for each s 2 .0; 1/ and p; p0 2 .1;1/ with 1=p C 1=p0 D 1, the
operator

PS W
� PBp;p

m�1;s.@˝/
�� �! PBp0;p0

m�1;1�s.@˝/ (6.119)

has closed range and finite dimensional kernel. Since Theorem 6.11 implies that
this operator also has a dense range, we ultimately deduce that the single multi-
layer in (6.119) is onto. At this stage, given that PS in (6.119) is always surjective,
acts between two complex interpolation scales (cf. Theorem 3.38), and is invertible
when p D 2 and s D 1=2 (cf. Theorem 6.11), the global extrapolation result proved
in [63, Theorem 2.10] applies and gives that the claim in (6.104) is valid when
p D q. In its most general form, this result then follows from what we have just
proved and the real interpolation formula from Theorem 3.38. ut

Let us now record the following significant corollary of Theorem 6.12.

Corollary 6.13. Let ˝ be a bounded C1 domain in R
n, and assume that the

differential operatorL, of order 2m, is as in (4.1)–(4.2), and satisfies the Legendre–
Hadamard ellipticity condition (4.15). In addition, suppose that L is self-adjoint
and that n > 2m. Then

PS W
� PBp;q

m�1;s.@˝/
�� �! PBp0 ;q0

m�1;1�s.@˝/ is invertible

for every s 2 .0; 1/ and p; q; p0; q0 2 .1;1/ with 1
p

C 1
p0

D 1
q

C 1
q0

D 1:

(6.120)

Proof. This follows directly from Theorem 6.12 after observing that, the outward
unit normal � to a bounded C1 domain ˝ � R

n is a continuous function and, as
such, condition (6.103) is satisfied. ut

As indicated below, Theorem 6.12 may be further refined, by targeting a specific
triplet of indices p; q; s for which the boundary single multi-layer is invertible in the
context described in the first line of (6.104).

Theorem 6.14. Let ˝ be a bounded Lipschitz domain in R
n. Assume that the

differential operatorL, of order 2m, is as in (4.1)–(4.2), and satisfies the Legendre–
Hadamard ellipticity condition (4.15). In addition, suppose that L is self-adjoint
and that n > 2m. Finally, suppose that

s 2 .0; 1/ and p; q; p0; q0 2 .1;1/ satisfy 1
p

C 1
p0

D 1
q

C 1
q0

D 1: (6.121)

Then there exists " > 0, depending only on the indices s; p; q, the Lipschitz
character of˝ , and the differential operatorL, with the property that if the outward
unit normal � to ˝ satisfies
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distbmo.@˝/

�
� ; vmo .@˝/

�
< "; (6.122)

where

distbmo.@˝/

�
� ; vmo .@˝/

�
WD inf

n
k� � 
kbmo.@˝/ W 
 2 vmo .@˝/

o
; (6.123)

then

PS W
� PBp;q

m�1;s.@˝/
�� �! PBp0;q0

m�1;1�s.@˝/ is invertible: (6.124)

As observed in [76], an alternative equivalent way of expressing the condition
formulated in (6.122) is

lim sup
r!0C

�
sup
X2@˝

Z
�
B.X;r/\@˝

Z
�
B.X;r/\@˝

ˇ
ˇ�.Y /� �.Z/

ˇ
ˇd�.Y /d�.Z/

�
< ":

(6.125)

Proof of Theorem 6.14. The proof largely parallels that of Theorem 6.12 keeping in
mind that, as has been shown in [76], the well-posedness of the inhomogeneous
Dirichlet boundary value problem (6.105) for a particular choice of s; p; q still
holds provided the weaker condition (6.122) is satisfied (rather than (6.103)), in
the manner described in the statement of the theorem. ut

The following companion result to Theorem 6.8 describes the null-space of the
operator � 1

2
I C PK.

Theorem 6.15. Let ˝ be a bounded, connected, Lipschitz domain in R
n, whose

complement is connected, and assume that L is a homogeneous, S-elliptic, dif-
ferential operator of order 2m, m 2 N, with constant (complex) matrix-valued
coefficients. Then

n Pf 2 PB2;2
m�1;1=2.@˝/ W �� 1

2
I C PK� Pf D 0

o
D PPm�1.@˝/: (6.126)

Moreover, the operator

� 1
2
I C PK W PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/ �! PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/ (6.127)

is well-defined, linear, bounded and injective. As a corollary, the operator

� 1
2
I C PK� W

� PB2;2
m�1;1=2.@˝/

. PPm�1.@˝/
��

(6.128)

�!
� PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/

��

is well-defined, linear, bounded and has dense range.
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Proof. The right-to-left inclusion in (6.127) has been already established in Propo-
sition 4.17. To get started in the opposite direction, denote by A D .A˛ˇ/j˛jDjˇjDm
a strictly positive definite coefficient tensor for the operator L. Also, assume that

Pf 2 PB2;2
m�1;1=2.@˝/ is such that

�� 1
2
I C PK� Pf D 0; (6.129)

and introduce u WD PD˙ Pf in ˝˙ (cf. (2.11)), where PD˙ are the versions of the
double multi-layer associated with L in ˝˙. Let trṁ�1 be the multi-trace operators
acting from˝˙, and denote by @A�

˙

the conormals acting from˝˙. Then, by (4.58),
(4.250), and (6.129),

Lu D 0 in R
n n @˝; (6.130)

tr�
m�1u D 0: (6.131)

Furthermore, by (5.175),

@A�
C

PDC Pf D @A�
�

PD� Pf in
� PB2;2

m�1;1=2.@˝/
��
: (6.132)

In addition, Theorem 4.20 gives that for every  2 C1
c .R

n/ there holds

 u 2 B2;2
m .Rn/ D F 2;2

m .Rn/ D W m;2.Rn/: (6.133)

Finally, by (4.57) and (4.29), given ˛ 2 N
n
0 we have for large jX j:

ˇ
ˇ.@˛u/.X/

ˇ
ˇ �

8
<

:

C jX jm�n�j˛j log jX j if 0 � j˛j � m � n;

C jX jm�n�j˛j if j˛j > m � n; or n odd, or n > 2m;
(6.134)

Granted the decay of u� from (6.134), the same type of argument that has led to
(6.55) gives

X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
dX D

D
@A�

�

PD� Pf ; tr�
m�1u

E
D 0; (6.135)

where the last equality uses (6.131). Hence,

X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
dX D 0 (6.136)

which, in light of (6.57) (itself a consequence of the S-ellipticity of L), implies that

u is a polynomial of degree at most m � 1 in ˝�: (6.137)
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As such, @A�
�

u D 0, and by (6.132) we also obtain

@A�
C

u D 0: (6.138)

Next, working in ˝C, a similar argument based on (5.132) and (6.138) shows that

u is a polynomial of degree at most m� 1 in ˝C: (6.139)

At this stage, based on (6.137), (6.139), and (4.250), we may write

Pf D trC
m�1u � tr�

m�1u 2 PPm�1.@˝/� PPm�1.@˝/ 	 PPm�1.@˝/; (6.140)

as desired. This completes the proof of (6.126).
Having established (6.126), we may then conclude that the operator in (6.127) is

well-defined, linear and bounded. There remains to show that this operator is also
injective. To this end, it suffices to prove that

Pf 2 PB2;2
m�1;1=2.@˝/

and
�� 1

2
I C PK� Pf D 0

9
>>>=

>>>;

H) Pf 2 PPm�1.@˝/: (6.141)

Let Pf be as in the left-hand side of (6.141) and consider u WD PD˙ Pf in ˝˙. Thus,
there exists P 2 Pm�1 with the property that

tr�
m�1u D tr�

m�1P 2 PPm�1.@˝/: (6.142)

Then (6.132)–(6.134) continue to hold in the present setting, and we may write

X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
dX D

D
@A�

�

PD� Pf ; tr�
m�1u

E

D
D
@A�

C

PDC Pf ; tr�
m�1P

E

D
X

j˛jDjˇjDm

Z

˝
C

D
A˛ˇ @

ˇu; @˛P
E
dX

D 0; (6.143)

where the first equality above follows from the first equality in (6.135), the second
equality above is a consequence of (6.132) and (6.142), the third equality above
uses Proposition 5.24 (cf. (5.136)), and the last equality above is implied by the fact
that P 2 Pm�1. As before, (6.143) allows us to conclude that (6.137) holds and,
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further, that (6.138) holds. Having established this, then (6.139) follows as before
which, in turn, yields (6.140), as desired. This finishes the proof of the injectivity of
the operator (6.127). ut

In the last part of this section we estimate the spectral radius of the operator PK
in an appropriate context.

Lemma 6.16. Let ˝ be a bounded Lipschitz domain in R
n, and assume that L is

a homogeneous, differential operator of order 2m, m 2 N, associated as in (4.1)
with a constant (complex) matrix-valued tensor coefficient which is self-adjoint and
satisfies the Legendre–Hadamard ellipticity condition (4.15), as well as the semi-
positivity condition (4.20).

Suppose that � 2 C is such that there exists

� 2
� PB2;2

m�1;1=2.@˝/
��
; � 6D 0; with

�
�I � PK��

� D 0: (6.144)

Then necessarily � 2 Œ� 1
2
; 1
2
�.

Proof. If � D 1
2

then there is nothing to prove, so assume in what follows that
� 2 C n f 1

2
g. Granted this, and assuming that � is as in (6.144), we deduce from

Lemma 6.6 that

h�; Pf i D 0 for every Pf 2 PPm�1.@˝/: (6.145)

To proceed, set u WD PS� in˝˙ (cf. (2.11)). By Proposition 5.11, for every function
 2 C1

c .R
n/ we have

 u 2 B2;2
m .Rn/ D F 2;2

m .Rn/ D W m;2.Rn/: (6.146)

Moreover, Lemmas 6.6, 6.7 and the current assumption on � ensure that u satisfies
the decay condition formulated in (6.44). In turn, this decay condition allows us to
write, much as in (6.80), that

.�1/m
X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
dX D ˝�

1
2
I C PK��

� ; tr�
m�1u

˛
: (6.147)

Furthermore, as in (6.60), we have

.�1/mC1 X

j˛jDjˇjDm

Z

˝
C

D
A˛ˇ @

ˇu; @˛u
E
dX D

D�� 1
2
I C PK��

� ; trC
m�1u

E
: (6.148)

Using the last equality in (6.144) along with the fact that trC
m�1u D tr�

m�1u D PS�,
we may then write



6.1 Fredholm Properties of Boundary Multi-Layer Potentials 321

0 D
D�
�I � PK��

� ; PS�
E

D ��
�C 1

2

� D�� 1
2
I C PK��

� ; trC
m�1u

E
C �

� � 1
2

� ˝�
1
2
I C PK��

� ; tr�
m�1u

˛

D .�1/mC1��C 1
2

� X

j˛jDjˇjDm

Z

˝
�

D
A˛ˇ @

ˇu; @˛u
E
dX

C.�1/mC1�� � 1
2

� X

j˛jDjˇjDm

Z

˝
C

D
A˛ˇ @

ˇu; @˛u
E
dX: (6.149)

The fact that the operatorL is self-adjoint implies that the integrands are (pointwise)
real. As such, taking the imaginary parts of the most extreme sides of (6.149) yields
(after multiplication by .�1/mC1)

Im�
X

j˛jDjˇjDm

Z

Rn

D
A˛ˇ @

ˇu; @˛u
E
dX D 0: (6.150)

To proceed observe that, thanks to (6.45),

X

j˛jDjˇjDm

˝
A˛ˇ @

ˇu; @˛u
˛

is absolutely integrable in R
n: (6.151)

As in the past, fix a function  2 C1�
B2R.0/

�
such that  � 1 near BR.0/ and,

for each j 2 N, define  j .X/ WD  .X=j / for each X 2 R
n. Then, for each j 2 N,

Leibniz’s formula yields

Im�
X

j˛jDjˇjDm

Z

Rn

D
A˛ˇ @

ˇ. j u/; @˛. j u/
E
dX D Ij C IIj ; (6.152)

where

Ij WD Im�
X

j˛jDjˇjDm

Z

Rn

D
A˛ˇ @

ˇu; @˛u
E
 2j dX (6.153)

and

IIj WD Im� � (6.154)

�
X

j˛jDm

jˇjDm

X

�1Cı1Dˇ

j�1j�1

X

�2Cı2D˛

j�2j�1

˛Š

�1Šı1Š

ˇŠ

�2Šı2Š

Z

Rn

D
A˛ˇ @

�1 j @
ı1u; @�2 j @ı2u

E
dX:
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Making use of (6.151), Lebesgue’s Dominated Convergence Theorem, and (6.150)
we may then write

lim
j!1 Ij D Im�

X

j˛jDjˇjDm

Z

Rn

D
A˛ˇ @

ˇu; @˛u
E
dX D 0: (6.155)

Also, using that

ˇ
ˇ@� j

ˇ
ˇ � C�; ;R j

�j� j and supp
�
@� j

� 	 B2jR.0/ n BjR.0/;
for every � 2 N

n
0 with j� j � 1 and each j 2 N;

(6.156)

for each j 2 N we may estimate

ˇ̌
IIj

ˇ̌ � CA;m; ;R jIm�j
X

j˛jDjˇjDm

X

�1Cı1Dˇ

j�1j�1

X

�2Cı2D˛

j�2j�1

˛Š

�1Šı1Š

ˇŠ

�2Šı2Š
j�j�1 jj�j�2 j �

�
Z

B2jR.0/nBjR.0/

ˇ
ˇ@ı1u.X/

ˇ
ˇ
ˇ
ˇ@ı1u.X/

ˇ
ˇdX: (6.157)

Keeping in mind the decay of u described in (6.44) this further yields

ˇ
ˇIIj

ˇ
ˇ � CA;m; ;R jIm�j j�nj log j j2; 8 j 2 N; (6.158)

hence

lim
j!1 IIj D 0: (6.159)

Together, (6.155) and (6.159) imply that

lim
j!1

8
<

:
jIm�j

X

j˛jDjˇjDm

Z

Rn

D
A˛ˇ @

ˇ. j u/; @˛. j u/
E
dX

9
=

;
D 0: (6.160)

Since from (6.146) we know that j u 2 W m;p.Rn/ for every j 2 N, it follows from
(6.160) and (6.12) that

lim
j!1

8
<

:
jIm�j

Z

Rn

X

j� jDm
j@�. j u/.X/j2 dX

9
=

;
D 0: (6.161)

Writing @�. j u/ as  j @�u plus error terms when at least one partial derivative falls
on  j , a reasoning very similar to the one that has led to (6.159) shows that
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lim
j!1

Z

Rn

X

j� jDm
j@�. j u/.X/j2 dX D

Z

Rn

X

j� jDm
j@�u.X/j2 dX: (6.162)

In concert, (6.161) and (6.162) prove that

jIm�j
Z

Rn

X

j� jDm
j@�u.X/j2 dX D 0: (6.163)

In the case when Im� 6D 0, this forces @�u � 0 in R
n for every � 2 N

n
0 with

j� j D m. Much as in similar situations in the past, this implies that u is a polynomial
of degree at most m � 1 in R

n. Granted this, we may finally conclude that

� D @A�
�

u � @A�
C

u D 0 in
� PB2;2

m�1;1=2.@˝/
��
; (6.164)

in contradiction with the second condition in (6.144). This argument shows that
necessarily Im� D 0, i.e., that

� 2 R: (6.165)

If we now define

˚˙ WD
X

j˛jDjˇjDm

Z

˝
˙

D
A˛ˇ @

ˇu; @˛u
E
dX; (6.166)

it follows that

˚C and ˚� cannot be simultaneously zero (6.167)

since otherwise the same type of argument, starting with (6.150) and leading to
(6.164), would yield a contradiction as before. Moreover, the self-adjointness of the
operator L together with the semi-positivity condition (4.20) imply that, on the one
hand,

˚˙ 2 Œ0;1/: (6.168)

On the other hand, (6.149) entails

�
�C 1

2

�
˚� C �

� � 1
2

�
˚C D 0: (6.169)

Note that if � 2 R n Œ� 1
2
; 1
2
� then �C 1

2
and � � 1

2
are nonzero real numbers of the

same sign. However, in light of (6.169), (6.168) and (6.167), this is an impossibility.
Together with (6.165), this contraction proves that necessarily � 2 Œ� 1

2
; 1
2
�, as

desired. ut
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Our main spectral result for the operator PK is contained in the next theorem.

Theorem 6.17. Let ˝ be a bounded, connected, Lipschitz domain in R
n, whose

complement is connected. Also, assume that L is a homogeneous differential
operator of order 2m, m 2 N, associated with a constant (complex) matrix-valued
tensor coefficient as in (4.1) which is self-adjoint and satisfies the S-ellipticity
condition (4.16). Then

the spectrum of PK acting on PB2;2
m�1;1=2.@˝/

. PPm�1.@˝/

is included in the interval .�1=2; 1=2/:
(6.170)

Consequently,

the spectral radius of PK acting on PB2;2
m�1;1=2.@˝/

. PPm�1.@˝/

is strictly less than 1
2
:

(6.171)

Moreover, there exists some small " > 0 with the property that whenever

jp � 2j C jq � 2j C js � 1=2j < " (6.172)

one has
n Pf 2 PBp;q

m�1;s.@˝/ W �� 1
2
I C PK� Pf D 0

o
D PPm�1.@˝/; (6.173)

and the operators

˙ 1
2
I C PK W PBp;q

m�1;s.@˝/
. PPm�1.@˝/ �! PBp;q

m�1;s.@˝/
. PPm�1.@˝/; (6.174)

and

˙ 1
2
I C PK� W

� PBp;q
m�1;s.@˝/

. PPm�1.@˝/
��

(6.175)

�!
� PBp;q

m�1;s.@˝/
. PPm�1.@˝/

��

are invertible.

Proof. Assume that � 2 C n .� 1
2
; 1
2
/ belongs to the spectrum of the operator

PK� W
� PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/

�� !
� PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/

��
: (6.176)
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The last part in Theorem 6.4 implies that

�I � PK� is Fredholm with index zero

on
� PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/

�� (6.177)

which, keeping in mind the significance of �, implies that

�I � PK� is not injective on
� PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/

��
: (6.178)

Going further, let

� W PB2;2
m�1;1=2.@˝/ �! PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/ (6.179)

denote the canonical projection, taking an arbitrary Whitney array Pf 2
PB2;2
m�1;1=2.@˝/ into its equivalence class Œ Pf � 2 PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/. Since

� is surjective, its adjoint

�� W
� PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/

�� �!
� PB2;2

m�1;1�s.@˝/
��

(6.180)

is injective. Moreover, we have the commutative diagram

� PB2;2
m�1;1�s.@˝/

��

X

� PB2;2
m�1;1�s.@˝/

��

X

�� ��

�
�I � PK�

�
�I � PK�

� �

where

X WD
� PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/

��
: (6.181)

In light of (6.178) and the injectivity of ��, this implies that there exists

� 2
� PB2;2

m�1;1=2.@˝/
��
; � 6D 0; satisfying

�
�I � PK��

� D 0: (6.182)
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As such, Lemma 6.16 applies and gives that, necessarily, � 2 Œ� 1
2
; 1
2
�. Given that

we are assuming � 2 C n .� 1
2
; 1
2
/ to begin with, this forces � 2 f˙ 1

2
g. On the other

hand, when used in combination with the claim made in Theorem 6.15 about the
operator in (6.128), the Fredholmness result recorded in (6.177) precludes � from
being equal to 1

2
. Hence, there remains to study the case when � D � 1

2
.

To this end, we claim that

Pf 2 PB2;2
m�1;1=2.@˝/

and
�
1
2
I C PK� Pf 2 PPm�1.@˝/

9
>>>=

>>>;

H) Pf 2 PPm�1.@˝/: (6.183)

To justify this claim, note that if Pf is as in the left-hand side of (6.183) then
there exists PP 2 PPm�1.@˝/ with the property that

�
1
2
I C PK� Pf D PP . However,

�
1
2
I C PK� PP D PP by Proposition 4.17 and, in particular,

�
1
2
I C PK�

. Pf � PP / D 0.
With this in hand, the conclusion in (6.183) follows from Theorem 6.9. In turn,
(6.183) implies that the operator

1
2
I C PK W PBp;q

m�1;s.@˝/
. PPm�1.@˝/ �! PBp;q

m�1;s.@˝/
. PPm�1.@˝/

is injective
(6.184)

hence, by duality,

1
2
I C PK� has dense range on

� PBp;q
m�1;s.@˝/

. PPm�1.@˝/
��
: (6.185)

In conjunction with (6.177) (which is valid for any � 2 C n .� 1
2
; 1
2
/), this ultimately

gives that

1
2
I C PK� is invertible on

� PBp;q
m�1;s.@˝/

. PPm�1.@˝/
��
; (6.186)

which is in contradiction with the fact that � was assumed to belong to the spectrum

of the operator 1
2
I C PK� on

� PBp;q
m�1;s.@˝/

. PPm�1.@˝/
��

.

In summary, the proof so far shows that the spectrum of the operator PK� acting

on the space
� PB2;2

m�1;1=2.@˝/
. PPm�1.@˝/

��
is contained in .� 1

2
; 1
2
/. Via duality,

this yields the claim made in (6.170), and (6.171) follows from the latter.
Moving on, formula (6.173) is a consequence of Theorem 6.4, (2.169), and

Lemma 6.18 stated below. Finally, the fact that the operators in (6.174)–(6.175)
are invertible when p D q D 2 and s D 1=2 is clear from (6.171). With this in
hand, the extension of this invertibility result to the larger range specified in (6.172)
may be done using (6.173), (3.314), and the stability theory developed in [63]. ut
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Here is the lemma invoked in the above proof.

Lemma 6.18. Let Xj , Yj , j D 1; 2, be two pairs of quasi-Banach spaces such that

X1 ,! X2 continuously; (6.187)

Y1 ,! Y2 continuously and with dense range: (6.188)

If T 2 L .X1 ! Y1/ \ L .X2 ! Y2/ has the property that T W Xj ! Yj is
Fredholm for j D 1; 2, with the same index, then

˚
f 2 X1 W Tf D 0

	 D ˚
f 2 X2 W Tf D 0

	
: (6.189)

See [94, Lemma 11.40] for a proof.

6.2 Compactness Criteria for the Double Multi-Layer
on Whitney–Besov Spaces

In this section, the goal is to identify a context in which the boundary double multi-
layer operators associated with higher-order elliptic operators are compact when
acting on Whitney–Besov spaces.

To set the stage, we begin by recalling several useful abstract interpolation
results. In [29], M. Cwikel has proved the following remarkable one-sided compact-
ness property for the real method of interpolation for (compatible) Banach couples.

Theorem 6.19. Let Xj , Yj , j D 0; 1, be two compatible Banach couples and
suppose that the linear operator T W Xj ! Yj is bounded for j D 0 and compact
for j D 1. Then T W .X0;X1/	;q ! .Y0; Y1/	;q is compact for all 	 2 .0; 1/ and
q 2 Œ1;1�.

The corresponding result for the complex method of interpolation remains open.
However, in [29] M. Cwikel has shown that the property of being compact can be
extrapolated on complex interpolation scales of Banach spaces:

Theorem 6.20. Let Xj , Yj , j D 0; 1, be two compatible Banach couples and
suppose that T W Xj ! Yj , j D 0; 1, is a bounded, linear operator with the
property that there exists 	� 2 .0; 1/ such that T W ŒX0;X1�	� ! ŒY0; Y1�	� is
compact. Then the operator T W ŒX0;X1�	 ! ŒY0; Y1�	 is compact for all values of
	 in .0; 1/.

It is unclear whether a similar result holds for arbitrary compatible quasi-Banach
couples. We shall show nonetheless show that such an extrapolation result holds for
the entire scale of Besov spaces. More specifically, we have:
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Theorem 6.21. Let R be an open, convex subset of R� RC � RC and assume that
T is a linear operator such that

T W Bp;q
s .Rn/ �! Bp;q

s .Rn/; (6.190)

is bounded whenever .s; 1=p; 1=q/ 2 R. If there exists .s�; 1=p�; 1=q�/ 2 R such

that T maps Bp� ;q�

s� .Rn/ compactly into itself then the operator (6.190) is in fact
compact for all .s; 1=p; 1=q/ 2 R.

Proof. Instead of the “continuous” scale of Besov space in R
n we find it convenient

to work with its discrete version. That this is permissible is guaranteed by
Theorem 7.1 in [45], according to which these spaces are isomorphic via the wavelet
transform. For the benefit of the reader, we briefly elaborate on this idea. Let ˚ and
� be, respectively, the Lemarié–Meyer “father” and a “mother” wavelet in R and set

'.X/ WD
nY

iD1
˚.xi /; X D .x1; : : : ; xn/ 2 R

n; (6.191)

 J .X/ WD
�Y

i2J
�.xj /

�� Y

i2J c
˚.xi /

�
; (6.192)

where J � f1; : : : ; ng is nonempty and J c WD f1; : : : ; ng n J . Typically, the
collection f J gJ is relabeled f `g` with ` running from 1 to 2n � 1 (which is
the number of such different sets J ). Denote by bp;qs .Rn/ the space of numerical
sequences fckgk2Zn � fck;j;`gk2Zn; j2N0; 1�`�2n�1 with the property that

�
�
�fckgk2Zn � fck;j;`gk2Zn; j2N0; 1�`�2n�1

�
�
�
b
p;q
s .Rn/

WD
� X

k2Zn
jckjp

�1=p

C
2n�1X

`D1

h 1X

jD0
2jsq

� X

k2Zn
2�jnjck;j;`jp

�q=pi1=q
< 1: (6.193)

Here 0 < p; q � C1 and s 2 R. Then, for this range of indices, the mapping

T W fckgk2Zn � fck;j;`gk2Zn; j2N0; 1�`�2n�1 (6.194)

7�!
X

k2Zn
ck '.� � k/C

2n�1X

`D1

1X

jD0

X

k2Zn
ck;j;`  `.2

j � �k/

establishes an isomorphism between b
p;q
s .Rn/ and B

p;q
s .Rn/, whose inverse is

given by
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Rf WD
n
hf; '.� � k/i

o

k2Zn �
n
hf; 2jn `.2j � �k/i

o

k2Zn; j2N0; 1�`�2n�1:

(6.195)

The proof of the theorem then proceeds as follows. For each N 2 N we now
introduce

PN

�
fckgk2Zn � fck;j;`gk2Zn; j2N0; 1�`�2n�1

�
(6.196)

WD f Qckgk2Zn � f Qck;j;`gk2Zn; j2N0; 1�`�2n�1

where we have set Qck WD ck , Qck;j;` WD ck;j;` if jkj C jj j � N , and zero otherwise.
Thus, PN W bp;qs .Rn/ ! b

p;q
s .Rn/, N 2 N, are linear operators, of finite rank which

also satisfy

sup
N2N

kPN kbp;qs .Rn/! b
p;q
s .Rn/ < 1; and (6.197)

PN �! I pointwise on bp;qs .Rn/ as N ! 1: (6.198)

Let O be an arbitrary relatively compact subset of bp;qs .Rn/. From (6.197)–
(6.198) plus a standard argument, based on covering O with finitely many balls
of sufficiently small radii, it follows that

PN �! I as N ! 1; uniformly on O: (6.199)

In particular, if

T W bp0;q0s0
.Rn/ �! bp0;q0s0

.Rn/ is linear and bounded, and (6.200)

T W bp1;q1s1
.Rn/ �! bp1;q1s1

.Rn/ is linear and compact; (6.201)

then there exists a finite constant C D C.T / > 0 and, for each " > 0, an integer
N."/ 2 N such that

kT � PNT kbp0;q0s0 .Rn/! b
p0;q0
s0 .Rn/ � C; 8N 2 N; (6.202)

kT � PNT kbp1;q1s1 .Rn/! b
p1;q1
s1 .Rn/ � "; 8N � N."/: (6.203)

Since for each 	 2 .0; 1/ it has been established in [77] that

h
bp0;q0s0

.Rn/ ; bp1;q1s1
.Rn/

i

	
D bp;qs .Rn/ (6.204)
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provided 1=p WD .1�	/=p0C	=p1, 1=q WD .1�	/=q0C	=q1, s WD .1�	/s0C	s1,
we may conclude from this and (6.202)–(6.203) that

kT � PNT kbp;qs .Rn/! b
p;q
s .Rn/ � C1�	 "	 (6.205)

granted that N � N."/. Thus, T is compact as an operator on bp;qs .Rn/ since it can
be approximated in the strong operator norm by linear operators of finite rank. ut

We shall next adapt the extrapolation result from Theorem 6.21 to Whitney–
Besov spaces on Lipschitz surfaces. As a preamble, we need to establish a procedure
that allows us to “lift” compactness from the named surface to the entire Euclidean
space. More specifically, we have the following result.

Proposition 6.22. Suppose that˝ is a bounded Lipschitz domain in R
n and assume

that n�1
n
< p � 1, 0 < q � 1 and .n � 1/.1=p � 1/C < s < 1. Consider next a

linear and continuous operator

T W PBp;q
m�1;s.@˝/ �! PBp;q

m�1;s.@˝/: (6.206)

If E stands for the extension operator from (3.103), and R˝ is the operator
restricting distributions from R

n to ˝ , set

eT WD E ı T ı trm�1 ı R˝ W Bp;q

m�1CsC1=p.R
n/ ! B

p;q

m�1CsC1=p.R
n/; (6.207)

where trm�1 W Bp;q

m�1CsC1=p.˝/ ! PBp;q
m�1;s.@˝/ is the multi-trace operator from


 3.3. Then

eT compact on Bp;q

m�1CsC1=p.R
n/ ” T compact on PBp;q

m�1;s.@˝/: (6.208)

Proof. If we set bT WD T ı trm�1, then the following implications hold:

eT compact H) bT compact H) T compact : (6.209)

In the light of the boundedness of the operators trm�1 and E established in
Theorem 3.9, the sequence of implications (6.208) immediately follows once we
notice that T D bT ı E . ut

Here is the extrapolation result advertised earlier.

Theorem 6.23. Assume that ˝ is a bounded Lipschitz domain in R
n and consider

the open, convex region in R � RC � RC given by

O WD
n
.s; 1=p; 1=q/ W n�1

n
< p < 1; 0 < q < 1 (6.210)

and .n � 1/
�
1
p

� 1�C < s < 1
o
:
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Let L be a constant coefficient W-elliptic differential operator of order 2m, m 2 N,
and recall the principal-value double multi-layer PK , associated with ˝ and L as in
Definition 4.13.

If there exists .po; qo; so/ 2 O with the property that

PK W PBpo;qo
m�1;so .@˝/ �! PBpo;qo

m�1;so .@˝/ is compact; (6.211)

then

PK W PBp;q
m�1;s.@˝/ �! PBp;q

m�1;s.@˝/

is compact whenever .s; 1=p; 1=q/ 2 O:
(6.212)

Proof. This follows directly from Proposition 6.22, Theorem 6.21, and the bound-
edness of the operator in (4.249) established in Theorem 4.21. ut

Our next theorem indicates how compactness for the principal-value double
multi-layer acting on one Whitney–Lebesgue space implies compactness for this
operator on the entire Whitney–Besov scale.

Theorem 6.24. Assume that˝ is a bounded Lipschitz domain in R
n and consider a

constant coefficient W-elliptic differential operator L of order 2m, m 2 N. Finally,
recall the principal-value double multi-layer PK , associated with ˝ and L as in
Definition 4.13.

If there exists po 2 .1;1/ with the property that

PK W PLpom�1;0.@˝/ �! PLp0m�1;0.@˝/ is compact; (6.213)

then

PK W PBp;q
m�1;s.@˝/ �! PBp;q

m�1;s.@˝/ is compact whenever

0 < p; q < 1; .n � 1/� 1
p

� 1
�

C < s < 1:

(6.214)

Proof. Recall the set O from (6.210). In a first stage, Theorem 6.19, Corollary 3.40,
and Theorem 4.14 give, under the current hypotheses, that there exist so; qo such
that .so; 1=po; 1=qo/ 2 O and (6.211) holds. Having established this, Corollary 6.23
applies and yields the desired conclusion. ut

In [25] Cohen and Gosselin have used a writing for the biharmonic operator �2

as in (4.50) for a special choice of the coefficient tensor A D .A˛ˇ/j˛jDjˇjD2 , which
goes back to more general work of Agmon in [3], in the two dimensional setting,
which has the property that the associated principal-value biharmonic double multi-
layer, call it PK�2 , satisfies
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PK�2 W PLp1;0.@˝/ �! PLp1;0.@˝/ is compact, for each p 2 .1;1/;

provided˝ is a bounded C1 domain in R
2:

(6.215)

By relying on the recent results established in [56] it is possible to further relax the
assumptions on the domain˝ in (6.215) and obtain the following generalization of
Cohen–Gosselin’s compactness result:

PK�2 W PLp1;0.@˝/ �! PLp1;0.@˝/ is compact, for each p 2 .1;1/;

provided˝ is a bounded Lipschitz domain in R
2 with � 2 vmo.@˝/:

(6.216)

Above, vmo .@˝/ denotes Sarason’s space of functions of vanishing mean oscilla-
tion on @˝ (cf. (2.447)). In turn, this permits us to state the following theorem.

Theorem 6.25. Assume that ˝ is a bounded Lipschitz domain in R
2 whose unit

normal belongs to vmo.@˝/. In this context, let PK�2 be the principal-value
biharmonic double multi-layer introduced by Cohen and Gosselin in [25]. Then

PK�2 W PBp;q
1;s .@˝/ �! PBp;q

1;s .@˝/ is compact whenever

0 < p; q < 1;
�
1
p

� 1�C < s < 1:

(6.217)

As a corollary,

˙ 1
2
I C PK�2 W PBp;q

1;s .@˝/ �! PBp;q
1;s .@˝/ is Fredholm with index zero

provided 0 < p; q < 1;
�
1
p

� 1
�

C < s < 1:

(6.218)

Finally, if in addition to the conditions on˝ stipulated so far, it is also assumed that
@˝ is connected, then in fact

1
2
I C PK�2 W PBp;q

1;s .@˝/ �! PBp;q
1;s .@˝/ is invertible

whenever 0 < p; q < 1;
�
1
p

� 1
�

C < s < 1:

(6.219)

Proof. The compactness of PK�2 in (6.217) is seen by combining the compactness
result recorded in (6.216) with the general extrapolation result from Theorem 6.24.
Having established this, (6.218) follows from standard Fredholm theory. As far as
(6.219) is concerned, in a first stage the work in [25] ensures (under the assumption
that @˝ is connected) that

1
2
I C PK�2 W PLp1;0.@˝/ �! PLp1;0.@˝/ is invertible for each p 2 .1;1/: (6.220)
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In turn, this implies that the operator in (6.219) has dense range hence, ultimately, is
onto (thanks to (6.218)). With this in hand, Theorem 6.9 and the global extrapolation
result proved in [63, Theorem 2.10] applies and gives that the claim in (6.219) is
valid as stated. ut

We conclude this section with yet another result pertaining to the invertibility of
the boundary biharmonic double multi-layer potential on Whitney–Besov spaces in
planar domains.

Theorem 6.26. Let ˝ be a bounded Lipschitz domain in R
2 with connected

boundary and whose unit normal belongs to vmo.@˝/. As before, let PK�2 be the
principal-value biharmonic double multi-layer introduced by Cohen and Gosselin
in [25]. Then the operators

˙ 1
2
I C PK�2 W PBp;q

1;s .@˝/
. PP1.@˝/ �! PBp;q

1;s .@˝/
. PP1.@˝/; (6.221)

˙ 1
2
I C PK�

�2
W
� PBp;q

1;s .@˝/
. PP1.@˝/

�� �!
� PBp;q

1;s .@˝/
. PP1.@˝/

��
(6.222)

are invertible whenever

0 < p; q < 1 and
�
1
p

� 1
�

C < s < 1: (6.223)

As a corollary, the above invertibility results hold for any bounded C1 domain
˝ � R

2 with connected boundary.

Proof. This is established by arguing much as in the proof of Theorem 6.17, using
the compactness of PK�2 formulated in (6.217). ut

6.3 Uniqueness for the Dirichlet Problem with Data
in Whitney–Lebesgue Spaces

In this section we shall consider the issue of uniqueness for the Dirichlet problem
formulated for a higher-order differential operator and data in the appropriate
Whitney–Lebesgue space. To get started, we describe a notion of Green function
which is going to be relevant shortly.

Definition 6.27. Assume that˝ is a bounded Lipschitz domain in R
n and consider

a constant coefficient W-elliptic differential operator L of order 2m, m 2 N. Also,
fix p 2 .1;1/. In this context, we say that property Gp holds provided for
each X 2 ˝ there exists a function G.X; �/ 2 C1�

˝ n fXg� satisfying (with ıX
denoting the Dirac distribution with mass at X )
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8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

LY G.X; Y / D ıX.Y /;

G.X; �/
ˇ
ˇ
ˇ
m�1
@˝

D 0;

N
�
rm
Y G.X; �/

�
2 Lp.@˝/;

(6.224)

where the non-tangential maximal operator N is considered with respect to a
regular family of cones truncated at height much smaller than the distance from
X to @˝ .

For example, if

1
2
I C PK W PLpm�1;1.@˝/ �! PLpm�1;1.@˝/ is invertible; (6.225)

a Green function with the properties stipulated in (6.224) may be constructed by
considering, for each X; Y 2 ˝ with X ¤ Y ,

G.X; Y / WD E.X � Y /� PD

�

1
2
I C PK

��1
.trm�1E.X � �//

�
.Y /; (6.226)

where E is the fundamental solution of the operator L discussed in Theorem 4.2.
To see that this is indeed the case, note that since for each point X 2 ˝ fixed we
have trm�1E.X � �/ 2 PLpm�1;1.@˝/, and using (6.225) and (4.64) we obtain

N
�
rm PD

h�
1
2
I C PK

��1�
trm�1E.X � �/�

i�
2 Lp.@˝/ (6.227)

hence, ultimately,

N
�
rm
Y G.X; �/

�
2 Lp.@˝/ (6.228)

if G is as in (6.226). Furthermore, (6.226) and (4.164) ensure that the middle
condition in (6.224) holds as well. Finally, the first condition in (6.224) is clear
from the design of G.

A specific case when these considerations are relevant is presented next (see also
Corollary 6.51 for another relevant scenario).

Proposition 6.28. Consider the biharmonic operator, L D �2, in the plane and
assume that ˝ is a bounded Lipschitz domain in R

2 with connected boundary, and
whose unit normal belongs to vmo.@˝/. Then, in this context, property Gp holds
for every p 2 .1;1/.

Proof. Fix an arbitrary p 2 .1;1/. Also, as before, let PK�2 be the principal-value
biharmonic double multi-layer introduced by Cohen and Gosselin in [25]. A careful
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inspection of their work reveals that PK�2 is compact on PLp1;1.@˝/ (see also [87]
where the authors prove much more general results of this nature), hence

1
2
I C PK�2 W PLp1;1.@˝/ �! PLp1;1.@˝/ is invertible; (6.229)

thanks to (6.220). Thus, (6.225) holds in this case (recall that, currently, m D 2),
and the desired conclusion follows from the earlier discussion. ut

After this preamble we are ready to state the main uniqueness result of this
section.

Theorem 6.29. Let ˝ be a bounded Lipschitz domain in R
n and consider a

constant coefficient W-elliptic differential operator L of order 2m, m 2 N. Assume
that indices p; p0 2 .1;1/ are such that 1=p C 1=p0 D 1, and that property Gp0

holds in this context.
If u is a solution of the homogeneous Dirichlet boundary value problem

8
ˆ̂
<̂

ˆ̂̂
:

Lu D 0 in ˝;

N .rm�1u/ 2 Lp.@˝/;
u
ˇ
ˇ
ˇ
m�1
@˝

D 0;

(6.230)

then necessarily u � 0 in ˝ .

Proof. For each " > 0 set

˝" WD fX 2 ˝ W dist.X; @˝/ > "g: (6.231)

We claim that there exist a family of functions˚" 2 C1
c .R

n/, indexed by " 2 .0; 1/,
and two constants 0 < C1 < C2 < 1 such that

˚" � 1 on ˝C2" and ˚" � 0 on R
n n˝C1" (6.232)

and with the property that for each multi-index ˛ 2 N
n
0 there exists C.˛/ 2 .0;1/

such that

j@˛˚"j � C˛

"j˛j ; 8 " 2 .0; 1/: (6.233)

To establish th existence of such a family, consider  2 C1.R/ with the property
that � 0 on .�1; 1/ and � 1 on .2;C1/. Then, if �reg denotes the regularized
distance to R

2 n˝ (in the sense of Theorem 2, p. 171 in [119]), we may take

˚".X/ WD  ."�1�reg.X//; X 2 R
2: (6.234)
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Given that

C1 dist .X; @˝/ � �reg.X/ � C2 dist .X; @˝/; (6.235)

j@˛�reg.X/j � C˛ dist .X; @˝/1�j˛j; 8˛ 2 N
n
0; (6.236)

the conditions listed in (6.232)–(6.233) follow.
Fix next a point X 2 ˝ and pick a number " > 0 small enough to guarantee

that X 2 ˝". Since we are assuming that property Gp0 holds, there exists a Green
functionG.X; �/ 2 C1�

˝ n fXg� satisfying

8
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
:

LY G.X; Y / D ıX.Y /;

G.X; �/
ˇ
ˇ
ˇ
m�1
@˝

D 0:

N
�
rm
Y G.X; �/

�
2 Lp0

.@˝/;

(6.237)

To proceed, assume that the function u is a solution of the homogeneous Dirichlet
problem (6.230). The starting point is the identity

u.X/ D .u˚"/.X/ D
Z

˝

LYG.X; Y /˚".Y /u.Y / dY: (6.238)

Integrating by parts and utilizing the support conditions on ˚" we further obtain

u.X/ D
Z

˝

G.X; Y /LY .˚"u/.Y / dY

D
Z

˝

X

j˛jDjˇjDm
G.X; Y /A˛ˇ @

˛Cˇ.˚"u/.Y / dY: (6.239)

Also, Leibniz’s formula gives

@˛Cˇ.˚"u/ D
X

˛CˇD�Cı
C
˛ˇ

�ı @
�˚"@

ıu: (6.240)

In turn, using formula (6.240) and the fact that

X

j˛jDjˇjDm
A˛ˇC

˛ˇ

0.˛Cˇ/@
˛Cˇu D Lu D 0; (6.241)
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since C˛ˇ

0.˛Cˇ/ D 1, we conclude that

X

j˛jDjˇjDm
A˛ˇ @

˛Cˇ.˚"u/ D
X

j˛jDjˇjDm
A˛ˇ

X

˛CˇD�Cı

�¤0

C
˛ˇ

�ı @
�˚"@

ıu: (6.242)

Next, we split the sum in the right-hand side of (6.242) over the set of multi-indices
ı in N

n
0 of length � m�1 and over the set of multi-indices ı in N

n
0 of length � m. In

the latter case we write ı D �C 	 with �; 	 2 N
n
0 and j�j D m � 1, then integrate

by parts in order to move @	Y from u to G.X; �/. Since

G.X; �/
ˇ
ˇ
ˇ
m�1
@˝

D 0; (6.243)

this does not create any new boundary terms. Thus, starting with (6.239), (6.242),
and then carrying out this program yields the representation

u.X/ D I".X/C II".X/; (6.244)

where

I".X/ WD
Z

˝

G.X; Y /
X

j˛jDjˇjDm

X

˛CˇD�Cı

�¤0; jıj�m�1

A˛ˇC
˛ˇ

�ı .@
�˚"/.Y /.@

ıu/.Y / dY;

(6.245)

and

II".X/ WD
Z

˝

X

j˛jDjˇjDm

X

˛CˇD�Cı

�¤0; jıj�m

X

ıD�C	

j�jDm�1

.�1/j	 jA˛ˇC ˛ˇ

�ı @
	
Y G.X; Y / �

� .@�˚"/.Y /.@�u/.Y / dY: (6.246)

Consider the term II".X/. Notice that j	 j D m � j� j C 1 � m, since the
summation is performed over � ¤ 0. Using again that � ¤ 0, one may replace
˝ by ˝ n ˝" as the domain of integration in (6.245) and (6.246). Going further,
we break up the integral over sufficiently small domains .Ui/1�i�N , each contained
in a local coordinate system where Ui \ ˝ can be regarded as the upper-graph of
a Lipschitz function 
i W Qi ! R, where Qi is an open subset of Rn�1. Based on
these observations and (6.233), we may then write

jII".X/j � C

NX

iD1

X

j˛jDjˇjDm

X

˛CˇD�Cı

�¤0; jıj�m

X

ıD�C	

j�jDm�1

Z

Qi

Z C"

0

1

"j� j j.@�u/.y0; t C 
i .y
0//j �

�j.@	Y G/.X; .y0; t C 
i.y
0///j dt dy0; (6.247)
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for some finite constant C D C.˝/ > 0. Let us now focus on the factor involving
@	Y G, for some arbitrary but fixed multi-index 	 of length � m, appearing in the
right-hand side of (6.247). A simple application of the Fundamental Theorem of
Calculus gives that, for each i ,

.@	Y G/.X; .y
0; t C 
i .y

0/// D �
Z t

0

.@
	Cen
Y G/.X; .y0; t1 C 
i.y

0/// dt1

whenever y0 2 Qi

(6.248)

thanks to (6.243). Subsequent iterations of the Fundamental Theorem of Calculus
allow us (making repeated use of (6.243)) to obtainm derivatives on the functionG
in the right-hand side of (6.248), i.e., write

.@	Y G/.X; .y
0; t C 
i .y

0/// D .�1/m�j	 j� (6.249)

�
Z t

0

Z t1

0

: : :

Z tm�j	 j�1

0

.@
	C.m�j	 j/en
Y G/.X; .y0; r C 
i .y

0/// dr dtm�j	 j�1 : : : dt1;

whenever y0 2 Qi . Using now that for each j 2 f1; : : : ; m � j	 j � 1g we have
jtj j < C", we may further conclude that for each y0 2 Qi , 1 � i � N ,

ˇ̌
.@	Y G/.X; .y

0; t C 
i .y
0///

ˇ̌ � "m�j	 j sup
0<r<C"

j.rm
Y G/.X; .y

0; y0 C r
i .y
0///j

� "m�j	 jN .rm
Y G.X; �//.y0; 
i .y0//: (6.250)

In connection with this, it is important to note that

the map Qi 3 y0 7�! N
�rm

Y G.X; �/
�
.y0; 
i .y0// 2 Œ0;C1�

belongs to Lp
0

.Qi /
(6.251)

Continuing our analysis of II".X/ we note that, sincem� j	 j � j� j D �1, we have
from (6.250)

jII".X/j � C
X

j�jDm�1

NX

iD1

Z

Qi

�1
"

Z C"

0

j.@�u/.y0; t C 
i .y
0//j � (6.252)

�N ..rm
Y G/.X � �//.y0; 
i .y0// dt

�
dy0:

The idea now is to employ Lebesgue’s Dominated Convergence Theorem in order
to show that the last integral above converges to zero as " ! 0C. To this end, we
first observe that for each i 2 f1; : : : ; N g and each multi-index� with j�j D m�1,
we have
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ˇ
ˇ
ˇ
1

"

Z C"

0

j.@�u/.y0; t C 
i .y
0//j dt

ˇ
ˇ
ˇ � CN .rm�1u/.y0; 
i .y0// for y0 2 Qi:

(6.253)

Let us also recall that, by hypothesis,

the map Qi 3 y0 7�! N .rm�1u/.y0; 
.y0// 2 Œ0;C1�

belongs to Lp
0

.Qi /
(6.254)

Collectively, (6.253)–(6.254) and (6.251) ensure that the uniform pointwise domi-
nation part of Lebesgue’s theorem is satisfied. As for the pointwise convergence to
zero part of Lebesgue’s theorem, we start by making the simple observation that
if f W .0; 1/ ! R is a continuous function with the property that lim

t!0C

f .t/ D 0

then lim
"!0C

1
"

R "
0
f .t/ dt D 0 (as seen easily from an application of the Mean Value

Theorem). Since, by hypothesis,

lim
t!0C

.@�u/.y0; .t C 
i.y
0// D 0 for a.e. y0 2 Qi; 1 � i � N; (6.255)

the above observation applies and shows that, pointwise a.e., the integrand in (6.252)
converges to zero. Thus, the Lebesgue Dominated Convergence Theorem gives

lim
"!0

II".X/ D 0: (6.256)

Turning attention to I".X/, repeated applications of the Fundamental Theorem
of Calculus (as in the previous analysis) permit us to write, for each i 2 f1; : : : ; N g
and each y0 2 Qi ,

.@ıu/.y0; t C 
i .y
0// D �

Z t

0

.@ıCenu/.y0; t1 C 
i.y
0// dt1 (6.257)

D : : : D .�1/m�1�jıj �

�
Z t

0

Z t1

0

: : :

Z tm�2�jıj

0

.@ıC.m�1�jıj/enu/ �

� .y0; r C 
i.y
0// dr dtm�2�jıj : : : dt1:

Note that for each y0 2 Qi , 1 � i � N ,

ˇ
ˇ̌
.@ıu/.y0; t C 
i .y

0//
ˇ
ˇ̌ � "m�1�jıj sup

0<r<C"

ˇ
ˇ̌�rm�1u

�
.y0; r C 
i .y

0//
ˇ
ˇ̌

� "m�1�jıj N .rm�1u/.y0; 
i .y0//: (6.258)
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Also, using (6.250), we have

jG.X; .y0; t C 
i .y
0//j � "mN .rmG.X; �//.y0; 
i .y0//; (6.259)

for each y0 2 Qi , 1 � i � N . Therefore, for some C D C.˝/ > 0,

jI".X/j � C

NX

iD1

Z

Qi

n 1

"j� j

Z C"

0

jG.X; .y0; t C 
i .y
0//j� (6.260)

�
tZ

0

t1Z

0

: : :

tm�2�jıjZ

0

ˇ
ˇ
ˇ.@ıC.m�1�jıj/enu/.y0; r C 
i .y

0//
ˇ
ˇ
ˇ dr dtm�2�jıj : : : dt1 dt

o
dy0:

Using (6.233) and (6.258)–(6.259), we see that the expression in the curly brackets
in (6.260) is

� C
h
"1�j� j"mN .rmG.X; �//.y0; 
i .y0//

ih
"m�jıj�1N .rm�1u/.y0; 
i .y0//

i

D N .rm�1u/.y0; 
i .y0//N .rmG.X; �//.y0; 
i .y0//: (6.261)

Given that from hypotheses, for each i 2 f1; : : : ; N g, we have

Qi 3 y0 7�! N .rm�1u/.y0; 
i .y0//N .rmG.X; �//.y0; 
i .y0//

belongs to L1.Qi/;
(6.262)

the uniform domination condition in Lebesgue’s theorem is satisfied. Also, as
before, since for each i 2 f1; : : : ; N g, and a.e. y0 2 Qi ,

lim
"!0

1

"

Z C"

0

.@ıC.m�1�jıj/enu/.y0; r C 
i .y
0// dr D 0; (6.263)

Lebesgue’s Dominated Convergence Theorem applies and gives that

lim
"!0

I".X/ D 0: (6.264)

Together, (6.264), (6.256) and (6.244) give that u.X/ D 0, hence, u � 0 in ˝ . This
finishes the proof of Theorem 6.29. ut

We conclude this section by presenting a well-posedness and regularity result
for the Dirichlet boundary value problem for the planar biharmonic operator. This
extends the scope of the work in [25] by considering more general domains, by
establishing uniqueness (thus answering the question asked by Cohen and Gosselin
at the bottom of page 238 in [26]) and by proving a regularity result.
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Theorem 6.30. Assume that˝ is a bounded Lipschitz domain in R
2 with connected

boundary, and whose unit normal belongs to vmo.@˝/. Fix p 2 .1;1/. Then the
Dirichlet boundary value problem for the biharmonic operator

8
ˆ̂<

ˆ̂
:

�2u D 0 in ˝;

N .ru/ 2 Lp.@˝/;
�
ub @˝ ; rub @˝

� D Pf 2 PLp1;0.@˝/;
(6.265)

has a unique solution. This solution has the integral representation formula

u.X/ D PD�2

h�
1
2
I C PK�2

��1 Pf
i
.X/; X 2 ˝; (6.266)

where D�2 and PK�2 are the double multi-layer potential operators from [25], and
satisfies

kN .ru/kLp.@˝/ � C.˝; p/k Pf k PLp1;0.@˝/: (6.267)

Moreover, the following regularity result holds (quantitatively):

N .rru/ 2 Lp.@˝/ ” Pf 2 PLp1;1.@˝/: (6.268)

Proof. In concert, Proposition 6.28 and Theorem 6.29 prove that the boundary value
problem (6.265) has at most one solution. Next, the fact that the function u in
(6.266) is a well-defined solution of the boundary value problem (6.265) which
satisfies (6.267) is seen from (6.220) and the properties of generic double multi-
layer operators established in 
 4. Finally, the regularity result from (6.268) is a
consequence of (6.266), (6.229), Proposition 2.15 and, once again, the results in 
 4.

ut

6.4 Boundary Problems on Besov and Triebel–Lizorkin
Spaces

In this section we shall treat a variety of boundary value problems for higher order
operators in Lipschitz domains (occasionally satisfying additional conditions). As
such, the discussion highlights the basic role played by the Calderón–Zygmund
theory of multi-layer potentials developed in earlier chapters.

We begin with a general duality result.

Proposition 6.31. Assume that ˝ is a bounded Lipschitz domain in R
n and

consider an arbitrary homogeneous, constant coefficient differential operator L of
order 2m,m 2 N. Fix p; q 2 .1;1/ and 0 < s < 1. Then the adjoint of the operator
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L W ı
B
p;q

m�1CsC1=p.˝/ �! B
p;q

�m�1CsC1=p.˝/ (6.269)

is

L� W ı
B
p0 ;q0

m�1Cs0C1=p0

.˝/ �! B
p0 ;q0

�m�1Cs0C1=p0

.˝/; (6.270)

where 1=p C 1=p0 D 1=q C 1=q0 D 1 and s0 WD 1 � s.
Moreover, a similar property is valid on the Triebel–Lizorkin scale.

Proof. Under the current assumptions on the indices, from Proposition 3.15 and
(2.216)–(2.217) we have

� ı
B
p;q

m�1CsC1=p.˝/
�� D

�
B
p;q

m�1CsC1=p; z.˝/
�� D B

p0 ;q0

�m�1Cs0C1=p0 ;z.˝/: (6.271)

and

�
B
p;q

�m�1CsC1=p.˝/
�� D B

p0 ;q0

m�1Cs0C1=p0 ;z.˝/ D ı
B
p0;q0

m�1Cs0C1=p0 ;z.˝/: (6.272)

Thus, the claim made in the statement of the proposition is proved as soon as we
show that

hLu; vi D hu; L�vi; 8 u 2 ı
B
p;q

m�1CsC1=p.˝/; 8 v 2 ı
B
p0;q0

m�1Cs0C1=p0 ;z.˝/: (6.273)

However, this is obvious when u; v 2 C1
c .˝/, so that (6.273) follows by density.

Finally, a similar reasoning shows that an analogous duality phenomenon holds
on the Triebel–Lizorkin scale. ut

Moving on, we next address the issue of the realization of a differential operator
as a linear isomorphism between appropriate Besov and Triebel–Lizorkin spaces in
Lipschitz domains.

Theorem 6.32. Assume that the differential operator L of order 2m, m 2 N, is
as in (4.1)–(4.2), and satisfies the Legendre–Hadamard ellipticity condition (4.15).
Also, suppose that ˝ is a bounded Lipschitz domain in R

n. Then there exists " > 0
with the property that whenever

jp � 2j C jq � 2j C js � 1=2j < " (6.274)

the operators

L W ı
F
p;q

m�1CsC1=p.˝/ �! F
p;q

�m�1CsC1=p.˝/; (6.275)

L W ı
B
p;q

m�1CsC1=p.˝/ �! B
p;q

�m�1CsC1=p.˝/; (6.276)

are isomorphisms.
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Proof. Working in each component, there is no loss of generality in assuming that
˝ is connected. Also, using Theorem 3.25 and invoking the fact that the property
of being an isomorphism is stable on complex interpolation scales (cf. [63]), it is
enough to treat just (6.275) in the case corresponding to p D q D 2 and s D 1=2.

Hence, consider u 2 ı
F 2;2
m .˝/ D ı

W m;2.˝/ such that Lu D 0. From (2.219)
we know that there exists a sequence of functions uj 2 C1

c .˝/, j 2 N, with the
property that uj ! u in W m;2.˝/, as j ! 1. Then, with

˝�; �˛
D 0.˝/�D.˝/

denoting
the standard distributional pairing in the open set ˝ , we may write

.�1/m
Z

˝

X

j˛jDjˇjDm
hA˛ˇ @˛u.X/ ; @ˇu.X/ i dX

D .�1/m lim
j!1

Z

˝

X

j˛jDjˇjDm
hA˛ˇ @˛u.X/ ; @ˇuj .X/ i dX

D .�1/m lim
j!1

D X

j˛jDjˇjDm
A˛ˇ @

˛u ; @ˇuj
E

D 0.˝/�D.˝/

D lim
j!1

D X

j˛jDjˇjDm
A˛ˇ @

˛@ˇu ; uj
E

D 0.˝/�D.˝/

D lim
j!1

D
Lu ; uj

E

D 0.˝/�D.˝/
D 0: (6.277)

On the other hand, based on formula (6.11) we may write

Re
Z

˝

X

j˛jDjˇjDm
hA˛ˇ @˛u.X/ ; @ˇu.X/i dX

D lim
j!1

Z

˝

X

j˛jDjˇjDm
hA˛ˇ @˛uj .X/ ; @ˇuj .X/i dX

D lim
j!1

Z

Rn

X

j˛jDjˇjDm
hA˛ˇ @˛uj .X/ ; @ˇuj .X/i dX

� lim
j!1C

Z

Rn

X

j� jDm
j@�uj .X/j2 dX

� lim
j!1C

Z

˝

X

j� jDm
j@�uj .X/j2 dX

D C

Z

˝

X

j� jDm
j@�u.X/j2 dX: (6.278)
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From (6.277) and (6.278) we may therefore conclude that

@�u � 0 in ˝; for each � 2 N
n
0 with j� j D m: (6.279)

In concert with Taylor’s formula and the connectivity of ˝ , (6.279) readily gives
that u must be a polynomial of degree � m � 1 in ˝ . Given that we also know that
trm�1.u/ D 0 (cf. Corollary 3.16), this readily forces u � 0 in ˝ , as wanted. ut

Next we indicate how the invertibility result from Theorem 6.32 may be com-
bined with the multi-trace theory developed in (3.3) in order to prove well-posedness
results for the inhomogeneous Dirichlet problem for higher-order operators.

Theorem 6.33. Suppose that the differential operator L of order 2m, m 2 N, is
as in (4.1)–(4.2), and satisfies the Legendre–Hadamard ellipticity condition (4.15).
Also, assume that ˝ is a bounded Lipschitz domain in R

n. Then there exists " > 0

with the property that whenever

jp � 2j C jq � 2j C js � 1=2j < " (6.280)

the inhomogeneous Dirichlet boundary value problems

8
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
:

u 2 Bp;q

m�1CsC1=p.˝/;

Lu D v 2 Bp;q

�m�1CsC1=p.˝/;

trm�1u D Pf 2 PBp;q
m�1;s.@˝/;

(6.281)

and

8
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
:

u 2 F p;q

m�1CsC1=p.˝/;

Lu D v 2 F p;q

�m�1CsC1=p.˝/;

trm�1u D Pf 2 PBp;p
m�1;s.@˝/;

(6.282)

are well-posed.

Proof. Assume that " > 0 is as in Theorem 6.32. To prove existence for the
boundary value problem (6.281) in this context, assume that v 2 Bp;q

�m�1CsC1=p.˝/
and Pf 2 PBp;q

m�1;s.@˝/ have been given. With the operator E as in Theorem 3.9,

consider E Pf 2 B
p;q

m�1CsC1=p.˝/ and note that L.E Pf / 2 B
p;q

�m�1CsC1=p.˝/. By

invoking Theorem 6.32 we may then find w 2 ı
B
p;q

m�1CsC1=p.˝/ with the property

that Lw D v � L.E Pf /. Hence, if we set u WD w C E Pf it follows that u 2
B
p;q

m�1CsC1=p.˝/, Lu D v, and trm�1u D Pf , by (3.171) and Theorem 3.9. Thus,
u solves (6.281). The fact that this u also satisfies
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kukBp;qm�1CsC1=p .˝/
� C

�
kvkBp;q

�m�1CsC1=p .˝/
C k Pf k PBp;qm�1;s .@˝/

�
; (6.283)

for some finite constant C DC.˝;L; p; q; s/> 0 independent of u; v; Pf , is implicit
in the way u has been constructed. Finally, uniqueness for (6.281) is a direct
consequence of (3.171) and Theorem 6.32. The same type of reasoning applies to the
boundary value problem (6.282), and this completes the proof of the theorem. ut

The following may be regarded as a companion result to Theorem 6.33.
Compared to the latter, the main novelty is the inclusion of a larger range of indices
for which the inhomogeneous Dirichlet problem is well-posed, under appropriate
additional conditions on the underlying Lipschitz domain.

Theorem 6.34. Let ˝ be a bounded Lipschitz domain in R
n. Assume that the

differential operatorL, of order 2m, is as in (4.1)–(4.2), and satisfies the Legendre–
Hadamard ellipticity condition (4.15). In addition, suppose that L is self-adjoint
and that n > 2m. Finally, assume that

s 2 .0; 1/ and p; q 2 .1;1/ are given: (6.284)

Then there exists " > 0, depending only on the indices s; p; q, the Lipschitz
character of˝ , and the differential operatorL, with the property that if the outward
unit normal � to ˝ satisfies

lim sup
r!0C

�
sup
X2@˝

Z
�
B.X;r/\@˝

Z
�
B.X;r/\@˝

ˇ̌
�.Y / � �.Z/

ˇ̌
d�.Y /d�.Z/

�
< "; (6.285)

then the inhomogeneous Dirichlet problem on Besov spaces

8
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
:

u 2 Bp;q

m�1CsC1=p.˝/;

Lu D w 2 Bp;q

�m�1CsC1=p.˝/;

trm�1u D Pf 2 PBp;q
m�1;s.@˝/;

(6.286)

is well-posed. That is, there exists a unique solution u of (6.286) and, for some finite
constant C D C.˝; p; q; s; L/ > 0, there holds

kukBp;qm�1CsC1=p .˝/
� C

�
kwkBp;q

�m�1CsC1=p .˝/
C k Pf k PBp;qm�1;s .@˝/

�
: (6.287)

As a consequence, if the outward unit normal � to ˝ satisfies

� 2 vmo.@˝/ (6.288)

(hence, in particular, if ˝ is actually a bounded C1 domain), then the above well-
posedness result is valid for every s 2 .0; 1/ and p; q 2 .1;1/.
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Analogous results to those stated above are valid for the inhomogeneous
Dirichlet problem formulated on Triebel–Lizorkin spaces, i.e., for

8
ˆ̂
ˆ̂<

ˆ̂
ˆ̂:

u 2 F p;q

m�1CsC1=p.˝/;

Lu D w 2 F p;q

�m�1CsC1=p.˝/;

trm�1u D Pf 2 PBp;p
m�1;s.@˝/:

(6.289)

Finally, when w D 0, the solution of u of either (6.286) or (6.289) admits the
single multi-layer integral representation formula

u D PS
� PS�1 Pf

�
in ˝: (6.290)

Proof. Retain the assumptions formulated in the first part of the statement. In
particular, assume that s 2 .0; 1/ and p; q 2 .1;1/ have been given, and consider

p0; q0 2 .1;1/ such that 1
p

C 1
p0

D 1
q

C 1
q0

D 1: (6.291)

In this context, select " > 0 as in Theorem 6.14, relative to the indices considered
above. Such a choice guarantees (cf. (6.124)) that

PS W
� PBp0;q0

m�1;1�s.@˝/
�� �! PBp;q

m�1;s.@˝/ is invertible: (6.292)

Also, the general boundedness results established in Theorem 5.7 ensure that

PS W
� PBp0 ;q0

m�1;1�s.@˝/
�� �! B

p;q

m�1CsC1=p.˝/; (6.293)

PS W
� PBp0 ;p0

m�1;1�s.@˝/
�� �! F

p;q

m�1CsC1=p.˝/; (6.294)

continuously in each case.
Consider now arbitrary data w 2 Bp;q

�m�1CsC1=p.˝/ and Pf 2 PBp;q
m�1;s.@˝/. Based

on (2.167) it is possible to find v 2 Bp;q

�m�1CsC1=p.Rn/ such that

v
ˇ
ˇ̌
˝

D w; kvkBp;q
�m�1CsC1=p .R

n/ � 2kwkBp;q
�m�1CsC1=p .˝/

;

and supp w is a compact subset of R
n:

(6.295)

Then, with E denoting the fundamental solution for L constructed in Theorem 4.2,
if we set

! WD �
E � v


ˇˇ
ˇ
˝
; (6.296)
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classical results imply that for some C D C.L; n/ 2 .0;1/,

! 2 Bp;q

m�1CsC1=p.˝/; L! D w in ˝;

k!kBp;qm�1CsC1=p .˝/
� CkwkBp;q

�m�1CsC1=p .˝/
:

(6.297)

In particular,

trm�1! 2 PBp;q
m�1;s.@˝/ and

��trm�1!
�� PBp;qm�1;s .@˝/

� CkwkBp;q
�m�1CsC1=p .˝/

; (6.298)

by (6.297) and Theorem 3.9. The idea is now to define

u WD ! C PS
� PS�1

h Pf � trm�1!
i�

in ˝; (6.299)

and note that, by (6.292)–(6.293), this function is well-defined, belongs to the space
B
p;q

m�1CsC1=p.˝/, and also satisfies (6.287), thanks to (6.298). Furthermore, we have
Lu D L! D w by (5.5) and (6.297), whereas by (5.44),

trm�1u D trm�1! C trm�1 PS
� PS�1

h Pf � trm�1!
i�

D trm�1! C � Pf � trm�1!
� D Pf ; (6.300)

This proves existence and estimates for the problem (6.286). Also, the integral
representation formula (6.299) reduces to (6.290) when w D 0 since, in this case,
we may take ! D 0 to begin with.

At this stage, as far as the well-posedness of the inhomogeneous Dirichlet
problem (6.286) is concerned, there remains to establish uniqueness. To this end,
observe that, generally speaking, existence for (6.286) implies (by taking Pf D 0

and invoking Corollary 3.16) that

the operator L W ı
B
p;q

m�1CsC1=p.˝/ �! B
p;q

�m�1CsC1=p.˝/ is onto: (6.301)

Let us now assume that " > 0 is small enough so that we may establish existence for
(6.286), via the same type of argument as in (6.292)–(6.300), in the case when this
boundary value problem is formulated using the Hölder conjugate exponents p0; q0
in place of the given p; q, and using 1� s in lieu of the original s. Then, much as in
the case of (6.301), we may now conclude that

the operator L W ı
B
p0 ;q0

m�sC1=p0

.˝/ �! B
p0 ;q0

�m�sC1=p0

.˝/ is onto: (6.302)

Based on this, Proposition 6.31, the assumption that L is self-adjoint, and standard
functional analysis, we then deduce that
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the operator L W ı
B
p;q

m�1CsC1=p.˝/ �! B
p;q

�m�1CsC1=p.˝/ is injective: (6.303)

In turn, this readily yields uniqueness for the problem (6.286) (again, by relying on
Corollary 3.16). The treatment of the inhomogeneous Dirichlet problem (6.286) is
therefore complete. That the boundary value problem (6.286) is well-posedness for
every s 2 .0; 1/ and p; q 2 .1;1/ under the stronger assumption (6.288) is seen
from what we have proved so far and Theorem 6.12. Finally, the inhomogeneous
Dirichlet problem (6.289) is treated similarly and this finishes the proof of the
theorem. ut

Our next theorem contains a more refined analysis in the case of the inhomoge-
neous Dirichlet problem for the biharmonic operator in planar domains. To state it,
recall the principal-value biharmonic double multi-layer operator PK�2 introduced
in the discussion preceding Theorem 6.25, and denote by PD�2 the biharmonic
double multi-layer defined as in (4.57) for the choice of the tensor coefficient
A D .A˛ˇ/j˛jDjˇjD2 used in the writing of L D �2 that has produced PK�2 .

Theorem 6.35. Assume that˝ is a bounded Lipschitz domain in R
2 with connected

boundary, and whose unit normal belongs to vmo.@˝/. Then the inhomogeneous
Dirichlet problems

8
ˆ̂
ˆ̂
<

ˆ̂̂
:̂

u 2 Bp;q

1CsC1=p.˝/;

�2u D w 2 Bp;q

�3CsC1=p.˝/;
�
Tr u ; Tr.ru/

� D Pf 2 PBp;q
1;s .@˝/;

(6.304)

and
8
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
:

u 2 F p;q

1CsC1=p.˝/;

�2u D w 2 F p;q

�3CsC1=p.˝/;
�
Tr u ; Tr.ru/

� D Pf 2 PBp;p
1;s .@˝/;

(6.305)

are well-posed whenever

0 < p; q < 1 and
�
1
p

� 1�C < s < 1: (6.306)

Moreover, in both cases, the solution corresponding to the case when w D 0 may
be expressed (with the conventions made earlier) as

u D PD�2

h�
1
2
I C PK�2

��1 Pf
i

in ˝: (6.307)



6.4 Boundary Problems on Besov and Triebel–Lizorkin Spaces 349

Proof. Fix indices p; q; s satisfying the conditions in (6.306) and assume that
arbitrary data w 2 B

p;q

�3CsC1=p.˝/ and Pf 2 PBp;q
1;s .@˝/ have been given. Using

(2.167) it is possible to select v 2 Bp;q

�3CsC1=p.Rn/ such that

v
ˇ̌
ˇ
˝

D w; kvkBp;q
�3CsC1=p

.R2/ � 2kwkBp;q
�3CsC1=p

.˝/;

and supp w is a compact subset of R
2:

(6.308)

Recall that a fundamental solution for�2 in the plane is given by

E.X/ WD 1

8�
jX j2 log jX j; X 2 R

2 n f0g: (6.309)

With E as above, set ! WD �
E � v


ˇ̌
ˇ
˝

. Then

! 2 Bp;q

1CsC1=p.˝/ and �2! D w in ˝: (6.310)

Moreover, there exists C 2 .0;1/, with the property that

k!kBp;q1CsC1=p .˝/
� CkwkBp;q

�3CsC1=p .˝/
: (6.311)

In particular,

tr1! 2 PBp;q
1;s .@˝/ and

��tr1!
�� PBp;q1;s .@˝/ � CkwkBp;q

�3CsC1=p .˝/
; (6.312)

by (6.297) and Theorem 3.9. Define next

u D ! C PD�2

h�
1
2
I C PK�2

��1
. Pf � tr1!/

i
in ˝: (6.313)

It is then straightforward to check based on its definition, (4.58), (4.250), and (4.224)
that u is a solution of (6.304) (satisfying a naturally accompanying estimate).

Turning our attention to proving uniqueness for the boundary problem (6.304)
we start with the observation that, much as in the case of the uniqueness for the
boundary problem (6.286) proved in Theorem 6.34, the fact that the problem (6.304)
has a solution for every p; q 2 .1;1/ and s 2 .0; 1/ (which the proof so far
guarantees) implies that uniqueness for the boundary problem (6.286) also holds
for this range of indices.

As for the larger range specified in (6.306), observe first that if p; q; s are as in
(6.306) then an elementary argument based on Proposition 3.8 shows that there exist
p�; q� 2 .1;1/ and s� 2 .0; 1/ such that

B
p;q

1CsC1=p.˝/ ,! B
p�;q�

1Cs�C1=p�

.˝/: (6.314)
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Then the uniqueness for (6.304) formulated using the indices p; q; s follows from
the uniqueness for (6.304) formulated using the indices p�; q�; s�, already treated
in the previous paragraph.

This finishes the proof of the well-posedness for (6.304). Clearly, the integral
representation formula (6.313) reduced to just (6.307) in the case when w D 0.
Finally, the treatment of the problem (6.305) is similar to that for (6.304), and this
completes the proof of Theorem 6.35. ut

In the last part of this section we deal with the inhomogeneous Neumann
boundary value problem. To state our first result in this regard, recall the manner
in which the conormal operator has been introduced in Definition 5.20.

Theorem 6.36. Assume that ˝ is a bounded, connected, Lipschitz domain in R
n,

whose complement is connected. Also, assume that L is a homogeneous differential
operator of order 2m, m 2 N, associated with a constant (complex) matrix-valued
tensor coefficient A D .A˛ˇ/j˛jDjˇjDm as in (4.1) which is self-adjoint and satisfies
the S-ellipticity condition (4.16). Then there exists " > 0 with the property that,
whenever

jp � 2j C jq � 2j C js � 1=2j < "; (6.315)

the inhomogeneous Neumann problem

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

u 2 Bp;q

m�1CsC1=p.˝/;

Lu D w
�
˝
; w 2

�
B
p0 ;q0

m�sC1=p0

.˝/
��
;

@A� .u;w/ D � 2
� PBp0;q0

m�1;1�s.@˝/
��
;

(6.316)

where 1=pC1=p0 D 1=qC1=q0 D 1, and the boundary data satisfies the necessary
compatibility condition

h�; PP i D ˝
w; P

ˇ
ˇ
˝

˛
˝

for each P 2 Pm�1; (6.317)

is well-posed (with uniqueness understood modulo polynomials of degree � m�1).
Moreover, a similar well-posedness result is valid for the inhomogeneous

Neumann problem involving Triebel–Lizorkin spaces, i.e., for

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

u 2 F p;q

m�1CsC1=p.˝/;

Lu D w
�
˝
; w 2

�
F
p0 ;q0

m�sC1=p0

.˝/
��
;

@A� u D � 2
� PBp0;p0

m�1;1�s.@˝/
��
:

(6.318)
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Proof. That the compatibility condition (6.317) is necessary is clear from formula
(5.129) and simple degree considerations. We proceed by discussing a reduction
step, in which it may be assumed that p; q 2 .1;1/ and s 2 .0; 1/ are arbitrary.
As always, let p0; q0denote the Hölder conjugate indices of p and q. Recall the

restriction operator R˝ from (2.196). Given w 2
�
B
p0 ;q0

m�sC1=p0

.˝/
��

, observe that

w ı R˝ 2
�
B
p0 ;q0

m�sC1=p0

.Rn/
�� D B

p;q

�mCs�1C1=p.Rn/

and supp
�
w ı R˝

� 	 ˝;

(6.319)

hence

w ı R˝ 2 Bp;q

�mCs�1C1=p; z.˝/: (6.320)

LetE be the fundamental solution associated with the operatorL as in Theorem 4.2.
Then

E � �
w ı R˝

� 2 Bp;q

mCs�1C1=p.R
n/ (6.321)

and if

! WD
h
E � �

w ı R˝

�iˇ
ˇ̌
˝

2 D 0.˝/; (6.322)

then there exists C D C.L; n/ 2 .0;1/ so that

! 2 Bp;q

m�1CsC1=p.˝/; L! D w
�
˝
;

k!kBp;qm�1CsC1=p .˝/
� Ckwk�

B
p0 ;q0

m�sC1=p0

.˝/
�

� :
(6.323)

In particular,

@A� .!;w/ 2
� PBp0 ;q0

m�1;1�s.@˝/
��

and

�
�@A� .!;w/

�
�� PBp0 ;q0

m�1;1�s .@˝/
�

� � Ckwk�
B
p0;q0

m�sC1=p0

.˝/
�

� ;

(6.324)

by Definition 5.20. Furthermore, if � 2
� PBp0;q0

m�1;1�s.@˝/
��

satisfies the compatibil-

ity condition (6.317), then

�� @A� .!;w/ 2
� PBp0 ;q0

m�1;1�s.@˝/
��

satisfies

˝
� � @A� .!;w/; PP ˛ D 0 for each PP 2 PPm�1.@˝/;

(6.325)
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thanks to (5.129). In summary, working with u � ! in place of u (and keeping in
mind that @A� .u � !; 0/ D @A� .u;w/� @A� .!;w/), as far as the well-posedness of the
inhomogeneous Neumann problem (6.316) is concerned, matters have been reduced
to proving the well-posedness of (6.316) in the particular case when w D 0 and the
compatibility condition (6.317) takes the form

h�; PP i D 0 for each PP 2 PPm�1.@˝/: (6.326)

Assume that this is the case and select " > 0 as in Theorem 6.17. In addition,

suppose now that p; q; s are as in (6.315). Given � 2
� PBp0;q0

m�1;1�s.@˝/
��

satisfying

the compatibility condition (6.326), define

e� 2
� PBp0 ;q0

m�1;1�s.@˝/
. PPm�1.@˝/

��
(6.327)

by setting

˝e� ; Œ Pf �˛ WD h�; Pf i; 8 Pf 2 PBp0 ;q0

m�1;1�s.@˝/; (6.328)

where Œ Pf � denotes the equivalence class of the Whitney array Pf 2 PBp0 ;q0

m�1;1�s.@˝/
in the quotient space PBp0 ;q0

m�1;1�s.@˝/
. PPm�1.@˝/. Thanks to (6.326), this definition

is unambiguous.
Going further, let

� W PBp0 ;q0

m�1;1�s.@˝/ �! PBp0 ;q0

m�1;1�s.@˝/
. PPm�1.@˝/ (6.329)

denote the canonical projection operator, taking an arbitrary Whitney-Besov array
Pf 2 PBp0 ;q0

m�1;1�s.@˝/ into Œ Pf � 2 PBp0;q0

m�1;1�s.@˝/
. PPm�1.@˝/. Its adjoint then

becomes

�� W
� PBp0 ;q0

m�1;1�s.@˝/
. PPm�1.@˝/

�� �!
� PBp0 ;q0

m�1;1�s.@˝/
��
; (6.330)

and we proceed to define

u D PS
�
��� � 1

2
I C PK���1 e�

�
in ˝; (6.331)

where the inverse operator is understood in the sense of (6.175). Then we have that
u 2 B

p;q

m�1CsC1=p.˝/ and Lu D 0 in ˝ by (5.43) and (5.5). Moreover, by the
continuity of the operators involved,

kukBp;q
m�1CsC1=p

.˝/ � Ck�k� PBp0 ;q0

m�1;1�s .@˝/
�

� (6.332)
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for some finite constant C D C.˝;L/ > 0 independent of �. Next, based on
(6.331) and (5.152) we obtain

@A� u D .� 1
2
I C PK���

��� � 1
2
I C PK���1 e�

�
in

� PBp0 ;q0

m�1;1�s.@˝/
��
: (6.333)

To further understand the nature of the functional in the right-hand side of (6.333),
pick an arbitrary Pf 2 PBp0;q0

m�1;1�s.@˝/ and compute

D
.� 1

2
I C PK���

��� � 1
2
I C PK���1 e�

�
; Pf

E

D
D
��� � 1

2
I C PK���1 e� ; .� 1

2
I C PK� Pf

E

D
D� � 1

2
I C PK���1 e� ; �.� 1

2
I C PK� Pf

E

D
D� � 1

2
I C PK���1 e� ;

�
.� 1

2
I C PK� Pf 
E

D
D� � 1

2
I C PK���1 e� ; .� 1

2
I C PK�

Œ Pf �
E

D
D
e� ;

� � 1
2
I C PK��1

.� 1
2
I C PK�

Œ Pf �
E

D ˝e�; Œ Pf �˛ D ˝
�; Pf ˛

: (6.334)

Hence, ultimately,

@A� u D � in
� PBp0 ;q0

m�1;1�s.@˝/
��
; (6.335)

which finishes the proof of the fact that u in (6.331) is a solution for the Neumann
problem (6.316) when w D 0.

Regarding the well-posedness of the problem (6.316), there remains to establish
uniqueness (in the sense specified in the statement). To this end, if u is a solution of
(6.316) with w D 0 and � D 0, then Green’s formula (5.141) gives

u D PD.trm�1u/� PS .@A� u/ D PD.trm�1u/ in ˝; (6.336)

where for the second equality we have used that @A� u D 0. Applying trm�1 to both
sides of (6.336) and using (4.250) then yields

trm�1u D �
1
2
I C PK�

.trm�1u/; (6.337)

hence, .� 1
2
I C PK/.trm�1u/ D 0. Using (6.126) in Theorem 6.15 this further implies

that trm�1u 2 PPm�1. In particular, there exists a polynomial P 2 Pm�1 such
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that trm�1u D trm�1P . Combining this with (6.336) and (4.62) finally gives that
u D PD.trm�1u/ D PD.trm�1P / D P , as desired.

Finally, the well-posedness of the problem (6.318) is handled similarly, and this
finishes the proof of the theorem.

A more nuanced well-posedness result for the inhomogeneous Neumann prob-
lem may be proved for the biharmonic operator in planar domains.

Theorem 6.37. Assume that˝ is a bounded Lipschitz domain in R
2 with connected

boundary, and whose unit normal belongs to vmo.@˝/. Let A D .A˛ˇ/j˛jDjˇjD2
be the coefficient tensor in the writing of L D �2 which produces PK�2 (from the
discussion preceding Theorem 6.25). Then the Neumann problem for the biharmonic
operator

8
ˆ̂̂
ˆ̂
<̂

ˆ̂
ˆ̂
ˆ̂
:

u 2 Bp;q

1CsC1=p.˝/;

�2u D w
�
˝
; w 2

�
B
p0 ;q0

2�sC1=p0

.˝/
��
;

@A� u D � 2
� PBp0;q0

1;1�s.@˝/
��
;

(6.338)

where the boundary datum satisfies the necessary compatibility condition

h�; PP i D ˝
w; P

ˇ
ˇ
˝

˛
˝

for each P 2 P1; (6.339)

is well-posed, with uniqueness understood modulo polynomials of degree � 1,
whenever

s 2 .0; 1/ and 1 < p; q; p0; q0 < 1 are such that 1
p

C 1
p0

D 1
q

C 1
q0

D 1: (6.340)

Moreover, a similar well-posedness result holds for the Neumann problem

8
ˆ̂
ˆ̂̂
<̂

ˆ̂̂
ˆ̂
:̂

u 2 F p;q

1CsC1=p.˝/;

�2u D w
�
˝
; w 2

�
B
p0 ;q0

2�sC1=p0

.˝/
��
;

@A� u D � 2
� PBp0;p0

1;1�s.@˝/
��
:

(6.341)

In particular, the above well-posedness results hold for any bounded C1 domain
˝ � R

2 with connected boundary.

Proof. All claims may be established along the lines of the proof of Theorem 6.36,
with the help of the invertibility results established in Theorem 6.26. ut

We conclude this section by recording a well-posedness result for the inhomo-
geneous Dirichlet problem for the bi-Laplacian in Lipschitz domains in R

3 (the
higher-dimensional setting is considered separately, in the next section).
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Theorem 6.38. Assume that ˝ � R
3 is a bounded Lipschitz domain (of arbitrary

topology). Then there exists " D ".˝/ 2 .0; 1� with the following property. Suppose
that 0 < q � 1 and that s; p are such that either of the following two conditions
holds:

.I / W 0 � 1
p
< s

2
C 1C"

2
and 0 < s < ";

.II / W � "
2
< 1

p
� s

2
< 1C"

2
and " � s < 1:

(6.342)

Then the inhomogeneous Dirichlet problem

8
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
:

u 2 Bp;q

sC 1
pC1.˝/;

�2u D w 2 Bp;q

sC 1
p�3.˝/;

�
Tr u ; Tr.ru/

� D Pf 2 PBp;q
1;s .@˝/;

(6.343)

is well-posed. In particular, there exists a finite constant C D C.˝; s; p/ > 0 with
the property that the solution u of (6.343) satisfies

kukBp;q
sC 1

p C1
.˝/ � C

�
kwkBp;q

sC 1
p �3

.˝/ C k Pf k PBp;p1;s .@˝/
�
: (6.344)

Furthermore, a similar well-posedness result is valid for the version of the above
boundary problem formulated on Triebel–Lizorkin spaces, that is, for

8
ˆ̂
ˆ̂<

ˆ̂
ˆ̂:

u 2 F p;q

sC 1
p C1.˝/;

�2u D f 2 F p;q

sC 1
p�3.˝/;

�
Tr u ; Tr.ru/

� D Pf 2 PBp;p
1;s .@˝/;

(6.345)

granted that, this time, maxfp; qg < 1.

This is the main result in [88], to which the reader is referred to for a proof.

6.5 Boundary Problems for the Bi-Laplacian in Higher
Dimensions

The discussion in this section is largely motivated by the classical free-plate problem
arising in the Kirchhoff–Love theory of thin plates. In the case of a domain˝ in the
two dimensional setting, this problem reads as follows:

�2u D 0 in ˝; with M u and N u prescribed on @˝; (6.346)



356 6 Functional Analytic Properties of Multi-Layer Potentials and BVPs

where the boundary operatorsM;N are defined by

M u WD ��u C .1 � �/ @
2u

@�2
;

N u WD @�u

@�
C .1 � �/

@3u

@�@�2
;

(6.347)

where � is the Poisson coefficient of the plate, and �; � denote, respectively, the
outward unit normal and unit tangent to @˝ . See, e.g., [4], [10, (3.29)–(3.31),
p. 679], [9, (10)–(11), p. 1237], [50, p. 6], [51], [97, Proposition 3.1], [99, (2.2)–
(2.3), p. 24], [109, (2.12), p. 136], [32, pp. 420–423], [98] as well as the informative
discussion in [96] where it is indicated that the above problem has been first solved
by Gustav Kirchhoff in a variational sense. Indeed, it is now folklore that, for
boundary data in appropriate function spaces (and by imposing suitable bounds
on the Poisson coefficient), the problem (6.346) has a unique variational solution
u 2 W 2;2.˝/=P1.

One of our main goals is to study further regularity properties of such a solution,
measured on Besov and Triebel–Lizorkin scales. We shall do so working in the
higher dimensional setting and the starting point is to establish well-posedness
results when the size of the solution is measured using the non-tangential maximal
operator. The final results are then obtained via interpolation.

To set the stage, fix n 2 N with n � 2 and, as in the past, denote by fej g1�j�n
the standard orthonormal basis in R

n. As before, we continue to canonically identify
these vectors with multi-indices from N

n
0 . Given an arbitrary number 	 2 R,

consider the coefficient tensor

A	 WD �
A˛ˇ.	/

�
j˛jDjˇjD2; (6.348)

with scalar entries, defined for every pair of multi-indices ˛; ˇ 2 N
n
0 with the

property that j˛j D jˇj D 2 by the formula

A˛ˇ.	/ WD 1

1C 2	 C n	2

nX

i;jD1

�
ıˇ.eiCej / C 	 ıij

nX

kD1
ıˇ.2ek/

�
� (6.349)

�
�
ı˛.eiCej / C 	 ıij

nX

kD1
ı˛.2ek/

�

where, generally speaking,

ıab WD
(
1 if a D b;

0 if a 6D b;
(6.350)
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stands for the usual Kronecker symbol. Next, consider a bounded Lipschitz domain
˝ � R

n and, in relation to the coefficient tensor (6.348)–(6.349), for each 	 2 R

introduce the bilinear form (with� WD @21C� � �C@2n denoting, as usual, the Laplacian
in R

n)

B	 .u; v/ WD
X

j˛jDjˇjD2

Z

˝

A˛ˇ.	/.@
ˇu/.X/.@˛v/.X/ dX (6.351)

D 1

1C 2	 C n	2

nX

i;jD1

Z

˝

�
.@i @j C 	 ıij �/u



.X/

�
.@i @j C 	 ıij �/v



.X/ dX;

where u; v are any two reasonably behaved (real-valued) functions in ˝ . See, e.g.,
[10, Lemma 3.4, p. 680], [50, p. 5], [99, (2.13), p. 25], [129, (10.2)]. Then it can be
readily verified that for each 	 2 R the bi-Laplacian may be written as

�2 D
X

j˛jDjˇjD2
@˛A˛ˇ.	/ @

ˇ: (6.352)

In particular, for each 	 2 R the bilinear form B	 .�; �/ introduced in (6.351) satisfies

B.u; v/ D
Z

˝

.�2u/.X/v.X/ dX; 8 u; v 2 C1
c .˝/: (6.353)

Indeed, it is easy to check that

1

1C 2	 C n	2

nX

i;jD1
.@i@j C 	ıij�/.@i@j C 	ıij�/ D �2: (6.354)

Let us also note that

�2 is S-elliptic; (6.355)

since, as a direct calculation based on (6.349) shows,

X

j˛jDjˇjD2
A˛ˇ.	/ �

˛Cˇ D j�j4; for each � 2 R
n: (6.356)

Going further, given a bounded Lipschitz domain ˝ � R
n with outward unit

normal � D .�j /1�j�n and a function u 2 C1.˝/, define the normal derivative,
@�u, of u on the boundary of ˝ by the formula

@�u WD
nX

iD1
�i .@iu/

�
@˝
; (6.357)
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whenever the boundary traces in the right-hand side are meaningful. Hence,

@�u D � � �
.ru/

�
@˝

�
: (6.358)

In a similar manner, let us agree that for a function u 2 C2.˝/,

@2�u WD
nX

i;jD1
�i�j .@i@j u/

�
@˝
: (6.359)

Finally, if u 2 C3.˝/, for each 	 2 R set (in analogy with (6.347), following [129])

N	.u/ WD @�.�u/C 1

2.1C 2	 C n	2/

nX

i;jD1
@�ij

� nX

kD1
�k@�ij @ku

�
;

M	.u/ WD 2	 C n	2

1C 2	 C n	2
�u C 1

1C 2	 C n	2

nX

j;kD1
�j �k@j @ku;

(6.360)

where all spacial partial derivatives of u in the right-hand sides are understood
as being restricted (either in a non-tangential pointwise sense, or as tangential
derivatives of such traces) to @˝ . Simple algebraic manipulations show that the
above operators may be alternatively expressed as

N	.u/ D @�.�u/C 1

1C 2	 C n	2

nX

i;jD1
@�ij

� nX

kD1
�k�i@j @ku

�

D @�.�u/C 1

1C 2	 C n	2

nX

i;jD1
@�ij

� nX

kD1
�i@�kj @ku

�
; (6.361)

and

M	.u/ D �u C 1

1C 2	 C n	2

nX

j;kD1
�j @�kj @ku: (6.362)

The relationship between the operators N	;M	 and the bilinear form B	 .�; �/
is brought to prominence in the following result, describing a Green-type formula
for the bi-Laplacian (cf. [10, Lemma 3.4, p. 680] and [99, (2.20), p. 26] for a proof
in domains in R

2, and [129, (10.2)] for a statement in the setting of biharmonic
functions in domains in R

n, n � 2).
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Proposition 6.39. Assume that ˝ � R
n is a bounded Lipschitz domain with

outward unit normal � D .�j /1�j�n and surface measure � . Let 	 2 R and recall
the operatorsN	 andM	 introduced in (6.360), relative to this setting. Then for any
u; v 2 C1.˝/ there holds

B	 .u; v/ D
Z

@˝

D�
M	.u/; N	.u/

�
; .@�v;�v/

E
d� C

Z

˝

.�2u/.X/v.X/ dX; (6.363)

where h�; �i denotes the canonical pointwise scalar product between vector-valued
functions.

In particular, if v 2 C1.˝/ and u is a reasonably behaved null-solution of the
bi-Laplacian�2 in ˝ , then

B	 .u; v/ D
Z

@˝

D�
M	.u/; N	.u/

�
; .@�v;�v/

E
d�: (6.364)

Proof. Integrating by parts and using Einstein’s convention of summation over
repeated indices, we may write

Z

˝

.@i @j C 	ıij�/u � .@i @j C 	ıij�/v dX (6.365)

D �
Z

˝

@i .@i@j C 	ıij�/u � @j v dX C
Z

@˝

�i � .@i@j C 	ıij�/u � @j v d�

�	ıij �
nZ

˝

@k.@i@j C 	ıij�/u � @kv dX C
Z

@˝

.@i @j C 	ıij�/u � @�v d�
o
:

Integrating by parts one more time and using (6.354), identity (6.365) further implies

Z

˝

.@i@j C 	ıij�/u � .@i@j C 	ıij�/v dX � .1C 2	 C n	2/

Z

˝

.�2u/v dX

D �
Z

@˝

�j � @i .@i @j C 	ıij�/u � v d� C
Z

@˝

�i � .@i @j C 	ıij�/u � @j v d�

(6.366)

� 	ıij �
nZ

@˝

�k � @k.@i@j C 	ıij�/u � v d� C
Z

@˝

.@i@j C 	ıij�/u � @�v d�
o
:

Using that @j D �r�r@j D �r@�rj C �j @� in the second term in the right-hand side
of (6.366) allows us to express this as
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Z

@˝

�i � .@i@j C 	ıij�/u � @j v d� D
Z

@˝

.@i@j C 	ıij�/u �i�j @�v d� (6.367)

C
Z

@˝

@�jr
�
�i�r .@i@j C 	ıij�/u



v d�:

In turn, this and (6.366) give

Z

˝

.@i@j C 	ıij�/u � .@i@j C 	ıij�/v dX (6.368)

D .1C 2	 C n	2/

Z

˝

.�2u/.X/v.X/ dX

C
Z

@˝

I.u/ � v d� C
Z

@˝

II.u/ � @�v d�;

where we have set

I.u/ WD @�jr Œ�i �r .@i@j C 	ıij�/u�� �j @i .@i@j C 	ıij�/u

�	ıij �k@k.@i@j C 	ıij�/u; (6.369)

and

II.u/ WD 	ıij .@i@j C 	ıij�/u C �i�j .@i@j C 	ıij�/u: (6.370)

Next, observe that

@�jr
�
�i�r	ıij�u


 D 	@�jr
�
�j �r�u


 D 0 (6.371)

by symmetry considerations, and that

@�jr
�
�i�r@i @ju


 D 1
2

n
@�jr

�
�i�r@i@j u


 C @�rj
�
�i�j @i@ru


o
(6.372)

D � 1
2
@�jr

�
�i@�jr @iu



;

where the first identity in formula (6.372) follows from rewriting the expression
@�jr

�
�i�r@i@j u



as @�rj

�
�i�j @i@ru



and the second one uses the definition of @�jr .

Based on (6.369) and (6.371)–(6.372), straightforward algebraic manipulations
yield

I.u/ D �.1C 2	 C n	2/@��u � 1
2
@�ij

�
�k@�ij @ku



(6.373)

D �.1C 2	 C n	2/N	.u/:
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Also, a simple inspection of (6.370) reveals that

II.u/ D .2	 C n	2/�u C @2�u D .1C 2	 C n	2/M	.u/: (6.374)

At this stage, (6.364) follows form (6.368) and (6.373)–(6.374). ut
In our next proposition we identify the formula for the conormal derivative

associated with the writing of the bi-Laplacian as in (6.352) for the tensor coefficient
given in (6.348)–(6.349). As a preamble, the reader is reminded that the trace
operator of order one on the boundary of a Lipschitz domain is defined by (cf.
(3.100))

tr1u WD ˚
Tr Œ@˛u�

	
j˛j�1; (6.375)

whenever meaningful.

Proposition 6.40. Let ˝ � R
n be a bounded Lipschitz domain with outward unit

normal � D .�j /1�j�n and surface measure � . Pick 	 2 R and recall the operators
N	 and M	 from (6.360), corresponding to this setting. Then for any reasonably
well-behaved biharmonic function u in ˝ there holds:

coefficient tensor A	 as in (6.348)–(6.349) ) @A	� u WD
n�
@A	� u

�

r

o

0�r�n

where
�
@A	� u

�

0
D �N	.u/ and

�
@A	� u

�

r
D �rM	.u/ for 1 � r � n:

(6.376)

Proof. Let u be as in the statement and pick and arbitrary function v 2 C1.˝/.
Based on formula (5.91) (used here with L D �2) and identity (1.40) we may
conclude that

Z

@˝

˝
@A	� u; tr1v

˛
d� D B	 .u; v/ D

Z

@˝

h
M	.u/@�v �N	.u/v

i
d� (6.377)

D
Z

@˝

D� �N	.u/; �1M	.u/; : : : ; �nM	.u/
�
; tr1v

E
d�:

Therefore, (6.376) follows. ut
It is useful to record the explicit expressions of the components of the conormal.

Indeed, making use of the first formula in (6.361) and the second formula in (6.360),
it follows that the components of @A	� u described in (6.376) are (using the usual
summation convention over repeated indices):
�
@A	� u

�

0
D �@�.�u/� 1

1C 2	 C n	2
@�ij

�
�`�i@j @`u

�
and

�
@A	� u

�

r
D 2	 C n	2

1C 2	 C n	2
�r�u C 1

1C 2	 C n	2
�r�j �`@j @`u for 1 � r � n;

(6.378)
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again, with the understanding that all derivatives in the right-hand sides are restricted
to the boundary.

We continue by recording a result whose relevance is going to be apparent
shortly.

Proposition 6.41. Assume that ˝ is a bounded Lipschitz domain in R
n and denote

by � D .�j /1�j�n its outward unit normal. Then for every p 2 .1;1/, the mapping

� W PLp1;0.@˝/ �! L
p
1 .@˝/ � Lp.@˝/; �. Pf / WD

�
f0 ; � Pn

jD1 �j fj

�
;

for every Whitney array Pf D .f0; f1; : : : ; fn/ 2 PLp1;0.@˝/;
(6.379)

is an isomorphism, whose inverse may be described as

��1 W Lp1 .@˝/ � Lp.@˝/ �! PLp1;0.@˝/; ��1.F; g/ D Pf WD .f0; f1; : : : ; fn/

where f0 WD F and fj WD ��j g C
nP

kD1
�k@�kj F for 1 � j � n;

for every .F; g/ 2 Lp1 .@˝/ � Lp.@˝/:
(6.380)

Furthermore, if v W ˝ ! R is a function with the property that

N .v/;N .rv/ 2 Lp.@˝/; 9 v
�
@˝

and 9 .rv/
�
@˝
; (6.381)

then

��1�v
�
@˝
;�@�v

�
D �

v
�
@˝
; .rv/

�
@˝

� D tr1v: (6.382)

Proof. This is a version of Proposition (3.5) corresponding to the case m D 2. ut
We shall also need to use the adjoint of the operator � . Its main properties are

summarized below.

Proposition 6.42. Retain the same background hypotheses as in Proposition 6.41
and denote by �� the adjoint of the operator � defined in (6.379). Then, for each
pair of indices p; p0 2 .1;1/ with 1=pC 1=p0 D 1,

�� W Lp0

�1.@˝/ � Lp0

.@˝/ �! � PLp1;0.@˝/
��
; (6.383)

is an isomorphism. Moreover, for each .G; f / 2 Lp0

�1.@˝/ � Lp0

.@˝/ one has

��.G; f / D �
G; �.�j f /1�j�n

�
; (6.384)
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in the sense that

˝
��.G; f /; Pg˛ D hG; g0i �

nX

jD1

Z

@˝

�j fgj d�;

for all Pg D �
g0; .gj /1�j�n

� 2 PLp1;0.@˝/:
(6.385)

Furthermore, the inverse of �� in (6.383) may be described as

�
����1

.�/ D
�
�0 �

nX

j;kD1
@�kj .�k�j /; �

nX

jD1
�j �j

�
(6.386)

if the functional � 2 � PLp1;0.@˝/
��

is given by paring against the .n C 1/-tuple P�
where P� D �

�0; .�j /1�j�n
� 2 Lp0

�1.@˝/ � �
Lp

0

.@˝/

n

.

Proof. This follows by unraveling definitions, in a straightforward manner. ut
Moving on, let E be the canonical fundamental solution for �2 in R

n given at
each X 2 R

n n f0g by

E.X/ WD

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂<

ˆ̂
ˆ̂
ˆ̂̂
:̂

1

2.n� 4/.n � 2/!n�1
jX j4�n if n D 3; or if n > 4;

� 1

4!3
log jX j if n D 4;

� 1

8�
jX j2.1 � log jX j/ if n D 2;

(6.387)

where !n�1 denotes the surface area of the unit sphere Sn�1 in R
n. In particular,

.�E/.X/ WD

8
ˆ̂
<

ˆ̂:

1

.2� n/!n�1
jX j2�n if n � 3;

1

2�
log jX j if n D 2:

(6.388)

In relation to the latter, given a bounded Lipschitz domain ˝ � R
n with outward

unit normal � and surface measure � , recall that the harmonic double and single
layer operators are, respectively, given by

D�f .X/ WD
Z

@˝

@�.Y /Œ.�E/.X � Y /�f .Y / d�.Y /; X 2 R
n n @˝; (6.389)

S�f .X/ WD
Z

@˝

.�E/.X � Y /f .Y / d�.Y /; X 2 R
n n @˝: (6.390)
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Based on definitions, if f 2 Lp.@˝/ for some p 2 .1;1/ and ` 2 f1; : : : ; ng, then
the following identities may be readily verified at each point X 2 R

n n @˝:

@`
�
D�f

�
.X/ D �

nX

iD1
@iS�

�
@�i`f

�
.X/; (6.391)

@`
�
S�f

�
.X/ D ��

S�.@�`i .�if /
�
.X/� �

D�.�`f /
�
.X/: (6.392)

We are now prepared to make the following basic definition.

Definition 6.43. Let ˝ be a bounded Lipschitz domain in R
n with outward unit

normal � D .�j /1�j�n and surface measure � . Also, fix 	 2 R. In this context, the
biharmonic double multi-layer PD	 is defined according to the general recipe from
Definition 4.4 implemented for the writing of �2 as in (6.352) corresponding to the
tensor coefficient A	 D �

A˛ˇ.	/
�

j˛jDjˇjD2 from (6.349) (and with E as in (6.387)).

Specifically, for each Whitney array Pf D .f0; f1; : : : ; fn/, define the biharmonic
double multi-layer

PD	
Pf .X/ WD � 1

2

X

j˛jD2

jˇjD2

˛Š Aˇ˛.	/
X

i;j so that
eiCejD˛

Z

@˝

�j .Y /
n
.@ˇE/.X � Y /fi.Y /

C.@ˇCei E/.X � Y /f0.Y /
o
d�.Y / (6.393)

for X 2 R
n n @˝ . Also, as in the past, denote by PD	̇ the restrictions of the

biharmonic double multi-layer (6.393) to ˝˙.
Finally, denote by PK	 the boundary biharmonic double multi-layer, defined as

in Definition 4.13 for the writing of �2 from (6.352) using the tensor coefficient
A	 D �

A˛ˇ.	/
�

j˛jDjˇjD2 from (6.349), and with E as in (6.387).

Concretely, the action of the boundary double multi-layer operator PK	 on an
arbitrary Whitney array Pf D .f0; f1; : : : ; fn/ 2 PLp1;0.@˝/ is

PK	
Pf WD

�� PK	
Pf �
0
;
� PK	

Pf �
1
; : : : ;

� PK	
Pf �
n

�
(6.394)

where, for � a.e. X 2 @˝ ,

. PK	
Pf /0.X/ WD lim

"!0C

Z

Y2@˝jX�Y j>"

@�.Y /Œ.�E/.X � Y /�f0.Y / d�.Y / (6.395)
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�
Z

@˝

.�E/.X � Y /
nX

kD1
�k.Y /fk.Y / d�.Y /

C 1

1C 2	 C n	2

Z

@˝

nX

j;kD1
@�kj .Y /Œ.@kE/.X � Y /�fj .Y / d�.Y /;

while for each ` 2 f1; : : : ; ng,

. PK	
Pf /`.X/ WD lim

"!0C

Z

Y2@˝jX�Y j>"

n
@�.Y /Œ.�E/.X � Y /�f`.Y /

C
nX

iD1
@�i`.Y /Œ.�E/.X � Y /�fi .Y / (6.396)

C 1

1C 2	 C n	2

nX

j;kD1
@�kj .Y /Œ.@`@kE/.X � Y /�fj .Y /

o
d�.Y /:

To explain the rationale behind the definition (6.394)–(6.396) of the boundary
biharmonic double multi-layer PK	 recall formula (4.164) from Theorem 4.14 which,
in the context of the above definition, reads (with 1 < p < 1)

� PD	̇
Pf �
@˝
;

�r PD	̇
Pf ��

@˝

�
D .˙ 1

2
I C PK	/ Pf ; 8 Pf 2 PLp1;0.@˝/: (6.397)

This may be used to identify a concrete formula for PK	 , and the fact that formulas
(6.394)–(6.396) are natural may be seen by combining (6.397) with (6.404) and
(6.420) (proved later).

In addition to the operator PD	 defined above, withN	;M	 as in (6.360), consider
the integral operator acting on each pair .F; g/ 2 L

p
1 .@˝/ ˚ Lp.@˝/, where the

index p 2 .1;1/, according to the formula

eD	 .F; g/.X/ WD
Z

@˝

n
M	ŒE.X � �/�.Y /g.Y / (6.398)

CN	ŒE.X � �/�.Y /F.Y /
o
d�.Y /;

at each X 2 R
n n @˝ . The goal now is to elaborate on the relationship between

the operators PD	 and eD	 just introduced. In this vein, it is worth recalling the
isomorphism � described in Proposition 6.41.
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Proposition 6.44. Assume that ˝ is a bounded Lipschitz domain in R
n and fix

	 2 R. Then

PD	 D eD	 ı � in R
n n @˝; (6.399)

when both operators are acting on arbitrary Whitney arrays from PLp1;0.@˝/ with
p 2 .1;1/.

Proof. Thanks to Definition 6.43 and the density result established in Proposi-
tion 3.3, it suffices to show that the two operators from (6.399) act identically on
Whitney arrays of the form

Pf D tr1v; v 2 C1.˝/: (6.400)

Assume that this is the case, i.e., Pf D .f0; f1; : : : ; fn/ D
�

vj@˝; .@1v/j@˝; : : : ;
.@nv/j@˝

�
, and introduce

F WD f0 2 Lp1 .@˝/ and g WD �
nX

jD1
�j fj 2 Lp.@˝/; (6.401)

where � D .�j /1�j�n denotes the outward unit normal to @˝ . Hence,

�. Pf / D .F; g/ D �
vj@˝;�@�v

�
: (6.402)

Then, based on definition (6.398), Propositions 6.39, 4.5, and (6.400), for every
point X 2 R

n n @˝ we may write

v.X/� eD	 .F; g/.X/ D v.X/ �
Z

@˝

n
�M	ŒE.X � �/�.Y /@�v.Y /

CN	ŒE.X � �/�.Y /v.Y /
o
d�.Y /

D B	

�
E.X � �/; v� D v.X/� PD	 .tr1v/.X/

D v.X/ � . PD	
Pf /.X/: (6.403)

As such, in light of (6.402) we conclude that (6.399) holds. ut
Next we take a closer look at the action of the biharmonic double multi-layer,

originally introduced in Definition 6.43, on Whitney arrays.

Proposition 6.45. Assume that ˝ is a bounded Lipschitz domain in R
n with

outward unit normal � D .�j /1�j�n and surface measure � . Also, fix a number



6.5 Boundary Problems for the Bi-Laplacian in Higher Dimensions 367

	 2 R. Then the action of the double multi-layer PD	 introduced in Definition 6.43
on a Whitney array Pf D .f0; f1; : : : ; fn/ from PLp1;0.@˝/, with 1 < p < 1, may be
described as

. PD	
Pf /.X/ D

Z

@˝

@�.Y /Œ.�E/.X � Y /�f0.Y / d�.Y / (6.404)

�
Z

@˝

.�E/.X � Y /
nX

kD1
�k.Y /fk.Y / d�.Y /

C 1

1C 2	 C n	2

Z

@˝

nX

j;kD1
@�kj .Y /Œ.@kE/.X � Y /�fj .Y / d�.Y /;

for each X 2 R
n n @˝ .

In particular, using the notation introduced in (6.389)–(6.390),

. PD	
Pf /.X/ D .D�f0/.X/� S�

� nX

kD1
�kfk

�
.X/ (6.405)

C 1

1C 2	 C n	2

Z

@˝

nX

j;kD1
@�kj .Y /Œ.@kE/.X � Y /�fj .Y / d�.Y /;

for each X 2 R
n n @˝ .

Proof. For every Pf D .f0; f1; : : : ; fn/ 2 PLp1;0.@˝/, based on (6.399), (6.379), and
(6.447), at everyX 2 R

n n @˝ we may write (using the summation convention over
repeated indices)

. PD	
Pf /.X/ D eD	

�
f0;��ifi /.X/ D

Z

@˝

n
�.�E/.X � Y /

C 1

1C 2	 C n	2
�j .Y /@�kj .Y /Œ.@kE/.X � Y /�

o
�i .Y /fi.Y / d�.Y /

C
Z

@˝

n
@�.Y /Œ.�E/.X � Y /� (6.406)

� 1

1C 2	 C n	2
@�ij .Y /

�
�i .Y /@�kj .Y /Œ.@kE/.X � Y /�

�o
f0.Y / d�.Y /

D
Z

@˝

n
@�.Y /Œ.�E/.X � Y /�f0.Y / � .�E/.X � Y /�i .Y /fi .Y /

C 1

1C 2	 C n	2
@�kj .Y /Œ.@kE/.X � Y /�

�
�i@�ij f0 C �j �ifi

�
.Y /

o
d�.Y /;
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thanks to (6.361)–(6.362) and an integration by parts on the boundary. Now, the
claim made in (6.404) follows from (6.406) after observing that

�i@�ij f0 C �j �ifi D �i .�ifj � �j fi /C �j �ifi D fj ; (6.407)

by the compatibility conditions satisfied by the components of the Whitney array
Pf . ut

It is also instructive to derive formula (6.404) directly from (6.351), based on
the recipe from (4.59). Concretely, fix an arbitrary point X 2 ˝ and, with E as
in (6.387), set EX WD E.X � �/ in ˝ . Then, given any v 2 C1.˝/, successive
integrations by parts give (using the summation convention over repeated indices)

Z

˝

.@i@j C 	 ıij�/E
X � .@i@j C 	 ıij�/v dX

D �
Z

˝

.@i@i@j C 	 ıij @i�/E
X � @j v dX

�
Z

˝

.@k@i@j C 	 ıij @k�/E
X � 	ıij @kv dX

C
Z

@˝

�i .@i@j C 	 ıij�/E
X � @j v d� C

Z

@˝

�k.@i@j C 	 ıij�/E
X � 	ıij @kv d�

D �.1C 2	 C n	2/

Z

˝

@j�E
X � @j v dX

C
Z

@˝

@�@jE
X � @j v d� C .2	 C n	2/

Z

@˝

�EX � �j @j v d�

D .1C 2	 C n	2/v.X/ � .1C 2	 C n	2/

Z

@˝

@��E
X � v d�

C
Z

@˝

@�@jE
X � @j v d� C .2	 C n	2/

Z

@˝

�EX � �j @j v d�

D .1C 2	 C n	2/v.X/ � .1C 2	 C n	2/

Z

@˝

@��E
X � v d�

C
Z

@˝

@�kj @kE
X � @j v d� C .1C 2	 C n	2/

Z

@˝

�EX � �j @j v d�: (6.408)
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This shows that

B	

�
EX; v

� D v.X/�
Z

@˝

@��E
X � v d�

C 1

1C 2	 C n	2

Z

@˝

@�kj @kE
X � @j v d� C

Z

@˝

�EX � �j @j v d�:

D v.X/� PD	
Pf .X/; (6.409)

if PD	 is as in (6.404) and Pf D �
vj@˝; @1vj@˝; : : : ; @nvj@˝

�
.

The next order of business is to study the mapping properties for the conormal
derivative of the biharmonic double multi-layer. Our first result in this regard is the
following theorem (we shall return to this topic later, after completing a necessary
detour).

Theorem 6.46. Let ˝ be a bounded Lipschitz domain in R
n and fix 	 2 R. Also,

assume that p; p0 2 .1;1/ are such that 1=pC 1=p0 D 1. Recall PD	 introduced in
Definition 6.43 and the conormal @A	� from Proposition 6.40. Then the operator

@A	�
PD	 W PLp1;1.@˝/ �!

� PLp0

1;0.@˝/
��

(6.410)

is well-defined, linear and bounded. Moreover, this operator further extends as a
linear and bounded mapping in the context

@A	�
PD	 W PLp1;0.@˝/ �!

� PLp0

1;1.@˝/
��
: (6.411)

Proof. For each Pf 2 PLp1;1.@˝/ we know from Theorem 4.7 that

kN . PD	
Pf /kLp.@˝/ C kN .r PD	

Pf /kLp.@˝/ (6.412)

CkN .r2 PD	
Pf /kLp.@˝/ � Ck Pf k PLp1;1.@˝/

for some finite constant C > 0 independent of Pf . Moreover, (4.66) ensures that

@� PD	
Pf
j

@˝
exists for every Pf 2 PLp1;1.@˝/

whenever � 2 N
n
0 satisfies j� j � 2:

(6.413)

However, the conormal entails up to three derivatives on PD	 . Indeed, as seen from
(6.378), the components of @A	� PD	

Pf are given by (here and elsewhere the usual
summation convention over repeated indices is used)
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�
@A	�

PD	
Pf
�

0
D �@�.� PD	

Pf /� 1

1C 2	 C n	2
@�ij

�
�`�i@j @` PD	

Pf
�
; (6.414)

and, for 1 � r � n,

�
@A	�

PD	
Pf
�

r
D 2	 C n	2

1C 2	 C n	2
�r� PD	

Pf C 1

1C 2	 C n	2
�r�j �`@j @` PD	

Pf (6.415)

with the understanding that all derivatives in the right-hand sides are restricted to
the boundary. Note that, thanks to (6.412) and (6.413), the map

PLp1;1.@˝/ 3 Pf 7�! @j @` PD	
Pf
j

@˝
2 Lp.@˝/ (6.416)

is well-defined, linear and bounded, for every `; j 2 f1; : : : ; ng. As such, the
mapping

PLp1;1.@˝/ 3 Pf 7�! @�ij

�
�`�i@j @` PD	

Pf
�

2 Lp�1.@˝/ (6.417)

is also well-defined, linear and bounded, for every i; j; ` 2 f1; : : : ; ng.
We propose to take a closer look at the structure of the derivatives of the

biharmonic double multi-layer operator. In a first stage, fix an arbitrary Whitney
array Pf D .f0; f1; : : : ; fn/ 2 PLp1;0.@˝/ then for every ` 2 f1; : : : ; ng and every
X 2 R

n n @˝ compute

@`
� PD	

Pf �
.X/ D @`

�
D�f0

�
.X/� @` S�

�
�ifi

�
.X/ (6.418)

C 1

1C 2	 C n	2

Z

@˝

@�kj .Y /Œ.@`@kE/.X � Y /�fj .Y / d�.Y /:

Upon observing that, for everyX 2 R
n n @˝ , identity (6.391) and the compatibility

conditions satisfied by the components of the Whitney array Pf allow us to write

@`
�
D�f0

�
.X/ � @` S�

�
�ifi

�
.X/

D �@i S�

�
@�i`f0

�
.X/ � @` S�

�
�ifi

�
.X/

D �@i S�

�
�if`

�
.X/C @i S�

�
�`fi

�
.X/� @` S�

�
�ifi

�
.X/

D �
D�f`

�
.X/C

Z

@˝

@�i`.Y /
�
.�E/.X � Y /



fi .Y / d�.Y /

D �
D�f`

�
.X/C S�

�
@�`i fi

�
.X/; (6.419)
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we deduce from (6.418) that, at each point X 2 R
n n @˝ ,

@`
� PD	

Pf �
.X/ D �

D�f`
�
.X/C S�

�
@�`i fi

�
.X/ (6.420)

C 1

1C 2	 C n	2

Z

@˝

@�kj .Y /Œ.@`@kE/.X � Y /�fj .Y / d�.Y /:

D
Z

@˝

n
@�.Y /Œ.�E/.X � Y /�f`.Y /C @�i`.Y /Œ.�E/.X � Y /�fi .Y /

C 1

1C 2	 C n	2
@�kj .Y /Œ.@`@kE/.X � Y /�fj .Y /

o
d�.Y /:

In the case when the array Pf D .f0; f1; : : : ; fn/ actually belongs to the Whitney–
Sobolev space PLp1;1.@˝/, we may integrate by parts on the boundary in (6.418) in
order to write, for every ` 2 f1; : : : ; ng,

@`
� PD	

Pf �
.X/ D �

D�f`
�
.X/C

Z

@˝

n
.�E/.X � Y /.@�`i fi /.Y / (6.421)

C 1

1C 2	 C n	2
.@`@kE/.X � Y /.@�ik fi /.Y /

o
d�.Y /;

for each X 2 R
n n @˝ . In this scenario, we may take one extra derivative while still

retaining control of the finiteness of the Lp-norm of the non-tangential maximal
function. Concretely, for each j; ` 2 f1; : : : ; ng we obtain (with the help of (6.391))

@j @`
� PD	

Pf �
.X/ D �@iS�.@�ij f`/.X/C

Z

@˝

n
.@j�E/.X � Y /.@�`i fi /.Y /

(6.422)

C 1

1C 2	 C n	2
.@j @`@kE/.X � Y /.@�ik fi /.Y /

o
d�.Y /;

at each X 2 R
n n @˝ , whenever Pf D .f0; f1; : : : ; fn/ belongs to the Whitney–

Sobolev space PLp1;1.@˝/. Concisely, for every Pf D .f0; f1; : : : ; fn/ 2 PLp1;1.@˝/ we
have

@j @` PD	
Pf D �@iS�.@�ij f`/C @jS�.@�`i fi / (6.423)

C 1

1C 2	 C n	2

Z

@˝

.@j @`@kE/.� � Y /.@�ik fi /.Y / d�.Y / in R
n n @˝:
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In particular, summing up over j D ` yields

� PD	
Pf D 1

1C 2	 C n	2
@kS�.@�ik fi / in R

n n @˝;
(6.424)

8 Pf D .f0; f1; : : : ; fn/ 2 PLp1;1.@˝/;

and, further,

�
@�� PD	

Pf
�
.X/ D 1

1C 2	 C n	2
� (6.425)

� @�jk .X/
�

lim
"!0C

Z

Y2@˝jX�Y j>"

.@j�E/.X � Y /.@�ik fi /.Y / d�.Y /
�

in R
n n @˝ , for every Pf D .f0; f1; : : : ; fn/ 2 PLp1;1.@˝/. Consequently,

PLp1;1.@˝/ 3 Pf 7�! @�� PD	
Pf 2 Lp�1.@˝/ (6.426)

is a well-defined, linear and bounded mapping.
In summary, from (6.414)–(6.417), (6.426) we deduce that the mapping

PLp1;1.@˝/ 3 Pf (6.427)

7�!
��
@A	�

PD	
Pf
�

0
;

�
@A	�

PD	
Pf
�

1�r�n

�
2 Lp�1.@˝/˚ �

Lp.@˝/

n

is well-defined, linear and bounded. Furthermore, it is clear from (6.415) that

�
@A	�

PD	
Pf
�

1�r�n D � � �1f; : : : ;��nf
�

for each Pf 2 PLp1;1.@˝/; where

f WD � 2	 C n	2

1C 2	 C n	2
� PD	

Pf � 1

1C 2	 C n	2
�j �`@j @` PD	

Pf 2 Lp.@˝/:
(6.428)

At this stage, the fact that the operator @A	� PD	 is well-defined, linear and bounded
in the context of (6.410) follows from (6.427)–(6.428) and Proposition 6.42. Lastly,
that this operator further extends as a linear and bounded mapping in the context of
(6.411), follows from what we have proved so far, the second claim in the statement
of Proposition 5.32, and duality. ut

Let ˝ be a bounded Lipschitz domain in R
n and fix p 2 .1;1/. Recall

from (5.1) that the bi-Laplacian single multi-layer operator PS acts on an arbitrary

functional� 2
� PLp1;0.@˝/

��
according to the formula (with E as in (6.387))
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. PS�/.X/ WD
D�
E.X � �/ˇˇ

@˝
;�.rE/.X � �/ˇˇ

@˝

�
; �

E
; X 2 R

n n @˝; (6.429)

where the expression in round parentheses is regarded as a Whitney array in
PLp1;0.@˝/.
Proposition 6.47. Let ˝ be a bounded Lipschitz domain in R

n and assume that
p 2 .1;1/. Fix 	 2 R and recall the conormal @A	� from Proposition 6.40. Also, let

PS stand for the bi-Laplacian single multi-layer operator from (6.429). Then

@A	�
PS W

� PLp1;0.@˝/
�� �!

� PLp1;0.@˝/
��

(6.430)

is a well-defined, linear and bounded operator.
As a corollary, for each p 2 .1;1/,

@A	�
PS D � 1

2
I C PK�

	 as operators on
� PLp1;0.@˝/

��
: (6.431)

Proof. As usual, let p0 denote the Hölder conjugate exponent of p. As far as the
claim pertaining to the operator in (6.430) is concerned, the crux of the matter is
establishing the estimate

�
�@�� PS�

�
�
L
p0

�1.@˝/
� Ck�k� PLp1;0.@˝/

�
� (6.432)

for some finite constant C > 0 independent of � 2
� PLp1;0.@˝/

��
. Once this has

been done, the same type of reasoning as in Theorem 6.46 (which also uses the
non-tangential maximal function estimates for generic single multi-layers proved in
Proposition 5.2) may then be used to complete the proof of the boundedness of the
operator in (6.430).

Given an arbitrary � 2
� PLp1;0.@˝/

��
, the reasoning from (5.8)–(5.10) leads to

the conclusion that there exist .g0; g1; : : : ; gn/ 2 �
Lp

0

.@˝/

nC1

with the property
that

nX

jD0
kgj kLp0

.@˝/ � k�k. PLp1;0.@˝//� ; (6.433)

and such that, for each X 2 R
n n @˝ ,

PS�.X/ D
Z

@˝

E.X � Y /g0.Y / d�.Y / (6.434)

�
nX

jD1

Z

@˝

.@jE/.X � Y /gj .Y / d�.Y /:
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As such, we may write

� PS� D S�g0 �
nX

jD1
@jS�gj in ˝; (6.435)

where S� is the harmonic single multi-layer in ˝ (cf. (6.390)). To proceed, recall
that if S� denotes the boundary harmonic single layer, then the identity

@�D�g D 1
2

nX

i;kD1
@�ki S�

�
@�ki g

�
; (6.436)

is valid for any g 2 Lp.@˝/. Consequently, based on (6.392), (6.435), and (6.436),
we may compute

@�� PS� D @�S�g0 C
nX

i;jD1
@�S�.@�j i .�igj //C

nX

jD1
@�D�.�j gj /

D � � 1
2
I CK�

�/g0 C
nX

i;jD1

� � 1
2
I CK�

�/.@�j i .�igj //

C 1
2

nX

i;j;kD1
@�ki S�

�
@�ki .�igj /

�
; (6.437)

where K�
� is the adjoint of the boundary harmonic double layer from (1.3). Since

the operators

K�
� W Lp0

�1.@˝/ ! L
p0

�1.@˝/;

K�
� W Lp0

.@˝/ ! Lp
0

.@˝/;

S� W Lp0

�1.@˝/ ! Lp
0

.@˝/;

(6.438)

are bounded, estimate (6.432) now follows from (6.437) and (6.433). This completes
the proof of the boundedness of the operator in (6.430).

With this in hand, identity (6.431) follows from (5.152) and a density argument.
ut

Moving on, assume that ˝ � R
n is a bounded Lipschitz domain, with outward

unit normal � D .�j /1�j�n and surface measure � . Also, fix 	 2 R and 1 < p < 1.
In this setting, consider the 2 � 2 matrix-valued singular integral operator

eK	 W Lp1 .@˝/˚ Lp.@˝/ �! L
p
1 .@˝/˚ Lp.@˝/; (6.439)
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eK	 WD
0

@
R11
	 R12

	

R21
	 R22

	

1

A ; (6.440)

where the entries in the above matrix,

R11
	 W Lp1 .@˝/ �! L

p
1 .@˝/;

R12
	 W Lp.@˝/ �! L

p
1 .@˝/;

R21
	 W Lp1 .@˝/ �! Lp.@˝/;

R22
	 W Lp.@˝/ �! Lp.@˝/;

(6.441)

are the principal-value singular integral operators given at �-a.e. X 2 @˝ by

�
R11
	 F

�
.X/ WD lim

"!0C

Z

Y2@˝jX�Y j>"

n
@�.Y /Œ.�E/.X � Y /�F.Y / (6.442)

C 1

1C 2	 C n	2
@�kj .Y /Œ.@kE/.X � Y /��i .Y /.@�ij F /.Y /

o
d�.Y /;

�
R12
	 g

�
.X/ WD lim

"!0C

Z

Y2@˝jX�Y j>"

n
.�E/.X � Y /g.Y / (6.443)

� 1

1C 2	 C n	2
@�kj .Y /Œ.@kE/.X � Y /��j .Y /g.Y /

o
d�.Y /;

�
R21
	 F

�
.X/ WD lim

"!0C

Z

Y2@˝

jX�Y j>"

�`.X/
n
�.@i�E/.X � Y /.@�`i F /.Y / (6.444)

� 1

1C 2	 C n	2
@�kj .Y /Œ.@`@kE/.X � Y /��i .Y /.@�ij F /.Y /

o
d�.Y /;

and

�
R22
	 g

�
.X/ WD lim

"!0C

Z

Y2@˝jX�Y j>"

�`.X/
n
�.@`�E/.X � Y /g.Y / (6.445)

C 1

1C 2	 C n	2
@�kj .Y /Œ.@`@kE/.X � Y /��j .Y /g.Y /

o
d�.Y /;
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for each F 2 Lp1 .@˝/ and each g 2 Lp.@˝/. Here the summation convention over
repeated indices has been used.

Proposition 6.48. Retain the same setting as above, and recall the definition of the
boundary biharmonic double multi-layer operator PK	 on @˝ from Definition 6.43.
Also, recall the mapping � from Proposition 6.41. Then, for each p 2 .1;1/, the
following diagram is commutative:

L
p
1 .@˝/˚ Lp.@˝/

PLp1;0.@˝/

L
p
1 .@˝/˚ Lp.@˝/

PLp1;0.@˝/

� �

�
eK	

�
PK	

� �

Proof. Fix an arbitrary pair of functions, .F; g/ 2 Lp1 .@˝/˚Lp.@˝/, along with an
arbitrary point X 2 R

n n @˝ . Based on (6.398) and (6.361)–(6.362) we may write,
in a manner analogous to (6.406) (using the summation convention over repeated
indices),

eD	

�
F; g/.X/ D

Z

@˝

n
.�E/.X � Y / (6.446)

� 1

1C 2	 C n	2
�j .Y /@�kj .Y /Œ.@kE/.X � Y /�

o
g.Y / d�.Y /

C
Z

@˝

n
@�.Y /Œ.�E/.X � Y /�

� 1

1C 2	 C n	2
@�ij .Y /

�
�i .Y /@�kj .Y /Œ.@kE/.X � Y /�

�o
F.Y / d�.Y /;

where we have also integrated by parts on the boundary. Hence, for every pair of
functions .F; g/ 2 Lp1 .@˝/˚ Lp.@˝/ we have

eD	

�
F; g/.X/ D �

D�F
�
.X/C �

S�g
�
.X/ (6.447)

C 1

1C 2	 C n	2

Z

@˝

n
@�kj .Y /Œ.@kE/.X � Y /� �

�
�
�i@�ij F � �j g

�
.Y /

o
d�.Y /;
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at everyX 2 R
nn@˝ . Consequently, for every number ` 2 f1; : : : ; ng, at each point

X 2 R
n n @˝ we may write

@`

�
eD	 .F; g/

�
.X/ (6.448)

D
Z

@˝

n
.@i�E/.X � Y /.@�`i F /.Y /C .@`�E/.X � Y /g.Y /

C 1

1C 2	 C n	2
@�kj .Y /Œ.@`@kE/.X � Y /�

�
�i@�ij F � �j g

�
.Y /

o
d�.Y /;

based on (6.447) and (6.391).
From (6.447)–(6.448), on the one hand, and (6.439)–(6.445), on the other hand,

we deduce, by also making use of the general jump-formula (2.530), that (cf. [129,
(14.2) on p. 253])

�
eD	 .F; g/

�
@˝
; �@�eD	 .F; g/

�
D �

1
2
I C eK	

�
.F; g/;

for each F 2 Lp1 .@˝/ and each g 2 Lp.@˝/:
(6.449)

As such, for every Pf 2 PLp1;0.@˝/ we may compute

�
1
2
I C eK	

�
�. Pf / D

��eD	 ı �. Pf /
�
@˝
; �@�

�eD	 ı �. Pf /

�

D
� PD	

Pf �
@˝
; �@� PD	

Pf
�

D �
�

tr1 PD	
Pf
�

D �
��

1
2
I C PK	

� Pf
�
; (6.450)

where the first equality is (6.449) written for .F; g/ WD �. Pf /, the second equality
has been established in Proposition 6.44, the third equality makes use of (6.382),
and the fourth equality is a consequence of Theorem 4.14. Now the claim about the
commutativity of the diagram in the statement of the proposition readily follows
from (6.450). ut

We are now prepared to state and prove a basic invertibility result, extending
work in [118, 129].

Theorem 6.49. Assume that ˝ � R
n, with n � 2, is a bounded Lipschitz domain

with connected boundary, and fix 	 2 R with 	 > � 1
n

. Also, recall the boundary
biharmonic double multi-layer operator PK	 on @˝ from Definition 6.43. Then there
exists " > 0 with the property that
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1
2
I C PK	 W PLp1;0.@˝/ �! PLp1;0.@˝/ is an isomorphism

whenever p 2 �
2 � ";

2.n�1/
n�3 C "

�
if n � 4;

and whenever p 2 �
2 � ";1�

if n 2 f2; 3g;

(6.451)

and

1
2
I C PK	 W PLp1;1.@˝/ �! PLp1;1.@˝/ is an isomorphism

whenever p 2 �
2.n�1/
nC1 � "; 2C "

�
if n � 4;

and whenever p 2 �
1; 2C "

�
if n 2 f2; 3g:

(6.452)

In addition, the inverses of the isomorphisms in (6.451) and (6.452) act in a
compatible manner on the intersection of their domains.

Furthermore,

� 1
2
I C PK	 W PLp1;0.@˝/

. PP1.@˝/ �! PLp1;0.@˝/
. PP1.@˝/

is an isomorphism

(6.453)

if p 2 �
2 � ";

2.n�1/

n�3
C "

�
for n � 4; and p 2 �

2 � ";1�
for n 2 f2; 3g;

and

� 1
2
I C PK	 W PLp1;1.@˝/

. PP1.@˝/ �! PLp1;1.@˝/
. PP1.@˝/

is an isomorphism

(6.454)

if p 2 �
2.n�1/

nC1
� "; 2C "

�
for n � 4; and p 2 �

1; 2C "
�

for n 2 f2; 3g;

and once again the inverses of the isomorphisms in (6.453) and (6.454) act in a
compatible manner on the intersection of their domains.

Proof. Given " 2 .0; 1/, consider the open intervals

I" WD

8
<̂

:̂

�
2.n�1/
nC1C" ;

2.n�1/
n�1�"

�
if n � 4;

�
1 ;

2.n�1/
n�1�"

�
if n 2 f2; 3g;

(6.455)
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and

I 0
" WD

8
<̂

:̂

�
2.n�1/
n�1C" ;

2.n�1/
n�3�"

�
if n � 4;

�
2.n�1/
n�1C" ; 1�

if n 2 f2; 3g:
(6.456)

Hence, for any p; p0 2 .1;1/ with 1
p

C 1
p0

D 1 we have

p 2 I 0
" ” p0 2 I": (6.457)

The starting point is the result asserting that there exists " 2 .0; 1/ such that, with
eK	 as in (6.439)–(6.445), the operators

˙ 1
2
I C eK	 W Lp1 .@˝/˚ Lp.@˝/ �! L

p
1 .@˝/˚ Lp.@˝/

are Fredholm with index zero whenever p 2 I 0
":

(6.458)

This result (which uses 	 > � 1
n

) has been established first when p 2 .2�"; 2C"/ by
G. Verchota in [129], and the extension to the larger range p 2 I 0

" is due to Z. Shen
in [118]. Moreover, it has been established in [118] that, for some " 2 .0; 1/,

1
2
I C eK	 W Lp1 .@˝/˚ Lp.@˝/ �! L

p
1 .@˝/˚ Lp.@˝/

is an isomorphism whenever p 2 I 0
":

(6.459)

Granted this, the invertibility of the operator in (6.451) then follows from (6.459),
Propositions 6.48, and 6.41. Concerning the operator in (6.453), in a first stage the
same circle of ideas give, based on (6.458), that

the operator � 1
2
I C PK	 W PLp1;0.@˝/ �! PLp1;0.@˝/

is Fredholm with index zero for each p 2 I 0
":

(6.460)

In turn, thanks to (6.460) and Proposition 4.17, we also have that

� 1
2
I C PK	 W PLp1;0.@˝/

. PP1.@˝/ �! PLp1;0.@˝/
. PP1.@˝/

is Fredholm with index zero whenever p 2 I 0
":

(6.461)

Given that the embedding PB2;2
1;1=2.@˝/ ,! PLp1;0.@˝/ is well-defined, continuous and

with dense range, for each p 2 I" provided that " > 0 is small enough, we deduce
from the invertibility of (6.174), Lemma 6.18, (6.461), and Corollary 6.5 (keeping
in mind (6.355)) that
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� 1
2
I C PK	 W PLp1;0.@˝/

. PP1.@˝/ �! PLp1;0.@˝/
. PP1.@˝/

is an injective operator for each p 2 I 0
":

(6.462)

In passing, let us also note that the same type of reasoning, based on (6.126),
Lemma 6.18 and (6.460), gives

n Pf 2 PLp1;0.@˝/ W �� 1
2
I C PK	

� Pf D 0
o

D PP1.@˝/; 8p 2 I 0
": (6.463)

This is going to be useful later on.
Let us now consider the claims made in (6.452) and (6.454). To this end, we first

note that, thanks to (6.458), Propositions 6.48, and 6.41, we have that

˙ 1
2
I C PK	 W PLp1;0.@˝/ �! PLp1;0.@˝/

are Fredholm with index zero for each p 2 I 0
":

(6.464)

Thus, by duality,

˙ 1
2
I C PK�

	 W
� PLp1;0.@˝/

�� �!
� PLp1;0.@˝/

��

are Fredholm with index zero for each p 2 I 0
":

(6.465)

Let us also remark that, as seen from (6.464), the composition

�
1
2
I C PK	

� ı � � 1
2
I C PK	

� W PLp1;0.@˝/ �! PLp1;0.@˝/
is Fredholm with index zero for each p 2 I 0

";
(6.466)

hence by duality,

�
1
2
I C PK�

	

� ı � � 1
2
I C PK�

	

� W
� PLp1;0.@˝/

�� �!
� PLp1;0.@˝/

��

is Fredholm with index zero for each p 2 I 0
":

(6.467)

To proceed, denote by PS the boundary version of the biharmonic single multi-
layer (associated with L D �2 as in (5.19)). Hence, if p; p0 2 .1;1/ are such that
1=pC 1=p0 D 1, then Theorem 5.4 ensures that

PS W
� PLp0

1;1.@˝/
�� �! PLp1;0.@˝/ boundedly, and (6.468)

PS W
� PLp1;0.@˝/

�� �! PLp0

1;1.@˝/ boundedly: (6.469)
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Based on these and Theorem 6.46 we may therefore conclude that, for each index
p 2 .1;1/, the operators

@A	�
PD	 ı PS W

� PLp1;0.@˝/
�� �!

� PLp1;0.@˝/
��
; (6.470)

@A	�
PD	 ı PS W

� PLp1;1.@˝/
�� �!

� PLp1;1.@˝/
��
; (6.471)

PS ı @A	� PD	 W PLp1;0.@˝/ �! PLp1;0.@˝/; (6.472)

PS ı @A	� PD	 W PLp1;1.@˝/ �! PLp1;1.@˝/; (6.473)

are well-defined, linear and bounded (where, as usual, 1=p C 1=p0 D 1). Having
established these boundedness results, we may then conclude from (6.470), (6.467),
formula (5.176), and the density results proved in Propositions 3.3 and 3.7, that

@A	�
PD	 ı PS W

� PLp1;0.@˝/
�� �!

� PLp1;0.@˝/
��

is Fredholm with index zero for each p 2 I 0
":

(6.474)

In turn, (6.474), (6.469), and (6.410) readily imply that

the operator @A	� PD	 W PLp0

1;1.@˝/ �!
� PLp1;0.@˝/

��
has

closed range, of finite codimension, if p 2 I 0
" and 1

p
C 1

p0

D 1:
(6.475)

With this in hand and availing ourselves of the fact that the operators in (6.410) and
(6.411) are adjoint to one another, it follows from (6.475) and duality that

the operator @A	� PD	 W PLp1;0.@˝/ �!
� PLp0

1;1.@˝/
��

has

finite dimensional kernel, if p 2 I 0
" and 1

p
C 1

p0

D 1:
(6.476)

Next we claim that

8p0 2 I" 9 q 2 I 0
" such that PLp0

1;1.@˝/ ,! PLq1;0.@˝/: (6.477)

To justify this claim, assume first that n � 4 and note that this forces p0 2 .1; n�1/
for any p0 2 I". As such, the embedding PLp0

1;1.@˝/ ,! PLq1;0.@˝/ holds whenever

q WD
�
1
p0

� 1
n�1

��1
. On the other hand, it may be verified without difficulty that

n�
1
p0

� 1
n�1

��1 W p0 2 I"
o

D I 0
": (6.478)
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This, of course, proves the claim in (6.477) when n � 4. When n D 2, the
embedding in (6.477) holds for any p0; q 2 .1;1/, while when n D 3 is obviously
true whenever indices p0 2 Œ2;1/ and q 2 .1;1/. Finally, in the remaining case,

i.e., for n D 3 and p0 2 .1; 2/, we may take q WD
�
1
p0

� 1
2

��1 2 .2;1/ 	 I 0
" . This

finishes the proof of (6.477).
Moving on, we may then deduce from (6.476), (6.477), and (6.475), that

the operator @A	� PD	 W PLp0

1;1.@˝/ �!
� PLp1;0.@˝/

��
has both

closed range, of finite codimension, and finite dimensional kernel

whenever p 2 I 0
" and 1

p
C 1

p0

D 1:

(6.479)

In other words,

@A	�
PD	 W PLp0

1;1.@˝/ �!
� PLp1;0.@˝/

��
is Fredholm

provided p 2 I 0
" and 1

p
C 1

p0

D 1:
(6.480)

In particular, the operator @A	� PD	 has, in the above context, a quasi-inverse. In
concrete terms, this means that whenever p 2 I 0

" and 1
p

C 1
p0

D 1, there exist a

Fredholm operator R W
� PLp1;0.@˝/

�� ! PLp0

1;1.@˝/, and a linear compact operator

Comp mapping PLp0

1;1.@˝/ into some Banach space X , with the property that

R ı @A	� PD	 D I C Comp on PLp0

1;1.@˝/: (6.481)

Composing the Fredholm operator in (6.474) to the left with the Fredholm operator
R just considered, and keeping in mind that the class of Fredholm operators is
closed under composition as well as additive compact perturbations, we arrive at
the conclusion that

PS W
� PLp1;0.@˝/

�� �! PLp0

1;1.@˝/ is a Fredholm operator

whenever p 2 I 0
" and 1

p
C 1

p0

D 1:
(6.482)

In light of the self-adjointness of the single multi-layer (cf. (5.22)), we may take the
dual of (6.482) in order to also obtain that

PS W
� PLp0

1;1.@˝/
�� �! PLp1;0.@˝/ is a Fredholm operator

whenever p 2 I 0
" and 1

p
C 1

p0

D 1:
(6.483)
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At this stage, taking the composition of the Fredholm operators in (6.480) and
(6.482) leads to the conclusion that

PS ı @A	� PD	 W PLp0

1;1.@˝/ �! PLp0

1;1.@˝/ is a Fredholm operator

whenever p 2 I 0
" and 1

p
C 1

p0

D 1:
(6.484)

Granted this, from (5.177) and the density results proved in Propositions 3.3 and
3.7, we deduce that

�
1
2
I C PK	

� ı �� 1
2
I C PK	

� W PLp0

1;1.@˝/ �! PLp0

1;1.@˝/ is Fredholm

whenever p 2 I 0
" and 1

p
C 1

p0

D 1:
(6.485)

In turn, this readily implies that the operators ˙ 1
2
I C PK	 (which commute with

one another) have both closed ranges of finite codimension and finite dimensional
kernels, thus, ultimately,

˙ 1
2
I C PK	 W PLp0

1;1.@˝/ �! PLp0

1;1.@˝/ are Fredholm operators

whenever p 2 I 0
" and 1

p
C 1

p0

D 1:
(6.486)

Going further, we make use of Proposition 5.30 (and the same type of boundedness
and density results as before) in order to obtain the following intertwining identity

PS ı � ˙ 1
2
I C PK�

	

� D � ˙ 1
2
I C PK	

� ı PS on
� PLp1;0.@˝/

��
; (6.487)

in which PS is as in (6.482), PK	 acts on PLp0

1;1.@˝/, and PK�
	 acts on

� PLp1;0.@˝/
��

.

From (6.487), (6.486), (6.482), (6.465), and the additivity law for the Fredholm
index, we eventually obtain (cf. also (6.457)) that

the operators ˙ 1
2
I C PK	 W PLp0

1;1.@˝/ �! PLp0

1;1.@˝/

are Fredholm with index zero if p0 2 I":
(6.488)

In particular,

˙ 1
2
I C PK	 are Fredholm with index zero on PLp0

1;1.@˝/
. PP1.@˝/

whenever p0 2 I":
(6.489)

Using this, the embedding in (6.477), and the injectivity of the operator in (6.451)
it follows that the operator in (6.452) is also injective, thus ultimately invertible
by (6.488). This takes care of the claim made in (6.452). Finally, the same type



384 6 Functional Analytic Properties of Multi-Layer Potentials and BVPs

of reasoning, based on the embedding (6.477) and the injectivity of the operator in
(6.453), shows that the operator in (6.454) is also injective, thus ultimately invertible
by (6.489).

Let us now prove that the inverses of the isomorphisms in (6.451) and (6.452) act
in a compatible manner on the intersection of their domains. With this goal in mind,
assume that

Pf0 2 PLp01;0.@˝/ with p0 2 I 0
" and Pf1 2 PLp11;1.@˝/ with p1 2 I"

are such that
�
1
2
I C PK	

� Pf0 D �
1
2
I C PK	

� Pf1:
(6.490)

By (6.477), there exists q 2 I 0
" with the property that PLp11;1.@˝/ ,! PLq1;0.@˝/, hence

if we now set p WD min fp0; qg then

p 2 I 0
" and PLp01;0.@˝/\ PLp11;1.@˝/ ,! PLp1;0.@˝/: (6.491)

From (6.490)–(6.491) and the fact that 1
2
IC PK	 is invertible on PLp1;0.@˝/, it follows

that Pf0 D Pf1, as wanted.
Finally, the compatibility of the inverses of the isomorphisms in (6.453) and

(6.454) on the intersection of their domains is established analogously, completing
the proof of the theorem. ut

We now proceed to record several significant consequences of Theorem 6.49 (and
its proof).

Corollary 6.50. Let ˝ � R
n, with n � 2, be a bounded Lipschitz domain with

connected boundary, and fix 	 2 R with 	 > � 1
n

. Also, recall the boundary
biharmonic double multi-layer operator PK	 on @˝ from Definition 6.43. Then there
exists " > 0 with the property that

n Pf 2 PLp1;1.@˝/ W �� 1
2
I C PK	

� Pf D 0
o

D PP1.@˝/ (6.492)

whenever

p 2 �
2.n�1/
nC1 � "; 2C "

�
if n � 4;

and p 2 �
1; 2C "

�
if n 2 f2; 3g:

(6.493)

Proof. This is a consequence of the formula in (6.463) and the embedding result
recorded in (6.477). ut

Our second result pertains to the existence, uniqueness, integral representation in
terms of the multi-layers introduced in this monograph, and regularity (measured on
the Besov scale), of the solution of the Dirichlet problem for the bi-Laplacian with
boundary data from Whitney–Lebesgue spaces in Lipschitz domains. As such, this
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completes and refines work in [118, 129]. Before reading the statement, the reader
is advised to recall Definition 6.27.

Corollary 6.51. Consider the biharmonic operator, L D �2, in R
n with n � 2,

and assume that ˝ is a bounded Lipschitz domain in R
n with connected boundary.

Then, in this context, there exists " > 0 such that property Gp holds

whenever p 2 �
2.n�1/
nC1 � "; 2C "

�
if n � 4;

and whenever p 2 �
1; 2C "

�
if n 2 f2; 3g:

(6.494)

As a consequence, there exists " > 0 such that if

p 2 �
2 � "; 2.n�1/

n�3 C "
�

if n � 4;

and p 2 �
2 � ";1�

if n 2 f2; 3g;
(6.495)

then Dirichlet boundary value problem for the bi-Laplacian with data from
Whitney–Lebesgue spaces,

8
ˆ̂
<̂

ˆ̂
:̂

�2u D 0 in ˝;

N .ru/ 2 Lp.@˝/;
�
u
�
@˝
; .ru/

�
@˝

� D Pf 2 PLp1;0.@˝/;
(6.496)

has a unique solution which, for every 	 2 R with 	 > � 1
n

, may be represented as

u.X/ D PD	

h�
1
2
I C PK	

��1 Pf
i
.X/; 8X 2 ˝: (6.497)

In particular, the solution of (6.496) satisfies

kuk
B
p;p_2

1C1=p.˝/
� Ck Pf k PLp1;0.@˝/ (6.498)

for some finite constant C D C.˝; p; 	; n/ > 0.

Proof. The fact that property Gp holds for p as in (6.494) is seen from Theo-
rem 6.49 and the discussion in (6.225)–(6.228). As such, the uniqueness part in the
well-posedness of the boundary problem (6.496) follows from what we have just
proved and Theorem 6.29. Next, u in (6.497) is well-defined in light of (6.451), and
solves (6.496) thanks to (4.58), Theorem 4.7, and (4.164). Finally, that u satisfies
(6.498) follows from the integral representation formula (6.497) and (4.85). ut

Our third result deals with the role of multi-layer potentials in the solvability
of the so-called regularity problem for the bi-Laplacian in Lipschitz domains. As a
preamble, we first recall the following estimate of Hardy-type.



386 6 Functional Analytic Properties of Multi-Layer Potentials and BVPs

Lemma 6.52. Let L be a homogeneous, constant coefficient, W-elliptic operator,
and assume that ˝ � R

n is a bounded Lipschitz domain. In this context, suppose
that u is a null-solution of L in ˝ which satisfies N .ru/ 2 Lp.@˝/ for some
p 2 .0; n � 1/. Then

N u 2 Lp�

.@˝/ where p� WD
�
1
p

� 1
n�1

��1
: (6.499)

See [94, Lemma 11.9] for a proof. Here is the well-posedness result advertised
earlier, which refines earlier work in [69, 118, 129].

Theorem 6.53. Assume that ˝ � R
n, with n � 2, is a bounded Lipschitz domain

with connected boundary, and fix 	 2 R with 	 > � 1
n

. As before, let PD	 and PK	

denote the biharmonic double multi-layer operators (relative to ˝) introduced in
Definition 6.43.

Then there exists " > 0 with the property that whenever p 2 .1;1/ satisfies

p 2 �
2.n�1/
nC1 � "; 2C "

�
if n � 4;

and p 2 �
1; 2C "

�
if n 2 f2; 3g;

(6.500)

the Dirichlet boundary value problem for the bi-Laplacian with data from Whitney–
Sobolev spaces,

8
ˆ̂
<̂

ˆ̂
:̂

�2u D 0 in ˝;

N .r2u/ 2 Lp.@˝/;
�
u
�
@˝
; .ru/

�
@˝

� D Pf 2 PLp1;1.@˝/;
(6.501)

has a unique solution, which actually admits the integral representation formula

u.X/ D PD	

h�
1
2
I C PK	

��1 Pf
i
.X/; 8X 2 ˝: (6.502)

In particular, the solution of (6.501) satisfies

kuk
B
p;p_2

2C1=p
.˝/

� Ck Pf k PLp1;1.@˝/ (6.503)

for some finite constant C D C.˝; p; 	; n/ > 0.

Proof. Let " > 0 be as in Theorem 6.49. That the function u given by (6.502)
is well-defined whenever p is as in (6.500) follows from the invertibility result
recorded in (6.452). Also, the fact that this u actually solves (6.501) is clear from
(4.58), Theorem 4.7, and (4.164). As regards uniqueness, suppose that u solves the
homogeneous version of the boundary problem (6.501) for some p as in (6.500).
Given the nature of the conclusion we seek, there is no loss of generality in assuming
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that the exponent p also satisfies p < n � 1. Granted this, if p� is defined as in
(6.499) then (much as it was the case in the proof of Theorem 6.49) p� satisfies
the conditions listed in (6.495). Furthermore, Lemma 6.52 applied to ru ensures
that N .ru/ 2 Lp�

.@˝/, since we are assuming that N .r2u/ 2 Lp.@˝/ to begin
with. As such, the uniqueness result established in the second part of Corollary 6.51
applies and yields that u � 0 in˝ , as wanted. Finally, that u satisfies (6.503) follows
from the integral representation formula (6.502) and (4.86). ut

Further invertibility results for multi-layers, complementing those established in
Theorem 6.49, are discussed below.

Corollary 6.54. Suppose that ˝ � R
n, with n � 2, is a bounded Lipschitz

domain with connected boundary, and fix 	 2 R with 	 > � 1
n

. As before, let PK	

denote the boundary biharmonic double multi-layer operator on @˝ considered in
Definition 6.43. Also, let PS denote the boundary version of the biharmonic single
multi-layer associated with L D �2 as in (5.19).

Then there exists " > 0 with the property that

1
2
I C PK�

	 W
�
L
p
1;0.@˝/

�� �!
�
L
p
1;0.@˝/

��
is an isomorphism

whenever p 2 �
2 � ";

2.n�1/
n�3 C "

�
if n � 4;

and whenever p 2 �
2 � ";1�

if n 2 f2; 3g;

(6.504)

and

1
2
I C PK�

	 W
�
L
p
1;1.@˝/

�� �!
�
L
p
1;1.@˝/

��
is an isomorphism

whenever p 2 �
2.n�1/
nC1 � "; 2C "

�
if n � 4;

and whenever p 2 �
1; 2C "

�
if n 2 f2; 3g:

(6.505)

In addition, the inverses of the isomorphisms in (6.504) and (6.505) act in a
compatible manner on the intersection of their domains.

Moreover,

� 1
2
I C PK�

	 is an isomorphism on
�
L
p
1;0.@˝/

. PP1.@˝/
��

(6.506)

if p 2 �
2 � "; 2.n�1/

n�3 C "
�

for n � 4; and p 2 �
2 � ";1�

for n 2 f2; 3g;

and

� 1
2
I C PK�

	 is an isomorphism on
�
L
p
1;1.@˝/

. PP1.@˝/
�

�

if p 2 �
2.n�1/

nC1
� "; 2C "

�
for n � 4; and p 2 �

1; 2C "
�

for n 2 f2; 3g:
(6.507)
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In addition, the inverses of the isomorphisms in (6.506) and (6.507) act in a
compatible fashion on the intersection of their domains.

Finally, if n � 3 and n 6D 4, then also

PS W
� PLp1;0.@˝/

�� �! PLp0

1;1.@˝/ is an isomorphism provided

p 2 �
2 � "; 2.n�1/

n�3 C "
�

for n � 5; and p 2 �
2 � ";1�

for n D 3;

(6.508)

and

PS W
� PLp0

1;1.@˝/
�� �! PLp1;0.@˝/ is an isomorphism provided

p 2 �
2 � "; 2.n�1/

n�3 C "
�

for n � 5; and p 2 �
2 � ";1�

for n D 3;

(6.509)

and the inverses of the isomorphisms in (6.508) and (6.509) are compatible on the
intersection of their domains.

Proof. The invertibility (and compatibility) claims concerning the boundary bihar-
monic double multi-layer operator are direct consequence of Theorem 6.49 and
duality. As regards (6.508)–(6.509), these follow from (6.482)–(6.483), Theo-
rem 6.11 when n > 4, and [129, Theorem 17.5] when n D 3, by reasoning as
before. ut

It is instructive to formulate and solve the Neumann problem for the bi-Laplacian
with boundary data from the dual of Whitney–Lebesgue spaces. This parallels work
in [118, 129] where a different formulation is emphasized.

Theorem 6.55. Suppose that ˝ � R
n, with n � 2, is a bounded Lipschitz

domain with connected boundary, and fix 	 2 R with 	 > � 1
n

. As before, let PK	

denote the biharmonic double multi-layer operators (relative to ˝) introduced in
Definition 6.43. Finally, recall the biharmonic single multi-layer PS from (6.429)
and the conormal derivative @A	� from Proposition 6.40.

Then there exists " > 0 with the property that whenever p 2 .1;1/ satisfies

p 2 �
2 � "; 2.n�1/

n�3 C "
�

if n � 4;

and p 2 �
2 � ";1�

if n 2 f2; 3g;
(6.510)

the Neumann boundary value problem for the bi-Laplacian with data from duals of
Whitney–Lebesgue spaces,

8
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
:

�2u D 0 in ˝;

N .r2u/ 2 Lp0

.@˝/;

@A	� u D � 2
� PLp1;0.@˝/

��
(6.511)
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where 1=pC 1=p0 D 1 and the boundary data satisfies the necessary compatibility
condition

h�; PP i D 0 for each PP 2 PP1.@˝/; (6.512)

is well-posed (with uniqueness understood modulo polynomials of degree � 1).
Moreover, a solution may be given by the integral formula

u.X/ D PS
h
��� � 1

2
I C PK�

	

��1e�
i
.X/; 8X 2 ˝; (6.513)

where

e� 2
� PLp1;0.@˝/

. PP1.@˝/
��

(6.514)

is defined by setting

˝e� ; Œ Pf �˛ WD h�; Pf i; 8 Pf 2 PLp1;0.@˝/; (6.515)

with Œ Pf � denoting the equivalence class of the Whitney array Pf 2 PLp1;0.@˝/ in the

quotient space PLp1;0.@˝/
. PP1.@˝/, and

�� W
� PLp1;0.@˝/

. PP1.@˝/
�� �!

� PLp1;0.@˝/
��

(6.516)

is the adjoint of the canonical projection

� W PLp1;0.@˝/ �! PLp1;0.@˝/
. PP1.@˝/; (6.517)

taking an arbitrary Whitney array Pf 2 PLp1;0.@˝/ into Œ Pf � 2 PLp1;0.@˝/
. PP1.@˝/.

Proof. That the compatibility condition (6.512) is necessary is clear from formula
(5.129) and degree considerations. As regards existence, let " > 0 be as in
Corollary 6.54. Then the function u given by (6.513) is well-defined whenever p
is as in (6.510) follows from the invertibility result recorded in (6.506). By (5.5),
Proposition 5.2, and (6.431) it may be checked that u solves (6.511) (by reasoning as
in (6.334)). Thus, as far as the well-posedness of the problem (6.511) is concerned,
there remains to establish uniqueness (in the sense specified in the statement of the
theorem). To this end, assume that u is a solution of (6.511) with � D 0, and set

Pf WD
�

u
�
@˝
; .ru/

�
@˝

�
2 PLp0

1;1.@˝/: (6.518)
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Then Green’s formula (5.141), suitably interpreted in the present setting, gives

u D PD	
Pf � PS

�
@A	� u

� D PD	
Pf in ˝; (6.519)

using @A	� u D 0. Taking the first-order non-tangential boundary trace of both sides
of (6.519) and using (6.397) then yields

Pf D �
1
2
I C PK	

� Pf ; (6.520)

which ultimately shows that
�� 1

2
I C PK	

� Pf D 0. From this and Corollary 6.50 we

deduce that there exists P 2 P1 such that Pf D PP . Returning with this back in
(6.519) and making use of (4.62) finally gives that u D PD	

PP D P in ˝ , as desired.
ut

Our next goal is to explain how the invertibility results for the biharmonic layer
potentials, as well as the well-posedness results for the various boundary problems
for the bi-Laplacian, improve (in the sense that the range of exponents involved
becomes larger) under additional regularity assumptions on the Lipschitz domain
in question. This requires some preparations and we start by recalling that, given
two quasi-Banach spaces X , Y , the space of all bounded linear operators mapping
X into Y is denoted by L

�
X ! Y

�
. This becomes a quasi-Banach itself when

equipped with the canonical operator norm

kT kL .X !Y / WD sup fkT xkY W x 2 X ; kxkX � 1g; 8T 2 L .X ! Y /:

(6.521)

Moreover, let us also define

Comp .X ! Y / WD the space of all linear compact operators from X into Y ;

(6.522)

and note that Comp .X ;Y / is a closed subspace of L .X ;Y /. Finally, abbreviate

L
�
X

� WD L
�
X ! X

�
; Comp

�
X

� WD Comp
�
X ! X

�
: (6.523)

The following is a particular case of a much more general result proved in [56,
Theorem 4.36].

Theorem 6.56. Let ˝ � R
n be a bounded Lipschitz domain. Denote by � and

�, respectively, the surface measure and outward unit normal on @˝ . Also, fix an
arbitrary p 2 .1;1/. Then for every " > 0 the following holds. Given a function k
satisfying

k W Rn n f0g ! R is smooth, even, and homogeneous of degree � n (6.524)
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to which one associates the principal-value singular integral operator

Tf .X/ WD lim
�!0C

Z

Y2@˝; jX�Y j>�
hX � Y; �.Y /i k.X � Y /f .Y / d�.Y /; X 2 @˝;

(6.525)

there exists ı > 0, depending only on ", the geometric characteristics of ˝ , n, p
and kkjSn�1kCN (where the integerN D N.n/ is sufficiently large) with the property
that

dist .� ; vmo .@˝// < ı )
8
<

:

T is well-defined, belongs to L
�
Lp.@˝/

�

and dist
�
T ; Comp

�
Lp.@˝/

��
< ";

(6.526)

where the distance in the left-hand side is measured in bmo .@˝/, and the distance
in the right-hand side is measured in L

�
Lp.@˝/

�
.

In particular, under the same background hypotheses, for every p 2 .1;1/ one
has

� 2 vmo .@˝/ H) T W Lp.@˝/ �! Lp.@˝/ is compact: (6.527)

Finally, the same claims remain valid when made for the operator

T #f .X/ WD lim
�!0C

Z

Y2@˝jX�Y j>�

hX � Y; �.X/i k.X � Y /f .Y / d�.Y /; X 2 @˝;

(6.528)

with k as in (6.524), as well as for the operator

eT f .X/ WD lim
�!0C

Z

Y2@˝jX�Y j>�

.�.X/ � �.Y //ek.X � Y /f .Y / d�.Y /; X 2 @˝; (6.529)

this time provided that

ek W Rn n f0g ! R is smooth, odd, and homogeneous of degree 1 � n: (6.530)

The following theorem augments earlier work in this section (compare with
Theorem 6.49, Corollaries 6.54, 6.51, Theorems 6.53, and 6.55).

Theorem 6.57. Assume that ˝ � R
n, with n � 2, is a bounded Lipschitz domain

with connected boundary, and fix 	 2 R with 	 > � 1
n

. Then given any p 2 .1;1/
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there exists " > 0, depending only on p, the Lipschitz character of˝ , n, and 	 , with
the property that if the outward unit normal � to ˝ satisfies

lim sup
r!0C

�
sup
X2@˝

Z
�
B.X;r/\@˝

Z
�
B.X;r/\@˝

ˇ̌
�.Y /� �.Z/

ˇ̌
d�.Y /d�.Z/

�
< "; (6.531)

the following claims are true:

(i) All invertibility results from Theorem 6.49 and Corollary 6.54 hold for the
given p;

(ii) The well-posedness results from Corollary 6.51, Theorem 6.53, and Theo-
rem 6.55 hold for the given p.

As a consequence, all results mentioned above actually hold for any p 2 .1;1/ if

� 2 vmo.@˝/ (6.532)

hence, in particular, if ˝ is a C1 domain.

Proof. The crux of the matter is establishing that

˙ 1
2
I C PK	 D R0 CR1 as operators on PLp1;0.@˝/; (6.533)

where R0;R1 2 L
� PLp1;0.@˝/

�
satisfy

R0 is an invertible operator on PLp1;0.@˝/; (6.534)

and

dist
�
R1 ; Comp

� PLp1;0.@˝/
��
< kR0kL

� PLp1;0.@˝/
�; (6.535)

where the distance in the left-hand side is taken in L
� PLp1;0.@˝/

�
. The significance

of the decomposition in (6.533) is that, granted (6.534)–(6.535), this readily implies
that

˙ 1
2
I C PK	 is a Fredholm operator with index zero on PLp1;0.@˝/: (6.536)

With this in hand, earlier arguments then lead to the same type of invertibility results
as in (6.451), (6.453) for the given p. In turn, the same type of analysis as in
the proof of Theorem 6.49 then permits us to also establish analogous invertibility
results to those stated in (6.452) and (6.454). Once these results are available, it is
straightforward to complete the proof of the claim made in part .i/ of the statement
of the theorem. Then the claim made in part .ii/ of the statement of the theorem
becomes a consequence of the invertibility results from part .i/, by reasoning as
before.
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Turning to the justification of the claims made in (6.533)–(6.535), there are two
basic aspects we wish to emphasize. First, with equivalence constants depending
only on the Lipschitz character of ˝ ,

dist .� ; vmo .@˝// (6.537)


 lim sup
r!0C

�
sup
X2@˝

Z
�
B.X;r/\@˝

Z
�
B.X;r/\@˝

ˇ
ˇ�.Y / � �.Z/ˇˇd�.Y /d�.Z/

�
;

where the distance in the left-hand side is measured in bmo .@˝/. A proof of this
claim may be found in [56, 85] . Hence, the smallness of the infinitesimal mean
oscillation of the unit normal (defined as the limit in the left-hand side of (6.531))
forces the distance from the unit normal � 2 L1.@˝/ to the closed subspace
vmo.@˝/, measured in bmo.@˝/, to be appropriately small. In turn, this opens the
door for the close-to-compact criteria described in Theorem 6.56 to apply.

In the implementation of the aforementioned close-to-compact criteria, we find
it useful to revert from the operator PK	 , considered on PLp1;0.@˝/, to the operator
eK	 introduced in (6.439)–(6.445), considered on Lp1 .@˝/ ˚ Lp.@˝/. That this is
permissible is ensured by the intertwining result proved in Proposition 6.48, keeping
in mind the invertibility of the mapping� established in Proposition 6.41. Thus, the
goal becomes identifying various expressions from the makeup of the integral kernel
of eK	 which have the desired algebraic structure (indicated in Theorem 6.56).

According to the arguments in [129, 
 11], there are four types of integral
operators on Lp.@˝/ whose kernels must be shown to have the algebraic structure
described in Theorem 6.56, namely:

@�.Y /Œ.�E/.X � Y /�; (6.538)

�i .Y /�j .Y /�k.Y /.@i@j @kE/.X � Y /; (6.539)

@�ij .Y /@�k`.Y /@�.Y /ŒE.X � Y /� WD �i .Y /�k.Y /�r .Y /.@j @`@rE/.X � Y / (6.540)

��i .Y /�`.Y /�r.Y /.@j @k@rE/.X � Y /

��j .Y /�k.Y /�r .Y /.@i@`@rE/.X � Y /

C�j .Y /�`.Y /�r.Y /.@i@k@rE/.X � Y /;

and

�i .Y /�j .Y /@�k`.Y /Œ.@i @jE/.X � Y /� � 1
2
@�k`.Y /Œ.�E/.X � Y /�: (6.541)
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Concerning the kernel in (6.538), observe that (with cn denoting a dimensional
constant)

@�.Y /Œ.�E/.X � Y /� D cn
h�.Y /; Y �Xi

jX � Y jn (6.542)

and this kernel gives rise to a principal-value singular integral operator T of the type
described in (6.525) with k.X/ WD cnjX j�n. Such a function is as in (6.524), so this
integral operator satisfies (6.526).

Regarding the kernel in (6.539) we first note that, for each triplet of numbers
a; b; c 2 f1; : : : ; ng and each point X D .x1; : : : ; xn/ 2 R

n n f0g,

.@a@b@cE/.X/ D cn

jX jn
h
ıbcxa C ıacxb C ıabxc � n

xaxbxc

jX j2
i
:

Based on this, we may then compute

�i .Y /�j .Y /�k.Y /.@i @j @kE/.X � Y / (6.543)

D cn
h�.Y /;X � Y i

jX � Y jn
h
3 � n

�i .Y /�j .Y /.xi � yi /.xj � yj /

jX � Y j2
i
:

As such, this kernel gives rise to a principal-value singular integral operator T of
the form

T D T0 C
nX

i;jD1
Tij ıM�i�j ; (6.544)

where, generally speaking,M� denotes the multiplication by the function �, and T0,
Tij , i; j 2 f1; : : : ; ng are principal-value singular integral operators with kernels

3cn
h�.Y /;X � Y i

jX � Y jn (6.545)

and

� ncn
h�.Y /;X � Y i

jX � Y jn
.xi � yi /.xj � yj /

jX � Y j2 ; i; j 2 f1; : : : ; ng; (6.546)

respectively. SinceM�i�j is a bounded operator on Lp.@˝/, and since the functions

k0.X/ WD 3cnjX j�n and kij .X/ WD �ncnxixj jX j�n�2; i; j 2 f1; : : : ; ng;
(6.547)

are as in (6.524), the principal-value singular integral operator associated with the
kernel (6.539) also satisfies (6.526).
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Finally, a similar (tedious, but straightforward) analysis shows that the principal-
value singular integral operators associated with the kernels from (6.540) and
(6.541) fit in the class of operators treated in Theorem 6.56 as well, and this finishes
the proof of the theorem. ut

In the theorem below, the multi-layers PK	 and PS are associated with the
bi-Laplacian,�2, as before (cf. the statement of Corollary 6.54).

Theorem 6.58. Assume that ˝ � R
n, with n � 2, is a bounded Lipschitz domain

with connected boundary, and fix 	 2 R with 	 > � 1
n

. Then there exists " > 0 with
the property that the operators

1
2
I C PK	 W PBp;q

1;s .@˝/ �! PBp;q
1;s .@˝/; (6.548)

� 1
2
I C PK	 W PBp;q

1;s .@˝/
. PP1.@˝/ �! PBp;q

1;s .@˝/
. PP1.@˝/; (6.549)

are isomorphisms whenever 0 < q � 1 and the indices p 2 .1;1/ and s 2 .0; 1/
satisfy

n�3�"
2

< n�1
p

� s < n�1C"
2

when n � 4;

0 < 1
p

� �
1�"
2

�
s < 1C"

2
when n 2 f2; 3g:

(6.550)

Moreover, if indices p; p0; q; q0; s satisfy 1 � q; q0 � 1, p; p0 2 .1;1/, s 2 .0; 1/,
as well as 1=p C 1=p0 D 1=q C 1=q0 D 1 and (6.550) holds, then the operators

1
2
I C PK�

	 W
� PBp;q1;s .@˝/

�
� �!

� PBp;q1;s .@˝/
�

�

; (6.551)

� 1
2
I C PK�

	 W
� PBp;q1;s .@˝/

. PP1.@˝/
�

� �!
� PBp;q1;s .@˝/

. PP1.@˝/
�

�

; (6.552)

PS W
� PBp0 ;q0

1;1�s.@˝/
�

� �! PBp;q1;s .@˝/ if n � 3 and n 6D 4; (6.553)

are also isomorphisms.
Finally, given any p 2 .1;1/, q 2 .0;1�, s 2 .0; 1/ there exists " > 0,

depending only on p, the Lipschitz character of ˝ , n, and 	 , with the property
that if the outward unit normal � to ˝ satisfies

lim sup
r!0C

�
sup
X2@˝

Z
�
B.X;r/\@˝

Z
�
B.X;r/\@˝

ˇ
ˇ�.Y /� �.Z/

ˇ
ˇd�.Y /d�.Z/

�
< "; (6.554)
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all operators in (6.548)–(6.553) are invertible (assuming q � 1 in (6.551)–(6.552)
and 1=pC 1=p0 D 1=q C 1=q0 D 1 in (6.553)). As a consequence, all operators in
(6.548)–(6.553) are invertible for any p 2 .1;1/, q 2 .0;1�, and s 2 .0; 1/ (with
the same conventions as above on q; p0; q0) if

� 2 vmo.@˝/ (6.555)

hence, in particular, if ˝ is a C1 domain.

Proof. Fix " > 0 as in the proof of Theorem 6.49 and let I" and I 0
" be as in (6.455)

and (6.456), respectively. From (6.451)–(6.452) and the compatibility of inverses
stated just below (6.452) we obtain that

�
1
2
I C PK	/

�1 W PLp01;0.@˝/ �! PLp01;0.@˝/ boundedly, for all p0 2 I 0
";

�
1
2
I C PK	/

�1 W PLp11;1.@˝/ �! PLp11;1.@˝/ boundedly, for all p1 2 I":
(6.556)

Based on this and Theorem 3.48 we eventually deduce that

�
1
2
I C PK	/

�1 W PBp;q
1;s .@˝/ �! PBp;q

1;s .@˝/ is bounded

for every q 2 .0;1� and p; s as in (6.550):
(6.557)

Since 1
2
I C PK	 W PBp;q

1;s .@˝/ ! PBp;q
1;s .@˝/ is also bounded, thanks to Theorem 4.21,

we finally arrive at the conclusion that the operator in (6.548) is an isomorphism
whenever q 2 .0;1� and p; s are as in (6.550).

In fact, all other claims pertaining to (6.549)–(6.553) may be handled anal-
ogously. Finally, under the additional assumption that (6.554) holds, we reason
similarly, starting with the invertibility results proved in Theorem 6.57. ut

The invertibility results established in Theorem 6.58 are the key ingredients in
the proofs of the well-posedness theorems discussed in the remaining portion of
this section. We begin by treating the inhomogeneous Dirichlet problem for the
bi-Laplacian with boundary data from Whitney–Besov spaces.

Theorem 6.59. Assume that ˝ � R
n, with n � 2, is a bounded Lipschitz domain

with connected boundary, and fix 	 2 R with 	 > � 1
n

. Then there exists " > 0 such
that the inhomogeneous Dirichlet problem

8
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
:

u 2 Bp;q

sC 1
pC1.˝/;

�2u D w 2 Bp;q

sC 1
p�3.˝/;

�
Tr u ; Tr.ru/

� D Pf 2 PBp;q
1;s .@˝/;

(6.558)
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is well-posed whenever 0 < q � 1 while p 2 .1;1/ and s 2 .0; 1/ satisfy

n�3�"
2

< n�1
p

� s < n�1C"
2

when n � 4;

0 < 1
p

� �
1�"
2

�
s < 1C"

2
when n 2 f2; 3g:

(6.559)

Moreover, if w D 0 then the unique solution u of (6.558) admits the following
integral representation

u.X/ D PD	

h�
1
2
I C PK	

��1 Pf
i
.X/; 8X 2 ˝: (6.560)

Furthermore, given any p 2 .1;1/, q 2 .0;1�, s 2 .0; 1/ there exists " > 0,
depending only on p; q; s, the Lipschitz character of ˝ , n, and 	 , with the property
that if the outward unit normal � to ˝ satisfies

lim sup
r!0C

�
sup
X2@˝

Z
�
B.X;r/\@˝

Z
�
B.X;r/\@˝

ˇ
ˇ�.Y /� �.Z/

ˇ
ˇd�.Y /d�.Z/

�
< " (6.561)

then the problem (6.558) is well-posed. As a consequence, the problem (6.558) is
well-posed for any p 2 .1;1/, q 2 .0;1�, and s 2 .0; 1/ if

� 2 vmo.@˝/; (6.562)

hence, in particular, if ˝ is a C1 domain.
Finally, similar results are valid for the inhomogeneous Dirichlet problem on

Triebel–Lizorkin spaces, i.e., for

8
ˆ̂̂
<̂

ˆ̂
ˆ̂:

u 2 F p;q

sC 1
pC1.˝/;

�2u D w 2 F p;q

sC 1
p�3.˝/;

�
Tr u ; Tr.ru/

� D Pf 2 PBp;p
1;s .@˝/:

(6.563)

Proof. All well-posedness claims may be proved by reasoning as in the case of
Theorem 6.35, this time, by relying on the invertibility results from Theorem 6.58.

ut
There are three corollaries to the above theorem which we wish to single out. To

state the first, recall the weighted Sobolev spacesW k;p
a .˝/ from (2.248).

Corollary 6.60. Suppose that˝ � R
n, with n � 2, is a bounded Lipschitz domain

with connected boundary. Then there exists " > 0 with the property that whenever
0 < q � 1 and p 2 .1;1/, s 2 .0; 1/ satisfy (6.559), one has

kukBp;q
sC 1

p C1
.˝/ 
 kTr uk PBp;q1;s .@˝/ C kTr.ru/k PBp;q1;s .@˝/; (6.564)
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uniformly for biharmonic functions u belonging to Bp;q

sC 1
p C1.˝/, and

kuk
W
2;p

1�s� 1
p
.˝/


 kukF p;q
sC 1

p C1
.˝/ 
 kTr uk PBp;p1;s .@˝/ C kTr.ru/k PBp;p1;s .@˝/; (6.565)

uniformly for biharmonic functions u belonging to F p;q

sC 1
p C1.˝/.

Proof. The stated equivalences are consequences of Theorems 6.59, 3.9, and
Corollary 2.43.

Here is the second corollary alluded to above.

Corollary 6.61. Assume that ˝ � R
n, with n � 2, is a bounded Lipschitz domain

with connected boundary. Then there exists " > 0 with the property that if the
number p 2 .1;1/ satisfies

2n
nC1C" < p < 2n

n�1�" if n � 3;

3
2C" < p < 3

1�" if n D 2;

(6.566)

one can find a finite constant C D C.˝; p/ > 0 such that (with p0 2 .1;1/, such
that 1=pC 1=p0 D 1),

kvkW 2;p.˝/ � C sup
nZ

˝

�v�u dX W u 2 C1
c .˝/ with kukW 2;p0

.˝/ � 1
o

(6.567)

for every function v 2 ı
W 2;p.˝/.

Moreover, if the outward unit normal � to ˝ belongs to vmo.@˝/ (hence, in
particular, if @˝ 2 C1), it follows that (6.567) holds for any p 2 .1;1/.

Proof. Let " > 0 be as in Theorem 6.59 and assume that the exponent p is as in

(6.566) and that 1=p C 1=p0 D 1. Finally, pick an arbitrary function v 2 ı
W 2;p.˝/.

Note that

� ı
W

2;p.˝/
�� D W �2;p0

.˝/ D F
p0 ;2
�2 .˝/; (6.568)

where the last equality follows from (2.202). Hence, with h�; �i standing for a natural
duality pairing, there exists a finite constant C D C.˝; p/ > 0 with the property
that

kvkW 2;p.˝/ � C sup
n˝

v; h
˛ W h 2 F p0 ;2

�2 .˝/ with khk
F
p0 ;2
�2 .˝/

� 1
o
: (6.569)

Fix an some h 2 F
p0 ;2
�2 .˝/ with khk

F
p0 ;2
�2 .˝/

� 1. The incisive observation is that,

together, p0 2 .1;1/ and s WD 1=p 2 .0; 1/ satisfy the conditions in (6.559) and,
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as such, Theorem 6.59 guarantees the existence of u 2 ı
F
p0 ;2
2 .˝/ D ı

W 2;p0

.˝/ with
the property that

�2u D h and kukW 2;p0

.˝/ � C.˝; p/: (6.570)

Consequently,

˝
v; h

˛ D ˝
v; �2u

˛ D ˝
�v; �u

˛ D
Z

˝

�v�u dX: (6.571)

At this stage, (6.567) follows from (6.569)–(6.571), and the density of C1
c .˝/ in

ı
W 2;p0

.˝/. ut
It is instructive to formulate the well-posedness results from Theorem 6.59 in

a fashion which emphasizes the smoothing properties of the Green operator for
the inhomogeneous Dirichlet problem for the bi-Laplacian. Recall that this Green
operator, call it G, is formally defined as

Gw WD u; (6.572)

where u solves

�2u D w in ˝; u D @�u D 0 on @˝: (6.573)

Variational considerations based on the Lax–Milgram lemma and trace results
ultimately yield that

G W W �2;2.˝/ �! ı
W

2;2.˝/ isomorphically; (6.574)

and we wish to explore the extent to which the Green operator continues to be
smoothing of order 4when considered on more general scales of Besov and Triebel–
Lizorkin spaces. In this regard, we have the following result.

Corollary 6.62. Assume that ˝ � R
n, with n � 2, is a bounded Lipschitz domain

with connected boundary. Then there exists some " D ".˝/ > 0 such that the Green
operators

G W Bp;q

sC 1
p �3.˝/ �! ı

B
p;q

sC 1
p C1.˝/; (6.575)

G W F p;q

sC 1
p �3.˝/ �! ı

F
p;q

sC 1
pC1.˝/; (6.576)
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are isomorphisms whenever p 2 .1;1/ and s 2 .0; 1/ satisfy

n�3�"
2

< n�1
p

� s < n�1C"
2

if n � 4;

0 < 1
p

� �
1�"
2

�
s < 1C"

2
if n 2 f2; 3g;

(6.577)

and 0 < q � 1 for the Besov scale, and min fp; 1g � q < 1 for the Triebel–
Lizorkin scale.

In particular,

G W W �2;p.˝/ �! ı
W

2;p.˝/ isomorphically; (6.578)

provided

2n
nC1 � " < p < 2n

n�1 C " if n � 3;

3
2

� " < p < 3C " if n D 2:

(6.579)

Furthermore, given any p 2 .1;1/, q 2 .0;1/, and s 2 .0; 1/ there exists
" > 0, depending only on p; q; s, and the Lipschitz character of˝ with the property
that if the outward unit normal � to ˝ satisfies

lim sup
r!0C

�
sup
X2@˝

Z
�
B.X;r/\@˝

Z
�
B.X;r/\@˝

ˇ̌
�.Y /� �.Z/

ˇ̌
d�.Y /d�.Z/

�
< " (6.580)

then the operators (6.575)–(6.576) are isomorphisms (also assuming the inequality
min fp; 1g � q < 1 in the case of (6.576)). As a consequence, the operators
(6.575)–(6.576) are isomorphisms for any p 2 .1;1/, q 2 .0;1/, and s 2 .0; 1/

(also assuming that 1 D min fp; 1g � q < 1 in the case of (6.576)) if

� 2 vmo.@˝/; (6.581)

hence, in particular, if ˝ is a C1 domain.

Proof. The fact that (6.575) is an isomorphism follows from the well-posedness of
(6.558), the definition of the Green operator in (6.572)–(6.573), formula (3.205), and
Corollary 3.16. The argument for (6.576) is similar, relying on the well-posedness
of (6.563) and formula (3.207). Having proved this, (6.578) follows by specializing
(6.576) to the case when s C 1=p D 1 and q D 2 (keeping in the identification
result from Proposition 2.30). The remaining claims in the statement of the corollary
are established similarly, making use of appropriate well-posedness results from
Theorem 6.64. ut
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Regarding the optimality of Theorem 6.59, we have the following.

Proposition 6.63. In the class of Lipschitz domains in R
n, the range of indices p; s

in (6.559) for which the inhomogeneous Dirichlet problems (6.558), (6.563) are
well-posed is sharp when n 2 f4; 5g.

Proof. We begin by recording the following consequence of [102, Theorem 2.6,
p. 623]: If n 2 f2; 3; 4; 5g then for each 	 2 .0; �/ there exist a bounded Lipschitz
domain˝	 in R

n, with connected boundary, such that 0 2 @˝	 and

˝	 \ B.0; 1/ D
n
X D .x1; : : : ; xn/ 2 B.0; 1/ W (6.582)

xn < .cot 	/
q
x21 C � � � C x2n�1

o
;

along with a non-zero function u W ˝	 ! R satisfying

u 2 C1 in ˝	 away from the origin; (6.583)

u.X/ � jX j�.	/'.X=jX j/ for X near 0; (6.584)

' 2 C1.Sn�1/ and �.	/ & 5�n
2

as 	 & 0; (6.585)

�2u 2 C1.˝	/; u D @�u D 0 on @˝	: (6.586)

Note that, in concert with Lemma 2.18, conditions (6.583)–(6.586) ensure that the
function u 2 W 2;2.˝/. Hence, if we set f WD �2u 2 C1.˝	/, then Gf D u. On
the other hand, (6.583)–(6.586) and Lemma 2.18 give that for any p; q 2 .0;1/
and s > n.1=p � 1/C

u 2 F p;q

1CsC1=p
.˝/ ” 1C s C 1

p
< n

p
C �.	/ ” 1 � �.	/ < n�1

p
� s; (6.587)

and note that, by (6.585),

1 � �.	/ % n�3
2

as 	 & 0: (6.588)

This proves that, when n 2 f4; 5g, the lower bound for n�1
p

� s in (6.559) is sharp
as far as the well-posedness of (6.563) is concerned. In fact, the same argument
also shows that the aforementioned lower bound is optimal in relation to G being
boundedly invertible in the context of (6.576) if n 2 f4; 5g. In the later setting,
by relying on the self-adjointness of the operator Green operator G, it follows by
duality that the upper bound for n�1

p
� s in (6.577) is also sharp when n 2 f4; 5g.

Ultimately, this result implies that the range in (6.559) is sharp as far as the well-
posedness of (6.563) is concerned. Finally, the argument on the scale of Besov
spaces is similar.
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We conclude with a well-posedness result for the inhomogeneous Neumann
problem for the bi-Laplacian with boundary data from duals of Whitney–Besov
spaces.

Theorem 6.64. Assume that ˝ � R
n, with n � 2, is a bounded Lipschitz domain

with connected boundary, and fix 	 2 R with 	 > � 1
n

. Then there exists " > 0 such
that the inhomogeneous Neumann problem for the biharmonic operator

8
ˆ̂
ˆ̂̂
<

ˆ̂
ˆ̂̂
:

u 2 Bp;q

1CsC1=p.˝/;

�2u D w
�
˝
; w 2

�
B
p0;q0

2�sC1=p0

.˝/
��
;

@A	� .u;w/ D � 2
� PBp0 ;q0

1;1�s.@˝/
��
;

(6.589)

where the boundary datum satisfies the necessary compatibility condition

h�; PP i D ˝
w; P

ˇ
ˇ
˝

˛
˝

for each P 2 P1; (6.590)

is well-posed, with uniqueness understood modulo polynomials of degree � 1,
whenever s 2 .0; 1/ andp; p0; q; q0 2 .1;1/, satisfy 1=pC1=p0 D 1=qC1=q0 D 1,
and

n�3�"
2

< n�1
p

� s < n�1C"
2

if n � 4;

0 < 1
p

� �
1�"
2

�
s < 1C"

2
if n 2 f2; 3g;

(6.591)

Moreover, if w D 0 then a solution u of (6.589) is given by the following integral
formula

u.X/ D PS
h
��� � 1

2
I C PK�

	

��1e�
i
.X/; 8X 2 ˝; (6.592)

where �� and e� are as in (6.329)–(6.330) and (6.327)–(6.328), respectively.
Furthermore, given any p 2 .1;1/, q 2 .1;1/, and s 2 .0; 1/ there exists

" > 0, depending only on p; q; s, the Lipschitz character of ˝ , n, and 	 , with the
property that if the outward unit normal � to ˝ satisfies

lim sup
r!0C

�
sup
X2@˝

Z
�
B.X;r/\@˝

Z
�
B.X;r/\@˝

ˇ
ˇ�.Y /� �.Z/

ˇ
ˇd�.Y /d�.Z/

�
< " (6.593)

then the problem (6.589) is well-posed. As a consequence the problem (6.589) is
well-posed for any p 2 .1;1/, q 2 .1;1/, and s 2 .0; 1/ if

� 2 vmo.@˝/; (6.594)

hence, in particular, if ˝ is a C1 domain.
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Finally, similar results hold for the inhomogeneous Neumann problem formu-
lated in Triebel–Lizorkin spaces, i.e., for

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

u 2 F p;q

1CsC1=p.˝/;

�2u D w
�
˝
; w 2

�
F
p0 ;q0

2�sC1=p0

.˝/
��
;

@A	� .u;w/ D � 2
� PBp0 ;p0

1;1�s.@˝/
��
;

(6.595)

where the boundary datum satisfies the necessary compatibility condition (6.590).

Proof. The well-posedness claims formulated in the statement of the theorem may
be justified via the same approach as in the proof of Theorem 6.36, making use of
the invertibility results from Theorem 6.58. ut
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sentation theorems for Hardy spaces, in Astérisque, vol. 77 (Soc. Math. France, Paris, 1980),
pp. 67–149

122. H. Tanabe, in Functional Analytic Methods for Partial Differential Equations. Monographs
and Textbooks in Pure and Applied Mathematics, vol. 204 (Marcel Dekker, New York, 1997)

123. H. Triebel, Function spaces on Lipschitz domains and on Lipschitz manifolds. Characteristic
functions as pointwise multipliers. Rev. Mat. Complut. 15, 475–524 (2002)

124. H. Triebel, in Theory of Function Spaces, II. Monographs in Mathematics, vol. 84
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